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POINTWISE MULTIPLIERS IN HARDY-ORLICZ SPACES, AND INTERPO LATION

ANDREAS HARTMANN

ABSTRACT. We study multipliers of Hardy-Orlicz spacés; which are strictly contained be-
tweenUp>0 HP? and so-called “big” Hardy-Orlicz spaces. Big Hardy-Orlgzaces, carrying an
algebraic structure, are equal to their multiplier algelhereas in classical Hardy spadés,
the multipliers reduce té/ *°. For Hardy-Orlicz spaceX ¢ between these two extremal situations
and subject to some conditions, we exhibit multipliers #ratin Hardy-Orlicz spaces the defining
functions of which are related #®. Even if the results do not entirely characterize the mligtip
algebra, some examples show that we are not very far fronigereanditions. In certain situations
we see how the multiplier algebra grows in a sense fidm to big Hardy-Orlicz spaces when
we go from classicaH? spaces to big Hardy-Orlicz spaces. However, the multipligebras are
not always ordered as their underlying Hardy-Orlicz spacsch an ordering holds in certain
situations, but examples show that there are large HardigzGspaces for which the multipliers
reduce toH > so that the multipliers do in general not conserve the ondeof the underlying
Hardy-Orlicz spaces. We apply some of the multiplier restdtconstruct Hardy-Orlicz spaces
close toUp>0 H? and for which the free interpolating sequences are no loclgagracterized by
the Carleson condition which is well known to characterizefinterpolating sequences iy,

p > 0.

1. INTRODUCTION

LetD = {z € C: |z| < 1} be the unit disk of the complex plane. For a space of holomorph
functions onD, X C Hol(DD), we define the multiplier algebra of by

Mult(X) := {g € Hol(D) : Vf € X, gf € X}.

We will consider space& containing the constants so that automaticaliylt(.X) C X. Mul-
tiplier algebras have been studied in different settingseyTappear for instance in the context
of cyclic functions (see e.g[ [BF91]). Here we will ratheribterested in interpolation prob-
lems where multipliers come into play for example via the &f@inna-Pick property (see e.g.
[Kdl, [MS], [E4]). In this paper we will not consider the Neuana-Pick property but focus
on spaces for which the multiplier algebra is big in the sehagits trace o *°-interpolating
sequences contains more than only bounded sequencesll (R&tcH > is the space of bounded
holomorphic functions of.) In such a situation it is possible to interpolate boundsglignces
on suitable non separated unionsif°-interpolating sequences. This was done[in [D$h72]
for Hardy spaces, and a more general result can be derived[fi@99] in so-called (C)-stable
spaces. Note (and this will be clear from the definitionswetbat if we can interpolate bounded
sequences by functions in the multiplier algebra then werdanpolate freely in the initial space.
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The spaces we are interested in here are included in the ®&mitassN*. Recall that the
Nevanlinna class oB is defined by

1 ‘

N ={f € Hol(D) : sup — / log, |f(re")|dt < oo}
o<r<1 2m JT

Herea, = max(0, a) for a real numbeu. It is well known that functions in the Nevanlinna class

admit non-tangential boundary values almost everywhefE endD. Then

t={feN: sup /10g+|f re')|dt = /10g+|f (e")]dt}.

0<r<1 27

Hardy-Orlicz classes can then be defined by Iogarlthmlc eximmctionsd = ¢ o log wherep
is a positif, increasing, convex function wigt) /t — oo:

o ={f €N*: [ @(fl)dm < o0}

(for more precise definitions, see Sectjpn 2). In the spediahtion whenp(t) = e?* we obtain
the usual Hardy spaces, and wheft) = t” we obtain so-called big Hardy-Orlicz spaces. It
is clear that in the first caselult(H?) = H*> and in the second caddult(Hs) = He Since
p(t) = tP satisfies a quasi-triangular inequality so ti&f is an algebra and hence equal to
its multiplier algebra (see als¢ THK88, Theorem 3.2]). Aurat question arising from this
observation is to understand how the multiplier algebrangka fromH > for Hardy space$/?

(in a sense small Hardy-Orlicz spaces)e@ for big Hardy-Orlicz spaces.

Under certain conditions on the defining functiprof the Hardy-Orlicz space under consid-
eration4 we will find so-called admissible functions allowing the stmction of new Hardy-
Orlicz spaces that are included (as well as the algebrasgdiegrate) in the multipliers df
(Theorem [B.)), or that contain the multipliers df. (Theorem[3.4). Corollary 8.7 shows that
for certain scales of Hardy-Orlicz spaces the gap betwe#mibolusions is smallProposition
B.3shows that Theorefn 3.1 is optimal in a sense, Rimposition 5.1 exhibits a functiory con-
tained in the space found in Theor¢m]| 3.4 as an upper bouna @htfitiplier algebra oHs, ,,

(here®,5(t) = eV?) and not multiplying orHs, ,, thereby showing that Theorefm 3.4 is not
optimal.

We will also discuss the ordering of the multiplier algebreimder some technical condition
we prove inProposition 3-3that the multiplier algebras conserve the ordering of thederlying
Hardy-Orlicz spaces. Howeverheorem [.2shows that this is not the general situation. Sur-
prisingly it turns out that there are very big Hardy-Orligases for which the multipliers reduce
to H°°. In particular there exist Hardy-Orlicz spaces for whicé trdering of the multipliers is
in the opposite direction with respect of the ordering ofithial Hardy-Orlicz spaces.

Let us mention that multipliers of Hardy-Orlicz spaces hpweviously been considered by
Hasumi and Kataokd [HK88], where conditions fBr to contain or to be contained in the
multiplier algebra are given, and also by Degb [0e85]. [In B8Kthe authors also give some
orderings of Hardy-Orlicz spaces that turn out to be usefolur situation.

The question of multipliers is strongly related in partauto free interpolating sequences.
Indeed, if we can interpolate bounded sequences on a gigeresee\ = {\,},, C D by func-
tions in the multiplier algebra, thehis a free interpolating sequence (for this and the following
comments, precise definitions and results can be found itdBd8). Let us recall some facts on
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interpolating sequences. It is well known that the Carlesmnditioninfy | B\ (a3 (A)| > 0 char-
acterizes free interpolating sequencesf@t, p € (0, oco], and Hardy-Orlicz spaces included in
the scale ofi/? spaces (se¢ [C358[, [ShHSH], [Ka6 3], [Har99]). We haveadlyenentioned that

in this situationMult( H?) = H°. On the other hand, i?v, N, and in big Hardy-Orlicz spaces
(e.g.¢(t) = t?), which are actually algebras (and so equal to their migtig), free interpolating
sequences are characterized by the existence of a harmajucamt oflog(1/| B\ (»3())]) (see
[AMNTO4], [Ha08]). This condition is much weaker than therléaon condition (which can be
restated as saying thiakg(1/| B\ (»3(\)]) admits in particular constants as harmonic majorants).
For instance separated sequences (with some conditiore #@revin big Hardy-Orlicz spaces)
are interpolating in these classes.

Our starting point was to know whether there exist Hardyi€2rspaces beyond,,.., [1* for
which the Carleson condition still characterizes the pdéating sequences, which leads us to
the following question.

Question 1. Let H4 be a Hardy-Orlicz space. If the interpolating sequence§ ofre charac-
terized by the Carleson condition, is it true tfé4 is included in the scalg),-., H"?

In the light of this question, a first step is to construct eghles of Hardy-Orlicz spaces above
Up~o0 H? which are very close to the latter union and which have imtiaing sequences that
are not Carleson. The key to such a construction is the nfieltiplgebra of the Hardy-Orlicz
space under consideration when this multiplier algebraristly bigger thanH . Corollary
5.3 exhibits multipliers ofHs where e.g®(t) = t'/'°¢* is in a sense very close to the defining
functionst — t? of H?, p > 0. In such a situation it is possible to use ideas of Douglas and
Shapiro [DSh7?2] to interpolate bounded sequences on seiital separated unions of Carleson
sequences. This yieldSorollary §.9 which claims the existence of a non Carleson sequence
which is free interpolating fof{e whenMult(Hg) contains a Hardy-Orlicz spadey that is
strictly bigger thanf .

