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Abstract: We proposea deterministicand a probabilisticextensionof classicaldiffusion ten-
sor imaging(DTI) tractographyalgorithmsbasedon a sharp�ber orientationdistribution function
(ODF) reconstructionfrom Q-Ball Imaging(QBI). An importantcontribution of the paperis the
integrationof someof thelateststate-of-the-arthighangularresolutiondiffusionimaging(HARDI)
dataprocessingmethodsto obtainaccurateandconvincing resultsof complex �ber bundleswith
crossing,fanningandbranchingcon�gurations.First, we developa new deconvolutionsharpening
transformationfrom diffusion ODF (dODF) to �ber ODF (fODF). We show that this sharpening
transformationimprovesangularresolutionand �ber detectionof QBI and thusgreatly improves
tractographyresults.The angularresolutionof QBI is in fact improvedby approximately20� and
the fODF is shown to behave very similarly of the �ber orientationdensity(FOD) estimatedfrom
the sphericaldeconvolution methodof Tournieret al. Anothermajor contribution of the paperis
the extensive comparisonstudyon humanbrain datasetsof our new deterministicandprobabilis-
tic trackingalgorithms. As an application,we show how the reconstructionof transcallosal�ber
connectionsintersectingwith thecoronaradiataandthesuperiorlongitudinalfasciculuscanbeim-
proved with the fODF in a groupof 8 subjects.CurrentDTI basedmethodsneglect these�bers,
whichmight leadto wronginterpretationsof thebrainfunctions.
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Déconvolution Sphériquede l'ODF et Tractographie
Déterministeet Probabilisteen Imagerie par Q-Ball

R�sum� : Nousproposonsd'étendreles algorithmesde tractographieclassiquesdéveloppéssur
les imagesde tenseurde diffusion (DTI) pour les appliquerà l'imagerie par Q-Ball (QBI). Une
contribution importantedecerapportestl'intégration de l'état de l'art desméthodesdetraitement
d'imagesde diffusion à hauterésolutionangulaire(HARDI) pour obtenirdesréseauxcomplexes
del'architectureneuronaledela matièreblanchecomportantdescroisements,desembranchements
et descon�gurationsenéventail. D'abord,nousdévelopponsunenouvelle méthodededéconvolu-
tion sphériquepourtransformerla fonctiondedistribution dediffusiondesorientations(dODF)en
unefonction de distribution d'orientationsdes�bres (fODF). Cettetransformationde sharpening
augmentela résolutionangulaired'environ 20� et facilite l'extractiondesmaximade l'ODF. Par
conséquentles résultatsde tractographiesur les fODFssontpluscompletset demeilleurequalité.
Ensuite,nousdémontronsquela fODF et la distribution obtenuepardéconvolutionsphériqueclas-
siquedeTournieret al secomportentdela mêmemanièresurdessimulationsdedonnéesHARDI.
En�n, uneautrecontribution importantedu rapportestl'étude pousséeet la comparaisondesalgo-
rithmesde tractographiedéterministeset probabilistessur desdonnéesHARDI réellesà partir du
DTI, dela dODFet dela fODF. Nousmontronsuneapplicationintéressantesur le corpscalleuxet
la reconstructiondes�bres transcallosales.Ces�bres sontnormalementcomplétementignoréespar
lestechniquesdetractographieenDTI carellescroisentle faisceausupérieurlongitudinalainsique
la couronnerayonnante.Notre tractographieen QBI baséesur la fODF nouspermetde retrouver
ces�bres transcallosalessurunebasededonnéesde8 sujets,cequi nouspermetuneconnaissance
anatomiqueplus�ne decespartiesducerveau.

Mots-cl�s : Tractographie,imageriedu tenseurdediffusion(DTI), imageriedediffusionà haute
résolutionangulaire(HARDI), imagerieparQ-ball (QBI), functiondedistribution desorientations
(ODF),déconvolutionsphérique
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4 M. Descoteaux,R.Deriche, A. Anwander

1 Intr oduction

Diffusionmagneticresonanceimaging(MRI) tractographyis the only non-invasive tool to obtain
informationon the neuralarchitecturein vivo of the humanbrain white matter. Tractographyis
neededto understandfunctionalcouplingbetweencorticalregionsof thebrainandis importantfor
characterizationof neuro-degenerativediseases,for surgicalplanningandfor many othermedicalap-
plications[42]. Currently, whitematter�ber tractographyis mostcommonlyimplementedusingthe
principaldiffusiondirectionof thediffusiontensor(DT) data.Thediffusiontensor(DT) model[6]
characterizesthe orientationdependenceof the diffusion probability densityfunction (pdf) of the
watermolecule. An importantlimitation of the DT model is the Gaussiandiffusion assumption,
which implies that therecanonly be a single�ber populationper voxel. At the resolutionof DTI
acquisitions,this is an importantproblemsinceit is known thatmany voxelshave low anisotropy
index dueto non-Gaussiandiffusion coming from multiple �bers crossing,branching,fanningor
in a bottleneck.In fact, theresolutionof DTI acquisitionsis usuallybetween3 mm3 and15 mm3,
while thediameterof bundlesof axonsconsideredin �ber tractographyareontheorderof 1mmand
individualphysical�bers on theorderof 1-30� m [42]. Thus,tractographyalgorithmsbasedon the
DT canfollow falsetractsdueto diffusionpro�les thatareprolateor canprematurelystopin regions
of isotropictensors.

To overcometheselimitations of theDT, new higherresolutionacquisitiontechniquessuchas
DiffusionSpectrumImaging(DSI) [57], High AngularResolutionDiffusionImaging(HARDI) [57],
Q-Ball Imaging(QBI) [58] andcompositehinderedandrestrictedmodelof diffusion(CHARMED) [5]
havebeenproposedto estimatetheOrientationDistributionFunction(ODF)[58] of watermolecules.
Moreover, otherHARDI reconstructiontechniqueshavebeenproposedto estimatehighorderspher-
ical functionssuchas the PersistentAngular Structure(PAS) [30], the Fiber OrientationDensity
(FOD) [1, 3, 14, 55, 56], theDiffusionOrientationTransform(DOT) [43] andmulti-tensordistri-
butions[40, 57]. All theseHARDI techniquesaredevelopedto dealwith non-Gaussiandiffusion
processandreconstructsphericalfunctionswith potentiallymultiple maximaalignedwith theun-
derlying �ber populations.A goodreview of all thesehigh orderreconstructiontechniquescanbe
foundin [2, 16].

Hence,onenaturallywantstogeneralizeexistingDT-basedtractographyalgorithmswith HARDI-
basedtechniquesto betterdeal with �ber crossings. In tractography, two familiesof algorithms
exist: deterministicandprobabilisticalgorithms. Researchgroupshave recentlystartedto gener-
alizebothdeterministicandprobabilisticDT-basedtrackingalgorithmsto usesomeof theHARDI
reconstructionmethodsmentionedabove. Popularhigh order functionsusedin the literatureare
the ODF [10, 11, 24, 46, 57], the PAS function [44] and variantsof multi-tensor�tting mod-
els[8, 23, 36, 49]. Thelattertechniquesshow improvementin trackingresultswheretheDT model
�ts the datapoorly andshow preliminary�ber bundleswith somecrossingandbranchingcon�g-
urationshandled.In this paper, thehigh ordersphericalfunction usedis the ODF estimatedfrom
QBI becauseit is model-freeandit canbecomputedanalytically, robustlyandquickly with ournew
approachproposedin [18]. TheODF is thebasisof ournew trackingalgorithms.

To illustratethecontributionsof ournew trackingalgorithms,wefocusoncomplex �ber bundles
suchasprojectionsof callosal�bers to the cortex. Thesebundleshave beenstudiedextensively

INRIA



Q-Ball ImagingTractography 5

in the neuroanatomicaland DTI literature(e.g. [28]). The corpuscallosum(CC) is involved in
the interhemisphericinteractionof cortical regionsandthe reconstructionof �bers connectingthe
cerebralhemispheresis of majorinterestfor cognitiveresearchandclinical praxis.While DT-based
tractography�nds �bers passingthroughtheCCconnectedwith themedial/dorsalcortex, lateraland
ventral�bers arenot found,sincethese�bers crossthecoronaradiataandthesuperiorlongitudinal
fasciculus(SLF). Only a recentstudy[48] proposedto usea HARDI-basedmethodto reconstruct
�bers of thegenuandspleniumof theCC.

Thegoalof thepaperis thusto integratethe full multidirectionalinformationof a sharpq-ball
�ber ODFin bothanew deterministicandanew probabilistictractographyalgorithmwith emphasis
on a comparisonon realhumanbrain �ber bundleswhereclassicaldeterministicandprobabilistic
DT techniquesfail. Thecontributionsof thepaperarethreefold:1) We �rst developa new transfor-
mationfrom diffusionODF (dODF)to sharp�ber ODF (fODF). We show that this transformation
improvesangularresolutionand�ber detectionof QBI. 2) Wethenextensively validateandcompare
thefODF againsttheclassicalFODestimatedfrom sphericaldeconvolution[55] onsimulationsand
�nd similar behaviors betweenboth methods.3) We last proposea new deterministicandproba-
bilistic tractographyalgorithmusingall themultidirectionalinformationof thesharp�ber ODF. We
performa comparisonstudyof both trackingalgorithmson complex �ber bundlesof the cerebral
anatomyIn particular, we investigatehow thereconstructionof transcallosal�ber connectionscan
beimprovedby thesharp�ber ODF in voxelswhere�bers crossthecorpuscallosum.We show, on
8 subjects,areasof thecorpuscallosumwherethenew probabilistictracking�nds �bers connecting
theventralandlateralpartsof thecortex, �bers currentlymissedwhenusingDT-basedalgorithms.

