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On Exact Err or Boundsfor View-DependentSimpli cation
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Abstract

In this article we presentan analytical closed-formexpressionto ensue exacterror boundsfor view-dependent
simpli cation which is of importancefor several algorithms.The presentwork containsproofsand solutionsfor
thegeneal 2D caseandparticular 3D cases.

Most preceedingvorksrely on coarse heuristics that mightfail and/orrestrict movementr objectrepresenta-
tions.We introducethe notion of validity regionsasthe completesetof possiblesimpli cationsrespecting given
error boundbetweerthe objectandits simpli cation. Theapproac handlesarbitrary polygonalviewcellswhich
allow for freemovementin theinterior. We showhowto computetheseregionsfor meshpointsand faces.Since
the validity region of a face accountsfor all its points, propertieslike silhouettepreservationand textures are
gracefullyhandled.Thisis notthe caseif the error is controlled only at theface's verticesor edges.

CatagyoriesandSubjectDescriptorgaccordingo ACM CCS) 1.3.5[ComputerGraphics]:ComputationalGeometry

andObjectModelling

1. Intr oduction

Simpli cation hasbecomea very importanttopic in today's
researchNowadays,modelsare madeout of thousandof
triangles,and comple scenedike forestscaneven contain
millions of polygons.Graphicshardwareis constantlyim-
proving, but not capableof displayingsuchcomplex scenes
in real-time thussimpli cation remainsanimportantissue.

Clark[Cla7q wasprobablythe rst to pointoutthatdis-
tant objectsdo not needthe sameprecisionascloserones.
Sincethen,several approachefave beenproposedo auto-
maticallycreatesimplerrepresentationsf aninputmodel A
key pointis to controltheerrorcausedy usingacoarsere-
placementThisis adif cult problemfor a singleviewpoint
but even harderif oneconsiderdo keepthe samerepresen-
tationfor a certainviewing region (viewcell).

In this article,we areinterestedn measuringhegeomet-
ric errorassociateavith agivensimpli cation andviewcell.
Furthermoreit is possibleto detectfor eachmeshpart the
viewpointsthatrevealthemaximalerror Reviewing thesim-
pli cation from this very viewpoint givestheuseranideaof
the subjectve/qualitatve error.
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A hugeamountof literatureon simpli cation exists, but
no work on a generalerror analysishasbeenpublishedso
far. Interestingly most previously proposederror bounds,
evenfor thesimplercaseof a singleviewpoint, arebasedn
heuristicsthat areinvalid in the generalcase.Viewcell ap-
proachegwherea simpli cation hasbeenprecalculate@nd
is usedwhile an obserer staysinside a certainregion, the
viewcell) receized a lot of interestbecauseun-timesimpli-
cation becomesnef cient for very complex models.The
guery-costexceedsthe gain from renderingthe simpli ed
version.In this article we de ne and solve the problemof
exact (not only upper) error boundsanalytically in two-
dimensionalscenesand with arbitrary precisionin 3D. In
practicemodelsare often well-behaed, making heuristics
work well, which producearbitrarily large errorsonly in
mostlypathologicatasesThisis probablywhy theresulting
error hasnot yet beenclosely examined.Neverthelessour
analysiscanbe appliedandis of interestin situationswhere
faithfulnesss a must.Also we proof with our work thatal-
gorithmswith strict error boundsstill allow for aggressie
simpli cation. We shaw thiswith a simpleexampleapplica-
tion. This proof of conceptis not the main contritution of
the paper which is the theoreticafoundationandde nition
of thegeometricerrorfor viewcell-depedensimpli cation.

In this article we underlinethe actualcompleity of the
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problem,presentiow errorboundscanbevisualized calcu-
latedandassuredlt senesasaninvitationto furtherexplore
a eld that existed for more than 30 years.Simpli cation
still containdots of basicopenquestiongo which ourwork
givessomeanswersandprovidesa deepunderstanding.

After discussingoreviouswork (section2), the de nition
of theproblemwill be presentedsection3). Thecalculation
of exactvalidity regionsis nottrivial andwe will deriveit in
severalsteps Startingwith meshpointswe shav how wecan
indirectly obtaintheexactsolutionusingspecialviewpoints.
We describehow to nd themfor differenttypesof view-
cells (section4) andextendthe approachfrom meshpoints
to faceg(section5). We thendiscussourwork, concludeand
give anoutlookon futureresearch{sections,7).

2. Previous Work

Generalsimpli cation algorithmscan be divided into two
classes.The rst selectsan appropriate model during
run-time basedon the current viewpoint. This often in-
volveshierarchicabktructure§Hop96Hop97,XV96,ESVI9
ESSS0]1 The secondclassusually implies the use of al-
ternatve representationfSDB97, DSSD99 JWS02 JW02
WMO3] which are createdaccordingto a viewcell. Seen
fromthisregion,thecorrespondingimpli ed representation
shouldcloselymatchthe original model's appearance.

Run-timebasedapproachetestsimple queriesto decide
whethermoredetailsareneededMost algorithmsuseedge
collapses(introducedin [Hop94) and work with bound-
ing spheresand specialsilhouettecriteria to obtain a bet-
ter quality. Unfortunately boundingspheresaroundedges
do not provide a real conserative bound,neithercloseness
relationsbetweerverticesasusedby Lueble etal. [LE97].
In [LE97] somegroundrulesare speci ed. Polygonsoups
shouldbe acceptedasvalid input, anda ne-grainedtrade-
off betweendelity andaggressie simpli cation shouldbe
possible Theanalysisin this articleful lls bothconditions.