Since there exist large Hardy-Orlicz spaces for which théipliers reduce taH > (see The-
orem[4.R), we can give a more precise version of Ques}ion 1.

Question 2.1f the multiplier algebra of a Hardy-Orlicz space contagstrictlyU,.., H? is equal
to H°°, does it have interpolating sequences that are not Caffeson

The paper is organized as follows. In Sectjpn 2, we will idtroe the necessary material on
Orlicz and Hardy-Orlicz spaces as well as some facts on dsitrg rearrangements. The main
results on multipliers are presented in Secfion 3. Moreipegcwe exhibit Hardy-Orlicz spaces
that bound below and above the multiplier algebra of a givarditOrlicz space. Orderings of
multipliers will be discussed in Sectigh 4. Under some té&drcondition we will prove that
the multiplier algebra inherits the ordering of the undedyHardy-Orlicz spaces. However we
will prove that there are large Hardy-Orlicz spaces for wtiwe multipliers reduce té/>°. An
important example is discussed in Secfipn 5 to show how faareérom a characterization of the
multiplier algebra. Other examples of Hardy-Orlicz spacesiing very close t¢J,., H? and
having unbounded multipliers will be treated in Subsecbdh These examples are important
in Section[p where we apply the multiplier results to the riptéation problem. Using ideas
in the spirit of [DSh7R] we will construct Hardy-Orlicz spegH, containing strictiy,.. H”
but being very close to this union, and for which there ex@@t separated unions of Carleson
sequences which are interpolating f&5.
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Finally a word concerning notation. For two expressians depending on the same discrete
a continuous variable we will sometimes write<< v if u = o(v). As usualu ~ v means that
u=uv(l+¢)(0rv=u(l+e))wheres =o(1).

Acknowledgements.Part of this work was presented at a joint PICASSO-GDR AFHAstimg)
in Marseille. I would like to thank the participants of thaeeting, in particular A. Borichev and
P. Thomas, for some interesting questions that are maylveeaed in this paper.

2. ORLICZ AND HARDY-ORLICZ SPACES

When discussing Hardy-Orlicz spaces which are strictlgeighany,., H#?, one can con-
sider logarithmic convex defining functions. This is veryural since convex functions conserve
the subharmonicity olfog | f| which makes it possible to define Hardy-Orlicz spaces vigethe
istence of harmonic majorants (s¢e JRosRbpv85]). For trasae we will consider in all what
follows defining functions of the formolog wherey : R — [0, c0) is a convex, nondecreasing
function withlim; ., ¢(t)/t = oo. To fix the ideas we should se{ —oco) = 0. According to
the terminology in[[Rug9] such a function is callsglongly convex

With such a function we will associate the Orlicz classlbdefined by

Lsotog = Loiog(T) = {f measurable off : Acp(log |f]) < oo}

In order to simplify the notation, we will also write
® = polog,
and so
Lo = Lolog-
The functionsy or ¢ are both called defining function for the Orlicz class (hatigfno confu-
sion will arise in this paper).

It should be noted that the Orlicz class is in general not @aovespace (see for instance the
example 2 in [RosRov85, p.52] for the case of Hardy-Orlicssks), and one can define two
other spaces. According to the notation[in J[Ld573] we vall ¢

a

L} := {f measurable off : Ja > 0,/ o <|i> < o0}
T
the Orlicz space, and

Ly := {f measurable off’ : Va > 0,/ o (‘i> < o0}
T a
the space of finite elements 6f,. In [LLQRO7], the latter space was called the Morse-Transue
space. Note thatg, C Ls C L}, and in general these three classes are different.

In order to ensure thals is already a vector space, one sometimes adds anotheriocondit
to that of a defining function of an Orlicz space: the functiosatisfies the\,-condition if
p(t+2) < Mp(t)+ K, t > t, for some constantd/, K > 0 andt, € R. This condition is
formulated in such a way thét satisfies the usual,-condition: there exist constant¢’, K’ >
0 andsg such that for alk > s, we have

(2.1) B(2s) < M'®(s) + K.
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If © satisfies the\,-condition (ord® satisfies the\,-condition), thenLy = Ly = L.
On L} we can introduce the following functional. Fére L}, let

Ifllo == inf{t > 0 : / @('tﬂ)dm <1},
T
If ¢ is convex, then.}, equipped with|| - ||¢ is @ Banach space (also if we repldEdy other
measure spaces), s¢€|[LT, p.120]. The expresgidrf) := [; ©(|f|)dt is sometimes called a
modular. 1t does of course not define a norm in general.

Here are some facts on orderings of Orlicz spaces. dieénd ¢, be two strongly con-
vex functions and seb; = ¢ olog, i = 1,2. Thenlimsup,_ . ®;(t)/P2(t) < oo if and
only if Lg, C Lg, (see [HK88, Theorem 1.3] where this result is proved for katulicz
spaces, but the argument works for Orlicz spaces). Theioeldt; C Lj, follows from
limy o ®1(t)/P2(kt) = oo for everyk > 0 (see [KrRubll, Theorem 13.1] in cade, | = 1,2,
convex). Also, if two function®, and®, (or ¢; andy,) are comparable, i.e. there are constants
Cy, Cywith Cror () < @o(t) < Cyp(t) for big ¢, then the corresponding (Hardy-)Orlicz spaces
are equal. This allows for instance to replace the definingtions by smooth ones. In all what
follows we will thus suppose that the defining functions arficiently smooth.

It should be noted that it is possible to construct stronglwex functionsy; andy, for which
lim sup ¢1(t)/¢2(t) = +oo0 andlim inf o (t) /¢2(t) = 0. In such a situation, by the above cited
result, no one of the considered Orlicz spaces can be indludée other one.

As in the classical case @f’-spaces, one can associate witha subclass of boundary limits
of a space of holomorphic functions on the disk. Recall tNdtis the Smirnov class. The
Hardy-Orlicz clasdgs defined as

Mo =Moo = { € N*: [ pllog|F(0)]) dor(¢) < 00} = N* 1 La,

where f(() is the non-tangential boundary value o&t( € T, which exists almost everywhere
sincef € N*. By [RosRov8p, Theorem 4.18] this definition is equivalenttte definition via
the existence of harmonic majorants that we mentioned imtiheduction to this section. Also,
since’Hs as well as its multiplier algebra are contained in the SmirdassN*t, we have a
factorization. Recall that eache N can be written ag = I F', wherel is an inner function
andF' is outer inN*. More precisely

@2 Pl (6 = ew ([ Sl Qlan) . seD,

andlog |f| € L}(T). If f € Hs thenF € Hg and moreoveff| € Ly(T).

The classical examples are the following. Whgn) = ¢ for somep > 0, thenHg is simply
the Hardy spacéi?, in which caseMult(Hsq) is just the algebrd/ > of bounded holomorphic
functions onD.

The situation which has been considered[in [Hia06] in conoeatith free interpolation is
when satisfies a quasi-triangular inequality:

(2.3) p(a+0b) < c(p(a) + ¢(b)),
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for some constant, and all reals:, b > t, t, also fixed. A simple example ig(¢t) = t*. The
condition [Z2.B) is of course related to the condition forp. In this situation;He is an algebra
and its multiplier algebra is of course the algebra itselfilt(He) = He.

Analogously to the above definitions, we will writé&;, for the Hardy-Orlicz spacé{g, for the
Hardy-Orlicz space of finite elements (or the Hardy-MorsarBue space). Again, df satisfies
the A, condition than all spaces are identi¢é} = Hj = Hg and we simply writeHq.

We will introduce some conditions for a strongly convex ftioic 0. Since we will consider
multipliers, we are interested in the integrability,afiog | f| + log |¢|). Hence we would like to
know if we can add some growth to the argumeat ¢ without changing too much the growth
of ©. Here is a precise definition.

Definition 2.1. A convex, strictly increasing functiop : R — R™ with lim; .., ¢(t)/t = +0
is said to satisfy the\-conditionif there is ac > 1, t, € R and a strictly increasing concave
functiony : Rt — R* with lim;_,, y(¢) = oo such that for alt > ¢,
t t
(2.4) M <c
(1)
A function will be called A-admissibléf (£4) holds for suitable andt.

