DYNAMIC OF THRESHOLD SOLUTIONS FOR ENERGY-CRITICAL NLS

THOMAS DUYCKAERTS! AND FRANK MERLE?

ABSTRACT. We consider the energy-critical non-linear focusing Schrédinger equation in dimen-
sion N = 3,4,5. An explicit stationnary solution, W, of this equation is known. In [,
the energy E(W) has been shown to be a threshold for the dynamical behavior of solutions of
the equation. In the present article, we study the dynamics at the critical level E(u) = E(W)
and classify the corresponding solutions. This gives in particular a dynamical characterization

of W.
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1. INTRODUCTION

We consider the focusing energy-critical Schrédinger equation on an interval I (0 € 1)

(L) i+ Au [uffelu =0, (t,x) € I xRY
' U[tzOZUOGHla
where
N 42
N 4 = —
6 {3’ 75}? pC N _ 2

unique solution defined on a maximal interval I = (—=7_,T), such that

J@I:>HUHS(J)<OO, S(J) ::LQPC(JXRN),
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and H' := H'(RY) is the homogeneous Sobolev space on RY with the norm HfH?{l = [|Vf]2
The Cauchy problem for (1)) was studied in [[CW9(]. Namely, if ug is in H', there exists an
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and the energy

B(u(t)) = %/yvu(t,m)ﬁdx—zi*/yu(t,m)y?‘dm

is constant (here 2* := ]\2,—]7\[2 = p. + 1 is the critical exponent for the H'-Sobolev embedding in

RM). In addition, u satisfies the following global existence criterium:
T, < oo = ||ulls(o,r,) = o0

Moreover, solutions of equation ([[.1]) are invariant by the following transformations: if u(¢, ) is
such a solution so is
et <t0+t o+

u 7
NOEIERIPY: Ao

>, (00,)\0,%,1‘0) € R x (0,00) x R x RV,

Note that these transformations preserve the S(R)-norm, as well as the H'-norm, the L2 -norm
and thus the energy. .
An explicit solution of ([L.1]) is the stationnary solution in H! (but in L? only if N > 5)

1

(1.2) W= e

(1+#‘i2))7

The works of Aubin and Talenti [[Aub76, [Tal76], give the following elliptic characterization of
W

(1.3) Vue HY,  |ul/per < Cnllull g

x—i—xo)

(1.4) full 2 = Cllull i = 3 Aoy 70,20 u(z) = zow( "

where C'y is the best Sobolev constant in dimension V.
In [KMO4], Kenig and Merle has shown that W plays an important role in the dynamical

behavior of solutions of Equation ([.1). Indeed, E(W) = Né‘N is an energy threshold for the

dynamics in the following sense. Let u be a radial solution of ([L.1]) such that

(1.5) E(ug) < E(W).

Then if [Jug|| ;1 < [|W|51, we have

(1.6) T, =T- = oo and [lul smw) < oo.
On the other hand if |jug|| ;1 > [|W]| 1, and ug € L? then

(1.7) T, <ooand T_ < oo.

Our goal is to give a classification of solutions of ([.1)) with critical energy, that is with initial
condition such that

up € H',  E(ug) = E(W).
A new example of such a solution (not satisfying (L) nor ([.7)) is given by W. We start with

the following theorem, which shows that the dynamics at this critical level is richer, in the sense
that there exists orbit connecting different types of behavior for ¢ > 0 and ¢ < 0.
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Theorem 1. Let N € {3,4,5}. There exist radial solutions W~ and W of (1)) such that

(1.8) EW)=EW?")=EW"),

(1.9) T, (W) =T,(W") =400 and Jim WE(t) =W in H,
(1.10) Wi < W, T-(W7) =00, W7 |ls((=o0,0)) < 2
(1.11) IWH| o > W g, and, if N =5, T-(W*) < +oc.

Remark 1.1. As for W, W (t) and W~ (¢) belongs to L? if and only if N = 5. We still expect
T_(WT) < o0 for N = 3,4.

Our classification result is as follows.

Theorem 2. Let N € {3,4,5}. Let ug € H' radial, such that
1

(1.12) E(ug) = E(W) = YT

Let u be the solution of ([L.1)) with initial condition ug and I its mazimal interval of definition.
Then the following holds:
(a) If/|Vu0|2 < /|VI/V|2 = % then I = R. Furthermore, either u = W™ up to the
symmetry of the equation, or ||]¥LH5(R) < 0.
(b) If/ |Vuo|? = / VW |? then uw =W up to the symmetry of the equation.
(c) If / |Vug|? > /|VW|2, and ug € L? then either u = W+ up to the symmetry of the
equation, or I is finite.

The constant Cy is defined in ([.3). In the theorem, by u equals v up to the (H L) symmetry
of the equation, we mean that there exist tg € R, 6y € R, Ag > 0 such that

eifo to+t x eifo to—t «x
u(t,zr) = v ,— | oru(t,z) = v ,— -
t.) NOEE < 22 )\0> t.@) NSEE < X )\0)

Remark 1.2. Case (H) is a direct consequence of the variational characterization of W given
by Aubin and Talenti [Aub76], [Tal7§]. Furthermore, using assumption ([.12), it shows (by

continuity of u in H') that the assumptions /|Vu(to)|2 < /|VW|2, /|Vu(to)|2 > /|VVV|2

do not depend on the choice of the initial time tg. Of course, this dichotomy does not persist
when E(ug) > E(W).

Remark 1.3. In the supercritical case (f), our theorem shows that in dimension N = 3 or
N = 4, an L?-solution blows up for negative and positive times. We conjecture that case (i)
holds without the assumption “ug € L?”, i.e. that the only solution with critical energy such
that [ |Vug|? > [|[VW|? and whose interval of definition is not finite is W up to the symmetry
of the equation.

Remark 1.4. We expect that the extension of the results of [KMOM] to the non-radial case,
together with the material in this paper would generalize Theorem f to the non-radial case.
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From [Bou994, Bou99H], we know that a solution such that |lul|gr) < co scatters in H' at
+00. Cases (B) and (H) of Theorem B shows:

Corollary 1.5. Up to the symmetry of the equation, W is the only radial solution such that
E(up) = E(W) and [|Vuo|?> < [|[VW|* which does not scatter in H* for neither positive nor
negative times.

The behavior exhibited here for H'-critical NLS is the analogue of the one of the L2-critical
NLS. For this equation, Merle has shown in [Mer93] that a H'-solution u(t) at the critical level
in L? and such that zu € L? is either a periodic solution of the form e¢™*Q, an explicit blow-up
solution converging to @) after rescaling or a solution scattering at 4-oo.

The outline of the paper is as follows. In Section P, we use arguments of to show
the compactness, up to modulation, of a subcritical threshold solution of ([.1]) such that
[ull$(0,+00) = 00 (case () of Theorem [). Section B is devoted to the proof of the fact that
such a solution converges to W as t — —+oo. In Section [, we show a similar result for L2
super-critical solutions of ([L.1]) (case (d)). The last ingredient of the proof, which is the object
of Section f, is an analysis of the linearized equation associated to ([L.) near . Both theorems
are proven in Section fi.

2. COMPACTNESS PROPERTIES FOR NONLINEAR SUBCRITICAL THRESHOLD SOLUTIONS

In this section we prove a preliminary result related to compactness properties of threshold
solutions of ([.1)), and which is the starting point of the proofs of Theorems ] and f. Tt is

essentially proven in [KMO6], Proposition 4.2. We give the proof for the sake of completeness.
If v is a function defined on RY, we will write:

x

— 1 — oo 1 -
(2.1) ) () = W” ()\_0> s Vlgg,no] = € )\éN_Q)/QU <A0> :

Proposition 2.1 (Global existence and compactness). Let u be a radial solution of ([.1) and
I = (T_,Ty) its mazximal interval of existence. Assume

(2.2) E(ug) = EW),  uollgr < W]z -
Then
I=R.
Furthermore, if [|ul|g(,4+o00) = 00, there exists a map \ defined on [0,00) such that the set
(2.3) K+ = {U[A(t)] (t), te [O, +OO)}

is relatively compact in H'. An analogous assertion holds on (—00,0].

As a corollary we derive the existence of threshold mixed behavior solutions for ([.1) in the
subcritical case in H'-norm.

Corollary 2.2. There exzists a solution w™ of ([.) defined for t € R, and such that
Ew™)=EW), |w”O)lg <[Wlpn

W™ ls(0,400) = 005 W™ [l g(=00,0) < 00
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The crucial point of the proofs of Proposition P.] and Corollary P.9 is a compactness lemma for
threshold solutions of ([[.)) which is the object of Subsection R.3. We give a sketch of the proof,
which is essentially contained in [KMOQ], and refer to [KMO(] for the details. In Subsections
and 2.4, we prove respectively Proposition P.J] and Corollary P.3. We start with a quick review
of the Cauchy Problem for ([L.1]).

2.1. Preliminaries on the Cauchy Problem. In this subsection we quickly review existence,
uniqueness and related results for the Cauchy problem ([.1]). See [KMO0@, Section 2| for the
details. In the sequel, I > 0 is an interval. We first recall the two following relevant function
spaces for equation ([L.1]):

2(N+2) 2(N+2) <I 2N(N+2))
; .

(2.4) S(I):=L ~—=2 <I X RN), Z(I) =L 52 (I;L %
Note that Z(I) is a Strichartz space for the Schrodinger equation, so that
(2.5) IVe™ 2 ug| 2@y < Clluoll g1

and that by Sobolev inequality,

(2.6) I fllsy < CIV £l zn)-

Following [CW9(], we say that v € C°(I, H'(RN)) is a solution of ([.1) if for any J € I,
ue S(J), |Vu| € Z(J) and

t
Viel, u(t)=ePug+ z/ =98y (s)|PeLu(s)ds.
0

The following holds for such solutions.

Lemma 2.3.

(a) Uniqueness. Let u and @ be two solutions of ([L1)) on an interval I > 0 with the same
initial condition ug. Then u = 4.

(b) Existence. Forug € H', there exists an unique solution u of (L) defined on a mazimal
interval of definition (—T—(ug), Ty (ug)).

(c) Finite blow-up criterion. Assume that Ty = T} (ug) < oo. Then ||ul|gqr,) = +oo. An
analogous result holds for T (ug).

(d) Scattering. If T'y (ug) = o0 and |[ul|s(jo,4+00)) < 00, there exists uy € H' such that

. itA
i Jlu(t) = e Buy | = 0.

(e) Continuity. Let @ be a solution of ([L.1]) on I > 0. Assume that for some constant A > 0,

sup [[a(t)|| g + [[allsa) < A
tel

Then there exist eg = €9(A) > 0 and Cy = Co(A) such that for any ug € HY with
G0 — woll 1 = € < €0, the solution u of (L.d) with initial condition ug is defined on I
and satisfies ||ul| gy < Co and supyey |[u(t) — @(t)]| ;1 < Coe.

(See [CWO(], [Bou99H], [TVO0J], [KMO04].)
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Remark 2.4. Precisely, the existence result states that there is an €3 > 0 such that if
(27) HeitAuOHS([) =e <¢gp,

then ([L1)) has a solution w on I such that [jul|g;y < 2e. In particular, by (R.H) and (R.6), for
small initial condition in H!, u is globally defined and scatters.

2.2. Compactness or scattering for sequences of threshold H'-subcritical solutions.
The following lemma (closely related to Lemma 4.9 of [KMO]) is a consequence, through the pro-
file decomposition of Keraani [Ker0T] (which characterizes the defect of compactness of Strichartz
estimates for solutions of linear Schrodinger equation), of the scattering of radial subcritical so-
lutions of ([L.1) shown in || d).

Lemma 2.5. Let (u),en be a sequence of radial functions in H' such that
(2:8) vn,  E(up) < EW), up|[ g < Wl -

Let uy, be the solution of (1)) with initial condition ul. Then, up to the extraction of a subse-
quence of (up)n, one at least of the following holds:

(a) Compactness. There exists a sequence (Ay)n such that the sequence ((ug)[An])n con-
verges in Hl;
(b) Vanishing fort > 0. For everyn, u, is defined on [0,400) and lir_{l unll$(0,400) = 05
n—-+0oo
(c) Vanishing fort < 0. For everyn, uy, is defined on (—o0,0] and lir_{l |tnll$(—o0,0) = 05
n—-+0o0o

(d) Uniform scattering. For every m, uy is defined on R. Furthermore, there exists a
constant C independent of n such that

unlls®) < C.
Sketch of the proof of Lemma [2.. We will need the following elementary claim (see || 0,
Lemma 3.4]).
Claim 2.6. Let f € H' such that || f| ;1 < |[W|/z1. Then
1713 _ B()
(W%, — EW)

In particular, E(f) is positive.

Remark 2.7. Clearly, ||u(t)
satisfying (R.9),

qul > 2F(u(t)), so that Claim P.q implies that for solutions of ([[.1)

30 >0, t, O Hu®)|F < B(u(®)) < Cllu(t)|%,-

1y, Gk o i
Proof. Let ®(y) = 5y — =%~y /*. Then by Sobolev embedding
1 1 -
B(1f12) < 5 1% — =712 = ECF)

Note that ® is concave on Ry, ®(0) =0 and @ HVVH%,1 ) = E(W). Thus

Vs € (0,1), ®(s|W5) > s®(|W]F) = sE(W).

2
1z

2
W1l

Taking s = yields the lemma. O
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By the lemma of concentration compactness of Keraani (see [Ker01]), there exists a sequence
(Vj)jen of solutions of Schrédinger linear equation with initial condition in H', and sequences
(Ajnstin)nen+, Ajn > 0, tjn € R, which are pairwise orthogonal in the sense that

Akn, )\]n ’tjn — tkn’

k= lim 284 2% =
g N v v 2 o
such that for all J
J vy
(2.9) ZVJ (857)[Asn] +w;, with sj, = )\2]11,
7=1 Jjn
(2.10) Jgrfoo lim sup [|e**wy | s(m) = 0,
2 2
(2.11) ezl 2 = Z 1Vl + il + 0(1) as n — +o0,
j=1
J
(2.12) E(u)) =Y E(Vj(sjn)) + E(w;) + o(1) as n — +oc.
j=1

If all the V;’s are identically 0, then by (R-10), [|e®*2u|| s) tends to 0 as n tends to infinity, and
the sequence (uy,), satisfies simultaneously (H), () and (d). Thus we may assume without loss
of generality that Vi # 0. Furthermore, by assumption (2.§) and by R.11), |V}l < Wl
and for large n, ||w|| ;1 < ||W|| 1, which implies by Claim P.g that the energies E(V;(s;,)) and
E(w;]) are nonnegative, and thus that F(V;(s;,)) < E(W). Extracting once again a subsequence
if necessary, we distinguish two cases.