Another run-time approach that representsa transition
to of ine simpli cation is presentedn [COM98§. This al-
gorithm establishesipperboundson geometryandtexture
andis ableto limit the actualscreererror Neverthelesghe
boundis nottight andonly givenin accordancéo a certain
viewing distancenot for arbitraryviewcells. The methodis
bestsuitedfor denseobjectsof high compleity.

Most viewcell-basedapproachevolve alternatve rep-
resentationsvhich canbe renderecef ciently andonly one
guery (membershipof the obserer to a viewcell) hasto
be evaluated.Typically much information aboutthe scene
can be storedin form of textureson a simplied model
[MS95 SDB97. As pointedout by Wilson et al. [WMO03],
invisible partsmay causeproblems.They performarecon-
structionbasedn severalviewpointsto maximizevisibility.
In somecaseghis mightnotbesufcient. Imagineawall al-
mostperpendiculato the obserer's sightline.No geometry
is hidden,but texture informationcanappeardistortedfrom

a differentviewpoint dueto the grazingangle.Geometrical
errorboundsarenot establishe@n suchrepresentations.

Jeschk et al. [JWS02JW03 manageto provide an er-
ror boundfor a particularcase.Around a cubic viewcell,
they createenclosingcubeson which the scends projected,
whereadnside the rst onethe original geometryis used.
If the usermaoveson the diagonalsof the viewcell, they are
ableto deducehe positionof thelayersfor a faithful repre-
sentationDécoretetal. [DSSD99 provide anerrormeasure
for parallaxeffectsin two-dimensionakcenedor segment
viewcells.We derive amoregenerakrrorboundwhich does
not directly dependon the alternatie representatiofbeing
used.We ensure delity and do not restrictthe obserer's
movementto a segment.

Our approachrelatesto Cohenetal. [CVM 96], wherea
hull is de ned aroundtheinitial model.Simpli cation oper
ationsareonly consideredalid if the objectremainsinside
thisboundaryCohenetal!sapproachs notview-dependent
anddoesnot take texture into account,asit usesthe Haus-
dorff distanceseesection3). Inspiredby their work we are
interestedn determiningmaximumervelopesfor a view-
dependentpoint-wisemeasure.

3. BasicDe nitions

Me -~ S=s(M)

Figure 1: Angulardistanceis evaluatedfor ead viewpoint
V in viewcell V.

Theinput of the problemis ameshM anda viewcell V.
Themestis de ned by verticesv; andfacesF j, andconsists
of all thepointsinsidethosefaceg(usuallydenotedM). The
viewcellV is asetof viewpoints(usuallydenoted/).

The goal is to measurethe distancebetweenM and a
simpli ed meshS. A simpli cation is a mappingfrom the
pointsof M to the pointsof S:

s:M 7! S;M! (M)

Notethats canbe mary-to-one,i.e. several pointscanbe
"simpli ed" to thesameplace.

A classicapproacho measureheerroris to compareM
andS = s(M ) usingthe Hausdorf distance.This metric
measureghe geometricchangebetweenthe meshand its
simpli cation. If every point on the meshhasa color (e.g.
throughtexturing),two meshegsanhave thesameshapsdi.e.
a null Hausdorf distance)out look very different. For that
reasondistancemeasurebetweerM andS shouldbecon-
sideredfor eachpoint (not only vertex) on the mesh.Thus,
in a rst step,we will focuson singlepointsonthemesh.

ForasingleviewpointV, thedistancebetweerM andS:=

¢ TheEurographic#ssociatiorandBlackwell Publishing2006.
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s(M) is de ned asthe angIeNZ‘VS underwhich the sgment
[M; g is seenfromV (g. 1). It is importantto notice,that
for a x edview frustum,the angleimplies a boundon the
projectedscreendistanceandvice versa.

For a viewcell V, we de ne the error asthe maximum
angleunderwhich a point M andits simpli cation S canbe
seenfrom within theviewcell.

ev(M;9) = \%%XMVS 1)

We say a simpli cation is valid for a given error Q 2
[0; p=2), if for all meshpointsM 2 M the error between
M andits simpli cation s(M) is smallerthanQ.

4. Validity Regionsof Points

M: o _—
view cell

Figure 2: Someaxampledor validity regionsof meshpoints
basedon a givenseggmentviewcellanda xed error bound.
Noticethat the shapesare not symmetricnor alwayspoly-
hedmal and might be unboundedThe image was obtained
via sampledconeintersections.)

The validity region for anerrorboundQ of a meshpoint
M andaviewcell V is de ned astheset:

WI(M) = fSjev(M;9 Qg @)

Thisde nition is equivalentto:

WMy = fsjMvs Qg 3)
Va2v
Fromthis we canobtain:
Wow (M) = \RF(M)\ R} (M) @)

Intuitively eq. (4) statesthat a bigger viewcell leadsto
smallervalidity regions.In eq.|(3), the setf S’MVS Qgis
aconeof ap V in directionVM andapertureQ. Therefore
thevalidity region correspondso theintersectiorof cones.

Theremaindeof this sectiondescribeshe determination
of the exactshapeof the validity region. Fig. 2 shavs some
examplesandoneseeghatthe shapds not polyhedral thus
dependingnanin nity of viewpoints.

Fromeq.(3) we seethat validity regionsareconvex, be-
causethe setis de ned asthe intersectionof corvex cones.
Corvexity implies starshapewhich meanghatthe validity

¢ TheEurographicdssociatiorandBlackwell Publishing2006.

region of M canbe representedadially by its extentswith
respecto M andagivendirectiond. This givesacorvenient
parametrizatiorof the setwe look for.