The requirement of being concave is not restrictive since if an increasing fioncy satisfy-
ing (2.4) exists, then we can replace it by a concave one.

This condition is stronger than ti&,-condition since instead of addifign the argument of
we add a function that can tend to infinity.Afitself already satisfies the standakd-condition
(E-1) (which leads us to big Hardy-Orlicz spaces), then weateosey(t) = t so thaty then
satisfies the\-condition.

Our model case is
walt) = eta, t>ty >0,

wherea € (0, 1). In this case we can construct the optimal functionn order to havep,, (¢t +
(1)) < cpa(t) itis necessary and sufficient that— (¢ + v(¢))* — t“ is bounded (observe that
necessarilyy(¢) < t). By standard calculus, this is equivalent to

te (a@ﬂ)(@)) <e¢, t>t,

which happens if and only if
y(t) < Ct .

So, we can choose, ¢(t) := Cti~ which meets the requirements of the functiprin the
definition of theA-condition above, and nA admissible function can grow faster than any-.

Note that theA-condition imposes a restriction on the growthyofclearly we cannot reach
the functiony(t) = ¢ (defining ), which is natural in view of our results.

When satisfies the\-condition, we will see (Theorefn 3.1) that the admissiblectionsy
allow us to construct subalgebras of multipliers, i.e. bigse which bound the multipliers &{4
from below. So it is natural to ask whether something seasibh be said about the multipliers
when condition[[2]4) is not satisfied. Actually, it turns dliat if v is not admissible then the
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algebras constructed in Theordm] 3.1 do no longer bound thepirar algebra from below.
However it seems too ambitious to hope for an upper boundisrsituation. Still, under some
mild growth condition on the quotiegt(t + (¢))/¢(t) we can obtain such an upper bound.

Definition 2.2. A convex, strictly increasing functiop : R — R™ with lim; .., ¢(t)/t = +0

is said to satisfy th&-conditionif there is a strictly increasing concave functipn R* — R*

with lim,_., 7(s) = oo and are > 0 such that for alk > s,

(2.5) e(s+7(s))
o(s)

A function~ will be calledV-admissibléf (£.3) holds for suitable., ands > 0.

> logHa o(s).

Let us discuss th&-admissible functions for the model casg(s) = e*". The condition[[Z]5)
is equivalent to

esa((l—i—’y/s)ﬂ—l) Z S(1+€)a, s Z Sfy,

so that for example

A(s) =108 (s) == (1+ )" logs, s> s,,

with n > 0 works. Of course for “bigger” functions the estimate in[(Z]5) is more easily true.
However, as we will see later on, we will use reciprocal¥e&dmissible functions to find upper
bounds for the multipliers. Hence we will get more precisers with smallvV-admissible
functionsy. The reader may check that the funct'ryfﬁn@ is notV-admissible fom = 0.

2.1. Decreasing rearrangements.We will need some facts on decreasing rearrangements (for
the material of this subsection see for instaficé [LT, pp 12d}). Let us begin by recalling some
basic facts.

Let (92, %, 1) be a measure space (we will only be concerned ®igquipped with the usual
normalized Lebesgue measure on Borel sets). With a medstdiuaiation f on (2 one associates
the distribution function

pp(t) = plw € Q: |fW) > 1}, >0,
and the decreasing rearrangement
[ (s) =1nf{t > 0: ps(t) < s}, se(0,u()).

Note that the decreasing rearrangement @ a positive function. The main consequence on
rearrangement invariant spaces that we will use in the gboféHardy-)Orlicz spaces is that

(2.6) [atswhae= [ a(s @)

(We have used here th@b o | f|)* = ® o f* since® is increasing.) We will also use the fact that
when® is convexe, theid; is rearrangement invariadt [LT, p.120].

The reader should notice that the initial measure space aventarested in, i.€l equipped
with the Lebesgue measure, can be identified with the meapaie=(0, 1] (equipped with nor-
malized Lebesgue measure) on which the decreasing reamamy/* is defined. Thug™ is
obtained from f| by a measure preserving mappindrom Q2 := T (i.e.Q := [0, 1]) onto itself,

so thatf*(t) = | f(a(t))!
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Moreover, it is clear that if a functiop multiplies onHg then so does its outer part (the
modularJs in Hardy(-Orlicz) spaces does not “feel” the inner part)alhwhat follows we will
thus assume that the multiplier is outer (it could even berassl thatg| > 1). Let g* be the
decreasing rearrangement of a multipierand leto, be a corresponding measure preserving
mapping ofT (or [0, 1]) onto itself. We have already mentioned thyas automatically inHe
and solg| € Le. By (£-8) the functiory* is also inLg, and so we can associate with it the outer
functionG in He such thatG| = ¢* a.e. onT.

Lemma 2.3.If g € Mult(Hq) then the outer functiol defined byG| = ¢* a.e.T is also a
multiplier onHs.

More generally it can be said that for every outer multiplieand every measure preserving
mappinga : T — T, the outer functiory,, with |g.| = |g o a| a.e. onT is also a multiplier.

Proof. Let o be the measure preserving mapping such ghat |g o o a.e. onT. Let f € Heg
with outer partF. Then the outer function with modulug’ o o~!| is also inHg (with same
modular7s as f), and

Le1r©QG@Ndmc) = [ e1(Qgla()hdm(S) = [ o(lf e a™ (Og(C))dm(c)

T T

= [@(FQg(©))dm(C) < 0

T

In the later discussions we can (and will) thus suppose tiatrultiplier is outer, its only
singularity is in¢ = 1, andd — |g(e¢)| is decreasing il on (0, 27) (27 corresponding ta).

3. MULTIPLIERS - UPPER AND LOWER BOUNDS

In this section we will give a general construction to obtainltipliers of a Hardy-Orlicz
space with a defining functiop satisfying theA-condition. More precisely, thA-admissible
functions~ associated witlp allow the construction of defining functionis, of Hardy-Orlicz
spaces contained in the multiplier algebra. Sihtdt(Hgs) is an algebra it is clear that when
Hy., C Mult(Hq) then alsoAlg(Hy. ) € Mult(Hs). HereAlg(F) denotes the algebra gener-
ated by a family of functiong

Then, using thévV-condition, we will give an inclusion of the multiplier algea of Hg in
another Hardy-Orlicz space the defining function of which= ¢ o log is associated withv-
admissible functions. Again, sindéult(H¢ ) is an algebra, if it containg € Hy then it contains
also all powersf™, n € N, and so doe${y. Hence, setting?"l(t) = ¢(nlogt), the inclusion
Mult(He) C Hy implies that

Mult(Hg) C ﬂ Hyin.

neN*

We will discuss both results in the model case) = ¢, (t).
Let us begin with a lower bound on the multiplier algebra.
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Theorem 3.1.Lety be a strongly convex function satisfying thecondition andy a A-admissible
function. Then

Alg(quw) C Mult(Hcp)
where¥., = p oy ! olog.
Remarks 3.2.1) ObviouslyMult(Hy) contains the algebra generated by the union ovérall
where~ is admissible forp.

2) In generak), := ¢ oy~ does not satisfy\, and so we have to distinguish a priori in the
theorem betweeft(y. , Hy andHy . This is of no harm since all these spaces are of course
included inAlg(Hy,) (and we are of course interested in the biggest lower bowseh;also
some comments concerning thg-condition oft., in the model case at the end of this section.

Proof. Let f € Hg andg € Hy,. Let A := {( € T : log|g(¢)| < v(log|f(¢)])} and Aq :=
{¢Ce Atlog|f(Q)] = t,}. Then

/AOsO(log\gf\)dm = /AO o(log | f| +1loglg|) < /Aow(log|f(é)|+7(10g\f(<)\))dm
< o pllog|F(O)ydm.

and so the integral oA, converges. Since oA\ A,
is bounded), the integral also convergesAn

We will now consider the part of the integral B := T \ A. SetB, = {( € B :
v (log|g(¢)]) > t,}. Clearlylog| f(¢)] < v~ *(log |g(¢)|) on B. Hence

[, g1 £(Ol +loglg(©)Ddm < [ (37 (o5 |g(O)1) +log |g(¢) )dm

0

f| and|g| are bounded (so that{log | fg|)

xT

< o (™ (loglg()))dm.