First case:
lim E(Vi(sip)) = E(W).

n—+o00
By assumption (P.§) and by (R.13) (all the energies being nonnegative for large n), E(V;(sjn))
(j > 2), and E(w;) tend to 0 as n tends to infinity. Thus by Claim P, for j > 2, V; = 0, and
J

w) = w) tends to 0 in H'. As a consequence

ug = Vl(Sln)[Am] +0(1) in Hl, n — —4o00.

Up to the extraction of a subsequence, s1,, converges to some s € [—oo, +o0|. If s € R, It is easy
to see that we are in case (f) (compactness up to modulation) of Lemma P.J. If s = +o00, then
limy, 4o || ul | S(0,400) = 0, so that by existence theory for ([L.1]) (see Remark 2.4) case (H)
holds. Similarly, if s = —oo case () holds.

Second case:
(2.13) ey, 0<e; < E(W) and Vn, E (Vi(s1,)) < E(W) —&1.

Here we are exactly in the situation of the first case of [KMO0@, Lemma 4.9]. We refer to the
proof of this lemma for the details. Recall that for large n, all the energies are nonnegative in

(12). Thus, in view of (-13) (and of Claim P.q for the second inequality)
(2.14) limsup E(Vj(sjn)) <e1t < EW), |[V;(0)|| 5 < [[W]l 1 -

n—-+o00
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Furthermore by assumption (£.§) and by (R.11))

(2.15) S IVilsi)l < W%
jz1
Thus, according to the results of [KMOf] and the Cauchy problem theory for ([.1), ul

n 1S, Up
to the small term w;], a sum (R.9) of terms UJQn = Vj(sjn)pn,,) that are all initial conditions

n
of a solution Uj, of ([LT)) satisfying an uniform bound [|Ujnllgw) < ¢; (with Zc? finite by
(2.13)). Using the pairwise orthogonality of the sequences (Ajnstjn)nen+, together with a long-
time perturbation result for ([L1), it is possible to show that for some constant C' independant
of n,
unllsm) < C,

that is that case ([) of the Lemma holds. Up to the technical proof of this fact, which we omit,
the proof of Lemma P.J is complete. O

2.3. Compactness up to modulation and global existence of threshold solutions. We
now prove Proposition B.1.

Step 1: compactness. We start by showing the compactness up to modulation of the threshold
solution u. In Step 2 we will show that u is defined on R.

Lemma 2.8. Let u be a solution of (L)) of mazimal interval of definition [0,Ty) such that
E(uo) = E(W), [[uollgn < W[z and

ulls0,1,) = +00.
Then there exists a function X on [0,T) such that the set
(2.16) Ky = {upp(t), t €[0,T1)}
is relatively compact in H*.

Proof. The proof is similar to the one in [KMO06]. The main point of the proof is to show that for
every sequence (t,)n, t, € [0,T} ), there exists, up to the extraction of a subsequence, a sequence
(An)n such that (upy,)(ts)) converges in H'. By continuity of u, we just have to consider the
case limy, t, =T.

Let us use Lemma P.J for the sequence u® = wu(t,). We must show that we are in case
(|). Clearly, cases (H) (vanishing for ¢ > 0) and (d)) (uniform scattering) are excluded by the
assumption that ||ug,r,) is infinite. Furthermore, |ul[s(0,,) = llunlls(=t.,0) (Where uy, is the
solution of ([L) with initial condition u) so that case () would imply that |ju|[s(,,) tends
to 0, i.e that u is identically 0 which contradicts our assumptions. Thus case (H) holds: there
exists, up to the extraction of a subsequence, a sequence (Ay), such that (U[An} (tn))n converges.

The existence of A(¢) such that the set Ky defined by (R.16) is relatively compact is now
classical. Indeed

(2.17) vt e [0,T4), 2E(W) = 2B(u(t) < |lu(t)F: < W7 -
Fixing ¢t € [0,7), define

(2.18) A(t) := sup {)\ >0, s.t. /| i |Vl (t, z)dr = E(W)} .
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By (R.17), 0 < A(t) < oo. Let (t,)n be a sequence in [0,7%). As proven before, up to the
extraction of a subsequence, there exists a sequence (\y), such that (u[)\n} (tn))n converges in

H' to a function vo of H'. One may check directly, using (R.17), that for a constant C' > 0,
C7\(tn) < M < CA(tn),

which shows (extracting again subsequences if necessary) the convergence of (u[)\(tn)] (tn))n in

H'. The compactness of K is proven, which concludes the proof of Lemma PR3 O

Step 2: global existence. To complete the proof of Proposition .1, it remains to show that the
maximal time of existence T’y = T (ug) is infinite. Here we use an argument in [KMO€]. Assume

(2.19) T, < oo,

and consider a sequence t, that converges to T'y. By the finite blow-up criterion of Lemma .3,

ull s,y = +00. By Lemma P.§, there exists A(t) such that the set K defined by (P.16) is
relatively compact in H'.

If there exists a sequence (t,,), converging to T such that A(¢,,) has a finite limit Ag > 0, then
it is easy to show, using the compactness of (U[A(tn)} (tn))n and the scaling invariance of ([L.1)
that u is defined in a neighborhood of T’ , which contradicts the fact that T’y is the maximal
positive time of definition of u. Thus we may assume

(2.20) tEIII“l+ A(t) = +o0.

Consider a positive radial function ¢ on RY, such that ¢ = 1 if |z| < 1 and ¢ = 0 if |2 > 2.
Define, for R > 0 and ¢t € [0,T7),

Falt) = /RN ult,2) 2 (5) e

By (R.20), the relative compactness of K, in H' and Sobolev inequality, for all 7o > 0,

f‘xpm |u(t, z)|?" dz tends to 0 as t tends to T). Thus, by Holder and Hardy inequalities

(2.21) tlir%l+ Fgr(t) =0.
Using equation ([L.1), Fi(t) = %Im J u(x)Vu(z) (V) (%)dz, which shows (using Cauchy-Schwarz

and Hardy inequalities) that |Fp(t)| < C Hu(t)”i,1 < Cy, where Cj is a constant which is inde-
pendent of R. Fixing ¢ € [0,T ), we see that

(2.22) VT €[0,Ty), |Fr(t)— Fr(T)| < Colt —T).
Thus, letting 7" tends to T4, and using (2:21), |Fr(t)| < Co|t — T'y|. Letting R tends to infinity,
one gets that u(t) is in L?(R") and satisfies
/ lu(t, 2)[2dz < CJt — T4 |.
RN

By conservation of the L? norm, we get that ug = 0 which contradicts the fact that F(ug) =
E(W). This completes the proof that T, = +o00. By a similar argument, 7 = —oo. The proof
of Proposition R.1] is complete. O
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2.4. Existence of mixed behavior solutions. We now prove Corollary P.J.
Let v) = (1 — %)W and v, the solution of ([[.]) with initial condition vY. One may check
that |2 ;1 < |[W/| ;1 and E(v9) < E(W). By the results in || d]
Ty (vp) =T-(vg) =00, |lvnllsm) < oo

Since [|[W||g@) = 00, ||un|lsr) tends to +00 by Lemma R.3 (). Chose ¢, such that the solution
Un(-) = v (- 4+ t,,) of (1) satisfies

(2.23) [tnlls(—00,0) = 1-

Therefore

(2.24) unlls(0,400) — o0
n—-+oo

Let us use Lemma P.5 By (R:23) and (P.24), cases (H), () and () are excluded. Extracting

a subsequence from (uy,), there exists a sequence (\,), such that (uy),) converges in H'.
Rescaling each u,, if necessary (which preserves properties (R.23) and (P.24)), we may assume
that the sequence (ug)n converges in H' to some wy . Let w™ be the solution of (1) such that
w™(0) = wy . Clearly
E(uwg) = EW),  [[wg || < IW i
Thus by Proposition P.1|, w™ is defined on R.
Fix a large integer n. By (2:23) and Lemma P.3 () with I = (—o0,0], @ = uy, and up = wy,

we get

0w [ §(=o0,0) < 00
Assume that |[[w™||g(,+o0) 15 finite. Using again Lemma .3 () with I = [0,400), & = w™ and
up = up(0), we would get that [|u,||g(0,4o0) 18 bounded independently of n, contradicting (.29).
Thus

W™ [ 5(0,400) = 00
The proof is complete. O

Remark 2.9. The above proof gives a general proof of existence of a mixed-behavior solution at
the threshold. In Section [, we will give another proof by a fixed point argument, which also
works in the supercritical case |[ug|| g1 > [|W /|| g1

3. CONVERGENCE TO W IN THE SUBCRITICAL CASE
In this section, we consider a threshold subcritical radial solution u of ([.1]), satisfying
2 2
(3.1) E(uw) = EW), |uollgn < [Wl[g
(3.2) 1l $(0,400) = +00-
We will show:

Proposition 3.1. Let u be a radial solution of (1)) satisfying B.1) and (B.9). Then there
exist 0g € R, po > 0 and ¢, C > 0 such that

vt > 0, Hu(t) - W[GO,HO}HHI < Ceict'

(See (R.I)) for the definition of Wieo,uo])- As a corollary of the preceding proposition and a
step of its proof we get the following result, which completes the proof of the third assertion in

() of Theorem .
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Corollary 3.2. There is no solution u of ([.) satisfying (B.1]) and

(3-3) [l s(=00,00 = lull 5(0,400) = +00-
Let

(3.4) d0F) 1= |51 = W%

The key to proving Proposition is to show

(3.5) tl}inoo d(u(t)) = 0.

Our starting point of the proof of (B.5) is to prove the existence of a sequence t,, going to infinity
such that d(u(t,)) goes to 0 (Subsection B.1)). After giving, in Subsection .9, some useful results
on the modulation of threshold solutions with respect to the manifold {Wy ,j, u > 0, 6 € R},
we will show the full convergence (B.§) and finish the proof of Proposition B.1 and Corollary B.2.

3.1. Convergence to W for a sequence.

Lemma 3.3. Let u be a radial solution of ([.1)) satisfying (B.1), (B-9), and thus defined on R
by Proposition |2.1. Then

(3.6) lim — /OTd(u(t))dt =0.

Corollary 3.4. Under the assumptions of Lemma [3.3, there exists a sequence t, — 400 such
that d(u(ty,)) tends to 0.

Proof of Lemma [3.. Let u be a solution of ([L1]) satisfying (B.1) and (B.9). According to Propo-
sition P.1, there exists a function A(¢) such that K, := {up\ (t), t > } is relatively compact

in H'.
The proof take three steps.
Step 1: wvirial argument. Let ¢ be a radial, smooth, cut-off function on RY such that
p(z) = [z, 0 <]z <1, @(z) =0, 2| > 2.
Let R > 0 and ¢g(x) = R*p(%), so that pr(z) = |z|* for || < R. Consider the quantity
(which is the time-derivative of the localized variance)

Grg(t) == 2Im/ﬂ(t)Vu(t) -Ver, teR.

Let us show

(3.7) 3C, >0, VteR, |Ggr(t)| < C.R?,

16
N -2
Using that |x| < 2R on the support of pr and that |Vygr| < CR, we get

wer, jeaoi<or [ Lorvunrsor ([ waor)” ([ owor)”

(3.8) Ve >0, 3p- >0, VR >0, Vt >0, RA(t) > p. = Gr(t) > d(u(t)) —e.

N |zl
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which yields (B.7), as a consequence of Hardy’s inequality and [[u(t)||z: < [[W/| z:. To show
(B.g), we will use the compactness of K. By direct computation
16

(3.9) Gr(t) = md(u(t)) + Ar(u(t)),
where

,_ d*or _
(3.10) Ap(u) := /xZR\aruP(zl 5 —8>rN Ly

* 4
+ / ]u\Q <——A<pR + 8) rN=ldr — / ]u\2(A2ch)rN*1dr.
z|>R N

Indeed, an explicit calculation yields, together with equation ([L.1])

2 42
/‘au SDQR N=lgp — /|u|2 (Apg)rN Ldr — /|u| rN=1dr
dr
=5 ([ 17 = [ uoP) + Antuto).
RN RN

and as a consequence of assumption (B.), [ |Vu(®)® — [ |u(t)[* = 525d(u(t)) which yields
(B.9). According to (B.9), we must show

(3.11) Ve >0, 3p. >0, VR >0, Vt >0, RAt)> p. = |Ar(u(t))] < e.

We have [02¢pr| + |Apgr| < C and |A2pg| < C/R% Thus by (B-10),
An(u)| < [ Vult. o) + fula)

|z|>

* 1
2 2
+ —|x|2 |u(t, z)|“dx

*

(312)  |Ar(u(t)] < / Va6 9) + [unen @)+
ly|>RA(¢)

1 2
e lupey (8, y)|da,

The set K, being compact in HY, we get (B.1]) in view of Hardy and Sobolev inequalities. The
proof of (B.§) is complete.

Step 2: a bound from below for \(t). The next step is to show

(3.13) Jim VEA(E) =
We argue by contradiction. If ) does not hold, there exists t,, — +oo such that
(3.14) hm ViaA(ty) = 19 < 00.
Consider the sequence (vy, ), of solutions of ([[.1]) defined by
1 T Y
(3-15) Un(ﬂ y) = ——Q(x=3 U (tn + =, —) .
)\(an)¥ >‘2(tn) A(tn)

By the compactness of K ,, one may assume that (vn(()))n converges in H! to some function vg.
Let v(7) be the solution of ([[.1]) with initial condition v at time 7 = 0. Clearly E(vg) = E(W)
and ||vol| ;1 < ||W| 1. From Proposition B.1, v is defined on R. Furthermore, by (B.14) and the
uniform continuity of the flow of equation ([[.1]) (Lemma @)
(3.16) liI_’I_l Vn (=N (tp)tn) = v(—70), in HL.

o

n—
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By (B.19),
1

- )\(N—Q)/Q(tn)u()()\(zn))'

Assumption (B.14) implies that A(¢,) tends to 0, which shows that v, (—A?(t,)t,) — 0 weakly
in H', contradicting (B.14) unless v(—7y) = 0. This is excluded by the fact that E(v(—79)) =
E(W), which concludes the proof of (B.13).