WQ(@)(M) := ARF(M)\ r(M;d) (5)

wherer(M; @) denotegheray from M in direction@ and
d\RS(M) refersto the boundaryof the validity region.

For a singleviewpointV it is simpleto calculatethe ex-
tents. It correspondgo the intersectionbetweenthe view
conebordersandaray throughM in a directiond (g. 3).

//\\
"y

\

VR atent \//
d ™~
viewpoint TTVewel ™"

Figure 3: Validity region extentsof points,intersectionwith
cone(left), hyperplaneviewcell (right)

ForanerrorboundQ thevalidity regionextentin direction
o of M for a viewpoint V is given by M + td, wheret is
speci edby the(smaller)positive resultof eq.(6). If thereis
nonethevalidity regionis unboundedn this direction.
q__
siPQ< VMjd> sinQcosQ 1 < VMjd>2

! (6)
VM . 2
< YV _ig>2 cog
vy °
< j > denotesthe standardscalarproduct,jj jj the Lo
norm.

For generalviewcells, it is dif cult to calculatethevalid-
ity region. On the otherhand,for a nite setof viewpoints
the solutioncanbe found by evaluatingexpression(6) sev-
eraltimes.Thekey ideais thusto nd a nite setof view-
pointsin the viewcell that canbe usedto boundthe whole
validity region extent.

Max Viewpoints: It canbe shawvn thatfor a closedviewcell
therehasto be a specialviewpoint, the so-calledmaxview-
point, Vimax, suchthat \R3 (d)(M) = \RR, - (@)(M). Vimax
depend®snthemeshpoint, theviewcell, theerrorboundand
thedirection.

In otherwords, the cone associatedvith the viewpoint
Vmax is actuallyresponsibldor the validity region extentin
thedirectiond. Denotingthe validity region extentE, it fol-
lows EVhaM = Q (g. 4). The max viewpoint thus gives
the validity region extent (expression(6)). This givesusan
anindirectwayto nd theexactanswetto our problem.The
existenceof thesepointswill follow from the discussiorin
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Q maXx VIeWFDInt

g for direction d
viewcell
Figure 4: For a closedviewcell and a directiond, there is
onespeci ¢ viewpoint,the maxviewpoint,which impliesthe
validity region extentE of meshpointM.

the specialcaseof polygonalviewcells but it is generally
truefor closedviewcells.

The inscribedangletheoremstatesthatin 2D all points
that seea given sggmentundera x edangleQ lie on a bi-
circle, the outer contourof two intersectingcircles.In 3D,
the setis invariantunderrotation aroundaxis d, thuslead-
ing to aso-calledbialy, atoruswithouthole. This shapealso
playedanimportantrolein [LKR 96], whereit wasderived
in adifferentmannerfor height eld simpli cations during
run-time.All pointsinsidethis bialy seethe segmentunder
ananglegreatethanQ. This shavsthatthebialy de ned by
themeshpoint, thevalidity region extentandthe maxview-
pointis tangento the viewcell andleadsto the obsenration:

WI(M) = R, (M)

Hence,it is sufcient to calculatethe validity region ex-
tentfor the bordersof avolumetricviewcell.

Dueto eq. (4), eachpart of a polygonalviewcell canbe
treatedseparatelypy intersectinghe correspondingesults.
In 3D we canrestrictourseles to faces,in 2D to simple
line sggmentslt thussufces to suppos@necodimensional
viewcells.We startby consideringhyperplanes.

Hyperplane Viewcells: The bialy'stangeny is key to nd-

ing themaxviewpoint. Dueto thebialy's rotationallyinvari-
ant shapearounddirection @ the tangeng point hasto lie
on the orthogonalprojectionof the line t) on the plane.
This implies thatfor hyperplaneviewcells the 3D casecan
be solved in 2D. Fig. 5 shawvs a bialy andthe possiblere-
strictionto 2D. Theparametrizatiomf asimpli cation point
S(t) = M + td leadsto a parameterizedialy of pointsthat
"see"the sgment[MS(t)] undertheangleQ. Theideais to
nd the parametet to obtaintangeng (g. 6). Insteadof
working on the bialy/bicircleitself, we treatthetwo circular
partsseparately

Withoutlossof generalitytheviewcell correspondso the
x-axis and the meshpoint M = (my;mp)” , with mp > 0.
Thenthe circle is given by the equationfor the centerC(t)
andtheradiusr(t).

Clt) = M+ £2(d cotQd”)

viewcell

Figure 5: The 3D shapeof the points seeingthe sgment
[M; § underthe sameangle The maxviewpoint hasto be
situatedin the plane containingthe projection of the line
de nedby M, & andtheviewcell plane's normal.

max viewpoint %
viewcell
Figure 6: Parameterizinga simpli cation point leadsto a
parameterizedicircle (consistingof two circles). The max
viewpointis thetangentpoint on the viewcell.

where indicatesthe consideregartof the bicircle. As
the viewcell correspondso the x-axisandM is situatedin
the upperhalf-spacethe tangent/mawiewpoint musthave
coordinates(Xmax 0) = C(tmax)  (0;r(tmax). Solving the
implied linear systemleadsto the coordinatesof the max
viewpoint:

_ sinQd; cosQdy, |

Vimax = (M + mp cosQd;  sinQd; + 70 O
_ 2sinQmy

fmax = cosQd; sinQdy+ 1 ®)

again, depend®ntheconsideregbart.More detailscan
befoundin theappendixA.