0

Since by assumption € Hy Wherel = ¢ o y~! o log, the last integral converges. Since on
B\ By the functiond f| and|g| are bounded, the integral converges alsd3on |

Note that ifp satisfies thé\,-condition (the case of big Hardy-Orlicz spaces), then, abave
already mentioned, we can chooge) = ¢. Hencel.,(¢) = povy tolog(t) = ¢(log(t)) = ®(t),
which confirms that we are in the algebra situation.

In order to show that Theorefn B.1 is sharp we shall prove tladtinction~ is not admissible
for ¢, thenHy, contains functions that do not multiply 6. Recall thatl.,, = ¢ o y~! o log.

Proposition 3.3. Let ¢ be a strongly convex function, and letbe a concave function oR
strictly increasing to infinity such that

p(t +(t))

lim sup ———— = +o0.
t—oo ()

Then there existg € Hy. such thaty ¢ Mult(Hq).
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Proof. The proof follows some ideas of the proof ¢ J[HK88, Theoreid].1By the hypotheses,
there exists a sequen(g),, such that

ltn +7(tn)) <
{ w() =M
pltn) = 25.

Sete, = (n%p(t,))"!. Clearlye, < 27" so that there exists a sequenes,), of disjoint
measurable subsets @fwith |o,| = ¢,, where| - | denotes the Lebesgue measure. fdte
the outer function the modulus of which is equalXy, ¢’ x,, onU,, o,, and1 otherwise {x
is the characteristic function of a measurable Bgt Then [ ®(|f|)dm = X, o(t,)|on| =
Yno(tn)en =32, 25 < 0o. Hencef € Hs.

In the same way, we leg be the outer function the modulus of which takes the values
ey, on, o, and1 elsewhere. Therf; o(v (log|g|))dm = X, o(tn)|on] < oo
(the reader might have observed that this is equd} to(| f|)dm). Let us compute the modular
of their product

[ 2(ghdm = [ elog|fl +loglgldm =3 pltn +A(t)lonl > T nlin)e

We shall discuss this proposition further on an example ttiGe[.
The next result discusses an upper bound of the multipligstah viaV-admissibility.

Theorem 3.4.Let be a strongly convex function satisfying f¥iecondition andy a V-admissible
function. Then

Mult(Hcp C ﬂ H n

neN*

where, as before}., = o 0oy o log, and\IfL{" (t) = (v Hnlogt)).

Before proving the theorem, we will cite the following wé&ihown property.

Lemma 3.5. Every positive decreasing function @6, 1] which is integrable on0, 1) is ne-
cessarily bounded by the functior— 1/t on (0, ty) for a suitablet, € (0, 1).

Proof of Theorenh 3J4Let ¢ € Mult(H4). As before we will suppose outer and g| equal to
its decreasing rearrangement. This will allows us to gesgainst functions ift{s that approach
the maximal possible growth of the class. Since we haveiitkhi with [0, 1], we will set

(3.1) w(t) = % te(0,1],

tlog
wheren € (0,¢) is fixed € being the value associated with tReadmissible function). It is
clear thatv € L. Let f be the outer function ift{s such thatog | f(e*™)| = ¢! (w(t)) a.e. on
(0,1].
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Sinceg is a multiplier onHe and| f|, |¢g| are decreasing off), 1], the function
¢ := p(log|fgl) = e(log|f] +log|gl)

is decreasing of0, 1] and integrable on this interval. By Lemrpal3.5, we get

o) < T, te (0h)

(wheret, € (0, 1) is fixed suitably).

Hence
P! (w) +log|g]) < 3.
and so
loglg| < 7 (e/t) — ¢ (w).
Hence
(3.2) U, (lg]) = e(v " (log lg])) < (v (™ (e/t) — o~ (w))).

Sincey satisfies thé&/-condition andy is admissible we have
p(s+7(s) = p(s)log "= (s), s> s,
so that
s> (@ (p(s) log ™ p(s)) —5), 5> s,
Applying ¢ to this inequality and choosingsuch thatv = w(t) = ¢(s) we obtain

(3.3) w > (v e (wlog " w) — o7 (w))).
We will check thatl /¢ < wlog' ™ w. From (31), we get
1 1+e ¢ — ;1 1+e (;)
w(t)log™* w(t) tlog't(e/t) °8 tlog't(e/t)
e 1+
= — 1 t) — loglog' ™ (e/t >
ogire7a ( o8(e/t) — loglog™(e/1)

e log log™™(e/t)
= s (e/t)(l_ log'*"(e/t) )

> =
t

for ¢ sufficiently small since > 1. Injecting this into [3.8) we get
w > (v e e/t) — o7 H(w))),
We recognize here the right hand side[of](3.2) so that

W, (lg(e")) < wit) = m

Sincew € L', we conclude € H,. By the remarks in the introduction to this section we also
haveg € H for everyn € N*. |
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Example. Let us consider the model casg, 0 < o« < 1. We have already constructed
the optimal functiony, ¢ = Ct'=®. Obviously,y;!(t) = (t/C)"/1=) and,c(t) = pa o
Yap(t) = e = pd | whered = C~°/1=)_ This together with Theoreffi 3.1 yields
the first inclusion of the proposition below.

Note thatAlg (Mo, _,,) = Uiso Hye | o (ON€ caN USE thaty = (1/2)((f +9)°—f—
g°) andh € o) impliesh? € Ha | withd = (1/2)°/0).

For the second one we introduce another defining function. Se

a/(1-a)
(p(lo )(t) — €6<lo§§t> 1

a,0 t Z th

whered > 0. Clearly, if 3 < a/(1 — «) then
ws(t) = e’ << QUP(t), t— o0
Hence by the remarks on orderings of (Hardy-)Orlicz spac&eictiof P
: C
(3 4) H@Si;g) H(I)g .

olog #

Proposition 3.6. Let0 < a < 1. Then
Alg(Ma ) = UMt otox © Mult(Ho,) © [ H

d>0 6>0

olog”
Before proving this result, we give the following conseqeeewhich is maybe easier to state
and follows immediately from this proposition arjd {3.4).
Corollary 3.7. Let0 < o« < 1 Then
Alg(Hs,,, ) = U Mot olog C Mult(Hsg, ) C N He

d>0 0<B<a/(1—c)

8°

Corollary[3.Y shows that Theorgm]3.4 is optimal in the sehaeit allows to separate those
Hardy-Orlicz spaces contained in the scdity, ).~0 and multiplying onts, ,, from those con-
tained in the scale that do not multiply 65, ,. We could of course have replacét};, by

B
Proof of the propositionAs already indicated, the first inclusion is establishedhigyabove dis-
cussion. Let us consider the second inclusion. Recall tratf the function
v(s) = (1 +n)s' " logs
is V-admissible whenever > 0. SetV., = p o~ ! olog. It can be checked that

So

)a/l—a (1+o0(1))

1—a logt
1+ nloglogt
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Sincey is V-admissible for arbitrary > 0 ando(t) is arbitrarily small, we can take

a/(1-a)
(1) = exp [(1-5)@( log? ) ]

loglogt

whered > 0is arbitrary and”, = (1—a)*/(*=*), From Theoren 3}4 we deduce thatilt(Hs) C
Hy.- And by the general remarks we also havelt(Hs) C H ), Where

a/(1—a) a/(l1-a)
logt logt
wll(g) = 1—-0)C, _ o8t =
7 (8) = exp [( ) < ) P € logn + loglogt)

log(nlogt
with a suitable constant Clearly there exist;, d, such thatogf’égl)(log t) < whi(t) < 0% (log t)

a,02

from which the remaining inclusion of the proposition fails. |

The exampley,, is quite instructive concerning the behaviour of the miliktipalgebra. Clearly
the indexa/(1—«) that we can associate with, increases witlx (we will see in Proposition 4.1
that for reasonable strongly convex functions — andare reasonable in our situation — that
the multiplier algebra increases with the space). A cryoht isa = 1/2. Theny, (1) =
©1/2 oyf/lm(t) = 1(t) = ¢' which is the defining function fof*, so that the multiplier algebra
of Hs,,, containsAlg(H"') = U,-, H” (and it is contained irt s, for any 3 < 1, and even in
smaller Hardy-Orlicz spaces defined <b§/f5g)).