On (= A*(tn)tn, y)

Step 3: conclusion of the proof. Fix ¢ > 0. We will use the estimates (B.7) and (B-§) of Step 1
with an appropriate choice of R. Consider the positive number p. given by (B.§). Take ¢ and
My such that

QC*s% =¢, Moyeg = pe,
where C, is the constant of inequality (B.7). By Step 2 there exists tq such that

Vi > to,  A(t)

e

Consider, for 7" > tg
R :=¢VT.
If t € [tog,T], then the definitions of R, My and ty imply RA(t) > 60\/?% > p.. Integrating
(B-g) between ¢y and T and using estimate (B.7) on Gr, we get, by the choice of g9 and R
16 T €
~ 3 /to |d(u(t))|dt < 2C.R* + (T — tg) < 2C,R* + T < g—%ng +eT < 2¢T.

Letting T' tends to +oo,
N -2

€,

1 T
limsup—/ d(u(t))|dt <
T—+oc I Jo

which concludes the proof of Lemma B.3. O

3.2. Modulation of threshold solutions. Let f be in H! such that E(f) = E(W). The
variational characterization of W [[Aub7{, [Lal76, [Lio85] shows

i — . < . _
5%% Hf[é),u} W”H1 <e(d(f)), 51i>%1+ £(8) =0,
I

where d(f) is defined in (B.4). We introduce here a choice of the modulation parameters 6 and
p for which the quantity d(f) controls linearly [ fjg,,) — Wl and other relevant parameters of
the problem. This choice is made through two orthogonality conditions given by the two groups
of transformations f — e f, # € R and f — Jiu» # > 0. This decomposition is then applied to
solutions of ([L.1)). Let us start with a few notations.

Since W is a critical point of F, we have the following development of the energy near W':

(3.17) E(W +g) = EW) +Q(9) +O(llgl}), g€ H',

where Q is the quadratic form on H' defined by

Qo) =5 [ 1VoP =5 [ WP (pulReg)? + (1mg)?).
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Let us specify an important coercivity property of ). Consider the three orthogonal directions

W, iW and Wy := Y22W + - VI in the real Hilbert space H' = H'(RM,C). Note that

, d (g d
(3.18) iw = = (W) wor W=y (W)
Let H := span{W,iW, W} and H' its orthogonal subspace in H* for the usual scalar product.

Then

2
(3.19) QW) = —m, Qspan{iw,wy) = 0,
where C'y is the best Sobolev constant in dimension N. The first assertion follows from direct
computation and the fact that HWH%Z* = HVVH%1 = CLN The second assertion is an immediate
N

consequence of (B.17), (B.1§), and the invariance of E by the transformations f ~— Jio.n- The
quadratic form @ is nonpositive on H. By the following claim, Q is positive definite on H=.

Claim 3.5. There is a constant ¢ > 0 such that for all radial function f in H+
Q) = el fl-
Proof. Let fi :=Re f, fo := Im f. We have

1 Sy P a1 | -
AP =5 [ wRP= [ wrtiir ey [ iR -5 [ weetp
2 RN 2 RN 2 RN 2 RN
The inequality

_ 1 _ . - _
Je1 >0, Vfi € {W, W1}, §/N ’Vfl\z—%/lv WPt fy|? ch/NWfﬂQ
R R R

is known. We refer to [Rey9(, Appendix D] for a proof in a slightly different context, but which
readily extends to our case. It remains to show

. . 1 < 1 17 7
(320) ey >0,Vfo e HY, folW = 5/ IV fo]? — —/ WPl £ 2 > 02/ IV fal2.
RN 2 RN RN

Indeed by Hélder and Sobolev inequality we have, for any real-valued v € H'

pe—1 2
/ ’VU’Q _/ Wpc—va > / ‘V?}‘Q o </ Wpc-i-l) pc+1 (/ Upc+1> p+1
RN RN RN RN

pc—1
1 pct+1
> 11— = 2 2>

with equality if and only if v € span(W). This shows that [py IV fa]? — Jan WPl fo|? > 0
for fo # 0, foLW. Noting that the quadratic form [pn |V - [* = [px WPe™1| - |2 is a compact
perturbation of [y [V - |?, it is easy to derive (B:20), using a straightforward compactness
argument that we omit here. O

The following lemma, proven in Appendix .1, is a consequence of the Implicit Function
Theorem.
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Lemma 3.6. There exists & > 0 such that for all f in H' with E(f) = E(W), d(f) < do, there
exists a couple (0, p) in R x (0,+00) with

T, LW, fio, LW
The parameters § and p are unique in R/9 7 x R, and the mapping f — (0, ) is Cl.

Let u be a solution of ([[.1) on an interval I such that E(ug) = E(W), and, on I, d(u(t)) < do.
According to Lemma B.§, there exist real parameters (t), u(t) > 0 such that

(321) u[@(t),u(t)] (t) == (1 + Oé(t))W + ﬂ(t),
1
where 14 a(t) = ——5— (ug(e),ut)] W)Hl and a(t) € H*.
WIE,

We define v(t) by

v(t) = a@W + ult) = ujg(r),uy (t) — W-
Recall that i,  and o are C'. If a and b are two positive quantities, we write a ~ b when
C~'a < b < Ca with a positive constant C' independent of all parameters of the problem. We

will prove the following lemma, which is a consequence of Claim B.§ and of the equation satisfied
by v, in Appendix [7.1.

Lemma 3.7 (Modulation for threshold solutions of ([L1))). Taking a smaller &y if necessary, we
have the following estimates on 1.

(3.22) la@)] = [[v@) | g =~ @) g = d(u(t))
(3.23) |/ (t)] +10"(t)| + ZT(;)) < Cp2(t)d(u(t)).

Furthermore, a(t) and ||u(t)||§{1 - ||W||§{1 have the same sign.
3.3. Non-oscillatory behavior near Wi, -

Lemma 3.8. Let (ton)n and (tin)n, ton < tin, be 2 real sequences, (uy)n, a sequence of radial
solutions of (L)) on [ton, t1n] such that uy, (t1,) fullfills assumptions (B.]) and [B-F), and (An)nen

a sequence of positive functions such that the set:
K= {(un(t))[An(m, neN, te (tln,tzn)}
is relatively compact in H'. Assume

(3.24) lim  d(up(ton)) + d(un(tin)) = 0.

n—-+o00

Then

(3.25) lim { sup d(un(t))} =0.

=00 | e (ton tin)
Remark 3.9. Let u be a solution of ([L.1) satisfying the assumptions of Proposition B.1], and A(t)
the parameter given by Proposition R.I. Let (,) be a sequence, given by Corollary B.4, such
that d(u(ty,)) tends to 0. Then the assumptions of the preceding proposition are fullfilled with
Up = U, )\n == )\, tOn == tn, tln == tn+1.
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Under the assumptions of Lemma B.§, if n is large enough so that d(u,(t)) < dp on the interval
(ton, t1n), we will denote by 6,,(t), un(t) and a,(t) the parameters of decomposition (B.21))

(3.26) (un(t)) O (O (D] = (14 an(t))W + @n(2).
Then we can complete Lemma B.§ by the following.

Lemma 3.10. Under the assumptions of Lemma [3.4,
SuPte(tOn,tln)MN(t) .

n—+00 infte(t()rutln) Iun(t) B

(3.27)

Using the scaling invariance, it is sufficient to prove the preceding Lemmas assuming

(3.28) Vn, inf A, () =1

te[t()nytln}
Indeed, let 4, := inf A, (t), and
te(tOnytln)

*(t = —Up|=,— ], AN(t)= , e ==, 1 =—
un( ’ x) 671:12—2 u <£2 En) n( ) En On g% 1n €2

n n

K* = {(u5(t) s 7 €N, t €t tin)} -

Then uy,, t5,,, t1,, Ay and K* fullfill the assumptions of Lemmas B.§ and B.10. Furthermore, the
conclusions (B.24) and (B.27) of the Lemmas are not changed by the preceding transformations.
We will thus assume (B.2§) throughout the proofs.

The key point of the proofs is the following claim, which is a consequence of a localized virial

argument.

Claim 3.11. Let (uy), be a sequence fullfilling the assumptions of Lemma [3.8 and (B.28). Then
tin
vn el [ dun(O)it < Cdlun(ton)) +dlun (1))
ton

Before proving Claim B.11, we will show that it implies the above lemmas.

Proof of Lemma [3.§. Let (uy,), be as in Lemma B.§, and assume (B.2§). We first prove:
Claim 3.12. Ift, € (ton,t1n) and the sequence A, (ty) is bounded, then
(3.29) lim  d(un(ts)) = 0.

n— 00
Proof. By our assumptions, 1 < \,(t,) < C, for some C' > 1, so that the sequence u,(t,) is
compact. Assume that (B:29) does not hold, so that, up to the extraction of a subsequence

(3.30) liI}_l U (ty) = 0" in HYRY), d(w°) >0, E@°) = E(W) and [[0°] ;1 < |[W] 1.

Let v be the solution of ([L.) with initial condition v* at time ¢ = 0, which is defined for ¢ > 0.
Note that for large n, 1 + ¢, < t1,. If not, t1, € (t,,1 + t,) for an infinite number of n, so that
extracting a subsequence, t1,, — t,, has a limit 7 € [0, 1]. By the continuity of the flow of ([L.1]) in
H', u,(t1,) tends to v(r) with E(v(r)) = E(W) and, by (B:24), d(v(7)) = 0. This shows that
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v = Wi, »] for some g, Ao, contradicting (B.30). Thus (t,,1+t,) C (ton, t1n). By (B.30) and
the continuity of the flow of ([L.1]),

1+t 1
(3.31) lim d(un(t))dt = / d(v(t))dt > 0.
0

n—-+o00 tn

Furthermore, according to Claim lim,, ftiln" d(un(t))dt = 0. which contradicts (B.31)). The

proof is complete. O

By assumption (B.2§), one may chose, for every n, b, € (ton,t1,) such that

(3.32) lirf An(bn) = 1.
By Claim
(3.33) 1ir_{1 d(un(by)) = 0.

We will show (B.25) by contradiction. Let us assume (after extraction) that for some &; > 0,

Vn, sup  d(un(t)) > >0
tE(tOrnbn)

(the proof is the same when (tg,,b,) is replaced by (by,t1,,) in the supremum). Fix do > 0
smaller than §; and the constant dy given by Lemma B.§. The mapping t — d(un(t)) being
continuous, there exists a,, € (ton, by,) such that

(3.34) d(un(an)) = 92 and Vt € (an, by), d(un(t)) < d2.
On (ap,by,), the modulation parameter p, is well defined. Furthermore, by the relative com-

pactness of K and decomposition (B24), the set U, {W[)\ () ](t), t € [ap, bn]} must be
") i (tn)

relatively compact, which shows
(3.35) 3C > 0, Vt € (an,bn), CNu(t) < pn(t) < CAL(2).
By (B-32), extracting a subsequence if necessary, we may assume
tin (bp) oo Ho0 € (0,00).
Let us show by contradiction

(3.36) sup  pn(t) < oo.
nyte(anybn)

If not, in view of the continuity of yu,, there exists (for large n) ¢, € (an,b,) such that
(3.37) tn(cn) = 200, Hn(t) < 2o, t € (Cp,bp).
By Claim B.I2, lim,, d(u(c,)) = 0. Furthermore, by Lemma B.7, Zi@}% ‘ < Cd(un(t)). Integrating
between ¢, and b, we get, by Claim B.11],

1 1
palen)  pa(bn)
which contradicts the fact that p,(c,) = 2u00 and g, (b)) — oo, and thus concludes the proof

of (B.34).
By (B.36), pin(an) is bounded. Claim shows that d(uy(a,)) tends to 0, contradicting
(B-34). The proof of Lemma B.§ is complete. O

(3.38) <c / " (s)ds — 0.

n—-4o0o
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Proof of Lemma |3.1(. Tt follows from the argument before Claim that we may assume
(B-2§) in addition to the assumptions of the lemma, so that by (B.35)

3C >0,Vn, C7'< inf p,(t) <C.

T t€[tontin]

Furthermore, in view of the continuity of u,, there exist a,, b, € [ton,t1,] such that

pin(an) = inf ],un(t), fn(bn) = sup  pn(t).

t€[ton,tin tE[ton t1n]

By the bound

5;318‘ < Cd(uy(t)), Claim B.11], and Lemma B.§ , we get

1 1
p7(an)  pa(bn)
In particular, py,(b,) is bounded. Multiplying the preceding limit by p2(by,) yields (B:27). O

lim =0.
n—-4o0o

Proof of Claim[3.1]. Let us consider, for R > 0, the function Gg,, defined as in Subsection B.]
by

Grn(t) = 2Im/ﬂn(t)Vun(t) -Vor
(@R is defined in Subsection B.1]).
Step 1: a bound for Gr,. In this step we show that there exists a constant C' > 0 such that
(3.39) VR >0, Vn, Vt € (ton,tin), |Gra(t)] < CR?*d(un(t)).
We have
Gprn(t) = QIm/ﬂn(t,x)Vun(t,:c) - RVyp(x/R)dx.