Thepaperis outlinedasfollows. In Section2, wereview relevanttractographybackgroundliter-
atureto illustrateandmotivateour new deterministicandprobabilisticalgorithms.We thenreview
our fast,regularizedandanalyticalODF estimation[18] in Section3.1 anddevelopthedeconvolu-
tion sharpeningtransformationthatproducesthesharp�ber ODF in Section3.2. Thedeterministic
andprobabilistictractographyalgorithmsaredevelopedin Sections3.3 and3.4 respectively. We
next presentqualitative andquantitative evaluationsof thedeconvolution sharpeningandcompare
thedeterministicandprobabilistictractographyalgorithmsonseveralcomplex �ber bundlesin Sec-
tion 4. Finally, we concludewith a discussionof theresultsandpresentdirectionsfor futurework
in Section5.

2 Tractography Overview

Themostintuitive trackingalgorithmsaretheclassicaldeterministicstreamline(STR)trackingal-
gorithms[7, 13, 41] andslightly morecomplex tensorde�ection (TEND) algorithms[38, 59] used
in many applications[29]. Many otherDT-basedstreamlinesand�o w-basedapproachesalsoexist.
A good review anddiscussionof DT-basedalgorithmscanbe found in [42]. Here,we focuson
HARDI-basedtractographyalgorithms.

Recently, [24, 57] haveproposeda generalizedstreamlinetrackingalgorithmbasedon theprin-
cipal directionof thediffusionODF computedfrom DSI. In [36], a multi-tensorlocal modelof the
datais usedto extendthe�ber assignmentby continuoustracking(FACT) [41] algorithm.Moreover,
to dealwith morecomplex �ber con�gurations,[45] extendedstreamlinetrackingwith amixtureof
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6 M. Descoteaux,R.Deriche, A. Anwander

Gaussiandensitiesandsimilarly, [23] recentlyextendedtheTEND modelwith abi-Gaussianmodel.
Finally, basedon theclassicaldiffusionODF reconstructedfrom QBI [58] andthevery recentreg-
ularizedversionof the diffusion ODF [51], [10] proposesa streamlineapproachwith curvature
constraintfollowing all maximato dealwith �bers crossing.In this paper, we proposeanotherex-
tensionto streamlinetractographybasedon the full multidirectionalinformationof thesharp�ber
ODF. Fromthissharp�ber ODF, we extractall availablemaximaandallow for splitting in multiple
directionsat eachstep. Not only canthe trackingpropagatethrough�ber crossingsbut it canalso
dealwith �bers fanningandbranching.

Existing deterministicHARDI-basedtechniquesmostly show that trackingis improvedwhere
the DT model �ts the datapoorly. However, thesedeterministictractographyalgorithmsinherit
the classicallimitations of deterministicalgorithmssuchaschoiceof initialization, sensitivity in
estimatedprincipaldirectionandlackof straightforwardwayto computestatisticsontractsandlack
of connectivity informationbetweenregionsof thebrain. To overcomelimitationsof deterministic
tractography, DT-basedprobabilisticalgorithmshavebeenusedsuchas[9, 21, 37, 45, 49]. Thisalso
motivatesthedevelopmentof new HARDI-basedprobabilisticalgorithms.Probabilisticalgorithms
arecomputationallymoreexpensive thandeterministicalgorithmsbut canbetterdealwith partial
volumeaveragingeffectsandnoiseuncertaintyin underlying�ber direction.Most importantly, the
outputof thealgorithmsareusuallydesignedto give a connectivity index measuringhow probable
two voxelsareconnectedto oneanother.

HARDI-basedprobabilistictractographyhaverecentlybeenpublishedin theliterature[8, 44, 46]
to generalizeseveralexisting DT-basedmethods.First, in [8] a mixtureof Gaussianmodelis used
to extendthe probabilisticBayesianDT-basedtracking [9]. In [46], Monte Carlo particlesmove
inside the continuous�eld of q-ball diffusion ODF and are subjectto a trajectoryregularization
scheme.In [44], anextensionto theirDT-basedapproach[45] is alsoproposedusingaMonteCarlo
estimationof the white mattergeometry. Their implementationis basedon PASMRI with a new
noisemodelingcomponent.Overall,thesemethodsshow successfultrackingof several�ber bundles
dif�cult to recover with DT-basedtechniques.The methodshave mainly focusedon �bers with
crossingcon�gurationsandhavenotattemptedto accountfor �bers demonstratinghighcurvatureor
pointswhere�ber populationsbranchor fan. In thispaper, ournew probabilisticalgorithmattempts
to accountfor branchingandfanning�ber populationsaswell as�bers crossing.

Normally, anadvantageof theprobabilistictractographytechniquesis thatthey arebasedon the
full sphericalfunction considered(DT, ODF, PAS, etc...) andnot only on the principal direction
or maximum(a)extracted.However, this createsa problemwhenthesphericalfunctionpro�les are
smoothandhave signi�cant isotropicparts. In that case,tractographyproducesdiffusive tracking
resultsthatleakinto unexpectedregionsof thewhitematter. This is awell-known problemin proba-
bilistic DT tractographyandhasnotbeenthoroughlystudiedin theliterature.Typically, onesimply
take a powerof thediffusiontensor[4, 35, 38, 54] to increasetheratio of largestto smallesteigen-
valueandthushave enhancedandmoreelongatedtensors.However, this heuristictransformation
cancreatedegeneratetensorswith secondand/orthird null eigenvalue.

To solve this problemof diffusive trackingand leaking in ODF-basedtrackingmethods,one
needsto usethe �ber ODF to obtain more completeand accuratetracts. The relation between
diffusion ODF and�ber ODF is unknown andis currentlyan openproblemin the �eld [46, 57].

INRIA
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Sphericaldeconvolution(SD)methods[1, 3, 14, 55] reconstructsucha�ber orientationdistribution,
theFOD,without theneedof thediffusionODF. However, anybodyworkingwith QBI anddiffusion
ODFshastheproblemof dealingwith smoothODFsthathavealargediffusionpartnotalignedwith
theprincipal �ber directions.Hence,we proposea new ODF sharpeningdeconvolution operation
which has the desiredeffect of transformingthe diffusion ODF into a sharp�ber ODF and we
extensively compareoursharp�ber ODFwith theclassicalFOD estimatedfrom SD [55]. We show
that this ODF deconvolution transformationis a naturalpre-processingtaskwhenoneis interested
in �ber tracking.

3 Methods

In thissection,we introduceouranalyticalsolutionto QBI developedin [18], oursharpeningdecon-
volutionoperationtransformingthediffusionODFinto asharp�ber ODFandournew deterministic
andprobabilistictrackingalgorithms.

3.1 Analytical RegularizedODF fr om QBI

Tuch[57, 58] showedthattheODFcouldbeestimateddirectly from theraw HARDI measurements
on a singlesphereby a numericalimplementationof the Funk-Radontransform(FRT). We have
showedin [18] thatthis FRT couldbesolvedanalytically, robustly, andmorequickly. Thekey idea
is to expresstheHARDI signalasa sphericalharmonic(SH) seriesof order` andto solve theFRT
usingtheFunk-Hecketheorem.NotethatAnderson[3] andHesset al [26] have recentlydeveloped
independentlya similar analyticalsolutionfor theODF reconstructionin QBI. Despitethefactthat
our analyticalsolutionis similar, our regularizedestimationpart, the derivation, the experimental
results,andthevalidationphasearequitedifferentandclearlydemonstratedin [18].

In our analyticalQBI solution,thesignalat positionp is �rst estimatedas

S(u)p =
RX

j =1

cj Yj (u); (1)

whereS(u) is themeasureddiffusionweightedsignalin eachof theN gradientdirectionu := (� ; � )
on the sphere(� ; � obey physicsconvention, � 2 [0; � ]; � 2 [0; 2� ]), cj are the SH coef�cients
describingthe signal,Yj is the j th elementof the SH basisandR = (1=2)(` + 1)(` + 2) is the
numberof termsin the basisof order` whenchoosingonly even orders. Our implementationis
basedon a modi�ed symmetric,real,orthonormalbasisandthecoef�cients cj areobtainedwith a
Laplace-Beltramiregularizationleast-squareapproachto eliminateunnecessaryhigherorderterms
in the SH approximation[17]. Note that this kind of regularizationwasalsoappliedwith success
to theFOD estimatedwith sphericaldeconvolution in [50] usinga gradientconstraintinsteadof a
Laplace-Beltramiconstraint.TheexactLaplace-Beltramiregularizedexpressionfor thecoef�cients
cj is given in [17, Eq.15]. Our Laplace-Beltramiregularizationis usingthe right operatorfor the
spaceof functionsof theunit sphereandgivesbetterestimationandmorerobust�ber detection[18]
thanwithout regularization[3] or with classicalTikhonov regularization[26].

RR n° 6273



8 M. Descoteaux,R.Deriche, A. Anwander

Sphericalharmonicsallow thesimpli�cation of theFunk-RadonTransform(FRT) by theFunk-
Hecketheorem.The�nal ODF reconstruction,	 , atpositionp, is simplyadiagonallineartransfor-
mationof thesignalSH coef�cients cj ,

	( u)p =
RX

j =1

2� P` j (0)cj Yj (u); (2)

where` j is the orderassociatedwith j th SH basiselement(for j = f 1; 2; 3; 4; 5; 6; 7; :::g, ` j =
f 0; 2; 2; 2; 2; 2; 4; :::g) andP` j (0) a Legendrepolynomialwith simpleexpressionsincewe useonly
evenordersin theSH basis,

P` j (0) = (� 1)` j =2
�

3 � 5 � � � (` j � 1)
2 � 4 � � � ` j

�
: (3)

3.2 Sharpening and the Fiber ODF

Anybodyworkingwith QBI and/oradiffusionODFhastheproblemof dealingwith asmoothODF
thathasa largediffusionpartnot alignedwith theprincipal �ber directions.The relationbetween
diffusion ODF and�ber ODF is unknown andis currentlyan openproblemin the �eld [46, 57].
Here,we describethesharpeningoperationthataimsto transformthissmoothdiffusionODFinto a
sharp�ber ODF [19].