Whena > 1/2, then by the corollary we havdult(H.) C N,en Hym = M=o HP. Choos-

ing 8 € (1,/(1—«)) we can even deduce theitult(H,,) C Hs, Which is extremely small and
close toH .

Conversely, ifa < 1/2, then sincex/(1 — o) < 1, we gety,1-q)(t) = o(e”) which yields
H? C Hy,,,_,, for everyp > 0 and henceJ,., H* C Hy,,, ., C Mult(Hs,). So, in this
case, the multiplier algebra is very big containing evEf; p > 0, and even bigger spaces.

Corollary[3.J tells us that in this example the multiplieyetbras vary from very small spaces
whenHg is close to the classical Hardy spaces to very big ones wheappeoach the big
Hardy-Orlicz spaces.

Another observation can be made concerning the criticaleval = 1/2. Fora < 1/2 the
function¢ : ¢ — (¢ 4 2)*/(1=*) —¢o/(1=) is bounded so that, c = ¢, © 7, ¢ Satisfies thaf\,
condition, whereas far > 1/2 the function{ is unbounded and so, ¢ ¢ A..

A similar observation can be made in the context of Thedredn By the above proof, the
~ -1
V-admissible function,{o¢) satisfies(yggf)) (t) ~ c(t/logt)/1== for a suitable constant
The functionS (o) : t — ((t + 2)/ log(t + 2))*/1=%) — (t/log t)*/1=*) is bounded if and only
if « <1/2sothaty), = ¢, o (7337%>)_1 satisfies the\, condition if and only ifae < 1/2.

4. ORDERINGS ON MULTIPLIERS

4.1. A general result. We begin the section with a general fact. Piek= ¢, o log and®, =
9 o log two defining functions of Hardy-Orlicz spaces, wherg ¢, are strongly convex. In
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Section R we have mentioned that the condition

: Dy(1)
4.1 1 < +
@ e i <

is equivalent tdHs, C Hs,. Replacingd; by ¢; we get the same kind of estimate foy/¢; in
(B1). Itis also possible to replace moreoygrby ¢; + @2 without changingHs,, so that we
can suppose that := p; — 5 is strongly convex, and even thiat= | — ¢}, tends to infinity
at infinity. This does unfortunately not always imply that?> — ! is increasing. However,
if we assume the later to hold then the ordering of the Hardicspaces is inherited by their
respective multipliers.

Proposition 4.1. Lety,, ¢ be strongly convex functions.df,' — o' is increasing then
Mult(He, ) C Mult(He,).

Proof. We can suppose thai andy, are differentiable. By the hypothesis' —¢; ' is a strictly
increasing function, so thap, ' — 1)’ > 0. Hence((; ") (1 (1) — (21 ) (1 (1)) (u) = 0
(note that obviously] > 0). Hence
(03 o) (u) > 1,

for sufficiently bigu. Settingé(u) := @5 ' o ¢, olog(u) we deduce from this that(u) > 1/u for
big u. Define nowE = @, ' o ®;. Then we getlog o=)'(u) = &'(u) > 1, and hence the function
E(t) ' o (1)

t t

O:t—

is increasing.

After these preliminary remarks let us come to the proof ef pinoposition. Suppose €
Mult(Hs,). Let f € Hqe,. We have to check thatf € Hq,. Define a measurable function on
T by fo = ®;(®4(|f])). Clearly there exists an outer functidhthe modulus of which is equal
to fo almost everywhere offf, and by constructio’ € Hq,. Sinceg multiplies onHg, we
havegF € Hg,. For the remaining argument we will suppdse> 1 almost everywhere off
(we have already seen thattan be supposed outer; it is also clear that a mulitplier if and
only if the outer function the modulus of which is equahtax(1, |¢|) is a multiplier). With this
assumption we havd'| < |¢gF’| and sinceo is increasing we get

=(F) _ =(gF])
[Fl— lgFl

9195 (@1(1F)) < 03" (@1(19F]))
from where we get
[ @algfham = [ @x(lgl2y (@ (IF]))dm < [ @1(|gF[)dm < oc.
|

Any “reasonable” pair of strongly convex functions withy, C He, Satisfies the hypothesis
of Propositio{3]3. A simple example s (t) = ¢ andyp,(t) = e’ with o > 3 (this follows



POINTWISE MULTIPLIERS IN HARDY-ORLICZ SPACES, AND INTERPDATION 15

already from Corollanf 3]7). Another example is giveny(t) = e andp,(t) = €'/ ¢t for
which it is simple to check thdtp, ! — o) > 0.

A natural question raised by the preceding proposition istivr there exist Hardy-Orlicz
spaces for which the ordering of the multipliers is in the @gte direction of that of the Hardy-
Orlicz spaces themselves. The next subsection answergubstion by giving examples where
the ordering of the multipliers cannot be pulled back to thdarlying Hardy-Orlicz spaces

4.2. Small multipliers on large Hardy-Orlicz spaces. Here we show that there are large Hardy-
Orlicz spaces for which the multipliers reduceH6°, so that in general the multipliers are not
necessarily ordered as the Hardy-Orlicz spaces (when tagskee ordered).

Let us make more precise what we mean by “large” here. In faatms out that the Hardy-
Orlicz spaces we consider can be very far frgm, 7. We have to introduce a new class of
strongly convex functions. Set

Qo (t) = D™ ¢ > ¢,

These functions define Hardy-Orlicz spaéés,, whered, = ¢, o log, which are much bigger
than those associated with(t) = ¢! considered in Sectiof] 3. Let us observe that for every
(concave) functiony strictly increasing to infinity and such thatt) = o(t) we have

Palt +7(1)  _ exp [(1Ht)a<(1 + W)a - 1>]

©Va(t) Int

- v(t) v(t)
- o lat(lnt)l—a <t(lnt)1—“)]'

which is bounded when(t) < Ct(Int)*~!. The latter expression suggests that we could attain a
growth faster than the identity when> 1. In this situation the above computations, which work
under the assumptiont) = o(t), are of course false. Anyway, since we are only interested in
concavey it is not worth while seeking growing faster than the identity. Sg,, satisfies the
A-condition and for instance,(t) = t* is admissible for every € (0,1). Using Theorenf 3}1
this implies that the multipliers df(,,, contain a very big spacéty, ,, where¥,, , = 9, ,log,

Vap(t) = pa 07, (t) = e(/P)*nt)* — ,(1/p)*
We have the following result.

Theorem 4.2. For every3 > 1 there exists a strongly convex functignsatisfying theA,-
condition such that{s containsHs, and

Mult(Hcp) = H*™.

Proof. We begin by constructing the strongly convex functionfoh Supposep(1) = 1. Let
(t,) be a sequence of positive real numbers tending strictlyfioiiy and¢; = 1. We will also
assume that,, ., —t,) goes to infinity. The construction gfgoes inductively. On each interval
I, = [tn,tn11) the function is affine withp(t,) = lim, - ¢(t) so thaty is continuous in,
and with slopep(t,,) (the function doubles its values from to ¢,, + 1). This yields of course
a convex function the slope of which tends to infinity from wéh&e deduce that it is strongly
convex. (Itis clear how to extendto R _.)
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Let us check that by a suitable choice(6f) we obtain a functiornp tending more slowly to

infinity than . This will show thatHq, C He. Fixy > ﬁ By constructionp(t,,+1) =
O(tn) (1 + (tyer — tn)). Sett, 1 =t, +e* —1,sothatp(t,, 1) = e »(t,), and an immediate
induction yieldsy(t,) = el b ¢(t1), wherep(t;) = 1. Itis well known that>"p—{ k7 ~
(n— if from where we deduce that!==)(*~1""/0+) < (1) < e(IFTM=DTT/ (41 for
sufficiently bign (depending om). Nowt, ., —t, ~ €"', sothatt, = t; + S =1 (trr1 — tr) ~

SiTiel” > er=D7, By assumption > ﬁ so thaty3 > ~ + 1. Hence for sufficiently big

(pﬁ(tn_l) Z e(]ne(n—Q)'Y)ﬁ _ 6(77,—2)'}’5 >> 6(14—8)(71—1)"/"’1/(74—1) Z (p(tn)

This implies that on the whole interva), the functionys dominatesp. Since this is true for
every intervall,, (n sufficiently big), we can deduce thaty, C Ho.