By Cauchy-Schwarz and Hardy inequalities |Gr,(t)| < R2Hun||fql, so that it suffices to show
(B-39) when d(u,(t)) < &1 for some small ;. In this case, one may decompose u, as in (B.21),
writing (un () g, 1) ) = W + vn(t), With [[on(t)][g < Cd(un(t)) by Lemma B.§. By the

change of variable x = TNOL

Crn(t) =21m uﬁt)/ u:; (t)ﬂ"(t’ unL(t)) unN}Z(t) (vun)(t’ uny(t)> 'W(R;i(t))dy

:2R21m/ﬁn(t)(w+ﬁn)V(W+Un) : (V‘P)<Rui(t)>dy'

Write
Im [(W +0,)V(W +v,)] =Im (WVv, + 5, VW +75,V0,),

and note that on the support of V@(ﬁ(w), m is bounded by % As a consequence

of Cauchy-Schwarz and Hardy inequalities, we get the bound |Gg, ()] < CR*(|lon(t)| g +
||vn(t)\|%”), which yields (B.39), for d(u,(t)) < &1, 61 small. The proof of (B.39) is complete.
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Step 2: a bound from below for GlR,n’ The next and last step of the proof of Claim B.11 is to
show

8
(3.40) 3Ry, YR > Ro, Vn, Yt € (ton, tin), Gpr,(t) > v

54 (1),

It is clear that (B-39) and (B.40) imply the conclusion of Claim B.1]. Indeed, integrating (B.4Q)

between tg,, and t1,, we get

8

tin
s [ 4O < Glton) + Gl
- ton

which shows the Claim in view of (B.39).
Let us show (B.4(). Recall that by direct calculation we have, as in (B.9),

16

(3.41) GRra(t) = md(“n(t)) + Apr(un(t)),

where Ap is defined by (B.10). We first claim the following bounds on Ag(u,(t)):

(3.42) Ve >0, Ip. > 0, Vn, ¥t € (ton,tin), YR > A’Ozt), |Ap(un(t)| < ¢
(3.43) 36, > 0, Vn, Vt € (ton, tin), VR > unl(t)’
d(un(t)) < 02 = [Apn(un(t)) < C <;ud(un(t)) + d(un(t))2> .
(Run(t)) 2

The bound (B.43), follows directly from the compactness of K, assumption (B-28), and the
bound (B.13) of Ar shown in the preceding section.
Let us show (B.43). Write as before

(3.44) (Un ()9, (1) pin () = W +vn(t),  Non(@®)ll g < Cd(un(t)).

In view of (B.44), estimate (B.43) is an immediate consequence of the existence of § > 0 such
that

. 1
(3.45) Vg€ H}, Yug >0, VR > —,
Ho

g1l g1 < 02 =

1
Ar((W +g) ' <C (7”9” n+ gl ) :
< (ko ]) (RM0)¥ H ig
Let us show (B-4§). A change of variable in Ag gives AR<(W + g)[ugl}) = ARy (W + g). The

function W is a stationnary solution of ([L.1), satisfying d(W) = 0 and Gg(W) = 0, so that
by (B.9), Ar(W) = 0 for any R > 0. Thus we must bound Ag,, (W + g) — Aryu, (W). By the
explicit form of Ag,

2
Ar(f) = /\Vf‘2<4dd% - 8) + fF <—%A@R+8> rN=ldr — /]f]2(A2ch)rN1dr,
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and noting that the integrand in the first integral is supported in {|z| > R} and in the second
integral in {R < |z| < 2R}, we get

Ay (W +g) = Ao (W)] < c{ /| o DO [VW gl W g g
z|>Rpuo

+/ Wlg| + |g|? dx}
Rpo<|z|<2Rpo (RMO)Z ( ’ ‘ ’ ‘ )

By explicit calculation, [|[VW{|r2(jz1>p)) = Wl 2* ({2]3p}) & ﬁ for large p. Hence, by Hardy,
p

Sobolev and Cauchy-Schwarz inequalities

. 1 1
| AR (W +9) = Apuy (W) < C |llgll5 + llgll 5 + < P T M) HQHHl] :

(Rpo) 2

which yields (B.45), and thus (B.43).
We are now ready to show (B.4(). By assumption (B.2§), A\, (¢) is bounded from below. By
(B.39), pn(t) > Ci > 0. Thus (B.43) implies for some d3 > 0, Ry > 0

d(un(t)).
Now, using (B.43) with ¢ = ]\8,5_32 and again (B:23), we get |[Ar(un(t))| < 25d(un(t)) for

d(un(t)) > 03, R > Ry. In view of (B41), estimate (B-40) holds with Ry := max{Ri, R2},
which concludes the proof of Claim B.11] O

d(un(t)) < 8, B2 Ry — |Ap(un(t))] <

3.4. Proof of the convergence as ¢ goes to infinity. Let us show Proposition B.J] and
Corollary B.2. Let u be a radial solution of ([[.1)) satisfying (B.1]) and (B.9).

Step 1: convergence of d(u(t)) to 0. We first prove (B.§). From Corollary B.4, there exists a
strictly increasing sequence (t,)nen such that:

lim ¢, =400, lim d(u(t,))=0.

n—-+o00 n—-+o00

Let ton, = tn, tin = tnt1, and A, () = A(t), where X is given by Proposition P.I. Then the
sequences (Un)n, (ton)n, (t1n)n and (A\,), clearly satisfy the assumptions of Lemma B.§. Hence

lim sup d(u(t)) | =0,
n—+o0 te[tnytn+l}

which clearly implies (B.5).
As a consequence of (B.5), we may decompose u for large t as in (B.21):

Uo(t),u(t)] = (1 + Oé(t))W + ﬂ(t), ﬂ(t) € H*.

If 6, p and « are given by the preceding decomposition, the conclusion of Proposition B.1] is
equivalent to the existence of po > 0, 05 € R and ¢, C > 0 such that

(3.46) d(u(t)) + ()] + [|G(0)] g2 + 10(8) = Ooo| + [1a(t) — proo| < Ce™".
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Step 2: convergence of . We start to show by contradiction that p(t) has a limit pe € (0, 4+00)
as t — +oo. If not, log(u(t)) does not satisfy the Cauchy criterion as t — 400, thus there exists
sequences T,,, T — 400 such that

1(T)|

3.47 im
(3:47) DI T

—L#1.

Without loss of generality, we may assume T, < 7T,. By the preceding step, d(u(T,)) and
d(u(T))) tends to 0. Let u, = u, to, = Ty, t1, = 1), and \,(t) = A(¢t), where X is again given
by Proposition .1l Then the assumptions of Lemma are fullfilled, which shows
. infp,<cry p(t)
im =1
n—+00 SUPT, <t<77 f(t)

This contradicts (B.47). Hence
(3.48) lim p(t) = poo € (0,00).

t——+o00

Step 3: proof of Proposition [3.]. We are now ready to prove (B.4f), which will complete the
proof of Proposition B.1. Let us first show that d(u(t)) tends exponentially to 0. We first claim
the following inequality

+o0
(3.49) aC >0, Vi > 0, /t d(u(r))dr < Cd(u(t)).

Indeed if (B.49) does not hold, there exists a sequence T}, — o0 such that

+o0
(3.50) / d(u(7))dr > nd(u(T},)).

By (B.48), u(t) is bounded from below. As usual, this implies that the parameter A(t) of
Proposition R.1 is bounded from below. By Step 1 of the proof, the assumptions of Claim
are fullfilled for the sequence (uy)g, with k = (n,n’), n < n’, and up = u, M\p(t) = \(t), tor = T,
and t1; = T,,. Hence

T,y
Vn,n', n <n, / d(u(t))dt < C[d(u(Ty)) + d(u(Tw))],

Thus f;;oo d(u(t))dt < Cd(u(T,)) which contradicts (B.50), showing (B.49).
Now by (B.49) we have, for some constants C, ¢ > 0

+oo
/ d(u(r))dr < Ce .
t
Together with the estimate |o/(¢)| < Cd(u(t)) of Lemma B.7, we get
+o0
@l =| [ ar
t

Recalling that by Lemma B.7 |a(t)| ~ d(u(t)), we get the bound on d(u(t)) in (B.46).
Estimate (B.46) is then a straightforward consequence of the estimate ||u(t)[ ;. + [6'(¢)| +
%‘ < Cp?(t)d(u(t)) of Lemma B.7 and the boundedness of p. The proof of Proposition B.1 is

complete.

< Ce .
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Proof of Corollary 3.3. We must show that there is no solution w of ([L.])) satisfying (B.I) and
(B-3). Let u be such a solution. By Proposition B.] applied forward and backward, the set
{u(t), t € R}, is relatively compact in H'. Furthermore

lim d(u(t)) = t_lér_nood(u(t)) =0.

t——4o00
By Claim with u(t) = un(t), ton = —n, t1, = n and A, (t) = 1, we have [T d(u(t))dt =
limy, 400 f:? d(u(t))dt = 0. Thus d(ug) = 0 which contradicts (B.1]). Corollary B.9is proven. [

4. CONVERGENCE TO W IN THE SUPERCRITICAL CASE
In this section we consider a solution of ) with initial condition u;—o = ug and such that
(4.1) E(ug) = EW), |uollzn > [[Wllg-

Proposition 4.1. Let u be a radial solution of (L)) satisfying (E1]) and defined on [0, +0oc).
Assume furthermore that ug € L2(RY). Then there exist constants 6y € R, ug, ¢, C > 0 such
that

(4.2) VE>0,  lu(t) — Wigy ol ll g < Ce™ .

0,10
A similar result holds for negative times if u satisfies ({.1) and is defined on (—o0,0].

Corollary 4.2. Let u be a radial solution of (1)) satisfying (1) and such that ug € L?(RY).
Then u is not defined on R.

The proof relies again on the localized virial argument. Consider a radial function ¢ in
C§°(RY) such that

2
(4.3) o(r) =72, r<1, ¢(r)>0and Z—f(r) <2, r>0.
r

Consider the function G of Subsection B.]]

Ga(t):= 2t [ TOVu(t)- Von = Hple), Helt)= [ Ju)Pon
RN RN

where pr(z) = R%p (%),
As usual, the key point of the proof is to bound G and G';.

Claim 4.3. Under the assumptions of Proposition [[.1, there exist constants C, Ry > 0 (depend-
ing only on [ |ugl?), such that for R > Ry, and allt >0

(4.4) GRr(t) < CR*d(u(t)),
8
/
. < —— .
(1.5 Glt) < —57—5d(u(t)
Let us show that Claim [..d implies Proposition [.1].

Proof of Proposition [{.1. Step 1: exponential convergence of d(u(t)). Let us prove
(4.6) Je,C >0, ¥Vt >0, d(u(t)) < Ce .

Fix R > Ry. We first remark

(4.7 Vt >0, Gpg(t)>0.
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Indeed by (I.J), Gg is strictly decreasing with time, so that if Gg(to) < 0 for some ¢y > 0, then
Vt>to+1, Hp(t)=Ggr(t) <Ggr(top+1)<0.

This contradicts the fact that ¢p is positive and u defined on [0, +00), proving (7).
Consider two positive times ¢ < T'. Integrating ([LH) between ¢ and T', and using (£.4), we get

8 T
(4.8) m/ d(u(s))ds < Gr(t) — Gr(T) < Gr(t) < CR*d(u(t)).

— 2 Jt
Letting T tends to infinity yields, ;rood(u(s))ds < Cd(u(t)), for some C > 0 and thus, by
Gronwall Lemma

—+o0
(4.9) / d(u(s))ds < Ce™“.
t
Our next claim is that
(4.10) tggrnoo d(u(t)) = 0.

Indeed, by ([.9), there exists t,, — +o0o such that d(u(t,)) — 0. Assume that (f.1() does not
hold. Then, extracting a subsequence from (¢,), there exists ¢}, > t,, such that
d(u(t))) = 6o, and Vt € (t,,t)), 0 < d(u(t)) < do,

where d¢ is such that (B:21]) and Lemma B.7 hold. Consider the parameter « of decomposition
(B.21)). By Lemma B.7, |o/(t)] < Cd(u(t)), for t € [t,,t,] thus (.9) implies that a(t,) — a(t))
tends to 0. Furthermore, again by Lemma B.7, | (t)| ~ d(u(t)), which shows that d(u(t/,)) tends
to 0, contradicting the definition of ¢,. Hence (¢.10).

By (B.1(), the parameter a(t) is well defined for large ¢. In view of the estimates |o/(t)| <

Cd(u(t)) and |a(t)| ~ d(u(t)), (£9) yields (LG). a

Step 2: convergence of u(t) and end of the proof. Let us prove
(4.11) lim p(t) = poo € (0,00).
t—+o00

By (f.4) and the estimate 5;,((?)‘ < Cd(u(t)) of Proposition B.7, we know that u%(t) satisfies the

Cauchy criterion of convergence. This shows that lim; o p(t) = piso € (0, +00]. It remains to
show that s is finite.

Assume that pieo = +00. As up() ) tends to W in H', it implies that for any ¢ > 0,
fm% [u[?" tends to 0 as t tends to co. By Hélder inequality and the boundedness of [ |Vu(t)|?,
this shows that lim; . Hg(t) = 0. Since by (1), Hp(t) = Ggr(t) > 0, this implies that
Hpg(t) <0 for t > 0 which contradicts the fact that ¢p is positive. Hence ({.11)).

In particular, p is bounded. Thus by Lemma B.7,

ot = Wioto o s + 11/ (0)] +16(8)] < Cd(u(r) < Ce,

which shows the Proposition. ]

Proof of Corollary [[.3. Let u be a solution of ([L.1]) satisfying the assumptions of the corollary
and defined on R. Then by Proposition i1

(4.12) lim d(u(t)) = 0.

t—=o0
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Define Gg(t) as in the proof of Proposition [i.]. Applying Claim [.3 to ¢ — w(—t), we see that
it holds also for negative times. By (), G’;(t) < 0 and by (f.4) and (E13) Ggr(t) — 0 for
t — Z£oo. This is a contradiction, yielding the corollary. U

Proof of Claim [[.3. As in the proof of Lemma B.3, since E(ug) = E(W) and |Juo|l 71 > |[W]| s

@13) Gpo = [19uP = 1) + Arfu) = 'S5 + Antu(v),

where Ap is defined in (B.1().