The sharpeningoperationis a simplelinear transformationof thesphericalharmonic(SH) co-
ef�cients describingthe diffusionODF. The ideais to usesphericaldeconvolution. Our approach
is inspiredby theoriginal sphericaldeconvolutionapproachproposedby Tournieret al [55], where
themeasuredsignalis expressedastheconvolutionon theunit sphereof the�ber responsefunction
with the �ber orientationdensityfunction(FOD) [55, Fig.1]. Assuminga particular�ber response
functionrepresentingthediffusionsignalattenuationthatwouldbemeasuredfor a single�ber , [55]
shows thatthedeconvolutionof thesignalwith theresponsefunctiongivestheFOD.This wasalso
recentlyusedby othersin [14, 56].

Here,the startingpoint is not the measuredsignalbut our estimateddiffusion ODF described
in the previous Section3.1. We want to deconvolve the estimatedsmoothdiffusion ODF by a
certaindiffusionODF kernelfor a single�ber in orderto obtaina sharpenedODF. Theprocedure
is sketchedin Fig. 1. We assumethat the estimateddiffusion ODF, 	 , is formedby convolution
betweenthesingle�ber diffusionODF kernel,R, andthetrue�ber FOD.Hence,thedeconvolution
of thediffusionODF by thediffusionODFkernelcanrecovera sharp�ber ODF.

Theconvolutionon thespherebetweenR and	 sharp(Fig. 1a)canbewrittenas

	( u) =
Z

jw j=1
R(u � w)	 sharp(w)dw: (4)

INRIA
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In orderto solve this integral,we �rst replace	 and	 sharpwith their respectiveSH estimationof
order`,

P
j cj Yj (u) and

P
j cj sharp

Yj (u) andobtain

RX

j =1

cj Yj (u) =
RX

j =1

cj sharp

Z

jw j=1
R(u � w)Yj (w)dw:

At this point, we usetheFunk-Hecke theoremstatedin AppendixA to solve the integral over the
spherebetweenR andthesphericalharmonicYj . TheFunk-Heckeformulais a theoremthatrelates
the inner productof any sphericalharmonicwith any continuousfunction de�ned on the interval
[� 1; 1]. It was also at the core of our analyticalODF estimationpresentedin Section3.1 [18].
Hence,we obtain

cj sharp
=

cj

f j
; where f j = 2�

Z 1

� 1
P` j (t)R(t)dt; (5)

P` j is a Legendrepolynomialof order` j andcoef�cients f j comefrom theFunk-Hecke formula,
which is expandedin Eq. 15 of AppendixB. Therefore,the �nal sharp�ber ODF expressionat
positionp is givenby

	 sharp(u)p =
RX

j =1

2� P` j (0)
cj

f j
Yj (u): (6)

For therestof thepaper, we de�ne this ODF asthesharp�ber ODF(fODF).
Themainconsiderationis thusthecreationof aviablediffusionODFkernelR. Assumingthata

Gaussiancandescribethediffusionof watermoleculesfor asingle�ber , wechooseaprolatetensor
pro�le with eigenvaluese1 � e2 = e3 to representthisGaussian.Then,usingtheanalyticalrelation
betweendiffusion tensoranddiffusion ODF [18, 58], we obtainour diffusion ODF kernelR. In
thesyntheticsimulationsof [18, 55] andin themodel-basedapproachof [14], valuesof [e2; e2; e1]
arechosenfrom physiologicaldata. Here,we preferto estimatethediffusionODF kerneldirectly
from our realdataset,asdonein Tournieretal [55, 56] for single�ber responsefunction.All details
aregivenin AppendixB, wheretheanalyticaldiffusionODF kernel,R, is derived. In practice,the
averageprolatetensorpro�le is estimatedfrom 300voxelswith highestFA value,asthesetensors
caneachbeassumedto containa single�ber population.

3.3 Deterministic Multidir ectional ODF Tracking

Weextendtheclassicalstreamlinetechniques[7, 13, 42] basedondiffusiontensorprincipaldirection
to take into accountmultiple ODF maximaat eachstep.We denotep(s) asthecurveparameterized
by its arc-length.This curve canbecomputedasa 3D pathadaptingits tangentorientationlocally
accordingto vector�eld v . Hence,for agivenstartingpointp0, wesolvep(t) = p0 +

Rt
0 v(p(s))ds:

Theintegrationis typically performednumericallywith Euleror Runge-Kuttaschemesof order2 or
4. In theEulercase,wehave thediscreteevolutionequation

pn +1 = pn + v(pn )� s; (7)

RR n° 6273



10 M. Descoteaux,R.Deriche, A. Anwander

(a)dODFkernel
N

FOD = dODF

(b)
Signal dODF	 fODF 	 sharp

Figure1: Sketchof the convolution/deconvolution. In (a), the convolution betweenthe diffusion
ODF (dODF)kernelandthe�ber orientationfunction(FOD) producesa smoothdiffusionODF. In
(b), we show a sketchof thedeconvolution sharpening.The Funk-RadonTransform(FRT) of the
simulatedHARDI signalon the sphereproducesa smoothdiffusion ODF. This diffusion ODF is
transformedinto a sharp�ber ODF (fODF) by thedeconvolution with thediffusionODF kernelof
(a).

where� s is asmallenoughstepsizeto obtainsubvoxelprecision.A continuouslinear, cubic,spline
or geodesic[39] interpolationof thevector�eld canbedoneat eachstepfor thesubvoxel points.A
goodreview is foundin [42] andmorerecentlyin [11, 25].

For seedpointp0, for a givenanisotropy measureA thatcanbeFA, GeneralizedFA (GFA) [58]
orany othermeasure,for anisotropy thresholdtaniso , for curvaturethresholdt � , for ExtractMax(	 ; p)
a functionreturningthe list l of vector(s)orientedalongeachODF, 	 , maximum(a)at point p, for
size(l ) returningthesizeof list l andfor l j representingthej th elementof list l , our algorithmcan
bedescribedasfollows:

INRIA



Q-Ball ImagingTractography 11

(0) Estimate�eld of fODF, 	 sharp, with Eq.6
(1) Setseedp0 andsetv(p0) = argmaxu 	 sharp(u)p0

(2) Updatecurveaccordingto Eq.7.
If A(pn ) < taniso then STOP;

If
v (pn ) � v (pn � 1)

jjv (pn )jjjj v (pn � 1 )jj
> t � then STOP;

Let l = ExtractMax(	 sharp; pn ). If size(l ) > 1
then SPLITcurve; for i = 1 to jl j

do (1) with p0 = pn andv(p0) = l i ;

ODF estimationis donewith order` = 4; 6 or 8 asin [18] andODF kernelestimatedfrom our real
dataset.To extract ODF maxima,it is generallyassumedthat they aresimply given by the local
maximaof thenormalizedODF ([0,1]), wherethe functionsurpassesa certainthreshold(here,we
use0.5). In practice,weprojecttheODFontothespheretessellatedwith a �ne mesh.Weusea16th
ordertessellationof the icosahedron,which gives1281sampledirectionson thesphere.Then,we
implementa�nite differencemethodonthemesh.If ameshpointis aboveall its neighborsandif this
pointhasanODFvalueabove0.5,wekeepthemeshpointdirectionasamaxima.This thresholding
avoids selectingsmall peaksthat may appeardueto noise. Othermorecomplex methodsexist to
extractthemaximasuchthemethodpresentedin [27] or sphericalNewton'smethod[55].

In our implementation,we useFA andtaniso = 0:1 asa maskto preventtracksto leakoutside
white matter, we setcurvinganglethresholdt � = 75� and� s = 0:1 andwe useEuler integration
andclassicaltrilinear interpolationto obtaindODF, fODF andDT at subvoxel precision. For the
restof thepaper, DT-STRrefersto this algorithmusingtheDT principaleigenvector, dODF-STR
andfODF-STRrefersto this algorithmusinga singledODF/fODFmaximathatis theclosestto the
incomingtangentdirectionof thecurve,andSPLIT-STRrefersto this algorithmusingall available
fODF maximawith splittingat eachstep.

3.4 Probabilistic �ber ODF Tracking

In thissection,weproposeanextensionof therandomwalk methodproposedby Anwanderetal. [4]
andKochetal. [35] to usethemultidirectional�ber ODF. Imagineaparticlein aseedvoxel moving
in arandommannerwith aconstantspeedwithin thebrainwhitematter. Thetransitionprobabilityto
aneighboringpointdependsonthelocal fODF, 	 sharp. ThisfODF is discretizedinto 120directions
evenly distributedandat every time step,oneof these120directionis pickedat randomaccording
to thefODF distribution. Thisyieldshighertransitionalprobabilitiesalongthemain�ber directions.
Hence,theparticlewill movewith a higherprobabilityalonga �ber directionthanperpendicularto
it. We starta largenumberof particlesfrom thesameseedpoint, let theparticlesmove randomly
accordingto the local fODF and count the numberof timesa voxel is reachedby the path of a
particle.Therandomwalk is stoppedwhentheparticleleavesthewhitemattervolume.