The remaining part of the proof is again built on the argurs@fitof [HK88, Theorem 1.3].
Suppose now that there exists an unbounded multiplier He. Leto, = {¢ € T : log|g(¢)| €
[k, k + 1)} which are of positive measure by assumption. Sip¢ends to infinity, there exists a
subsequenc@nk)k such thatp(t,, ) > k2|1 k Then we can find;, C o, suchthatp(t,, )|o},| =
Let f be the outer function the boundary values of which are in redequal toy,, e'»« Xo,

k2
onU, o, andl elsewhere. Theffiy (| f|)dm = > o(tn,)|on] = > ? < 0.

On the other hand, since for> 0 we havep(t,, + v) > ©(tn,) + @(tn,)y = Ye(tn,), We
obtain

L o(fghdm = 3 [ elog|f] +loglgldm = 3 [ log lgle(ts,)dm
E 7% kY%
> Zk(p Nk |Uk| Z_

:OO.

So, g does not multiplyf to a function inHs. We have reached a contradiction, and any multi-
plier in H4 has to be bounded.

It is easily checked that, by constructian satisfies the\,-condition, so that we also have
H> C Mult(Hg). [

5. SOME MORE EXAMPLES

5.1. Optimality of the conditions. We begin this section with an example discussing the op-
timality of the results of Sectiof] 3. We have already seenrap8&sition[3B that the result of
Theoren{ 3]l is in a sense sharp: whenever a concave funcisomot admissible fop then we
can find a function irt{y_, where¥, = ¢ o 4! o log, that does not multiply oft{s.

We will discuss this more thouroughly here through the exemp,(t) = eVt. Recall that
in this situation our Theorefn 3.1 gave the inclusign, H? C Mult Hs, ,. On the other side,

Theoren{3}4 shows thatult Hs, , C H o, for everys > 0. Recall that,o?};gé( ) = e'Toer,

172,
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Here we will use Proposition 3.3 to show the existence of &tfon g not multiplying on
Has, ,, and which is in Hardy-Orlicz classes coming much closey$o, H” than do the spaces
H 08 j1ogr 0 > 0. This shows that Theoren B.4 is not optimal (even if Corglfar] gave us

P1/2,6°
some optimality; see the comments after that corollary).

We begin by introducing a new scale of Hardy-Orlicz space®rdtier to simplify the notation
we will set fork > 1
log; :=logo---olog.
N————
k times

We will also sete; := e ande;; := e“. Then fork > 2 we introduce the functiong, which
are defined by

t

logk—l(t)
The functions are completed suitably fo& e, to convex functions.

¢m@%=%p( )afth@h

The space${s, , whered) = ¢ o log, come extremely close 1g,,., H” whenk — oo
without ever atteining the latter union.

Proposition 5.1. There is a functioy € ;> H) that does not multiply ott(s .

Proof. Using the numbers;,, we will define a functiony which is not admissible fop, /,. Let
¢ : RT™ — R be continuous and piecewise affine such that
6(6k) = k?, k Z 1.

The functione is clearly concave offil, +o00), and so will bey defined byy(t) = v/te(t) on
[1,4+00). The functiony is not admissible since

t t
p1/2(t + (1)) — VHVED—VE _ et +ole(t)

¢1/2(1)
tends to infinity (we had already mentioned in Secfion 2 thgtA-admissible function for,,
can grow at most as— C't'~). Hence by Propositiop 3.3 there is a functiortiig  that does
not multiply onHs.

We will show that
H‘II'Y C H@(k)a

for everyk. For this it is sufficient to check that for evekyc N* there is &, such that for every
t >t

/2077 L) 2 e
Passing to logarithms and observing thas continuous and strictly increasing 4ex so that
we can change to the variahle= y~1(¢), we are led to the verification of
(u) Vue(u)

log <p1/2(u) =Vu> log,, (7(u)) - log;, (vue(u))

for u sufficiently big. This is of course equivalentlie, (\/ue(u)) > e(u) for big u. The left
hand side of this estimate behaves likg, u so that it remains to show thatis neglectible
with respect tdog, at infinity. Fix such ak and letn > k. Then fort € [e,, e, 1) we have




18 ANDREAS HARTMANN

log,(t) > log,(en) = en—r Which goes “extremely” fast to infinity (one could observattfor
k > 1we haveey, /e, = e /e, > M := e“ ! sincee’ > Mt fort > e, so thate,_, grows at
least exponentially im), whereag (t) < e(ep1) =n+ 1. |

5.2. Big multipliers in small Hardy-Orlicz spaces. In this section we will show that there are
Hardy-Orlicz spaces beyond,., I” coming very close tgJ,., H? and containing unbounded
multipliers. More precisely, such Hardy-Orlicz spacestaonHardy-Orlicz spaces strictly big-
gerthanH*°. This s of central interest in the interpolation problemcs it will allow to conclude
that such Hardy-Orlicz spaces admit interpolating segeemdich are not Carleson, i.e. which
are not interpolating fof .

The key result to our examples here is the following propmsit

Proposition 5.2. Let ¢ be a strongly convex function dstrictly increasing tot+-co. Let(t,),
be the sequence defined by

o(t,) =2", neN.

If (tns1 — tn)n tends to infinity, therp is A-admissible, i.e. there exists : [t), +o0) — R
concave, increasing withm;,_ ., y(t) = +o0o such that

(5.1) p(t+(t) <dp(t), t>to.

Proof. Since we are only interested in the estim@tg (5.1) fort bige can normalize the function
¢ such thatp(0) = 1.

Split R into subintervalst,,, t,,. 1) (possibly addind —oo, t)).

Let us construct &-admissible function. To begin with let, be the continuous and piecewise
affine function defined on each interyal, ¢,,. 1) by

Yo - [tnatn-l—l) B [tn+1atn+2)a

t
t — tpar+ t—tn).

tn+1 - tn
This is just the affine increasing bijection frof#,, ¢, 1) onto [t,.1,t,.2). Define moreover
7 (t) = Y(t) — t so thaty,(t,) = t,+1 — t, for everyn. This function is still continuous and
piecewise affine. Moreover it tends to infinity since the sewe(t,.; — t,), does and since it
is bounded below on any intervl,, ¢t,,.1) by the valuesy(¢,) and~(t,.1). Itis clear that we
can then bound below; by a functiony which is concave (one could construct such a function
as a continuous piecewise affine function with decreasiog/r coefficient on each interval).

Let us check that the so obtained functipsatisfies the\-admissibility type condition[{5}1).
Lett € R and supposec |[t,,t,.1). Observe that thefy(t) € [t,11,tni2). Hence

et +7(t) <ot +n(t) =p(0(t) < eltnrz) < 220(t,) < 2%0(1).

As a consequence of the previous proposition and Theprémedbtain

Corollary 5.3. Let ¢ be as in the proposition. There exists a strongly convextimme> such
that

Alg(qu) C Mult (Hcp),
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where¥ = v o log.

Important examples of strongly convex functions for whibk sequencé,,.; — t,), tends

to infinity are given by!°®)(t) = e/t | e N*, o(t) = ¢/ V() and it is even possible to
construct functions(¢) that behave on intervals, like ¢!%5».

Let us discuss more thouroughly the caseajﬁig). This function defines a Hardy-Orlicz space
that is very close tqJ,., 77 and having unbounded multipliers. We will check that.(t) =
clog,(t) is admissible:

t+ clog,t t  tlogyt+clogt— tlog,(t+ clog,t)
log,(t + clogyt) log,t logy, tlog,,(t + clog, t)
clogi t — t(log, (t + clog, t) — log, t)
- log,, tlogy,(t + clogy, t)
log,,(t)
log, (t + log, t) —
Als0 7, o (t) = exp,(t/c) whereexp, = expo- - o exp. SO
T rimes
‘i’ka(t) = poy.ologt = p(exp, lo_gt) = p(expy_1 1) = eXP(M
’ “ c - log, expy_ t*
expy,_q t*
= ol alogt )
Setting also
Uy o(t) = exp, 9,
we again get

U He,.. = U Mg, € Mult(Has,).

a>0 a>0

The space$ty,, (and a fortiori the spacey, ) are extremely small, by which we mean that
they are very close té/>°. This can be expressed by the Boyd indices. For Orlicz spfcBs
Proposition 2.b.5] gives an explicit formula allowing thentputation of these indices. It turns
out that — not very surprisingly -px = gx = +oo for X =Hy, .