At this point, we geta rst interestingresult. If we pa-
rameterize, which correspondso the distancebetweerthe
validity regionextentandthe meshpointM, via thedirection
d = (cosg sing)” , givenby anangleg, we get:

tmad(@) = sinQmy

©4Q 9 1 ©)
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whichis anequationdescribinga hyperbolaThevalidity
region of ameshpointfor aline viewcell is thusformedby
two intersectinghyperbolag g. 7). In 3D thisregionis ro-
tatedaroundthenormalof thehyperplanesiewcell. We have
thusan exactdescriptionof the validity region of a pointin
threedimensionsn the caseof a hyperplaneviewcell.
©T T S Vieweell™” T T

Figure 7: For aline viewcellthevalidity region of a pointis
boundedby two hyperbolas.

One CodimensionalViewcells: In the next stepwe wantto
restrictthe hyperplaneviewcellsto polygonalareasWe will
describehow to solvetheproblemin the2D caseandexplain
how to transfertheideato the 3D case.

Whenworking with two separatedirclesinsteadof the
bicircle,weactually nd two "maxviewpoints",onefor each
circularpart. Although oneof thesetwo might not bea max
viewpointin the strict sensefo avoid confusionandwith a
slightabuseof notation,we will referto bothof themasmax
viewpoints. It is not problematicto test several points, as
long astheir numberis nite. In particularit is importantto
consideroth sidesof the bicircle, becausehe positionof a
maxviewpointfor asegmentviewcellis in nodirectrelation
to theonefor thecorrespondindine viewcell (g. 8).

Vi~ T T viewcell Vs

Figure 8: For theline viewcell the maxviewpointin direc-
tion d'is situatedontheleft, whereasfor thesggmentviewcell
it is ontheright.

Let Vs be a sggmentviewcell and V| its extensionto a
line viewcell. Also, letVs (resp.V,) bethe maxviewpointfor
Vg (resp.VL). If V| 2 VsthenVs = V. We now wantto shav
thatif \j 62Vs thenVs is an extremity of Vg (g. 9). V| has
to bein the interior of the tangentbicircle at Vg (inscribed
circletheorem)Thereforehesegment]Vs; \j] liesalsoin the
interior of thebicircle of Vs. Vs\ (Vs; ) 6 ; contradictghe
tangenyg property thusVs is anextremity.

In the 3D casewe canestablistthe samedistinction.The
proofis essentialljthe same the bialy for the hyperplands

¢ TheEurographicsssociatiorandBlackwell Publishing2006.

Vi viewcell

Figure 9: If the maxviewpoint (for onepart of thebicircle)
for theline viewcell doesnotlie onthe sggmentviewcell, its
maxviewpointhasto be on an extremity

containedin the bialy for the viewcell, thereforethe space
betweerthetwo hasto be empty Unfortunatelyin 3D, this
borderis not a point, but a sgment. To solve for the va-
lidity extentit canstill be treatedas a line and then the
sggments extremitiesare taken into account.Still, nding
max viewpoints for the line involves higher order polyno-
mials andwe did not yet succeedo obtainan analytic ex-
pressionNeverthelessit is possibleto approacithe result
arbitrarily close using numericalmethods.It is not a triv-
ial resultthat numericallystablesolutionscanbe provided.
Theproofcomesrom thegeometricalnterpretatiorthatwe
establishedThe ideais to embedthe line into a planeand
look at iso-valuesfor the sizesof the bialys (which arein
directrelationto the lengthsof the validity region extents).
Theresultarehalf-moonshapedireasaroundtheactualmax
viewpointof theplane( g 10). Thus,onaline embeddedh
this planeat mostthreeextremacanoccur All viewpoints
for which thevalidity regionis unboundedie insideacone.
Thereforeonecanquickly determinavhich partof theview-
cellis notneededor thedeterminatiorof thevalidity extent.
To restrictthe searchspaceone canpick an arbitrary view-
pointV of the remainingviewcell and de ne a minimum
distancesuchthatall viewpointsexceedingthis distanceare
lessrestrictve thanV. Thesepropertiesmale it possibleto
computethe validity extentin a stableway with arbitrary
precision.

Figure 10: For a givendirectionthe sizesof the bialys are
representedn a plane(redlow, white high). Thehalfmoon-
shapesanbeexplainedwith our geometricainterpretation.

To resumesofarwe have shavn thatit is possibleto cal-
culatethe validity region of pointsgivena nite setof (not
necessarilypoundedpolygonalviewcells. For agiven point
M anda directiond, possiblygiven via an existing simpli-
cation point S, the max viewpointsare classi ed for each
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faceof theviewcell. This is doneby consideringhe hyper

planeusing eq. (7) and discardingviewpoints outsidethe
viewcell face.Next the bordersof the viewcell are exam-
ined. This givesa nite setfor which eq. (3) is evaluated,
whatleadsto the minimal extent.

Thisresultcouldbeappliedfor e.g.simpli cation of point
cloudsor sampledgeometry(or texels of a textured mesh).
Suchapplicationslie out of the scopeof this article. The
resultis generalenoughto be usedwith ary simpli cation
algorithm.If the creationof theimpostorwasnot performed
using this error bound,the veri cation of validity still re-
mains possible.Concerninglevel of detail changeswhen
the obserer approacheshe object, our error measurede-
liverstheactualdistanceatwhich arepresentatioohangds
neededThis canbe doneby determiningthe bialys for the
desirederror and assuringthat the minimal distancekeeps
theviewer outsideof every singleone.

5. Validity Regionsof Faces

In this sectionwe will extendthe notion of validity regions
of pointsto meshfacesthereforegakingcolorinformationof
points(liketexture)into accountMathematicallyafacecon-
tainsanin nity of points.Thusto avoid sampling,we want
to establisha way to assurethe validity of the modi cation
of awholeface.This partis quitetechnicalandcurrentlyour
resultis two-dimensional.