For eachelementarytransitionof theparticle,theprobabilityfor amovementfrom theseedpoint
x to thetargetpointy in oneof the120directionsuxy is computedastheproductof thelocal fODFs
in directionuxy , i.e.

P(x ! y) = 	 sharp(uxy )x � 	 sharp(uxy )y (8)
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12 M. Descoteaux,R.Deriche, A. Anwander

whereP(x ! y) is theprobabilityfor a transitionfrom point x to point y and	 sharp(uxy )x is the
�ber ODF in pointx in directiony.

Thetransitiondirectionsin thelocal modelarelimited to 120discretedirectionscorresponding
to theangularsamplingresolutionof theacquireddata,andthestepsizeof theparticlestepwas�x ed
to 0.5. We usedtrilinear interpolationof the fODF for thesubvoxel positionandprojectedto 120
discretedirections(sameasour realdatagradientencodings).Moreover, voxelswithin theCSFand
voxelscontainingmainlygraymatterwereexcludedfrom thetrackingusingamaskcomputedfrom
a minimumFA valueof 0.1 anda maximumADC valueof 0.0015. Thesevalueswereoptimized
to producea good agreementwith the white mattermaskfrom the T1 anatomy. The maskwas
morphologicallychecked for holesin regionsof low anisotropy dueto crossing�bers. Finally, a
total of 100000particlesweretestedfor eachseedvoxel. To remove artifactsof the randomwalk,
only voxels which were reachedby at least100 particleswere usedfor further processing.For
visualizationpurposes,the dynamicrangeof the connectivity valueswaschangedby logarithmic
transformationandtheentiretractogramwasnormalizedbetween0 and1. For therestof thepaper,
the3-dimensionaldistributionof connectedvoxelsto theseedvoxel is calleda tractogram.

The main noveltiesin the probabilisticalgorithmcomparedto previous publishedversions[4,
35] aretheuseof the fODF afterdeconvolution of thediffusiondata,thehigherangularsampling
combinedwith a continuousinterpolationof the dataandthe subvoxel trackingof the streamline.
Thedeconvolutionsharpeningpre-processingstepis shown to haveadramaticimpactonthequality
of thetractogram.For therestof thepaper, themethodjustdescribedis referredto asfODF-PROBA.

3.5 Data Acquisition

3.5.1 SyntheticData Generation

We generatesyntheticODF datausingthemulti-tensormodelwhich is simpleandleadsto anana-
lytical expressionof theODF [18]. For a givenb-factorandnoiselevel, we generatethediffusion-
weightedsignal

S(u i ) =
nX

k=1

pk e� bu T
i D k u i + noise; (9)

whereu i is the ith gradientdirectionon the sphere,n is the numberof �bers, pk is the volume
fractionof thek th �ber andD k thekth diffusiontensorpro�le orientedrandomly. We usetensor
pro�le D k estimateddirectly on our real datasetusing300 voxels with highestFA from our real
dataset.Finally, we addcomplex Gaussiannoisewith standarddeviation of � , producinga signal
with signalto noiseratio (SNR)of 1=� .

3.5.2 Human Brain Data

Diffusionweighteddataandhigh-resolutionT1-weightedimageswereacquiredin 8 healthyright-
handedvolunteers(25 � 4 years,4 females)on a whole-body3 TeslaMagnetomTrio scanner
(Siemens,Erlangen)equippedwith an8-channelheadarraycoil [4]. Written informedconsentwas
obtainedfrom all subjectsin accordancewith theethicalapproval from the Universityof Leipzig.
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The spin-echoecho-planar-imagingsequence,TE = 100 ms, TR = 12 s, 128 x 128 imagema-
trix, FOV = 220 x 220 mm2, consistsof 60 diffusion encodinggradients[32] with a b-valueof
1000s/mm2. Seven imageswithout any diffusion weightingsare placedat the beginning of the
sequenceandaftereachblock of 10 diffusionweightedimagesasanatomicalreferencefor of�ine
motioncorrection.Themeasurementof 72sliceswith 1.7mmthickness(nogap)coveredthewhole
brain. Randomvariationsin thedatawerereducedby averaging3 acquisitions,resultingin anac-
quisition time of about45 minutes.No cardiacgatingwasemployedto limit theacquisitiontime.
The issueof cardiacgatingis discussedin [33]. Additionally, fat saturationwasemployedandwe
used6/8 partialFourier imaging,a Hanningwindow �ltering andparallelacquisition(generalized
auto-calibratingpartially parallelacquisitions,reductionfactor= 2) in theaxial plane.

The brain is peeledfrom the T1-anatomy, which wasalignedwith the Talairachstereotactical
coordinatesystem[53]. The 21 imageswithout diffusion weightingsdistributedwithin the whole
sequencewereusedto estimatemotioncorrectionparametersusingrigid-bodytransformations[31],
implementedin [22]. Themotioncorrectionfor the180diffusion-weightedimageswascombined
with a global registrationto the T1 anatomycomputedwith the samemethod. The gradientdi-
rectionfor eachvolumewascorrectedusingthe rotationparameters.The registeredimageswere
interpolatedto the new referenceframewith an isotropicvoxel resolutionof 1.72 mm and the 3
correspondingacquisitionsandgradientdirectionswereaveraged.

3.6 Evaluation of the Deconvolution SharpeningTransformation

3.6.1 SphericalDeconvolution

For comparisonwith our sharpfODF, we also reconstructthe FOD using sphericaldeconvolu-
tion [55]. We implementthe �ltered SD (fSD) [55] usingsphericalharmonicsandlow-pass�lter
[1,1,1,0.8,0.1]multiplying eachcoef�cient of order` 2 f 0; 2; 4; 6; 8g respectively (detailsin [56].
This�ltering is introducedto reducetheeffectof noiseandspuriouspeaksproblemproducedbyhigh
ordersphericalharmoniccoef�cients of theFODestimation.Therearemoreveryrecentversionsof
sphericaldeconvolutionwith regularization[50] andpositivity constraintwith super-resolution[56]
thathave just appearedin theliterature.Here,we chooseto compareagainsttheclassicalfSD [55]
becauseit hasbeenextensively studiedin theliterature.

3.6.2 SyntheticData Experiment

We evaluateandquantify theangularresolutionlimitation, the �ber detectionsuccessandangular
errormadeon thedetectedmaximawhenusingthediffusionODF (dODF)(Eq. 2), thesharp�ber
ODF (fODF) (Eq. 6) andthe �ltered SD (fSD) [55] describedin Section3.6.1. First, to evaluate
angularresolutionlimitations,we generatenoise-freesyntheticdatafor two �bers wherewe vary
the crossinganglebetween�bers to determinethe critical angleat which only a singlemaximum
is detectedinsteadof two. Then, to evaluate�ber detectionsuccess,we usenoisy syntheticdata
generatedwith SNR35 andwith 1, 2, or 3 �bers chosenrandomlywith equalvolumefractionand
randomanglebetween�bers setabove 45� . We generate1000suchHARDI pro�le separatelyand
count the numberof timeswe correctlydetectthe numberof ODF maxima. For the simulations,
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14 M. Descoteaux,R.Deriche, A. Anwander

we alsovary estimationorder` = 4; 6 and8, useb-valuesof 1000,3000and5000s/mm2 anduse
samplingdensitiesof N = 81 and321 on the hemisphere,correspondingto a 3r d and7th order
tessellationof the icosahedronrespectively. We alsorecordthe angularerror madein degreeson
eachdirection. Next, to evaluateangularerrormadeon thedetectedmaxima,we �x thefODF and
fSD estimationorderat ` = 6 andusea simulationwith b = 3000s/mm2, N = 60 (samegradient
directionsasour real dataacquisition),separationangleof 60� , SNR = 30 andvolumefraction
p1 = p2 = 0:5. Finally, we show qualitative simulatedresultsthat illustratetheeffect of varying
HARDI signalgenerationparameterssuchasb-value,SNR,separationangleandvolumefractionin
Eq.9.

3.6.3 RealData Experiment

First, we show the effect of the deconvolution sharpeningqualitatively on a regionswith known
�ber crossingsbetweentwo andthreedifferent�ber populations.Then,we comparedeterministic
trackingmethodsDT/dODF/fODF/SPLIT-STRandprobabilisticdODF/fODF-PROBA on complex
�ber bundles.We studytheperformanceof thedifferentalgorithmsto reconstructseveralcommis-
sural�ber tractsin onesubject.Differentseedmasksweregeneratedon thecolor codedFA maps.
Fiber tractsandconnectivity distributionsweregeneratedfrom every voxel in the mask. For the
reconstructionof the�bers passingthroughtheanteriorcommissure(AC), a seedvoxel wasplaced
in the mid-sagittalcrosssectionof theAC anda secondtrackingwasstartedfrom two seeds,one
on theleft andright sideof themid-sagittalcrosssection;for thecommissural�bers connectingthe
contralateralinferior andmiddlefrontalgyrusaseedvoxel wasde�ned in themid-sagittalsectionof
therostralbodyof theCC(Talairach0, 18,18); for thetapetumandtemporalcommissural�bers we
selected4 seedvoxelsbetweentheleft lateralventricleandtheoptic radiationcloseto thesplenium
of theCC(Talairach-22,-42,24).