Step 1: a general bound on Ag. We show that there exist C1, Ry > 0 (depending only on [ |ug|?)
such that

2
(4.14) VR> Ry, ¥t >0, AR<u<t>>s{9+R§$2n ult) g}
N—-2

Indeed, according to (B.10]), the definition of ¢ and ({.J),
d? G PR N-1
Ap(u(t)) = d
wue) = [ 19 (455 ) ar
* 4
b 0P (- aen+s) [P @3enr r
2> R N

C
<C w(t)|? dz + w(t)|?s.
|m|2R| )l Tz el

To bound the first term, we will use the radiality of u(t) and Strauss Lemma [Str774):

Lemma 4.4. There is a constant C > 0 such that for any radial function f in H'(RN)

C 121 211/2
Ve, fol 2 1, @) < o I 1

We have f:c\>R lu(t))?" < ||ult )||Loo({|$|>R})Hu(t)H%Q, and thus, by Lemma [[.4,

2 c pes
(4.15) / [ dz <~z Jult )H u®)ll
|z[>R R~=2
which concludes the proof of (f.14) by the conservation of the L2-norm.
Step 2: estimate on Ar when d(u(t)) is small. Let us show that there exists d2, Ro,Ca > 0
(depending only on [ |ug|2,) such that
1
(4.16) Vt>0, VR > Ry, d(u(t)) <0y = |[Ar(u(t))| < Cs <Wd(u(t)) + d(u(t))2> .
Rz
Taking a small &, we write by (B.21), ug(e),u)] = W + v, with [[v][ ;1 < Cd(u(t)). In view of
the bound (B.45) of Ar shown in the preceding section, it is sufficient to prove
(4.17) p— =1inf{u(t), t >0, d(u(t)) < d2} > 0.
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Inequality ([17) follows again from the fact that ug is in L?. Indeed, if d(u(t)) < d5 we have,
from the conservation of the L? norm, the equality upo(),up] = W +V and Lemma B.7

1 2 1
4.18 u 22/ th:—/ w0 > / W?) - Co3
@18 ol > | OF = o | e OF 2 25 (mgl ) -3

If &5 is small enough, this shows (.17), and thus the announced inequality (f16).

Step 3: conclusion of the proof. In view of ([.13), it is sufficient to prove

8
5 du().

From ([.16]), there exist §3, R3 such that (f.19) holds if R > R3 and d(u(t)) < 3. Let Ry > 0

and

(4.19) IRy >0, VR > Ro, ¥t >0, |Ap(u(t))| <

Cy Cy N3 8
D, (0) = 5+ —avmr (6 W)™ = 550
4 RN-2
4

where C is given by step 1. Clearly, ®r, is concave. Chose R4y > Ry large enough so that
®p,(d3) < 0, ®% (03) < 0. Then ®g,(6) < 0 for all 6 > d3. Thus (K.14) implies (.19) when
R > Ry and 0 > d3, which concludes the proof of (f.19) with Ry := max{Rs, R4}. The proof of
Claim [£.d is complete. O

5. PRELIMINARIES ON THE LINEARIZED EQUATION AROUND W

By Propositions B.1 and [L.1], in order to conclude the proofs of Theorems [l and B, we need
to study solutions u of ([.1) on [tg, +00), (to > 0) such that

(5.1) () = Wil < Ce™™, E(u) = E(W)

for some vy > 0.

We will write indifferently f = f1 +ifs or f = <j§1> for a complex valued function f with
2

real part f; and imaginary part fo. For a solution u of ([[.1) satisfying (.1]), we will write

v(t) == u(t) = W.
Equation ([[.1) yields
0 A4 Wpet
(5.2) ov+ L)+ Rv) =0, L:= (—A _ prel 0 ) ,

R(v) := =i [W +0[P™H (W + v) + iWP + ip VP Loy — WP Ly,

The proofs of our theorems in Section [f rely on a careful analysis of solutions of the linearized
equation dih + Lh = €, with h and ¢ exponentially small as ¢ — +o00. Before this analysis,
carried out in Subsection p.3, we need to establish some spectral properties of £ and Strichartz
type estimates for the equation.
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5.1. Spectral theory for the linearized operator. We are interested here by real eigenvalues
and other spectral properties of £. Note that by direct calculation,

(5.3) LEW) = L(W7) = 0.
Lemma 5.1. The operator L admits two eigenfunctions YV, Y_ € S with real eigenvalues
(5.4) LYy =edy, LY =—ed_, V=Y, eg€ (0,+0).

See Appendix [ for the proof. .
Consider the symmetric bilinear form B on H'! such that Q(f) = B(f, f), where Q is the
quadratic form of Subsection B.2

B(f,g):%/Vfl'vﬁh—%/flglwpc1+%/Vf2'V92—%/f292WpcIZ%Im/(ﬁf)ﬁ-

As a consequence of the definition of B we have,

(5.5) B(f.9) = B(g,f), B(GW,f)=B(W,f)=0, VfgeH
(56) B(‘Cfag):_B(f,‘Cg)’ \V/f,ge_Hl, Ef,ﬁgGHl
(5.7) Q) =QV-)=0, B(-,Y4)#0.

Indeed, the only assertion which is not direct is the fact that B(Y_,Y;) # 0. To prove it,
one may argue by contradiction. If B(Y_,);) was 0, B and @ would be identically 0 on
span{W7y,iW,Y_, Y, } which is of dimension 4. But @ is, by Claim B.5, positive definite on H-,
which is of codimension 3, yielding a contradiction.

By (b.6), £ is antisymmetric for the bilinear form B. In the following lemma, we give a
subspace G| of H!, related to the eigenfunctions of £, in which Q is positive definite.

Lemma 5.2. Let G, = {v cH', (iW,v);n = (Wi,v); = B(Vy,v) = B(Y-,v) = O} . Then
there exists ¢ > 0 such that
(5.8) VieGL, Q) =clfl%

Note that G| is not stable by £. Lemma f.9 implies the following characterization of the real
spectrum of L.

Corollary 5.3. Let o(L) be the spectrum of the operator L on L? of domain D(L) = H?. Then
o(L)NR = {—ep,0,ep}.
Proof of the corollary. By Lemma [.1], {—ep,e0} C o(L£). Furthermore, the operator £ is a

A . . .
_OA 0/ thus its essential spectrum is iR. Consequently, 0 € o(L),
and (L) N R* contains only eigenvalues. It remains to show that —eg and ey are the only
eigenvalues of £ in R*. Assume that for some f € H?

[,f = elf, er € R\ {—60, 0, 60}.
We must show that f = 0. By (F.0), (e1 +e0)B(f,Y+) = (e1 — e0)B(f,Y-) = 0 and thus
B(f7y+) :B(f7y—) =0.

compact perturbation of

Write W W
f=pBiW +~yW; + g, gEGL,ﬂ:(f’Z Q)Hl,Vz(ﬂ 1;H1'
W12, [Wall%,
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Again by (b.6), B(f, f) = 0 and thus B(g,g) = 0. This implies by Lemma f.9 that g = 0 and
thus ey f = Lf = BLEW) + LW = 0. Recalling that e; # 0, we get as announced that f = 0,
which concludes the proof of Corollary .3 U

Proof of Lemma [5.3. Recall from Claim B.J that there exists a constant ¢; such that

(5.9) vge Hb, Qg) = allgll-

Let f € G1. We will eventually deduce (b.§) from (f.9). Decompose f, V. and Y_ in the
orthogonal sum H' = H @ H*:

(510)  f=aW +h, Vi=niW+EW1+CWHhy, V=W +EW + (W +h,
where h,hy,h_ € H+ h_ =h,.
Step 1. We first show
B(hy,h)B(h_,h -
_ B(hy, h)B( )+Q<h).
VQ(h1)/Q(h-)

Note that if h € H*, B(W,h) = g [ VW - Vhy & [ WPehy = 5P [ VW - Vhy = 0. By ),
(@) and (), we have

(5.12)  0=Q%) = QN +Q(hs),  0=QO) = QW)+ Q(h.).
Furthermore, developping the equalities B(f, V) = B(f,Y_) = 0 with (5.1() we get
(5.13) ol QW) + B(h,hy) = aCQ(W) + B(h,h_) = 0.

By (B.10), Q(f) = a?Q(W) + Q(h), and (E-11)) follows from (F.19) and (5.13).

Step 2. We next prove the following assertion:

(5.11) Q(f) =

The functions hy and h_ are independent in the real Hilbert space H!.
Note that h, = h_. Thus it is sufficient to show

(5.14) hi :=Reh # 0 and hg :=Imh # 0.
Write Y1 = ReYy, Yo = ImY,. Then (5.4) writes down
(5.15) (A+ WP =egdr, (A +p WP )Y = —epdh.

We show (5.14)) by contradiction. First assume that hy = 0. Then by (b.10), Vs is in span(W),
so that (A + WP—1)Y, = 0. By (5.15), we get that J; = 0 and ), = 0, which contradicts the
definition of Y.

Similarly, assuming that h; = 0, and recalling that (A + p.WP=1)W; = 0, we get by (b.10)
and (b.19) that )y = —See=Dyype and thus Y = —C(pec—%_l)(A + WrPe—hyWPe. Now, Vi =

€0

EW7 + ¢W. This implies that (A 4+ WPe=1)WPe is in span{W, W;}, which is not the case as a
direct computation shows. Hence (5.14) which concludes this step of the proof.

Step 3: conclusion of the proof. Recall that Q is positive definite on H+. We claim that there
is a constant b < 1, such that

B(hy, X)B(h_,X)
VQ(hi)\/Q(ho)

(5.16) VX € H*,

' < bQ(X).
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Indeed it is equivalent to show, by orthogonal decomposition on H=+ related to B

— s B(hy,X) B(h_,X) .
(5.17) b: Xespe;r;;%-,th}(\/Q(th(X)) (\/Q(h)Q(X)><1

Applying twice Cauchy-Schwarz inequality with B, we get b < 1. Furthermore, if b = 1,
there exists X # 0 such that the two Cauchy-Schwarz inequalities are equalities and thus
X € span{hy} Nspan{h_} = {0}, which is a contradiction, showing (p.16).

By (B.9), (B-11) and (£.16)

(5.18) Q(f) = (1 =0)Q(h) = c1 (1 = b)[|2]|3,-

Noting that by (F.10), Q(f) = 042Q(W) + Q(h), and recalling that Q(W) < 0, we also get by
the first inequality in (5.1§) that 6Q(h) > o?|Q(W)|. Hence

CQf) = W H + 1Rl 7 = 117,
which concludes the proof of Lemma [5.9. O

5.2. Preliminary estimates. In this subsection we gather some elementary estimates needed
in the sequel. We start with bounds on the potential and nonlinear terms of equation (f.2). Let

(5.19) V(v) := WP Rev + pWPe ! Imw,
so that equation (f.J) writes as a Schrédinger equation
(5.20) 10w + Av + V(v) +iR(v) = 0.

We start to recall standard Strichartz estimates for the free Schrodinger equation (see [Str77h,

[GV33, KT99).

Lemma 5.4. Assume N > 3 and, for j = 1,2, let (pj,q;) such that (p% —|—qﬂj = %, pj > 2).
Denote by p; and q} the dual conjugate exponents of p; and q;. Then

(5.21) le™Auo|l o1, pary < Clluol 2
+oo
5.22 IR £ (5)ds <C L
5.2 / Fs| <Ol
+oo
(5.23) H/ A f()ds| < OISl
—00 L )

If I is a time interval, we will be interested in the spaces S(I) and Z(I) defined in (R.4) as
2N *
well as N(I) := L? (I;Lm), which is the dual of the endpoint Strichartz space L2 (I; L? )
Holder and Sobolev inequalities yield immediately:

Lemma 5.5 (Linear estimates). Let f € L?" (RY). Then

(5.24) IVOI, 2, = Cllfllz2e-

T2
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Let I be a finite time interval of length |I| and f € S(I) such that Vf € Z(I). Then, there
exists C' independent of I, f and g such that

(5.25) 1fllsn) < CHVf”Z(I)
(5.26) NV gy < HIFE=IVFllz0-
The proof of following lemma, given in the appendix, is classical.

Lemma 5.6 (Non-linear estimates). Let f,g be functions in L?" (RY). Then

(5.27) 1R(f) = B9l ax, < ClIf = gllpe- <HfHL2* + llgll e + 155 + IlgH’ﬁ?l)-

LN+2

Let I be a finite time interval and f,g be functions in S(I), such that V f and Vg are in Z(I).
Then

(528) [[VR(f) — VR(9)lln) <
CIVF =gl (117 (19 L2y + I V8lz0) + IV A1 + 196157

We finish this subsection by showing Strichartz estimates on exponentially small solutions v

of ().

Lemma 5.7 (Strichartz estimates). Let v be a solution of (5.9). Assume for some cy > 0,
(5.29) 3C >0, |lot)|;n < Ce 0t

Then, for any Strichartz couple (p,q) (% + % = %, p>2)

(5.30 30> 0, [ollsgsson + [V0llosooin < Ce™

Proof. We will first estimate |[v|| st +o0) + VUl 2(t,400)- According to the following claim, we
juste need to estimate ||v]| gt ¢4+ and |Vl 7 ¢4r,) for some small 79 > 0.

Claim 5.8 (Sums of exponential). Let tg > 0, p € [1,+00[, ag # 0, E a normed vector space,
and f € L}, (to,+00; E) such that

(5.31) I19 > 0, 3Cy > 0, Vt > tg, HfHLP(t,tJrTo,E) < Coeaot
Then for t > ty,
Coeaot . Coeaot .
(5.32) £l e (t,400,5) < T gaomo if ao <05 || fllzegeot,m) < e if ag > 0.
Proof. Assume ag < 0. Summing up (b.31) at time ¢ = to, t = to + 70, t = to + 270, ..., and
using the triangle inequality, we get (5.33). The case ag > 0 is analogue. O
By (B20),
(5.33) i0Vv + A(Vv) + V(V(v) + iR(v)) = 0.