The solutionis not straightforvard becausevalidity re-
gionsfor pointsinsidethefacecannotbesimplyinterpolated
from the validity regionsof the vertices.In otherwords, if
theverticesof afacearemovedwithin their validity region,
meshpointsonthefacedo notnecessarilyemainin theirre-
spectve validity region, asillustratedin g. 11. Thisdirectly
implies that algorithmsbasingtheir error estimateonly on
edgesor vertex distancesannotsucceedn establishingan
upperboundon the error of the actualimage(neitherin 2D
norin 3D). A comparisorof ary algorithmlike this with a
methodinvolving our analysiscould thus be arbitrarily bi-
asedin ourfavor. In otherwordsheuristiccanandwill lead
to arbitrarily large errors(atleastin specialcases).

AVRY(M)

s(M)

——— sy

M Cc N
—eo—o

Figure 11: WhenM and N are moved within their valid-
ity region (to s(M) and s(N) respectivelyhot all pointson
[MN] canbesimpli ed on[s(M),s(N)]. E.g C's validity re-
gion doesnotintersect[s(M)s(N)]

To de ne a validity region for faces,we must rst x
theway afaceis "moved" duringthe simpli cation process,
thusspecifyingthe "movement”of the correspondingnesh
points. We chosea directional projectiononto a simpli -
cationplane.This is actually lessrestrictingthan it might
soundandhasseveralbene ts. Theorderof themeshpoints
anda certaininjectivity andconnectvity is keptduringsim-
pli cation. Comparedo aperspectie projection,nospeci ¢
viewpoint hasto be selectecandfacescouldstill becutinto
partsto allow differentdirectionsperpatch.Finally it should
bementionedhatthe analysids independenof theway the

nal representatioiis stored.If the obtainedsimpli cation
is texture based,t canstill be transformedunderperspec-
tive projectionto gainmemory Only theresolutionchanges,
not the position of the samples.The approachof this sec-
tion canalsobe usedto nd optimaltexture resolutionsfor
all viewpointsinsidethe viewcell (see[Eis04). Theideais
to chooseasthe simpli cation directionthe surfaceorien-
tation, thus representingexels on the surface.In this part,
we assumerojectionsalongthe planes normalto easeex-
planationsalthoughthe approachdescribedgeneralizedo
arbitrarydirections.

A simpli cation planeis said to be valid for a face if
eachpoint on the face,whenprojectedonto the simpli ca-
tion plane,remainsinsideits correspondingalidity region
(g. 12.

invalid

Figure12: A simpli cation planeis valid for theface[M; N]
if all face pointsremaininsidetheir correspondingvalidity
region after beingtransfered.

A planecanberepresentedy its Houghtransform:anor-
mal andan offsetfrom the origin [Hou63. Fixing a normal
(andthusprojectiondirection)leavesuswith the questionof

nding the possibleoffsetsfor a valid simpli cation plane.
For a single meshpoint the offsetis given via the validity
region extents.For ameshface thisis moredif cult.

Fromeq. (8), we obsere thatfor a line viewcell the ex-
tentsof a validity region vary linearly with the distanceof
themeshpoint to the viewcell. In this caseit is sufcient to
ensurevalidity atthefaces extremitiesto obtainvalidity for
all pointson theface.This alsoholdsin the 3D casefor hy-
perplaneviewcells. Thusif all themaxviewpointsfall inside
the sggmentviewcell, we encounte linear behaior andit
is actuallysufcient to testtheverticesof theface.

This obsenation leadsto the idea of decomposinghe
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meshfaceinto several parts,for which we will determine
the offsets separatelyHaving detectedthe linear part, we

will seethatthe remainingpartsare non-lineay but involve

only onesingleviewpoint. Onceoffsetshave beenfoundfor

eachpart,anintersectioreadsto the correctsolutionfor the
face.An empty setmeansthat thereis no valid simpli ca-

tion planefor this projectiondirection, henceat leastone
point cannotbe simpli ed. Realizethatfor eachfacethere
arealwaysvalid simpli cation planes,in particularthe one
containingthefaceitself.

Figure 13: Validity extentsin directiond of theface's points
formtheshapeabove which containsa linear part. Accod-
ingly thefacewill bedecomposeihto a linear region,whee
it is sufcient to testthe extremitiesand the non-linearre-
gions,which haveto bedealtwith sepaately.

Detectingthe Linear Part: Thedeterminatiorof thelinear
partis actuallyequialentto the detectionof thosepointson
the facefor which the max viewpoint of the corresponding
line viewcell falls into the segmentviewcell. Dueto eq.(7),
we candeterminefor eachpoint on the facethe correspond-
ing coordinatesof the max viewpoint for a line viewcell.
Actually thereis a small subtlety;eq. (7) correspondgso a
meshpoint in the upperhalf-spacethereforefacesshould
beclipped,seeappendidB. Thereis alinearcorrespondence
betweenthe positionof the meshpoint andthe max view-
pointfor hyperplaneviewcells. Now, if the faceis extended
to aline, we have two pointson this line for which the max
viewpoint corresponds$o anextremity of the segmentview-
cell. Thesebordersof thelinearpartcanbeinferredby solv-
ing for (mg; mp)” in eq.(7) wherethe maxviewpoint corre-
spondgo the sgmentviewcell's extremities( g. 13).