3.6.4 Quantifying the Projectionsof the CorpusCallosum

As an application,we investigatedhow the reconstructionof transcallosal�ber connectionscould
be improved with the fODF in the group of 8 subjects. We show in which partsof the CC we
canreconstruct�bers connectingtheventralandlateralpartsof the cortex. These�bers crossthe
coronaradiataandpartsof thesuperiorlongitudinalfasciculus[53] andcannotbedetectedwith the
simpletensormodelandarelimited with thedODF. Regionsof interest(ROIs) for thewhite matter
tractographyin eachsubjectwerede�nedby thesagittalcrosssectionof theCC.For eachseedvoxel
in theROI the fODF-PROBA tractographywasperformedseparately. To evaluatetheconnectivity
to lateralandventralcorticalareas,Thepercentageof random�ber tractsreachinglateralpartsof
thebrain(Talairach> 30) arequanti�ed. Theresultis colorcodedon themid-sagittalplane.
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Angularresolutionlimitations(a)
b = 5000s/mm2 b = 3000s/mm2 b = 1000s/mm2

order` fODF fSD dODF fODF fSD dODF fODF fSD dODF

8 30� 33� 55� 31� 38� 58� 52� 54� 74�

N = 81 6 39� 42� 55� 42� 46� 59� 52� 58� 74�

4 51� 52� 59� 52� 54� 63� 57� 63� 75�

8 29� 32� 44� 30� 36� 50� 45� 50� 69�

N = 321 6 37� 40� 47� 38� 43� 52� 45� 55� 69�

4 50� 50� 56� 52� 55� 60� 56� 62� 72�

Fiberdetectionsuccess(b)
b = 5000s/mm2 b = 3000s/mm2 b = 1000s/mm2

order` fODF fSD dODF fODF fSD dODF fODF fSD dODF
8 100% 100% 78% 94% 94% 61% 86% 85% 56%

N = 81 6 99% 99% 76% 91% 90% 60% 69% 67% 54%
4 70% 70% 62% 63% 63% 55% 62% 60% 52%

8 100% 100% 96% 100% 100% 87% 95% 95% 55%
N = 321 6 100% 100% 88% 100% 100% 84% 66% 70% 53%

4 83% 83% 62% 78% 76% 62% 58% 56% 52%

Table1: ODFsharpeningandsphericaldeconvolutionimprove�ber detectionandincreasesangular
resolutionQBI. The sharp�ber ODF (fODF) and�ltered sphericaldeconvolution (fSD) [55] have
similar �ber detectionandangularresolutionbehavior thatoutperformtheclassicaldiffusionODF
(dODF).We testeffectsof changingestimationorder`, b-valueandsphericalsamplingdensityN .
Simulationsweredoneon1000HARDI pro�les. In (a)HARDI pro�les aregeneratedwith SNR35
andwith a randomnumberof crossing�bers between1, 2 and3 andwith randomanglebetween
�bers above 45� . In (b), noise-freeHARDI simulationsaregeneratedwith 2 �bers crossing.We
reporttheanglebetween�bers underwhichonly a singleODF maximais detected.

RR n° 6273



16 M. Descoteaux,R.Deriche, A. Anwander

 0

 1

 2

 3

 4

 5

 6

 7

 8

100050454035302010

E
st

im
at

io
n 

an
gu

la
r 

er
ro

r 
in

 d
eg

re
es

SNR

fODF mean and std deviation
fSD mean and std deviation

Figure2: Effectof varyingSNRonthedetectedmaximaof thesharp�ber ODF(fODF) and�ltered
sphericaldeconvolution(fSD) [55]. We plot themeanandstandarddeviationof theestimatedangle
errorfor the�ber simulationwith separationangleof 60� , b = 3000s/mm2 andN = 81.

b = 1000s/mm2 b = 3000s/mm2

` = 4

` = 6

` = 8
dODF fSD fODF dODF fSD fODF

Figure3: Effectof varyingestimationorder` andb-valueon thediffusionODF(dODF),sharp�ber
ODF (fODF) and�ltered sphericaldeconvolution(fSD) [55].
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Figure4: Effectof varyingSNRonthediffusionODF(dODF),sharp�ber ODF(fODF) and�ltered
sphericaldeconvolution(fSD) [55].

4 Results

4.1 Effect of the Deconvolution Sharpening Transformation

Synthetic Data Simulations Tbl. 1(a) �rst shows that theangularresolutionof QBI is improved
with thesharp�ber ODFby approximately20� overall simulations.ThetablealsoshowsthatfODF
hasa slightly betterangularresolutionthanfSD [55], with anaverage5� differencein favor of the
fODF. The improvementfor order` = 8 is the mostapparentwith an increaseof approximately
25� betweenfODF anddODF. At order` = 6, the increaseis approximately15� betweenfODF
anddODF. As expected,thelessapparentimprovementis for lowestorder` = 4, wheretheODFis
too smoothfor thedeconvolution sharpeningto make animportantdifference.Moreover, it is also
expectedthat theangularresolutionincreasesconsiderablyfor higherb-values.However, notethat
thedifferenceis verysmallwhencomparingb = 5000s/mm2 andb = 3000s/mm2 columns.Note
alsothat increasingthesamplingschemedoesnot make an importantgain in angularresolutionin
this experiment.Thereis a differenceof only a few degreeswhengoingfrom samplingN = 81 to
N = 321. This suggeststhat increasingthenumberof samplingdirectionsis not importantif one
usesa low sphericalharmonicorderestimation.Finally, it is importantto point out thatwhenboth
thedODFandfODF successfullydetecttheunderlying�ber populations,we recordno noticeable
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fODF

fSD

dODFmin-max

dODF
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Figure5: Effectof varyingseparationangleon thediffusionODF(dODF),sharp�ber ODF(fODF)
and�ltered sphericaldeconvolution(fSD) [55].

differencein angularerrormadeon theODF maxima,i.e. thesharpeningdoesnot introduceerrors
on thedetectedmaxima.

Then,Tbl. 1(b) showsthatsharpeningincreasesthesuccessrateof �ber detectionin thesynthetic
datasimulationdescribedin Section3.6.2. We alsoseethat the fODF andfSD have very similar
successratein thissimulation.ThefODF hasbettersuccessratethanfSD somecasesbecauseit has
a slightly betterangularresolutionlimitation. The moreimportantincreasein successrateoccurs
for highestimationorder. In particular, for b-value1000s/mm2, order` = 8 andsamplingN = 321
thereis an increaseof 40%andfor b = 3000s/mm2, ` = 6; 8 andN = 81 thereis an increaseof
morethan30%betweenfODF anddODF. Notethatsharpeningtheb-value1000s/mm2 datahasthe
effectof improving �ber detectionto abovethelevel of b-value3000s/mm2 datawithoutsharpening
for mostorderestimationsandsimilarly, whencomparingthe dODF columnat b = 5000s/mm2

and fODF columnat b = 3000s/mm2. Moreover, increasingthe sphericalsamplingdensityN
increasesthesuccessrateof �ber detection.This is moreapparentat high order` = 8 andfor b-
value> 1000s/mm2 for thedODF. Finally, notealsothat,for agivenb-value,thefODF columnata
low samplingN = 81hasbetter�ber detectionsuccessthanfor thedODFcolumnathighsampling
N = 321.

Next, Fig. 2 shows theeffect of noiseon theangularerrorof detectedmaximafrom fODF and
fSD.Wedonotplot thecurvefor thedODFasit overlapsthefODF curve. ThefSD andfODF curve
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Figure6: Effectof varyingvolumefractionon thediffusionODF (dODF),sharp�ber ODF (fODF)
and�ltered sphericaldeconvolution(fSD) [55].

have a similar pro�le but we seea small improvementof approximately1 to 2� in angularerror.
Notethat theODF maximaaredetectedusinga �ne meshwith 1281samplingon thehemisphere,
giving roughly 4� betweeneachmeshpoint. Overall, the meanangularerror is thus lessthanan
angularsample.

Finally, �gures 3-6 qualitatively show the effect of varying the HARDI signal parameterson
thedODF, fODF andfSD reconstructions.In thesesyntheticsimulations,the tensorpro�les were
estimatedfrom our realdata.Fromthe300voxelswith highestFA value,we foundanaverageFA
of 0:7 andanaverageeigenvalueratioof e2=e1 = 0:26. We usesimulationswith N = 60, b = 3000
s/mm2, separationangleof 60� , equalvolumefractionp1 = p2 = 0:5 andthenvary independently
theb-value,SNR,separationangleandvolumefraction. Note that �gures 3-6 con�rm quantitative
observationsmadefrom Tbl. 1. The angularresolutiongain of the fODF over dODF is striking.
Also, thefODF pro�le is overallmoresharpthanthefSD pro�le. However, it is possibleto seethat
fODF peakis not alwaysaswell alignedwith the true directionasit is for the fSD. In particular,
Fig 3 shows thedifferencein thereconstructionwhenchangingestimationorder` andb-value.As
expected,thebestangularresolutionis obtainedfor high ` andhigh b-value. However, for ` = 8,
spuriouspeaksdueto noisebecomemoreimportant.We thuschooseto �x theorderat ` = 6 and
b = 3000s/mm2 for the othersimulations. Fig. 4 shows that the fODF reconstructionis robust
to noise. Even at low SNR, the angularresolutionis conserved and the spuriouspeakseffect is
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not dramaticfor SNR > 10. We �x SNR 30 for othersimulations.Fig 5 qualitatively shows the
gain in angularresolutionbetweenfSD andfODF. ThefODF is ableto betterdiscriminatethetwo
�ber compartmentsatseparationangleof 45� andfSD seemslimited below separationangleof 50� .
Finally, Fig 6 showsthatfODF is ableto discriminate�ber compartmentsclearlyfor equalfractions
upto volumefractionof 30%.For smallerfractionsonly asinglecompartmentis detected.All these
simulationsand�gures agreewith publishedresultsin [14, 55, 56].