Let ¢t and 7 such that 0 < ¢, 0 < 7 < 1. By Strichartz inequalities (f.21) and (5.29), and
equation (5.33)

190l 2041 < C (@)1 + IV OV0) + ROy -
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Thus by Lemmas p.§ and p.4
N _6-N_
IVolzeear) < C (IO i + 772 V0l 2 04m) + 7553 [0l gy + V01 ) -
Using assumption (p.29), we get, for some constants K > 0 and ay > 0
(5.34) IV0lzry < K {70 4 73 [ Doll e+ V00 0y}

We claim that it implies that for large ¢

1
(3EK)1/an
Indeed, fix t > 0. Then (5.34) implies || Vv 14r) < 2Ke™ " for small 7. If (B.39) does not
hold, then there exists 7 € (0, 70] such that |[Vv||z(4 ¢4 = 2Ke™ %, contradicting (5.34) if ¢ is
large. Hence (5.39).

By Claim [.§ and Sobolev inequality (f.25)

(5.36) [Vlls (¢, 100) + 1V (2, 400) < Ce™
Now take any Strichartz couple (p,q). Then by (p.33), Strichartz estimates (5.2]) and (f.29)
ond Lemmas B3 aud B8, 190l < € (o0l + 1900000+ 1900 ) - T
(B.36)) implies the bound ||V v||rp (¢ 141;10) < Ce=“t which concludes, by Claim [.§, the proof of

the lemma. O

(5.35) IVUll 2040y < 2K, 7 2=

5.3. Estimates on exponential solutions of the linearized equation. Let us consider the
linearized equation with right-member

(5.37) Oth+ Lh=¢
with A and € such that for ¢t > 0,

—cit
(5.38) IVell N, 400) T llE(t )HLN—% < Ce™ Y,
(5.30) [h(e)] g < Ce

where 0 < ¢y < ¢;. The following proposition asserts that h must decay almost as fast as ¢,
except in the direction ), where the decay is of order e,

Proposition 5.9. Consider h and ¢ satisfying (5.37), (6.39) and (5.39). Then, for any Strichartz
couple (p,q):
o ifco<cr<egorey<cy<ecy,

(5.40) W0 >0, A + VAl oz < G @
o if cg < eg < ¢y, there exists Ay € R such that

541) Wn>0, |ne) - A+e—eoty+HH1 + HV(h - A+e—eoty+)‘

< Cne—(m—n)t_
LP (t,400;L9)

Proof of Proposition [5.4. We will start by proving (F40). In view of the following claim it is
sufficient to prove only the bound of the H'-norm.

Claim 5.10. Consider h and ¢ fullfilling (5.37), (6.38) and (5.39) with 0 < ¢y < c1. Then for
any Strichartz couple (p,q)

(542) HVh”LP(t,-i-oo;Lq) S Ce_c()t.
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We will omit the proof, which is a simple consequence of Strichartz inequalities and of Lemma
B.5, and is similar to the proof of Lemma p.7.
Let us decompose h(t) as

(5.43) h(t) = ar ()Y + a_ ()Y + BE)IW +v)W1 + g(t), g(t) € G4,
where (recall that by (b.§) and (5.14), B(iW,-) = B(W1,:) =0 and QY1) = Q(V-) =0)
By B
(5.44) =TI O By
1 ) 1
(5.45) 8 := W(h —a Vy —a Vi), = AT, <h —a Yy —aY, W1>H1.

In the sequel, we will assume without loss of generality

(5.46) c1 # ep.

We divide the proof into four steps.

Step 1: differential equations on the coefficients. We first claim

i eot _ eotM i —eot _ *eotM

(5.47) I (e 04+) =e€ B(Yy,Y_) dt (e a_) —° B(Yy,Y-)’
aQ(h) _ ds_ W5y dy _ (W8
(5.48) a 2B =W, @ T R,
Where
_ B(Y_,e) B(Yy,¢€)

5.49 ST By T B R
(5.49) e B(y+,y,)y+ B(Jf+,3L)y !

By equation (f-37),
B(Y_,0:h) + B(Y-,Lh) = B(Y_,¢).

Furthermore B(Y_,0:h) = %B()L,h) and by (5.6), B(Y_,Lh) = —B(LY_,h) = egB(Y_, h).
In view of (p.44), we get the first equation in (5.47). A similar calculation yields the second
equation.

By equation (5.31), B(h, 8;h)+B(h, Lh) = B(h,¢). Furthermore by (b.6), B(h, Lh) = 0 which
yields the equation on Q(h) in (b.4§).

It remains to show the equations on 3 and . Differentiating (f.45)), we get

1
Ft) = ——EiW)g, ()= ——(EW)g, Fime—Lh—a Vs —al D,
WG, L - e
Now, noting that by (5.43), Lh = ae0d — a_ep_ + L(g), and using (5.47), we obtain
=~ B(y_,z’f) B(y+7€) ~
E=c— =n——V+— a—~YV-—L(g) =¢,
BYLY) T T BYLY) (@)
which yields the desired result.
Step 2: bounds on a_ and ay. We now claim
(5.50) la_(t)] < Ce™
Ce ! if eg < ¢
< )
(551) |Oé+(t)| -~ { C (efeot + efclt) lf CO S 60.
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Let us first show the following general bound on B.

Claim 5.11. For any finite time-interval I, of length |I|, and any functions f and g such that
2N . .
feL®(,LN+2), VfeN(),ge L>*(,L*) and Vg € L*(I,L*"),

1.0t < € |19 190l gy + I, 1l 1 )|
Proof. We have
2BU®@@D=M0+MWmeaWﬁ=RNVﬁ(Vm + [ VE0Ve
0= —pe [ W h@n0 - [ W R0
By Hélder inequality
[ 1a0ldt < CITF1 1960, ey O < IO g N TV

Integrating the estimate on b(t) over I and summing up, we get the conclusion of the claim. [

Assumption (p.3§) on &, together with the preceding claim yields the inequality
t+1
[ e B s)las < ceterar
t

By Claim b.4, [ |e"®*B(Y,,e(s))|ds < Ce~(eotel)t Integrating the equation on a_ in (5.47)
between ¢ and +oo, we get (B.50).

Let us show (b.51). First assume that cg > eg. Thus by assumption (5.39), e®a, (¢) tends
to 0 when ¢ tends to infinity. Furthermore ¢; > ¢y > e, and thus by assumption (p.3§), Claims
and .8, [7 e B(Y_,e(s))| ds < Cel0=cV)t Integrating between t and +oo the equation
on oy in ( we get (B.51) if co > eo.

Now assume that co < eg. By (5.47)

—ept

o (t) = e~ (0) + =~ ) /t e B(Y-,e(s))ds .

BV, Y-) Jo

(a)
If ¢g < eg < c1, assumption (p.3§) and Claim imply that the integral (a) is bounded, which
shows (b.5])) in this case.

It remains to show (B.5])) when ¢y < ¢1 < eg. By (p.3§), Claim and Claim p.§, |(a)| <
Celo=cVt which yields again (5.5]). Step 2 is complete.

Step 3: bounds on ||g|| 1, B and . We next prove

(5.52) l9(®) ]2 + 18] + ()] < ce (5

By Claimsp.10 and p.11], assumptions (§.3§) and (5.39) yield fttH |B(h(s),e(s))|ds < Ce(coten)t,
Integrating the equation on @ in (5.4§) between ¢t and +oo and using Claim f.§, we get

(5.53) Q(h(t))] < Celter)t,




DYNAMIC FOR ENERGY CRITICAL NLS 33
Thus

1Q(ay Vi + a_Y_ + BiW + yW + g)| < Ce~(coten)t
120 - BV, V_) + Q(g)| < Ce(coten)t,

By (B:50) and (B.51)

C e—(c0+01)t + 6—20115) < Ce—(c()"‘cl)t if Cco > €p

C e—(co—i—cl)t +e—(€0+01)t +e—2c1t> < Ce—(co-‘,-cl)t if co < €p.

1Q(9)| <

As a consequence of the coercivity of @ on G| (Lemma [.9), we get the estimate on ||g||z: in
(p.52). It remains to show the bounds on 3 and 7.
Consider the function € defined in (5.49). By assumption (f.3§)

t+1 t+1
(5.54) /t |(iW,&(s)) g | ds < Ce™ " + /t [(W, Lg(s)) g | ds.

We have (W,Lg);1 = Re [ —A(W)Lg = —Re [ L*(AW)g, where £* is the L*-adjoint of L.
Note that L*(AW) = L*WPe is in LN (indeed by explicit computation, it is a C'*° function
of order ——k—; at infinity). Thus, by the estimate on ||g||;;: in (F-53),

|z[?

coter )t

‘(ﬁg(t)vw)gl‘ < CHg(t)HL2* < Cei( 2

In view of Claim and (B.54)), we get the bound on 3 in (5.59). An analoguous proof yields
the bound on 7.

Step 4: conclusion. Summing up estimates (5.50), (6.51) and (B.53), we get, in view of decom-
position (5.43) of h.

Ce*(%)lt if ¢g > eg
co+cl>

)| g1 <
Ol < T e, (3

if Co < €Q.

Proof of (B:40). Iterating the argument we obtain the bound ||A(t)|| ;1 < Che (™M if ¢ <
c1 < eg or eg < ¢p < c1, which yields (together with Claim [.10), the desired estimate (f.40)
Proof of (b.41)). Let us assume ¢y < ey < c1. Then the equation on o in (5.47) shows that

e®'a (t) has a limit A, when ¢t — +oo. Integrating the equation between t and +o0, we get

(in view of Claim p.11])

A+ _ eeota+(t) _ eeot /+oo B(er’e(S))dS _ O(e(eofcl)t)‘

t B(yﬂLay*)
By decomposition (5.43) and estimates (5.50) and (5.53), we get ||h(t) — Are 'V ||l <

_(coter
Ce ( 2 >t. Furthermore, hi(t) := h(t) — A, e %!, satisfies, as h, equation (5.37). Thus
the estimate (p.4() shown in the preceding step implies (p.41]). The proof of Proposition .9 is
complete. O
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6. PROOF OF MAIN RESULTS

We now turn to the proof of Theorems[l] and f. In Subsection [6.3, we show the existence of the
solutions W* of Theorem [[] by a fixed point, approaching them by approximates solutions wy
of ([L.1)) constructed in Subsection [.1 and converging exponentially to W for large ¢t. Subsection
.3 is devoted to the conclusion of the proofs of the theorems.

6.1. A family of approximate solutions converging to W.

Lemma 6.1. Let a € R. There exist functions (9§);>1 in S(RN), such that ®¢ = aY, and if

k
(6.1) Wit ) =W () + Y e M0 (x),
j=1
then as t — 400,

(6.2) W+ AW + [WE P W = O(e=B+Deoty i SRV,

Remark 6.2. Let &9 := i,W{ + AW + [W2Pe—1W. By (6.3) we mean that for all J, M, there
exists Oy > 0 such that (14 |2)M|0]&4 (¢, )| < Oy pre~FHDeot,

Proof of the lemma. Let us fix a € R. To simplify notations, we will omit most of the super-

scripts a. We will construct the functions ®; = 7 by induction on j. Assume that &1, ..., @
are known, and let vy, := Wy, — W = 2?21 eIt (x). Assertion (B.2) writes
®-2) e = O + L(vg) + R(vg) = O(e_(k“)eot) in S(RMY).

Step 1: k = 1. Let ®; := a)),, which is in S (see Remark [.9) and vy (t,z) := e~0'®y(x). We
have 0;v; + Lv1 = 0 and thus
oy + Lvg + R(Ul) = R(’Ul).

Note that R(vi) = WP J(W 1), where J(2) := —i[[1 4+ z[Pe7 (1 +2) — 1 — pc—;lz — pc—;1§] is
real-analytic for {|z|] < 1} and satisfies J(0) = 9,.J(0) = 9zJ(0) = 0. Write
(6.3) J(z) = Z ajy 2 72,

J1t+j222
with normal convergence of the series and all its derivatives, say for |z| < % Chose t( such that
Vt > tg, |v1(t)] < W, Then
(6.4) V> to, Ve € RN, R(vi) = > aj, WP (W o) (W o)™,

J1tj2=2

As a consequence, there exists a constant C' > 0 such that for large ¢, |[R(v1)| < C|W = toy |2
Using analoguous inequalities on the derivatives of R(vy), and the fact that v; = ae~“!®; with
®; € S(RY), we get R(v1) = O(e~2%?!) in S(RY), which gives (. for k = 1.

Step 2: induction. Let us assume that @y, ..., ®; are known and satisfy (5.2') for some k > 1.

To construct ®;,1, we will first show that there exists U3, € S(RY) (depending only on @1, ...,
@) such that for large ¢

(6.5) ex(z,t) = e FTDlg, () 4 O (e~ kH20t) in S(RY).
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Indeed by (6.9')
k
(6.6) ep(t,x) = Z e 10 (—jeg®;(x) + LP;(2)) + R(vk(t, ).
j=1
2
R(vg) = WPeJ(W~1oy), and by the development (B.3) of J we get by (b.6) that there exist
functions F; € S(RY) such that for large ¢

k+1
ex(t,z) =Y e Fj(z) + O(e” ") in SRY).
j=1

By (b.7) at rank k, F; = 0 for j < k which shows ([.J) with ®; = Fj41.
By Corollary p.3, (k + 1)eq is not in the spectrum of £. Let

Bpp1 = —(L£ = (k+ 1)eg) ™ Wy

which belongs to S(RY) (see Remark [(-d) and is uniquely determined by ®1,...,®;. By defini-
tion, vg11 = vi + e_(]“‘l)e“t‘l)m_l. Furthermore,

All the functions ®; are in S(RY), so that for large ¢, and all z, |vy,(t, )| < 1W (). Furthermore
Y

Ekr1 = Ops1 + Logr1 + R(vgyr)
= Or + Log + R(vg) — (k + 1)eo®pye” BT 4 Loy qemFHDO 4 R(vp 1) — R(vg)
= gp, — e Dty 4 R(uper) — R(vp).
By (B3), e, — e~ (FtDeoty, = O(e_(k+2)eot) in S(RY). Writing as before R = W?<J(W-), and
using the developpment (f.) of J, we get that R(vgy1)— R(vg) = O(e*(k”)eot) in S(R™) which
yields (b.2') at rank k + 1. The proof is complete. O

6.2. Contraction argument near an approximate solution.

Proposition 6.3. Let a € R. There exists kg > 0 such that for any k > ko, there exists ti, > 0
and a solution W* of (1)) such that for t > ty,

(6.7) V(W — W) < e~ (kt3)eot,

HZ(t,—l—oo)
Furthermore, W is the unique solution of ([L1)) satisfying (B.7) for large t. Finally, W® is
independent of k and satisfies for large t,

(6.8) [WeE) — W — ae Y, || ;0 < e 290,

Proof. Step 1: transformation into a fized-point problem. As in the preceding proof, we will fix
a € R and omit most of the superscripts a. Let

h:=W**—W;.