6. INTERPOLATION

In this section we will consider the interpolation problemHiardy-Orlicz spaces beyond
Upo HP.

We shall begin by recalling some definitions. The interpotaproblem we would like to
consider is that of free interpolation.

Definition 6.1. A sequence\ = {\,},, C D is called a free interpolating sequence for a space
of holomorphic functions o, X = Hol(D), if for every f € X, and for every sequencs,),,
with

bn] < [f(An)], neEN,
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there exists a functiop € X such thay(\,) = b,,n € N.
Notation: A € Int; X.

Another way of expressing that a sequence is of free intatjowl is to say that™ is contained
in the multiplier algebra oX'|A := {(f(\n))n : f € X}: for every(a,), = (f(A\n))n € X|A
and for everyu = (u,), € (> there isg € X such thaty(\,) = ppa,, n € N, i.e. (upa,), €
XIA.

It is clear that if we can interpolate the bounded sequengeiictions in the multiplier
algebra, i.el> C Mult(X)|A, thenA € Intj- X.

The definition of free interpolation originates in the wosk\inogradov and Havin in the 70s.
It is very well adapted to the Hilbert space situation wheoan be connected to the uncondition-
ality of a sequence of reproducing kernels, see g.g. [NikB2orem C3.1.4, Theorem C3.2.5]
for a general source; see al§o [HMNT04] br [HRaO06] for moreivabions for the non-Banach
situation.

Let us recall that by a famous result of L. Carledon [Ga58]nberpolating sequences fér>,
i.e. the sequences for which H*|A = [*, are characterized by the Carleson condition:

Here Bp = [I,cg by is the Blaschke product associated with a discretésset D (supposed to
satisfy the Blaschke condition,.;(1 — |A|*) < oo). Recall that for\ € D

IA| A=z
ha(z) = A1—Az

A sequence satisfying (6.1) will be calledCarleson sequencdt is clear that forX = H>
classical interpolation and free interpolation are theesam

z € D.

The Carleson condition still characterizes interpolasaguences (free or classical) in a large
class of Hardy-Orlicz spaces included in the scaléiéfspaces (sed [ShHSh] féf?, p > 1;
[KaG3] for H?, p < 1 and [Har9p] for more general Hardy-Orlicz spaces includetthé scale of
classical Hardy spacegr).

The situation is intrinsically different in spaces closédtite Nevanlinna and Smirnov classes.
Here interpolating sequences are characterized by théeeges of harmonic majorants of the
functiony, defined byp, () = log m when)\ € A andy, = 0 otherwise. Sed [HMNT(4]
for precise results in the Nevanlinna and Smirnov classe§#a0®] for big Hardy-Orlicz spaces
whereMult(Hg) = He.

Of course a big gap remains between big Hardy-Orlicz spaoasiadered in [Ha(6] and
Up=o HP. In particular an intriguing question is to know whetherrthare Hardy-Orlicz spaces
beyondU,., H? where the Carleson condition still characterizes the puiating sequences. In
the light of Theoreni 4]2, this question is still more exditisince there are very large Hardy-
Orlicz spaces for which the multipliers reduce ito°. Here we will give examples of Hardy-
Orlicz spaces which are close to the unign,, 7* and which have free interpolating sequences
which are not Carleson.

We will consider the problem through the multiplier algebfahe Hardy-Orlicz space under
consideration. As already explained, the idea is to soleeiriterpolation problem: findh =
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{A\n}n C D such that
1°° C Mult(Ha)|A.

ThenA is a free interpolating sequence fig, and in our context we would like that is not a
Carleson sequence.

The situation we will consider here is that of a Hardy-Orkpacel s the multiplier algebra
of which containsHy where¥ = ¢ o log andy : R — [0, 00) is a strongly convex function.
Examples of such a situation can be deduced from Cordll&yib such a situatiofi’y, contains
not only H*° but also — and this will be important for us — unbounded fumrasi such as for

example the outer functiogm with =yt a.e. onT, wherev, (t) = S S and
p |g| o Ul( ) tlogl-l-a(l/t)
e > 0.

Let M := alg(Hy) which is inluded inMult(Hs).

We need two simple properties dd. Recall from [Z]) that for a functiofi in the Smirnov
class we have writtefy] for its outer part. We will use more generally this notationthe outer
function associated with a measurable functfoon T with log | f| € L.

Lemma 6.2.If f € M then there exista € N* such that f]'/" € Hy

Proof. We begin by checking the result for products and sums of fanstin the generatdk ¢
of M. Observe first that iff;, fo € Hy, then[w]| € Hy Wherew := max(|fi|, | f2]) (just split
the integralf; ¥ (|w|)dm into two parts wheref;| (respectively f»|) has bigger modulus). So,
if f = fifothen|f| <w?and[f]'/? € Hy. By a simple induction this holds for finite products.

Of course | f; + f2] € Hy wWheneverf;, f» € Hy, and this extends obviously to finite sum of
functions inHy.

Let us now look whether the property holds for products andssof functions inM. If
f1, fo € M with [f1]/™ € Hy, [fo]'/* € Hy then[w]'N € Hy, wherew := max(| f1], | f>|) and
N = max(n, k) (just split the integralf; ¥(|w|*/Y)dm into two parts wheréf;| (respectively
| f2]) has bigger modulus; the case when < 1 or |f;| < 1is of no relevance here). Hence, if
f = fuf2then|f| < [[w]2, andfy U(| f[VCV)dm < fx (jw]VV)dm < oo, i.e.[f]/CY) € Hy.
By a simple induction this also holds for finite products.

For sums of functions i/, let f, f>,w, N as above. In particuldw]'/N € Hy. If now
f = fi+ fo, then|f| < 2w so that [f]'/V| < [2w['/"N from where we deduce that]'/N € Hy.
By a simple induction this generalizes to finite sums.

Since the property of the lemma is true for functiong4p and it is conserved by finite sums
and products of functions it/ = alg(Hy) it holds for the algebra generated hyy . [

A simple consequence is the following.

Corollary 6.3. If f € M, thenjmax(1,|f])] € M.

Proof. From the lemma we obtain thgt]'/™ € Hy, for a convenient € N*. Then clearlyh :=
[max(1, [f))]¥/" = [max(1, |f|'/")] € Hy. Hencemax(1, |f|)] = k" € M = Alg'Hy. |

We can add another consequence of Lerhma 6.2.
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Corollary 6.4. We haveAlg(Hy) = U,,cn Hy, Wherew,,(t) = W(tH/m).

It should be noted thak,, is not necessarily convex, b, (t) := U, ocexp(t) = ¢ (t/n) is still
stongly convex in the terminology di[RU69] so that we stilhadefine the corresponding Hardy-
Orlicz classes (which are not necessarily vector spacehelcasal, ,(¢) = ¢, which defines

a Hardy-Orlicz space contained in the multiplier algebra(Qf.., (@!®) (t) = elost/loelost for ¢
1
sufficiently big),(¥, , ), will be convex (we have taken the notation from the end of Satisn

£.2)

Like in [DSh72] our example of a free interpolating sequendié be constructed as a non
separated union of two Carleson sequences (this is diffes§liW72] where Carleson’s method
is used to interpolat&-sequences byi?-functions). In order to do that we will use the results
of [Ha99] based on the so-called (C)-stability.

Let us recall the definition of (C)-stability (sele J[H&99)).

Definition 6.5. Let X C Hol(D). If there exists), € (0, 1) such that for every pair of Carleson
sequenced = {\,}, C DandA = {\,}, C D with

sup |by, (An)| = & < &

we have
X|A = X|A
thenX is called (C)-stable.

SinceH> C Hy and M is an algebra containing(y we also haved> C M = Mult(M)
which in particular implies that a Carleson sequence isaifreerpolating sequence for' .