Therefore,thesharpeningdeconvolutionimprovesQBI considerably. Oursyntheticdatasimula-
tionsshow thatcrossing�bers aremoreeasilydetectedandthat theangularresolutionlimitation is
improvedwith thefODF. Thesharpeningtransformationhasthedesiredeffectof enhancingtheun-
derlying�ber population,which makesit easierto detectcrossing�ber con�gurationswith smaller
separationangle. Comparedto fSD [55], the fODF behavessimilarly while working direct on the
dODF and not on the signal. The fODF hasa slightly betterangularresolutionand fSD makes
slightly lessangularerroron thedetectedmaxima.

Real Data Experiment Fig. 7a qualitatively shows the effect of the deconvolution sharpening
transformationonasinglevoxel of ourrealdataset.Thisvoxel wasselectedat theinterfacebetween
the �bers to the lateral motor stripe and the SLF (Talairach-34 -4 29). We seethat the dODF
�nd only onemaximabut thatthereseemsto beanothersingle�ber compartmentwith lessvolume
fraction.ThefODF is ableto discriminatethesecond�ber compartmentandtherecordedseparation
angleis 62� . As theestimationorderincreases,thesecond�ber compartmentis moreevidentat the
costof spuriouspeaksappearingfor ` = 8. We againseethat�ber detectionandangularresolution
areimprovedwith thedeconvolutionsharpeningtransformation.

Fig. 7b shows the multidirectionalinformationcomingfrom the diffusion ODF andthe sharp
�ber ODFonaregionof interestin acoronalslice(Talairach-4 ) of thehumanbraindataset.In this
ROI, theCCformstheroof of thelateralventriclesandfansout in amassivecollateralradiation,the
corticospinaltract (CST) lies lateralto the ventricleandis directedvertically andtheSLF crosses
the baseof the precentralgyrus in anterior-posteriordirection. The lateralprojectionsof the CC
crosstheCSTandtheSLF. Fibersof theSLFpartly intersectwith the�bers of theCSTandtheCC.
Somevoxelsof thedODFandfODF in area(a,a') containthesethree�ber bundlescrossing.It is
thussurprisingthat recentwork [8] reportno voxelswith threecrossings.In fact, area(a) in this
ROI, containsa largestrip of voxelswith low FA < 0:15 runningat themedialborderof theSLF,
wherecrossingswith three�ber populationsaredetectedin the fODF. Overall, the fODF recovers
morevoxelswith 2-�ber crossingsthanthedODF. In fact,in a maskof thewhite-matter, we detect
twiceasmany voxelswith two �ber populationswith thefODF estimationwhencomparedwith the
dODFreconstruction.

4.2 Tracking

In this section,we compareandstudytrackingresultsfrom the deterministictrackingalgorithms,
DT-STR,dODF-STR,fODF-STR,andSPLIT-STRof Section3.3, andfrom theprobabilistictrack-
ing algorithm,dODF-PROBA andfODF-PROBA of Section3.4. The trackingis performedon a
syntheticbranchingdataexampleandonhumanwhitematter�ber bundleswith known crossingsin
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(a)
dODF dODFmin-max ` = 4 ` = 6 ` = 8

(b)

Figure7: Deconvolution sharpeningon real dataimproves�ber detectionof QBI by increasing
angularresolution.In the(1), thesecondmaximais missedin thediffusionODF (dODF)andmin-
maxnormalizeddODF. With sharpening,thesecond�ber directionis identi�ed evenat low orders
of ` = 4 and` = 6. Therealdatavoxel in (a) wasmanuallyselectedby anexpertat the interface
betweenmotorstripeandsuperiorlongitudinalfasciculus.In (b), therearemorecrossingsdetected
usingthe�ber ODF (a,b)thandODF(a',b'). TheROI shows crossingsbetweenthecorticalspinal
tract / coronaradiata(cst/cr)(goingup in theplane),superiorlongitudinal�bers (slf) (comingout
of theplane)andthelateralprojectionsof thecorpuscallosum(cc) (in theplane).(a,a') aretilted to
seethe�ber directionsmoreclearly.
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regionswhereDT-basedalgorithmsarelimited. Overall,weobservethreeresults:1) fODF-PROBA
andSPLIT-STRareableto trackthrough�ber crossingsandrecovercrossing,fanningandbranching
�ber con�gurations,2) SPLIT-STR andfODF-PROBA arebetterthandODF-basedandDT-based
trackingin regionsof �ber crossings,and3) fODF-PROBA hastheclassicaladvantagesof proba-
bilistic algorithmsoverdeterministicSPLIT-STRandalsois ableto recovermany projectionsfrom
theCCto lateralareasof thecerebralcortex.

4.2.1 Deterministic ODF-basedTracking

Fig. 8a shows the limitations anddifferencesof DT-STR resultscomparedto the fODF-STRand
SPLIT-STRresults.Trackingwasstartedat thebottomof thebranchin all cases.Note thatwhere
DTsareprolatewith principaldirectionnotagreeingwith thetrue�ber orientations,theODFshave
multiple maximathatmatchwith theunderlying�ber population.Hence,thepathfollowedby DT-
STRis wrongandfollowsa falsedirectionthattakesit to themiddleof thebranch.Hadtherebeen
anotherstructurebehindthebranching�bers, thetractcouldhaveeasilyleakedin theotherstructure
anddiverged. On theotherhand,fODF-STRhastheadvantageof following theright direction. If
thereare two possibleorientations,it goesin directionclosestto its incomingdirection. On the
otherhand,SPLIT-STR splits andfollows both ODF directionswhenpossiblewhich recoversthe
full branchingstructure.It is interestingto notethedifferencebetweendODFandfODF streamlines
in the crossingarea.The fODF-STRsplitting occursseveral voxels lower in the branchingwhere
the separationanglebetweenthe two �ber compartmentsis lower than60� . Finally, we seethat
thetractogramof thefODF-PROBA for threedifferentinitialization. ThefODF-PROBA is not very
sensitive to initializationandableto recover thebranchingstructurestartingfrom voxelsat theleft,
middleandright of thestructure.Notethat thereis a �aying of tractsfrom oneparallel�ber to the
neighboring�bers within thesyntheticbundle.This is expectedfrom probabilistictrackingandthis
is why onetypically thresholdsthetractogramto obtainthemostprobabletracts.

Fig. 8b showsabranching�ber con�gurationin thesameROI asseenin Fig. 7. Onesetof tracts
(red�bers) arestartedfrom avoxel in theCCandanothersetof tractsarestartedfrom avoxel in the
CST(green/yellow �bers). As expected,SPLIT-STRrecoversthebranchingcon�guration of both
�ber tractsandrecovers�bers projectingin motorareasin two gyri. Ontheotherhand,fODF-STRis
ableto stepthroughthecrossingswhereasdODF-STRandDT-STRarelimited. Both �bers starting
from theCSTandfrom theCC take theaveragedirectionof thetwo ODF orientationsandprojects
only themedialmotorcortex. tracking. Theanglebetween�ber compartmentsis between60 and
80� in thatareaandthedODFcannotdiscriminateclearlythetwo �ber populations.

4.2.2 Probabilistic Tracking

Anterior Commissural Fibers Trackingof theanteriorcommissural(AC) �bers in Fig. 9 shows
the advantagesof the fODF-PROBA trackingover dODF-PROBA andDT-STR tracking. dODF-
PROBA and DT-STR are blocked closeto the seedpoint by low FA areas. Particlesof dODF-
PROBA cannotpropagateto the temporalpolesbecausethe pathsarediffusive and leak outside
theanteriorcommissuralbundle,which is only a few voxel wide aroundtheseedpoint. However,
with a multiple seedingapproach,DT-STR anddODF-STRareable to recover both pathsto the
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fODF fODF anddODFSPLIT-STR fODF-STR DT-STR

fODF-PROBA with 3 differentinitializationvoxel (left, middle,right)
(a)

T1 andRGB maps SPLIT-STR fODF-STR dODF-STR DT-STR
(b)

Figure8: SPLIT-STRis ableto recovertheknown �ber fanningcon�gurations.In (a),deterministic
trackingwasstartedatthebottomof thebranchin all cases.HARDI datawasgeneratedwith b-value
of 3000s/mm2, N = 81 andSNR35. fODF-PROBA wasalsodonewith 3 differentinitializations
overlaid on DT principal eigenvector. fODF-PROBA is not particularlysensitive to initialization.
In (b), SPLIT-STRrecoversknown branchingcon�gurationsto the two motorgyri from bothseed
points. We have colored�bers startingfrom the CC in red and �bers startingfrom the CST in
green/yellow.

temporalpoles,aspublishedin Cataniet al [12]. In contrary, deterministicfODF-STRandSPLIT-
STR tracking can reconstructthe �bers connectingthe temporalpole via the AC from a single
seedpoint in themid-sagittalcrosssection.Probabilistictractographydonewith thefODF suggest
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FA-RGB map dODFTractogram fODF Tractogram

DT-STR dODF-STR fODF-STR

2 seedDT-STR 2 seeddODF-STR SPLIT-STR

Figure9: Trackingof theanteriorcommissure�bers (ac).Probabilistictrackingis shown oncoronal
andaxial slicesthroughtheac. We alsoshow a 3D renderingof thetractogramiso-surface.fODF-
Probareachesthe temporalpole closeto the uncinatefasciculus(unc) whereasdODF-Probacan
only reconstructasmallpart.Deterministictractographyneedsmultipleseedinginitialization in the
DT anddODFcasedueto thesmalldiameterof theacon this subject.

additionalprojectionsto moreposteriorpartsof thetemporallobeandthroughtheanteriorsubinsular
white matterto the inferior occipitofrontalandinferior longitudinal fascicle. Moreover, a second
anteriorpathway was found on the right hemispherefor this subject(Fig. 9, top row middle and
right).