The function W is solution of ([L.1) if and only if w® := W—W is solution of (§.g). Substracting
equations (B.2) on w” and (6.3') on vg := W — W, we get that W satisfies ([L.1) if and only if
h = w® — vy, satisfies Osh + Lh = —R(vg + h) + R(vg) + ek (see (B.3") for the definition of &).
This may be rewritten (recalling (5.19) for the definition of V)

i0th + Ah = =V (h) —iR(vg + h) + iR(vg) + iek.
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Thus the existence of a solution W of ([L.1]) satisfying (f.7) for ¢ > ¢, may be written as the
following fixed-point problem

(6.9) ¥ >ty h(t) = My(h)(t) and [|Vh] 700 < e (FF2)0t

+oo |
where My, (h)(t) := — /t e =R [iV(h(s)) — R(vg(s) + h(s)) + R(vi(s)) — ex(s)]ds.

Let us fix k£ and ¢;. Consider

B = {h € S(t, +00), Vh € Z(ty, +00); ||| = sup e ) Vh|| 5 4oy < oo}
t>t

k

BY = {he B, |hlg < 1).

N

The space E% is clearly a Banach space. In view of (B.9), it is sufficient to show that if ¢, and
k are large enough, the mapping My is a contraction on Bg. This is the aim of the next step.

Step 2: contraction property. Note that by Strichartz inequality (5.29), there is a constant
C* > 0 such that if g,h € Eé, k>1,

(6.10) 19 M) 2(e+0) < C[IF VO] xe400)

+ IV (R, + ) = R(on) v, 200 + V211 vt 00|
(6.11) [V (My(g) = Mi() 266, 500) < C* [IV 09 = 1)l 100

IV (R(w + b) = R0y + 9)lIng, roo) |

Claim 6.4. There exists kg > 0 such that for k > kg the following holds: for all h € Eg

1 i1y,
(6.12) IV lIN G +00) < gome 20 )l ;
and there exists a constant Cy, depending only on k such that for all f,g € Bé and t >ty
3 €
(6.13) IV (R(vk + 9) = R0k + 1)) || yr ooy < Cre™ T2 g — Bl g,
( + ) zZ
(6.14) IVeklln,so0) < Cre”FHDeL,

Let us first assume Claim [p.4 and prove the proposition. Chose k > ko. By (F.10), (6-11),
©1), (TI) and (BTD), we get, if g, h € B

1
M)l g, < (z + M e M + c*ckeée“’“) ,

1 * —e
IMale) = M) gy < llg = Bl (5 +C"Cue ),

which shows, chosing a larger t; if necessary, that My is a contraction of Bg.

Thus, for each k > ko, ([L1) has an unique solution W satisfying (6.7) for ¢t > t;. The
preceding proof clearly remains valid taking a larger t;, so that the uniqueness still holds in the
class of solutions of ([L.1)) satisfying (b.7) for ¢ > t}, where #} is any real number larger than t;.

Let k < k and W®, W be the solutions of (L) constructed above for k and k respectively.
Then, W although satisfies (.7) for large ¢, so that the uniqueness in the fixed-point shows
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that We(t) = W“(t), for large ¢ and thus, by uniqueness in ([.1), that W* = We. This shows
that W does not depend on k.

It remains to show (B.§). Let k > 0 be a large integer and h € Bé. By Strichartz inequality
(p-23), and the definition of My, we have, for t >

MOl 1 < [V (V(R) — Ry + ) + R = ) |y ey
As a consequence of Claim [5.4 and the fact that Hh||lﬁjz <1, we get
||Mk(h)(7f)||H1 <C (ef(ler%)e()tHhHEg + 6—(k+1)eot) < Cef(kJr%)eot.

Using the preceding inequality on h = W — W} (which satisfies h = My,(h)), and noting that
W =W + ae"®tY, + O(e™2%t) in H', we get directly (68). To complete the proof of the
proposition, it remains to show Claim @ ]

Proof of Claim [p]. Estimate (p.14) follows immediately from (5.9').
Let us show (B.13). By Lemma .0},

(6.15) IV(R(ve + 9) — R(vi + M)ty < (AIV(g = )l ze41)
(A) = C(HVQHZ(t,t+1) + VAl zt 141y + VORI 2t041)
e—1 e—1 e—1
+ Hv9||%(t7t+1) + ||Vh‘|zé(t,t+1) + ||vvk||%(t7t+1)>'
By the explicit form of v, and the fact that g,h € Bé, we get
(6.16) (A) < Cpe
where Cj, only depends on k. Combining (.15) and (6.1), we get
e (k- 3)e
IV (R(vr + g) = Rk + 1))lIneasn) < Cre™ V(g = W)l z(ea41) < Cre” ®T200 g — b s,

which gives (6.13)) in view of Claim F.§.
It remains to show (.19). Let 79 > 0. By Lemma p.5, there exists a constant Cy > 0 such
that

N 2 ead)e
IV ORIttt < Corg 2 IVAl 2 my) < Carg 2™ (FH2) |

By Claim p.§,
Che—(k+3)eot N
IVOVR) Nt 400) < WTON+2 1]l g
N
Chosing 79 and ko such that Co7y" ™2 = ﬁ and e~ (ko+3)eomo < %, we get (b.19) for k > k.
O

6.3. Conclusion of the proofs of the theorems.

Proof of Theorem I] Denote as before ) := Re Y+ = ReY_. Note that (W, yl)Hl # 0. Indeed,
if (W, 1)1 = 0, then by the equation AW = —WP¢, we would have B(W,Yy) = B(W,)_) =0
so that W € G, which contradicts, in view of Lemma .9, the fact that Q(W) =

Replacing Y1 by —Y. if necessary, we may assume

(6.17) (W, 1) g1 > 0.

2
“wezey <0
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Let
W =W
which yields two solutions of ([L.1]) for large ¢ > 0. Then all the conditions of Theorem [] are

satisfied. Indeed ([L.§) follows from the conservation of the energy and the fact that W tends
to W in H!, (.g) is an immediate consequence (6.§). Furthermore, again by (6.§),

- _3
”WQH%H = ”W”iﬂ + 2ae eot(W yl)Hl + O(e Qeot)’
which shows, together with (f.17), that for large ¢ > 0,
W)l g >0, (W (@)l <0

From Remark [[.9, these inequalities remain valids for every ¢ in the intervals of existence of W+
and W~. Finally T_(W~) = —oo by Proposition .1 and ]| §(=o0,0) < 00 by Corollary B3

It remains to show that in the case N =5, T_(W™) < oo. For this we will show that for any
a and any t in the interval of definition of W,

(6.18) N =5 = W%t) € L*(R®).

Consider as in Subsection P.3 a positive radial function ¢ on R, such that ¢ = 1 if |z| < 1 and
1 =0 if |x| > 2. Define, for R > 0 and large ¢,

x
Falt) = [ W (t,0)Po(5)ds
R5
Then, W being a solution of ([L1]),

%@:Em/WWWme%m:zm/wwwhwyww%wx

—Im/ (W~ W)V - (V) (5 dm—i——Im/ V(T (V) (5 )dr
Using that by (6.9), [|[W(t) — W||;1 < Ce !, we get, by Hardy inequality
[FR(®)] < CIW(t) = Wlgn (IW Ol g + W] ) < Ce™,
with a constant C' independent of R, and thus, integrating between a large ¢ and +o0,
Falt) = [ IW(@)Po(5)ds
RN

Letting R goes to +o0, we get (6.1§) and [|[W(t)|z2 = |W]|z2. In particular W (t) € L*(R®),
and thus, by Corollary .2, T_ (W ™) < oo which concludes the proof of Theorem [I. O

< Cefeot

Proof of Theorem B. Let us first prove:
Lemma 6.5. If u is a solution of ([1]) satisfying
(6.19) Ju(t) = W0 < Ce ™ E(u) = E(W)

then
JaeR, uw=W*%

Corollary 6.6. For any a # 0, there exists T, € R such that
{wm:wﬁu+n)ﬁ a>0

(6.20) ) .
We*=W~(t+1T,) if a<0O.
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Proof. Let w = W + v be a solution of ([L.1]) for ¢ > #( satisfying (.19). Recall that v satisfies
equation (p.9).

Step 1. We show that there exists a € R such that
(621)  Vn>0, [o(T) —ae” TVl + ||V (0(t) = ae™ Vi) || 5 o0 < Cpe~@meoT

Indeed we will show

(6.22) @)l < Ce™, RN 2, + IVR@) 5t 100) < Cem>"

™

Assuming (6.23), we are in the setting of Proposition f.9 with A = v, e = —R(v), ¢ = € and
c1 = 2ep. The conclusion (5.41) of the proposition would then yield (6.21]). It remains to prove

(©:29).
By Lemma p.§, Claim and Claim f.§, the bound on R(v) in (f.29) follows from the bound
on |[v(t)|| g1, so that we only need to show this first bound.

By Lemma .7, assumption (B.19) implies [[v(t)]| ;71 + [Vl 2t 100) < Ce % By Lemma f.6

and Claim .§
IR@EDI 2y, + IV (R©)l|n( 400y < Ce 2"
Thus we can apply Proposition p.d, showing that
o)l gn < C(e " + e*%'yot)‘

If %70 > eg the proof of (6.29) is complete. If not, assumption (6.19) on v holds with %70
instead of 7y, and an iteration argument yields the result. The proof of (p.22) is complete,
which concludes Step 1.

Step 2. Let us show

(6.23) ¥m >0, 3t > 0, Vt > to, fu(t) = WO g + [V (=W 400 <
This will show that u = W?, by uniqueness in Proposition f.J. According to Step 1, (6.29) holds
for m = %eo. Let us assume (f.23) holds for some m = my > eg. We will show that it holds for

m =my + %, which will yield (p.23) by iteration and conclude the proof.
Write v(t) := u(t) — W, w(t) := W*(t) — W (so that in particular u — W® = v — w®). Then

(v —w*) + L(v —w*) = —R(v) + R(w?).
We have assumed [Jo(t) — w(t)|| ;1 + ||V (v — w?) < e ™! According to Lemma [.§
and Claim [.§

IV (R (o) = Rw™)) |y 1oy + [ RO = RO @)]| g < Cem v

LN+2

e—mt

HZ(t,Jroo)

Then by Proposition f.g

3
[o(t) = w* @O g1 + 1V (0 = 0| 2t 400) < Ce~ (mi+ie)t,
which yields (6.23) with m = my + <. By iteration, (.23) holds for any m > 0. Using this with
m = (ko + 1)ep (where kg is given by Proposition f.d), we get that for large ¢ > 0

9w, (ot

)Hz(t,+oo) se

By uniqueness in Proposition .3, we get as announced that u = W® which concludes the proof
of the lemma. O
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Proof of Corollary [-4. Let a # 0 and chose T, such that |ale=®Te = 1. By (.§),
(6.24) (Wt + Ty) = W F eV, ||y < Cem 290,

Furthermore, W9(- +T,) satisﬁes the assumptions of Lemma [6.5, which shows that there exists
a’ such that We(-+T,) = W*. By (5.24), a’ = 1ifa > 0 and o’ = —1if a < 0, hence (f20). O

Let us turn to the proof of Theorem f]. Point () is an immediate consequence of the variational

characterization of W ([Aub7d], [[Tal7d]).
Let us show (H). Let u be a solution of (L) such that E(ug) = E(W) and |juo|/;n <

[W{l ;1. Assume that [|ul|gr) = oo. Replacing if necessary u(t) by @(—t), we may assume that
]| $(0,400) = 00. Then by Proposition B, there exist 6y € R, uy > 0, and ¢,C > 0 such that
[u(t) = Wigg uo)ll gn < Ce™". This shows that Ul gy ] fullfills the assumptions of Lemma f.5.
Using that [|ul[z < [W|lz, this implies that there exists a < 0 such that wu_g po = W
Thus by Corollary [6.4,

~—

u(t) = W,

[‘907ﬂ0](t +To),

which shows (H).

The proof of (fl) is similar. Indeed if u is a solution of ([.]) defined on [0, +00) and such that
E(ug) = E(W), |lug|l g1 > IVW || ;2 and ug € L?, then by Proposition [, [u(t) = Wig, )ll g1 <
Ce™“, which shows using Lemma [6.§ and the same argument as before that for some to € R,

u(t) = W[‘gwo} (t +to).

The proof of Theorem P is complete. O

7. APPENDIX

7.1. Proofs of some results of decomposition near W.

7.1.1. Proof of Lemma [B.4. Let us first show the lemma when f is close to W. Consider the
following functionals on R x (0, 4-00) x H':

Jo : (67 Hy f) = (f[@,u]7 ZW)Hl , Ji (67 H, f) = (f[@,u]7 Wl)Hl
Then, by (B.19)

8J0 8JO

2
00w = /|VW| T(0.1,W) = 0
0Jy 01 2
S0.1.W) = S0.1.W) = /|VW1| .

Furthermore, Jy(0,1, W) = J;1(0,1, W) = 0. Thus by the Implicit Function Theorem there exists
£0,M0 > 0 such that for h € H':

[h =Wl <eo=30,p), 0]+ |p—1] <noand (g, iW) g0 = (Pig,us Wi) i = 0.

Let f be as in the proposition. By the variational characterization of W, if d(f) is small enough,
we can choose 1 and 6y such that fi, ,,j = W +g, [lgll ;1 < e(d(f)), and we are now reduced
to the preceding case. The assertions on the uniqueness of (6, ) and the regularity of the
mapping f + (6, ) follows from the Implicit Functions Theorem. The proof of Lemma [B.q is
complete. O
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7.1.2. Proof of Lemma [3.]. Take u as in Lemma B.7 and let

(7.1) v(t) := gy, uey () — W = a(t) + a(t)W.