Supposinghefaceis givenby thesegment[M; N] we will
referto theline throughtheface,asthefaceline, heregiven
byl(a) := M+ a(MN) = M+ a(wy; W)~ . Withoutlossof
generalityoneviewcell extremityis (e;0)” . Thus,theequa-
tion to solve is: Vimax(1(a)) = (€,0)” . The solutionis given
by:

sinQdy
cosQd;

cosQdy

e (m+cmp)
. sinQd, + 1

de = , C
Wi+ CWo

(10)

( correspondso thetwo sidesof thebicircle). If (wy +
cw) = 0 all meshpointssharethe samemax viewpoint. If
this viewpointliesinside(respectiely outside)the segment,
thewholefaceis linear (respectrely non-linear).
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Dealingwith the non-linear part: Thewaywe detectedhe
linear part actually implies one property of the non-linear
part;it only depend®nasingleviewpoint: oneextremity of

theviewcell. Thuswe only needto examinehow thevalidity

region of afacebehaesfor a singleviewpoint

We will considerthe validity region extentof pointson a
faceline. For eachsuchpoint P, thevalidity region extentis
given by the intersectionof aline passingthroughP in the
projectiondirectionandthe viewpoint's view cone.If each
side of the coneis treatedseparatelyasa line andwe plot
thoseintersectiongor every pointon thefaceline, we geta
graphasshavnin g. 14. It maycontain"false"intersections
whichrepresenintersectionsvith theline insteadof theray.
Thisis unproblematicasa falseintersectiorimpliesamore
restrictive intersectiorfor the otherview coneray. Theright
partof g. 20shavs anexample.

--ray

—face line
asympbte

/ projection direction

viewpoiﬁf

Figure 14: Thevalidity region extentsof the meshpointson
the face are given by the intersectionbetweena ray from
viewpoint with angle Q and a line from the meshpoint in
projectiondirection.

The graph visualizesthe validity region extents of all
pointson the faceline. A valid simpli cation planehasto
remaininsidethe hull describedy the portion of the graph
correspondingo themeshface(blueregionin g. 14). Thus
to nd theoffsetsof ourplaneweneedto nd tangentsvith
normald atthe containedcurve parts.

The following reasoningwill have to be performedfor
Qand Q (bothbranchesf the view cone).Theresulting
graphsdelimit the simpli cation planes offset. Both cases
aresimilarandwe will only focuson Q.

Let's develop a mathematicatlescription.Given a point
M, the viewpoint V andthe projectiondirectiond, we are
looking for the intersectionbetweenthe two linesly(a) :=
M+ adandlx(a) ;= V+ aRg(V M), whereRq describes
arotationof angleQ.

To easethe calculus,but without loss of generality we
canassumehatV = (0;0)”, &= (0;1)” . M is ontheface
line givenby facga) = (0;m)” + a(cosg;sing)” . Thislast
assumptionis actuallya restriction,asit is nowv impossible
thatthefacedescribes verticalsegment,notlying onthey-
axis.On the otherhand,this is not crucial asthe projection
directionwasassumedo bevertical.We simply excludethis
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casewhereafacewouldbesimpli ed to apoint. Thismakes
sensandtheremainingcasecouldbetreatedseparatelyThe
nal curve correspondso:

asin(Q+ g) + mcosQcosy

Wiace(@) = aacos(Q+ g9 msinQcosy

(11)

We arenow interestedn thetangentpointswith anormal
equalto the projectiondirection.As the projectiondirection
hasbeenchoserto be (0;1)” , we areactuallyinterestedn
local minimaandmaximaof thisquadratiaational. Thecur
vaturecanonly have two differentsigns,onefor eachside
of the de nition gap.Thusary point for which the derva-
tive vanisheds automaticallyan extremum,therecannotbe
ary saddlepoints and the function remainsmonotonicfor
the brancheseparatedby the extremum.Dueto this mono-
tonicity, it is sufcient to testthe extremitiesof the faceif
the extremado not correspondo meshpoints.

Finding extrema is equivalent to nding roots of the
derivative. Theresultingexpressioris at mostquadraticand
thereforepossibleo solve. Thediscussions quitetechnical,
becaus¢hefunctionvariesfrom aline, to aparabolahyper
bolaanda "real" rational function dependingon the angle
betweenthe faceandthe projectiondirection. The resulting
formulaecanbefoundin appendixC.

Concluding Face Validity: To summarize/et's explain a
way to detectthe validity of a face.(To acceleratehe ap-
proacha more profounddiscussiorof the functionswould
benecessargndtheinterestedeadetis referredto [Eis04).

For both partsof the bicircle, thatis to sayfor both cir-
cleswe nd thelinearregion ontheface.Thenwe calculate
the maximumoffsetin the projectiondirectionfor thelinear
partby evaluatingeq. (6) for its extremities.For theremain-
ing non-linearpartsthereis only oneviewcell extremity to
be consideredThe tangentsat the curve are found for Q
and Q. If theextremacorrespondo meshpointstheseare

([
@ tangent points
/ projection direction
valid simplification plane
viewpoint @ = mesh fae

Figure 15: For Q and Q we obtain functionsrepresent-
ing the validity extentsof all points on the face line. We

are actually only interestedin thosepointson the faceline

correspondingo meshpoints. Theefore both functionsare

cropped.Thee are two cases:an extremumcorrespondgo

ameshpoint (uppercurve)or only theextremitieshaveto be
testedbecausef monotonicity(lower curve).

evaluated,otherwiseonly the faces extremitiesneedto be
checled. The processs repeatedor &, to getthe lower
offsetboundfor the simpli cation plane.