Callosal �bers to the inferior and middle fr ontal gyrus DT-STRandfODF-STRtrackingcan
only �nd the commissural�bers connectingthe medialpartsof the frontal lobe (Fig. 10, second
row, left and middle). Fanningof the �ber bundle to the inferior and middle frontal gyrus was
foundwith theSPLIT-STRmethodon the left hemisphereandto a lower extenton the right. The
tractogramcomputedwith thefODF-PROBA methodrevealsa stronginterhemisphericconnection
of thelateralpartsof thefrontal lobe.Additional �bers arefoundbranchingto theanteriorthalamic
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Tractogramtopview top-left-frontview fODF-PROBA �bers

DT-STR fODF-STR SPLIT-STR

Figure10: Trackingof the projectionsof the corpuscallosumto Broca's area. The probabilistic
tractogramis shown on a coronalandsagittalslice andas3D rendering. The tractogramshows
asymmetrywith strongerconnectionsto the left inferior andmiddle frontal gyrusthanto the ho-
molog area. We alsoshow a selectionof the probabilistic�bers coloreddifferentlydependingon
their end point projectionsto the lateral or medial areas. From the deterministicmethodsonly
SPLIT-STRcanreconstructthis complex structure.

radiation(Fig. 10, top left). Fig. 10, top right shows sample�ber tractsincludedin theprobability
map(left, middle).

Callosal �bers to the temporal lobe Fig. 11 shows the �bers in thespleniumof theCC, which
sweepinferiorly alongthe lateralmargin of the posteriorhorn of the lateralventriclewhich form
the tapetum.These�bers arein closecontactto thecommissural�bers connectingtheprecuneus
of bothhemispheres.On theleft hemispherethesplitting is closeto the4 voxel seedregion andall
methodscanbind bothparts. Only SPLIT-STRandfODF-PROBA canreconstructthesplitting in
bothhemispheresto the bundlesconnectingthe temporallobe andtheparietallobe. The �bers to
thetemporallobesplit to thetransversetemporal(Heschel's) gyrusandto the inferior longitudinal
fasciculus.Probabilistictractographyalsosuggestacloserelationto theposteriorthalamicradiation.
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Tractogram fODF-PROBA �bers

DT-STR fODF-STR SPLIT-STR

Figure11: Probabilistictractogramof asingleseedpoint in thetapetum(tap)reconstructsthe�bers
crossingthecc andconnectingboth temporallobes. Deterministictrackingwasinitialized from 4
seedpointsin thetapetum.SPLIT-STRreconstructedthiscomplex structure.

4.3 Quantifying Lateral Projectionsof the Corpus Callosum

Fig. 12 shows thecolor labelingof theROI indicatingregionswith stronglateralconnectivity. The
color correspondsto thepercentageof �bers which crossa para-sagittalplan ( Talairach> 30) as
indicatedby thelineson thecoronalslice. For all subjectsa maximumnumberof lateral�bers was
found in the genuor the rostralbody of the CC connectingthe inferior andmiddle frontal cortex
andthepremotorcortex. Thecallosal�bers interdigitateswith the�bers of thecoronaradiata.The
tractogramfor thevoxel with themostlateralconnectionsshows �bers to the left andright middle
frontal gyrusandthe left inferior frontal gyrusin additionto theconnectionsof themedialfrontal
cortex. Theproportionof lateral�bers in this voxel is 20%� 6%for the8 subjects.

A secondpeak(bright color) was found in the isthmusor spleniumof th CC connectingthe
temporalareas.Thecorresponding�bers lie deepto theoptic radiationin thetapetumandconnect
thetemporallobeandin particularto theauditorycortex. Theproportionof temporal�bers in this
voxel is 30%� 10%for the8 subjects.
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Figure12: Quanti�cationof theratio of lateral�bers ( Talairach> 30) in thedifferentpartsof the
corpuscallosum(cc) typically completelymissedin DT tractography. All 8 subjectsshow strong
lateral connectivity in the genuor the rostralbody of the cc anda secondpeakin the splenium.
fODF-PROBA �nds morethan10%of lateral�bers in largepartsof thecc.

5 Discussion

We have proposedan integral conceptfor tractographyof crossingandsplitting �ber bundlesin
the brain basedon the sharp�ber ODF reconstructionfrom QBI. First, we have developeda new
deconvolution sharpeningtransformationfrom diffusionODF (dODF) to sharp�ber ODF (fODF)
from regularizedandanalyticalestimationof theODF [18]. Then,we have showedthat thefODF
considerablyimproves�ber detectionandangularresolutioncomparedto thestandarddODFby ap-
proximately20� . We have alsoshowedthatthefODF behavesvery closelyto the�ltered spherical
deconvolution (fSD) estimationof the FOD. We have comparedthe dODF, fODF andfSD recon-
structionsmethodsandreproducedsimulatedresultspublishedin the literature. Finally, we have
extensively comparedbothnew trackingalgorithmsandhaveperformedexpertvisualvalidationon
complex �ber bundlesof ahumanbraindataset.In particular, weillustratedanimportantapplication
for themodelingof interhemisphericcognitive networkswith a quanti�cation of theprojectionsof
thecorpuscallosum.Wehavequanti�ed regionsof thecorpuscallosumwhereweareableto recover
�bers projectingto thelateralcortex.

We haveproposedanimportantimprovementof QBI. ThestandardQ-balldODFreconstruction
is smoothwith large contributionsoutsidethe principal directionsof diffusion. Even after min-
maxnormalization,thedODFhaspoorangularresolution,especiallyat lowerb-values.Hence,this
dODF is not necessarilythe bestobject to be working with if one is interestedin the underlying
�ber population.To our knowledge,our sharpeningdeconvolution is the �rst attemptto transform
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thediffusionODFinto a �ber ODF. We now havethedistributionof therelative importanceof each
�ber in a voxel insteadof having anorientationdistributionof thediffusionin eachdirection.

The deconvolution sharpeningis well-de�ned andthe dODF kernel is estimateddirectly from
the real data. Therefore,we have very few parametersto setin this approach.Oneonly needsto
choosetheapproximationorder` of thesignalandtheregularizationparameter[17, 18]. Thismakes
thefODF estimationfastandrobustwhenworkingwith sphericalharmonics.Thepowerful tool was
againthe Funk-Hecke theorem,asin the derivation of our previous analyticalODF solution[18].
Thistheoremallowsto solvetheintegralonthespherebetweenthesingle�ber diffusionODFkernel
andany sphericalharmonic.1 The�nal fODF is a simplelineartransformationof thecoef�cients of
thedODF.

Therefore,anybodyworking with QBI and/ora diffusionODF canbene�t from our work and
applyoursharpeningtransformationto obtaina �ber ODF. It is importantto pointout thatspherical
deconvolution(SD) is anothermethodto obtaina fODF, alsocalledFOD (�ber orientationdensity)
in theSDliterature[1, 3, 14, 34, 50, 55, 56]. In thiswork, wehavecomparedoursharpfODF to the
�ltered sphericaldeconvolution(fSD) of Tournieretal [55]. Oursimulationscomparedtheeffectof
varyingb-value,estimationorder, SNR,separationangleandvolumefraction.We haveshowedthat
our fODF producesstablepro�les thatarevery similar to thoseobtainedfrom fSD. Quantitatively,
we foundthat the fODF hasslightly betterangularresolutionof approximately5� while makinga
slightly largerangularerroron thedetected�ber directionof approximately1.5� .

In our sharpfODF reconstruction,we have two mechanismsthat limit the spuriouspeaksand
negativevalueseffect problemsobservedin thedeconvolutionmethods2. First, we chooseto focus
on low orderestimationsof the ODF, i.e. we usea 4th or 6th orderestimationof the fODF. We
�nd that thetrade-off betweennoisein thehigherorderfrequenciesandgain in angularresolution
is not necessaryfor our tractographyapplication,especiallyin the caseof probabilistictracking.
Moreover, thebestresultsin our realdataexperimentsareobtainedfor estimationorder` = 4. It
alsohastheadvantageof a very fastfODF estimation(lessthan20secondson therealdataset)and
goodcompressionpropertiesbecauseweonly needto store15coef�cients ateveryvoxel. Notethat
Tournieret al [55, 56] mostlyconsiderhigh estimationordersof ` = 8, 10, 12. Thusthey needto
�lter highorderfrequencies[55] or veryrecentlyuseapositivity constraintwith super-resolutionon
thesphericaldeconvolution[56] thatalsoimprovestheangularresolution.A secondmechanismthat
limits theeffectof spuriouspeaksin our solutionis theLaplace-Beltramiregularizationincludedin
the estimationof the sphericalharmoniccoef�cients describingthe HARDI signal [17, 18]. This
regularizationis in asimilarspirit asthegradientconstraintregularizationrecentlyproposedin [50].
Note that we have �x ed our regularizationparameterto keepa fast solution but we could have
alsousedL-curves[17] or othermethodsto estimatetheoptimal regularizationparameterat every
voxel, asin [50]. Overall, we have showedthatour fODF is robust to spuriouspeaksandnegative
valueson thesphereby usinga low approximationorderandaregularizationparameter. It is partof
currentwork to seehow wecantheoreticallyeliminatenegativevaluesandspuriouspeaksappearing
at higherharmonicordersandseeif it is possibleto do sowhile working directly on theharmonic

1Notethatwith a very similar derivation,onecanalsousetheFunk-Hecke theoremto solve thesphericaldeconvolution
to reconstructtheFODof Tournieretal. [55] without theneedfor rotationalharmonics.

2Dell'Acqua etal [14] useaRichardson-Lucy numericalmethodthatforbidsnegative valueson thesphere.
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coef�cients withouthaving to projectonthesphereandwithouttheneedfor iterativealgorithms[15,
56].