Proof of (B:29). In this part of the proof, ¢ is just a parameter and we will not write it for the
sake of simplicity. By ([.1)),

(7.2) [l % = W1 + llallF,-

To get a second relation between ||v]| 1, o and ||@| 51, we use the equation E(W) = E(W +
v) together with (B.17). Denote by @; and i the real and imaginary parts of @. By the
orthogonality of @; and @y with W in H!, and the equation AW + WPe = 0 we have

/VW-Vzll:/VW-VzZ2:/WpCﬂlz/Wpca2:0,

Thus W and @ are Q-orthogonal and Q(v) = Q(@ + aW) = —|Q(W)|a? + Q(@). This yields,
using (B17), |a?|Q(W)| — Q(ﬂ)‘ < CH’UH%I. By the coercivity of Q on H* (Claim B.H) which

implies Q(u) ~ HQIHZI, we get

(7.3) il <€ (Nl +a?), a® <€ (Jal, + ol ) -

It follows from the variational characterization of W that ||v|| ;1 is small when d(u) is small. By
([7-2) and ([.3), we get, for small d(u),

(7.4) ol = [[oll g~ llall g
This is the first part of (B.22). It remains to show the estimate on d(u). Developing the equation
W + vl = W%, +d(u) we get,
(7.5) lollF: + 200, W) i1 = [[vlf + 20 = d(u)
which gives, thanks to (7.4), the desired result. The proofs of (B.29) is complete.
Proof of (B-23). Let us consider the self-similar variables y and s defined by
p(tyy =z, ds=p>(t)dt.
Then ([L.1]) may be rewritten

. e—1 s (N —2
(7.6)  iDuipq + Ayuig ) + g™ upg,) + Osigy + 177 ( 5 U + Y Ww) -
where the subscript s denotes the derivative with respect to s and A, the Laplace operator with
respect to the new space variable y.
We much show

(7.7) s (s)] + 105 ()| + %(S) < Cld(u(s))|

For any complex-valued function f, we will write f1 := Re f, fo := Im f. Writing upg ,; = W+,
we get

B B N -2
8sv+£v+R(v)—HSiW—GSiv—i-%Wl—i-'%( > v+y-Vv> —0.
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Where the linear operator £ and the remainder term R are defined by (p.9). We will need the
following bound on R(v) (see Lemma f.G)

(7.8) 1RO an, < C(Hv\l?p + IIUIZ;)-

Writing v = @ + a(s)W and keeping in the left-hand side only the terms that are linear in 4, «,
as, 0, 05 and pg/p, we get

(7.9) Oty + 105ty + asW 4+ (A + WP iy — i(A + pWPe N ity — ia(p. — 1)WPe

s . s (N —2
—HsiW+%W1:—R(v)+93w—%< 5 v+y-Vv>.

In view of estimates (B.29), it is easy to see that the H'-scalar products of the right-hand term
by W, iW and Wj are bounded up to a constant by &(s), where £(s) is defined by

e(s) := [d <|d| +10s(s)| + ‘%(S)D , d:=d(u(s)).

For instance, by ([.§)
(7.10) [(R(0), W) g | = [(R(0), AW) 1| < [IR)]| an AW ]| 2+ = O(d?).

L N+2
The formal integration by part in (7.1(), which is rigorous for smooth solutions of ([[.1) decaying

fast enough at infinity, may be justified by passing to the limit and using the standard Cauchy
problem theory for ([.1). Projecting equation (7.9) in H' on W, iW and Wy, we get (denoting

9 2
by ¢ := |[W|[5:, c1 == [[Wil[)

(7.11) cas = —(Adi, W) 1 — (WP g, W) 1 + O(e(s))
(7.12) cly = —(Aﬂl, W)Hl - pc(Wpc_lﬂla W)Hl - a(pc - 1)(Wpc’ W)Hl + 0(6(5))
(7.13) %01 = —(Aﬁg, Wl)Hl — (Wpc_lﬁg, Wl)Hl + 0(8(8))

Justifying as before the integrations by parts, we have
(A, W) g = (a1, AW) s, (D, W)n = (a2, AW) g1, (Ao, W) ju = (2, AWL) -

Consequently all the right-hand terms in equations (7.11), (F.13) and (7.13) are bounded up to
a constant by [|@| ;1 +¢. By (B:23), ||@l|,;1 < Cd which yields (F.7) and completes the proof of
Lemma B.7. g

7.2. Spectral properties of the linearized operator. This part of the appendix is dedicated
to the proof of Lemma [.]], which is a variation of the classical proof (see [[Gri9(] and the survey

for similar results).

7.2.1. Proof of the existence of the eigenfunctions. Note that L(v) = —L(7), so that if ey > 0
is an eigenvalue for £ with eigenfunction Y, —eg is an eigenvalue of £ with eigenfunction ).
Let us show the existence of ;. Writing V4 = Re Yy, Vo = Im Y, we must solve

(A + p WP Y = — ey
(A + WPy =e)y.

(7.14)
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Let V := WP<=1. The operator —A — V on L? with domain H? is self-adjoint and nonnegative,

thus it has a unique square root (—A — V)% with domain H' (see [Wei8(]). Assume that there
exist fi € H* such that

(7.15) Pfy = —e2f1, where P = (—A —V)2(=A — p.V)(—=A — V).
Then taking
1 1 1
V= (-A=V)2fy, o= a(—A —pV) (A =V)Zfy,

would yield a solution of system (), showing the existence of )V, and )J_.
The remainder of the proof is devoted to proving that the operator P on L? with domain H*
has a strictly negative eigenvalue. Note that

P=(A+V)?—(pe—1)(-A-V)IV(-A - V)3

is a relatively compact, selfadjoint, perturbation of A2, so that its essential spectrum is [0, +-00)

(see [Wei8(]). Thus we only need to show the following claim.
Claim 7.1.
U—(P) = inf{(Pf7f)L27 f € D(P)7 HfHL2 = 1} < 0.

Proof. Note that (Pf, f);2 = —((A+pcV)F, F)
to find F' such that

(7.16) ((A+pV)F,F),, >0, and 3g € H', F = (A+V)g.

12 Where F:= (—A—V)%f. Thus it is sufficient

We distinguish two cases. First assume that N = 3,4, so that W ¢ L2. Let W,(z) :=
x(z/a)W (z), where x is a smooth, radial function such that x(r) = 1 for » < 1 and x(r) = 0
for r > 2. We first claim

(7.17) da >0, E,:= /(A +p V)W, W, > 0.
Recall that AW = —WPe. Thus

(B4 peV)Wa = (pe — (/) WP + (V) (x/a) - VW + 5 (AX) (/) W.
Hence

/(A +pV)WaWa = /xi(pc — Hwrett 4 % /(VX)(:c/a) VW W + % /(Ax)(:c/a)WQ.

(4) (B)

According to the explicit expression ([[.J) of W, W < C|z|~ V=2 and [VW| < C|z|~N=1 at
infinity, which gives [(A)| + |(B)| < € if N =3, [(4)| +|(B)| £ & if N = 4. Hence ((.17).

Let us fix a such that ([-17) holds. Recall that W is not in L?. Thus A + V is a selfadjoint
operator on L?, with domain H?, and without eigenfunction. In particular the orthogonal of its
range R(A + V) is {0}, and thus R(A + V) is dense in L?. Let ¢ > 0, and consider G. € H?
such that

A+ V)Ge — (A+V — D)W,z <e.
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Taking F. := (A+V —1)"Y(A +V)G., we obtain ||[(A+V —1)(F. — W,)||z2 < € which implies
IFe — Wallgz < ell(A+V —1)71 12—, 2. Hence for some constant Co,

/ (A + pcv)FaFe - / (A + pcV)WaWa < Coe’;‘.
RN RN

As a consequence of ([[.17), we get ([.16) for F = I, ¢ = 2%0, which shows the claim in the
case N = 3,4.

Assume now that N = 5, so that W is in L? and more generally in all spaces H*(RY). In
this case (R(A 4+ V)t = N(A 4 V) = span{W}, and thus
(7.18) RA+V)={feL? (f,W)g =0}.

Furthermore, A 4+ p.V is a self-adjoint compact perturbation of A and ((A + pV )W, W)2 > 0,
which shows that A + p.V has a positive eigenvalue. Let Z be the eigenfunction for this
eigenvalue. Recalling that (A 4 p.V)W71 = 0 we get, for any real number «

/ (A—i—pcV)(Z—i—an)(Z—i—an):/ (A+pV)ZZ > 0.
RN RN

By explicit calculation, (W7, W)z # 0, so that we can chose the real number a to have (Z +
aWi, W)z = 0. Hence

(A+V-=1D)(Z+aW),W),, = (Z+aW,(A+V -1)W),, =
By ([.1§), we can chose, for any £ > 0 a function G in H? such that
NA+V)G: — (A+V = 1)(Z+ aWy)]2 <e.

As in the preceding case, F. = (A +V — 1)71(A + V)G, satisfies ([.16) for small £ > 0. Claim
71 is shown for N = 3,4,5, which concludes the proof of the existence of the real eigenvalues
of eg and —eg. O

—(Z +04W1,W)L2 =0.

7.2.2. Decay at infinity of the eigenfunctions. To conclude the proof of Lemma [.1], it remains to

show that Y1 € S(RY). By asimple boot-strap argument, it is easy to see that the eigenfunctions

Y+ and Y_ are C*. It remains to show the decay at infinity of Y, , V_ and all their derivatives.
Recall that the eigenfunctions ), and J_ are complex conjugates. According to system ([[.14)

on Y1 = ReY; and Yy = Im Y., it suffices to show the decay result on ); only. Furthermore,

by Sobolev embeddings, we only have to show that the following property holds for all & and s

C

(14 R)*

Recall that V) = v/—A =V f1, with f; € H*, so that (P 3) is satisfied. We will show that for

k>0,s>3, (Pgs) implies (Pgi1,541). Assume (P ) and consider ¢ and @ in C5° (RV\{0})

such that ¢ is 1 on the support of ¢. Note that by ([f.14)

(7.19) (A% + ) = —VAVL = ApV V1) = pcV 2V
By the explicit form of W, V and all its derivatives decay at least as ﬁ at infinity. Thus (7.19)
implies |[¢(x/R)(A® + )l s-s < fll&(x/R) V1| = Hence

(Pr,s) Vo € C5° (RM\{0}), 3C, VR > 1, [lp(a/R)D1 s <

(7.20) 1(A% + €f) (o(z/R)V1) || rs-s < %Hfﬁ(x/R)ylHHs-
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By (Py,s), the right-hand side of (.20) is bounded by % for large R. Furthermore, A? + €2
is an isomorphism from H**! to H*73, so that ([.20) implies ||o(z/R)V1||gsr1 < %, which
yields exactly (Pgy1,s+1). The proof is complete. O

Remark 7.2. Let U € S(RY) and e; € R\ {—ep,0,ep} (thus by Corollary p.3, e; is not in the
spectrum of £). Then by a proof similar to the one above

(7.21) D= (L —e) 1V e SRY).
Indeed ®; = Re ® and @9 = Im ® satisfy the equations
(722) —61‘131 + (A + V)(I)2 - \Ill, —61@2 — (A —|—pcV)<I>1 = \IIQ.

As ®; and ®, are, by definition, in L?, a simple bootstrap argument shows that they are in all
H? s > 0. Furthermore

(A2 + e3P = —VAD, — A(pV 1) — p V28 — 1Ty — (A+V)Ty,

which gives equation (.19), up to a right-member term —e; ¥ — (A + V) Wy which is in S(RY).
Thus the iteration argument above shows that ®; € S(RY), which implies by ([.22) that ® €
S(RY). Hence (F.21)).

7.3. Proof of Lemma @ We have
; pe—1 1P Pet1 Pe—1 Pe— 1 pe—17 P -1
R(f) = —i|W + f|P° (W+f)+zWC+zTWC fimo =W f=WrPJ(W™f)

where J is the function defined on C by

1 -1
J(z) = —z'|1+z|1”c—1(1+z)+z’+z’pc;r z+ip62 zZ.

Recall that p. > 2. Thus J is of class C2 on C and J(0) = 9,J(0) = 3-J(0) = 0. Furthermore,
for large |z|, J is bounded by C|z[P¢, and its derivatives of order k = 1,2 by C|z|P<=*. Hence

(7.23) [J(2) = J(2)| < Clz = Z[(|2] + || + |z[Pe~ 1 4 |/ Pe)
(7.24) 10.J(2) — 0, ()| + |0 (2) — 0T (2)| < Clz — ¢ (1 + |z|pf2 + |z/|p072) .

By ([-23) we get the pointwise bound
(7.25) |R(f) = R(9)| < CIf — gl (WPT2|f| + WP2g| + | f[P<7F + [glP=7")

which yields (5.27) using Holder inequality |[abc?~2|| on < |lal| o= |16l 2= ||c]|P%- 2.

LNT2 L2
Now, remark that

V(R(f)) = pWPH VW) (W)
+ WP (WL f)(0.0) (W) + WP (W ) (82]) (WHf).
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([:23) and ([7.24) we get
\VR(f) ~ VR(g)| < c{(4)+(B) + (O}

(4) = g I =l (WP 211 W 7 g
= (WY (Wtf —wlg)| (Wt g+ | ppet)
= (WY (W2 4 W) [ — gl (WP 4 7% 4 g?).
Note that %f\iﬂf) < N for N = 3,4,5 so that if w € S(I) and Vu € Z(I), Hardy inequality

. . : : _ e—2
H‘?l‘uHZ(I) < |[Vullz(ry holds. Using Hélder inequality ||abcPe 2HN(I) < llallzplollscnllell’

together with Hardy and Sobolev inequalities we get

1 _ _ _
[y < €z = 9|, WG (17150 + Nallsn) + 1615+ ol |

6—N _ _
< CIV (S = Dz I3 (19 FL 20 + IV llzy) + 1971557+ IValrt]

The other terms (B) and (C') are handled in the same way. Note in particular that by Hardy
inequality ||WV(W_1g)||Z(I) < C|IVgllzry- The proof of (p.2§) is complete. O

Z(I)
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