6. Discussion

In this paperwe examine the exact error in the caseof
viewcell-dependensimpli cation and describehow they
can be visualizedand representegjeometrically We treat
several 3D casesand provide closed-formsolutionsfor the
2D situation.

The innovative contritution is the notion of validity re-
gions, which correspondexactly to the region of points
whicharecloseenougho beusedasasimpli cation. We ex-
plain how their exactcalculationcanbe achieved. Thus,we
wereableto establishan exacterrorbound.In otherwords,
we give an answerto the questionwhethera simpli cation
is valid, how muchwe cansimplify andfor which viewpoint
theerrorwill bemostevident.

In addition, we point out the importanceof considering
all pointsin a faceto respecttexture. The error measure
naturallyleadsto silhouetteandparallaxeffect preseration.
This approactcombinedocal point with meshinformation
and avoids sampling.Movementof the obserer is not re-
strictedand arbitrary polygonalviewcells are possible.As
mentionedbefore heuristicsthat only test obsened vertex
distance®r edgdengthscanresultin arbitrarilylargeerrors.
Figure 16 depictssucha situationwherethe errorcorverges
toin nity . It is impossibleto performanunbiaseccompari-
son.

°
. it
viewcell

Figure 16: The vertical edges are small as seenfrom the
viewcell, but their collapsemalesthetrianglesdisappear

*—e

The evaluationof the validity regionsis very fastdueto
its closed-formrepresentationt takes 1 sec.for 290.000
point validity extents( 0.0036 ms per evaluation) on a
Pentium1.5 GHz (facevalidity is usually about3-4 times
slower).Neverthelessve completelyacknavledgethatgood
heuristicscanbe simplerandoftenleadto acceptableesults
(especiallyfor nely tesselatednodels).Thisis notsurpris-
ing, asfor far away geometrya smallviewcell behaeslike
apointviewcell andsmalltrianglesbehae like points,but it
is not equivalent. This paperallows to evaluatethe errorre-
sultingfrom simpleheuristicsandcompareto thenow avail-
ableexactreferenceE.qg.for impostord SDB97 oftenasin-
gleviewpointis chosenThis necessitjpecomespparentn
form of a commonproblemof viewcell-basedapproaches.
Representationsanchangedrasticallyfrom oneviewcell to
the other This is especiallytrue becausdittle attentionhas
beenpaidto theactualerrorcommittedby thereplacement.
In our approachthe proximity is guaranteedhroughouthe

¢ TheEurographicssociationandBlackwell Publishing2006.
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Figure 17: A city model(Courtesyof J. Dorsey) is simpli ed on only 115 quads.Theviewcellis a halfspaceat the bottomof
theimage. Eventhoughfromabove both representationseento differ a lot (left, middle),seenfromtheinside of the viewcell
bothlook quite similar (right). In ead of thethreesampleviewstheoriginal is onthetop andthe simpli cation underneath.

viewcell and everywhereon the geometry Overlappingof
viewcells or blendingthusbecomemeaningful.

Theoreticallythis metric could be usefulin several con-
texts, like simpli cation ervelopes[CVM 96]. Geometry
modi cations are acceptedf the shapeis close enoughto
the initial one. This approachwould be applicablefor ary
edge-collapser vertex deletionalgorithmif a simpli ca-
tion function canbe de ned. This is alsopossiblefor point
cloudsor by samplingin 3D (for exampleat texture resolu-
tion). This is somevhat relatedto [COM9§], but involving
viewcells.Our distancemetriccanalsobedirectly useddur-
ing the simpli cation procesgFre0(Q. Other paperscould
bene tfrom ourwork too. Oneexample,is arecentpaperon
soft-shadws [AHL 06]. Herethe occluderwasrepresented
usinga depthmapandthe errorwasestimatedasedn the
gap betweendepthsamplesOur analysisallows a classi -
cationof this errorandpredictstheregion on the groundfor
whichtheerroris biggest.

We alsoimplementedh view-dependenbillboard clouds
(VD-BBC) approactwhoserun-timescaledinearly with the
geometriccomplecity. BBC [DDSDO03J area simpli cation
via planes.Theseplanesarerepresenteslia texturedandal-
phamappedjuadson which geometryis projected.The se-
lectionis performedbasedon a heuristic,working on a dis-
cretizationof theplanespaceFollowing thedensity(avalue
representingheamountof geometryfacesthatcanbesim-
pli ed ontheplane)thealgorithmgreedilyproceedsintil all
faceshave beensimpli ed. For VD-BBC, we exploit theva-
lidity regionsto determineon which planesa facecanbe
projectedn two dimensions.

A rst exampleis shavn in gure 17. The methodwas
appliedto a 4194 triangle city model. Due to its simplic-
ity the model doesnot seemto leave much possibilitiesto
simplify. Neverthelessthe resultingrepresentatiogontains
only 115 textured quadswhile maintaininga proximity of
0:1 (5 pixels)neglectingthe vertical error. The viewcell
in this exampleis a halfspacesituatedat thelower bottomof
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theimage.In particularit is interestingto seehow the struc-

ture of the city is maintainedfor nearbyparts,whereadar

away areasareaggressiely simpli ed. Especiallythe struc-

turebecomesinrecognizablérom above, but appearslose
to the original asseenfrom the viewcell. As in the original

BBC approachsmall cracksmight be visible whereneigh-

boring facesprojectto differentplanes,but theseopenings
arecompletelyboundedby our approach.