Proposition 6.6. The spaceV/ is (C')-stable.
Proof. Pick f € M, and letA, A as in the definition. Set, = f()\,). We have to verify that
{an}n € M|A. Putw = max(1,|f|) a.e.T. By Corollary[6.B,F" := [w] € M. lItis clear

that|a,| < |A,| whereA, = F()\,). Note thatlog |F'| is by construction a positive harmonic
function, and so by Harnack’s inequality there is a constantl such that

[FO)Y < IFOW S IFOW)IS, ne N,
So
Jan| < [F(A)]
Let n be a natural number bigger thanThen|F¢| < |F"| and ™ € M by LemmaGP.

SinceA is a Carleson sequence by assumption, and so a free intémgas@quence foi/,
there exists a function € M, such that

g(A\n) =a,, neN.

HenceM|A c MJA. Since the problem is symmetric, we also have the reversasion, and
M is (C)-stable. |
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We will now examine the trace of{j,. For our purpose it will be sufficient to know the
restrictionj,|A when A is a Carleson sequence. For this we will use the Jones-\éologr
interpolation operator (see e.§. [Nik02, Vol.2, pp.17®B8which with a sequence = {a, },
associates a holomorphic function

Ta(z) =Y anfa(z), ze€D.

neN

The exact form of the functions, is not very interesting for our discussion here (we refer the
reader to the above cited monograph, ofto [Ha99]). The fafifj)) is of course a Beurling-type
family, by which we mean thaf,(\;) = J,x and

supz |f(2)] < 0.

zeD neN

The operatofl” is continuous fromi'(1 — |A|?) = {a = (an)n : Xaenllallna—ppe = (1 —
|A\n|?)|an| < oo} to H! and fromi> to H> (see the above cited monograph). These results
suggest the use of interpolation between Banach spadedittin order to do this we will adapt

a Calderon interpolation theorem for rearrangement iamasubspaces (see e.p.J[LT, Theorem
2.a.10]) to our situation.

The space

(1= M2 = {a = (an), 1 3C > 0,3 (1= [AD)@ <|a_0|) < ool

neN
equipped with the usual norih || is a Banach space.

Proposition 6.7. Let A € (C'). The operatofl’ is continuous frond, (1 — |\,|?) to H3,.

Consequently, if\ € (C) then

[y (1= Aal?) € HG[A.

Proof. We have already introduced the distribution function arddé&creasing rearrangement of
a function defined on a measure space. We now have to consassr hotions in the sequence
spacel;, (1 — |A\,|?) (the underlying measure space belgvith the measure, = -, (1 —
|\.|?)d,) and in the Lebesgue spatg.

We start with a sequeneec I%,(1—|\,|?). Repeating the arguments of the proof of Calderon’s
theorem given in[[O7, Theorem 2.a.10], we set for our seqaenand ans € [0,L], L :=

Snen(l — |)\n|2) < o9,

[ ] —a () if ] > a(s)
" 0 if |a,| < a*(s)

andc; = a,, — b;. Clearly,

i < a*(s).
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a*(s) = an, -0

Sng s
e
1- ‘)‘"s I2

Figure 2: Decreasing rearrangementf),,

Also, the norm of*® in I*(1 — |\,|?) corresponding to the hatched region in Figure 1 can be
computed as follows

> (=Pl = > (=) (lan] —a’(s))

neN n:lan|>a*(s)

> (= aPanl —a*(s) > (=[xl

n:lan|>a*(s) n:lan|>a*(s)

= /OS a*(t)dt — sa*(s)

1%l (1= a2

(heren, is an integer withi*(s) = a,, ands,, = 3,,. /4. >a*(s) (1 = [An]?))-

Now, T"is linear, and by a well known estimate on decreasing reger@ents7'a)*(s + s) <
(Tv)*(s) + (T'c®)*(s). Hence, we obtain as in the proof of Calderon’s theorem

/0' (Ta) ()dt = 2 / P (Ta) (25)ds < 2 /0 P Ty (s)ds + 2 /0 Ty (s)ds

VAN

0
s/2 "5/2
2/ (Tbs)*(s)ds+2/ 1Te || ods
0 0
2070l + s)|T¢ |
2max([| T q-jau2)— s 1T iee— e ) ([10° |11 1= 2) + s07(5))
2maX(HT”ll(lfp\nP)*)Hl’HT”looHHoo>/0 a*(t)dt

IA A

The functiong defined by

g(e*™) = a*(Lt), te€(0,1],



POINTWISE MULTIPLIERS IN HARDY-ORLICZ SPACES, AND INTERPDATION 25

isin L}, (recall thatl was the Blaschke suim (1 — |)\,|?) corresponding to the measyréN)),
and the above inequality becomes

6.2) /0 (Ta)*(t)dt < c /0 (et Vs e (0,1]

(herecis a suitable constant).

Now, L}, (T) is a rearrangement invariant space ($eé [LT, p.120]) anbysfi.T] Proposition
2.a.8], we deduce fron{ (§.2) tha € Ly (T) and that|Tal|r; < cillgllr;, < collally. This
achieves the proof [

We should mention that we do not know wheti&g|A embeds intd;, (1 — |\, |?), and for this
reason it is not clear if{}, is (C)-stable. This explains why we pass throughwhich we know
to be(C')-stable.

Let us now turn to the construction of an interpolating segeefor Hs not satisfying the
Carleson condition. As already mentioned, for that it idisigint to construct a sequence
which is not Carleson yet/|A containsi>. We will use Theorem 1.4 of [Hap9] (the idea of
course goes back tp [DSRH72].

Proposition 6.8. There exists a sequendeg (C') such thatM/|A D [*°.

Proof. Let A; = {),;} C DD be Carleson sequencgs= 1,2, such thatb,, ,(\,2)| < d and
such that

nhn;lo |b)\ml <)\T7q2)‘ = O

The latter condition guarantees that= A, U A, is not Carleson. The condition on the speed of
convergence to zero ofb,, , (A\n2)|)» Will be fixed later.

Let M(A;) = M|A; (= M|Ay), and set
an 1 — an 2
Ma(A) = {(mshnemsors  (ans)n € M(AY), (— ’ ) e M(A)},
b>\n,2 ()\1%1) n

which is a kind of inductive limit of first order discrete Sdbo-Orlicz spaces. Sinc#! is (C)-
stable, we deduce fromi [Hg99, Theorem 1.4] that

My(A) € MIA = {(f(Ani)neni=12 - f € M}

(the careful reader might have observed that we only use alie@hthat theorem, but this is
sufficient for our purpose here since we are only interestexhe inclusion). Set also

* * An,1 — Qn, *
by (1 = Potl?) = {(@mameris : (@n)n € (1= a2, (— ) € Iy = s},
b>\n,2 (Anal) n

and analogouslyy »(1 — |\, ;|?) by omitting the stars everywhere in the previous definition.
By Propositior 6]77% (1 — [A,1]*) € Hy|A € M(Ay), and sy (1 — [\, ;*) € Ma(A). In
particular we can interpolate every sequeficg; ) cn i—1 2 With

Y=l <|an,1| + ) < 00

neN

Gp2 — Ap1

b>\n71 ()\n,Q)
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by a function inM. Now, sinceA; is a Blaschke sequence, there exists an increasing sequence
(~vn)n Of positive elements tending to infinity and such that

Z(l - ‘)‘n,1|2)’7n < 00.
neN
ChoosingA; such that(|by, , (A\n2)|)» goes to zero and
2
>
|b)\n,1 ()\n,2)‘ - Wﬁl(vn) . 17
we obtain for every: € [* with ||a]|« < 1,

QAn2 — Qn1 2 2
(1= M) ¥ <|an,1\ + = ) < (1 =AW (1 + 7>
% )| = 5 o O
< Z(l - |)‘n,1|2)7n < 00.
neN
Hence, the unit ball of* is in M |A, and so also the whole spake sinceM is a vector space.
We are done. u

As a consequence we obtain the following result.

Corollary 6.9. Let ¢ be a strongly convex function, anid a strictly increasing, convex, un-
bounded function such that

H\I/ C Mult(Hspolog).
Then there existd ¢ (C') such thatA € Intjo Holog-
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