The secondexampleis shavn in Fig. 18 The sceneis a
billboard forestarounda centeringsggmentviewcell. The
left partdepictsthe 2D representatiomo which we applied
the VD-BBC approach.The upperleft quadrantshawvs a
quarterof thesceneandits geometriccomplexity. Thelower
left quadrantshavs that our methodsuccessfullysimpli es
distantgeometry The red sggmentsshav the orientationof
the createdbillboardsand all shavn greensegmentshave
beensimpli ed onthese.The gure shavs only thosebill-
boardsrepresentingnore than 100 trees.Finally the right
half shavs anexampleof this simpli cation. All greentrees
simplify to the samebillboard whoseorientationis shavn
in red.In particularyou might noticethatthe simpli ed ge-
ometryformsastar This resultsfrom the segmentviewcell,
which is alignedhorizontally The parallaxeffectsarethus
lesspronounceclongthisdirection.All in all werealizethat
evenexactboundsstill allow for aggressie simpli cation in
higherpolygon countscenesOnly < 2:3% of the original
compleity remainedOn the one handthis doesnot have a
realsigni cation becauseve could simply addmoregeom-
etry to furtherimprove thesestatistics On the otherhandit
givesa goodideaof thequality of the approximation.

7. FutureWork

Lots of interestingavenuesarisefrom this work. We solved
validity in 3D for the special case of hyperplanesand
point validity in a numerically stableway. An analytical
closedform expressionasthe onewe presentedor the 2D
casewould beaninterestingresult. Treatingarbitrary(non-
polytope)viewcellsalsoremainsa challenge.
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quarter of aiginal scene

faces on ak
single bilboard

> 100 fa:esb
Jbillboard

Figure 18: Theleft two quadiants of the left part of the gure showthe original scenecompleity (top) and a selectionof
billboards containingmore than100trees(the red segmentdndicatethebillboards, the greenelementshe simpli ed trees).In
this scenethe viewcell is a centeed segment.Its shapein uencesthe validity regionsand leadsto a star like setof treesthat
are simpli ed onthe sameplane Seerfromthe viewcellthe original andthebillboard cloud representatioriook very similar,
eventhoughlessthan 2:3% (compaedto the original) of the geometryis involved.

At themomentvisibility is notinvolvedin thecalculation
of the validity region. For two-dimensionakcenesseveral
algorithmsexist to calculatethe visible part of the view-
cell (e.g.[Hal0Z). This information could be used,but al-
gorithmsaregenerallycomputationallyexpensve andmight
have numericalissues.

Perceptiorstartsplaying animportantrole in simpli ca-
tion [WLC 03,LTO0Q] andwe would like to incorporatethis
kind of informationin our approachln particularwe want

to investigatewhatvisual errorsarisefrom arepresentation.

Due to the way rasterizatiorworks on currentcards,bill-
boardscanhave a differentappearancéor grazingangles.

We would lik e to furtherexplore otherapplicationsof our
work, in the spirit of Cornishetal. [CRLOJ]. Oneparticular
ideaconsistsn consideringa light sourceasan obserer to
createsimplerbut moreor lessequivalentshadev casters.
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Appendix A: Vmax classi cation
d

viewcell

Figure 19: If the angle of the projectiondirectionand line
viewcellliesin [p  Q;p+ Q], there is no meaningfulmax
viewpointfor this sideof thebicircle.

Workingwith two circlesinsteadf thebicirclemightlead
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to anintersectiorwith the partthatliesin theinterior of the
bicircle. It canbe shavn thatno meaningfulmaxviewpoint
occursif the anglebetweend andthe line viewcell lies in
[p Q;p+ Q]. Thecasep Q leadsto nointersectioratall.
For this "side" of the bicircle, the validity region extentis
unbounded g. 19). Evenwithoutthis test,falsedetections
will be unproblematiqin the worst case,one unnecessary
evaluationis performed).

Appendix B: Clipping faces

Facesintersectedy the extensionof a sggmentviewcell to

aline, shouldbesplit becauseq.(7) assumeghepointM to

lie in theupperhalf spaceOf courseijt is possibleto deduce
asimilar equatiorfor thelower one,but splittingandculling

for polygonalviewcellsimplies thatlessgeometryneedso

beconsideredThecorrectness provensimilarto the proof
thatmaxviewpointslie ontheboundary

Appendix C: Tangentsfor FaceValidity

If one supposeghat the function can be simplied to ca

(with c& 0) by division,weobtaina(sin(Q+ g ccoqQ+

g) + mcosycosQ + csinQ) = 0 ascosg6& 0. Assuming
m 6 0, the constantpartimpliesc = cotQ. Leadingto
sin(Q+ g + tanQcogQ+ g) = 0, andthuscosg= 0. This
casehad beenexcluded, as the face would be vertical. If

m= 0, WRsace Simpli es to tan(Q + g)a. A linear function,
except if cofQ+ g = 0, then the ray becomesparallel
to the projectiondirection (0;1)> (validity extentsare un-
bounded).

Thecasesin(Q+ ¢ = 0 leadsto areal hyperbolaandboth
branchesremonotonic.Therecannotbeatangentith nor-
mal (0; 1)> atahyperbolaOneexceptionoccursif the nu-
meratoris completelyzero(thereforem= 0), herewe have
alinearfunction,thex-axis.(g. 20).

ThecasecoqQ+ g) = 0leadsto aparabola g. 20) except
for m= 0, whenthe functionis alwaysunde ned(see rst

case)ln the parabolecasethe extremumis at

_  msinQcosy
Aparabola = m caQ (12)
For aquadratimumeratora lineardenominatothat can-

notbesimpli ed by divisiontheextremaare:
S

ag2 = %(Sm(@

cosgsinQ
smorg’ Y

Figure 20: SpecialCasesLeft: line, Right: Parabola (right
coneis an examplefor thefalseintersections