In this paper, we showedthat it is possibleto resolve andimprove �ber crossingdetectionon a
realdatasetwith a low samplingschemeanda low b-value(60 DW imagesandb = 1000s/mm2).
In theory, Q-spaceimagingmethodsneedthe narrow pulseapproximationandin particular, QBI
approximationof the diffusion ODF is bestfor high b-values. Although not shown here,we are
alsoableto resolve �ber crossingsfrom datasetswith 81 DW imagesandb-valueof 1000s/mm2

(datapresentedin [17]) aswell asclinical datasetswith 41 DW imagesandb-valueof 700s/mm2

from a 1.5 T scanner3. Therefore,the fact that the sharp�ber ODF estimationis fastandsimple
to implementandthat it canresolve �ber crossingsin datasetswith low b-valuesandlow spherical
samplingschemesis promisingfor potentialclinical applicationsof QBI.

OurproposedfODF is thusa goodfunctionto beusedfor tractography. We haveusedit in both
our deterministicandprobabilistictrackingextensionsof previousDT-basedmethods.We clearly
showed that the resultsare improved over standardDT-basedmethods.In the deterministiccase,
the fODF hasa betterangularresolutionand the maximaof crossingand splitting �ber bundles
aredetectedmoreeasily. Hence,we showed that SPLIT-STR canfollow moremultiple maxima
andrecover mostof fanningstructuresin the regionsstudied. Although sensitive to initialization,
SPLIT-STRtrackingwasableto recoversimilarbundlesasthefODF-PROBA methodin mostcases.

SPLIT-STR is thusanef�cient andeasyway to obtaina goodideaof �ber tractsstartingfrom
only a few seeds.Theunderlyingassumptionof SPLIT-STR is thatall multiple peaked�ber ODF
haveanunderlyingbranchingstructure,whichmakesit reasonableto follow all availablemaximaat
eachstep.This is thereasonfor usinga curvaturethresholdof thetractsof 75� insteadof 90� . This
thresholdavoidsfollowing tractsthrough“pure” crossingcon�gurationswhereweknow thatweare
thensteppinginto unwanted�ber bundles.This raisesquestionsfor multidirectionaldeterministic
tractography:Shouldthetrackingalgorithmsplit asmuchaspossibleto recoverasmuch�ber struc-
tureaspossiblebeforeclusteringandpost-processingthe tractsto separatetheminto bundles?Or,
shouldthetrackinghave a built-in schemeto differentiatethedifferentsub-voxel crossingpossibil-
ities anddecidewhetheror not a tractshouldbesplit in thetrackingprocess?For instance,split in
thecaseof a branchingbundlebut not split in thecaseof a crossing�ber becauseit is assumedthat
it stepsinto a different �ber bundle. Informationaboutthe local geometry, curvatureandtorsion
of tractscanhelpfor this problem[51] andin [52], preliminaryresultsareobtaineddiscriminating
crossingandbranchingsub-voxel �ber con�gurations.

To dealwith the uncertaintyin the dODF or fODF maxima,a probabilisticapproachis more
robust. In a probabilisticcase,the sharpeningoperationhasits greatestimportancejust asit is in
probabilisticDTI tracking[4, 35, 38, 54]. For DTI probabilistictracking,heuristicsharpeningtaking
a power of thediffusion tensoris doneto obtaina tensorrepresentingthe �ber distribution, which
is crucialto obtaindecenttrackingresults.4 Similarly, in ODF-basedprobabilistictracking,thetrac-
togramsarediffusive and leak into unwantedbundlesif donewithout sharpening.However, this
leakingeffect is not asdominantin probabilisticODF trackingasit is probabilisticDTI tracking.

3Datasetsof thepublicQBI databaseof Pouponet al [47]
4Note that this DTI sharpeningcanalsobedonewith sphericaldeconvolution appliedon thesphericalharmonicrepre-

sentationof thediffusiontensor[20].

RR n° 6273



30 M. Descoteaux,R.Deriche, A. Anwander

The min-maxnormalizationof the sampleddODF valuesto the rangebetween0 and1 removes
the isotropicpart andthe shapeof the dODF is sharpened.However, this min-maxnormalization
subtractsa differentvaluefrom eachODFandmight introduceartifactsto theprobabilistictracking
result.Theshapeandwidth of thelobesof themin-maxdODFdonotcorrespondto the�ber distri-
bution in thevoxel. Webelievethatthesphericaldeconvolutionof thedODFby thediffusionkernel
estimateddirectly from thediffusionsignalof single�ber populationis thenaturaltransformationof
thedODFto asharpfODF. Thissharpeningalsoremovestheisotropicpartof theODFandimproves
theangularresolutionof crossing�ber distributions.

Microscopy of white mattershows that the nerve �bers are not completelyparallel within a
bundle. Probabilistictractographyincludesthis incertitude.Thereconstructed�bers spreadout to
neighboringvoxelswithin theholecrosssectionof a�ber bundle.Thismakesthealgorithmrobustto
theinitialization. Differentstartingpointswithin anareato thesamebundleleadto similar tracking
results.Thespreadingof thetractographyto theholebundleenablesthesegmentationof theselected
�ber bundlein its totalextent.This is aclearadvantageoverdeterministictracking.In deterministic
tracking,the sensitivity to initialization hasto be solvedwith multiple initialization usinga larger
startingregionandacombinationof targetregions.

Theprobabilistictractogramis anintuitiverepresentationof theresultwhenoverlaidonanatom-
ical slices.Thisvisualizationallowsto look at theexactlocationof the�ber bundle.Moreover, a3D
renderingof theiso-surfaceof theprobabilistictractogramgivesanoverview of thelocationandthe
branchingstructureof the �ber bundlesstartingfrom the initial seedpoint. Theconnectivity index
from thetractogramalsoallowsaquantitativecomparisonof theconnectivity pro�les from different
seedpoints.This is at theheartof theconnectivity-basedcortex parcellationof [4]. Thequantitative
connectivity measurebetweena seedanda target voxel or region providedby the tractogramcan
be combinedwith functionalconnectivity to studycortical networks. In counterpart,probabilistic
tractographysuffersfrom connectivity valuesdecreasingwith thedistancefrom theinitial seedpoint
dueto thefanningof �ber bundles.It is partof currentwork to studythis openproblem.

For all thesereasons,althoughslower than SPLIT-STR, we �nd that fODF-PROBA is more
convenientto usefor tractography. Overall, the trackingis lesssensitive to initialization andthe
tractogramoutputmore informative than the 3D curvesoutput by SPLIT-STR. fODF-PROBA is
thusa verygoodtool to studyspeci�c �ber bundlesandcomparetheprojectionsfor many subjects.
In particular, for �ber tractswhichareknown to intersectwith otherbundleslike thecallosal�bers,
DT-basedtractographycanonly reconstructa part of the �bers or might even �nd wrong connec-
tions in the intersectionposition. We wereableto show areasof theCC whereclassicalDT-based
propagationsaswell asSPLIT-STRandfODF-STRwerelimited by theintersectionwith thecorona
radiataandthe superiorlongitudinal fasciculus.We show that we can�nd �bers from the lateral
cortex in amajorpartof theCC.CurrentDT-basedmethodsneglectthese�bers completely(at least
in the frontal lobe),which might leadto wrong interpretationsof thebrain functions. This impor-
tantcontribution opensto many neuroscienceperspectivesandapplications.It is now importantto
continuethis typeof experimentandfocuson complex �ber bundlesinvolvedin speci�c functional
taskswhereDTI trackingis in mostcasesvery limited.
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A Funk-Hecke Theorem

Let f (t) becontinuouson [� 1; 1] andY` any sphericalharmonicof order` in C3, thespaceof 3D
complex functions.Then,givenaunit vectoru

Z

jw j=1
f (uT w)Y` (w)dw = � (`)Y` (u); where � (`) = 2�

Z 1

� 1
P` (t)f (t)dt (10)

andP` theLegendrepolynomialof degree`.

B Diffusion ODF Kernel for Sharpening

Assumingthat a Gaussiancan describethe diffusion of water moleculesfor a single �ber , as in
DTI, thecorrespondingdiffusionsignalthatwouldbemeasuredin directionu is S(u) = e� bu T Du .
Without lossof generality, weassumethatthe�ber is alignedwith thez-axisandit hasapro�le with
eigenvalues[e2; e2; e1] (e1 >> e2),

D =

0

@
e2

e2

e1

1

A ;

This pro�le is estimateddirectly from therealdata,taking300voxelswith highestFA valueaswe
arecon�dent thatthereis a single�ber populationat thoselocations.In thatcase,it is easyto show
thatthecorrespondingdiffusionODF, 	 , is givenby

	( u) =
1
Z

r
1

uT D � 1u
; (11)

whereZ is anormalizationconstant[16, 18, 58]. Now, we have

uT D � 1u =
1
e2

sin2 � +
1
e1

cos2 � ; (12)

whereu = [x; y; z]T with x = cos� sin � ; y = sin � sin � ; z = cos� .

	( � ) =
1
Z

�
1
e2

sin2 � +
1
e1

cos2 �
� � 1

2

=
1
Z

�
cos2 � (e2 � e1) + e1

� � 1
2 : (13)
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Letting t := cos� representthe dot productbetweenthe direction of the �ber and the point of
evaluation,	( t) is de�ned for t 2 f� 1; 1g. This is thedomainwe needto apply theFunk-Hecke
formulato. We thusde�ne thediffusionODF kernelas

R(t) := 	( t) =
1
Z

�
(e2=e1 � 1)t2 + 1

� � 1
2 ; where Z =

Z 1

� 1

�
(e2=e1 � 1)t2 + 1

� � 1
2 dt:

(14)
Therefore,the Funk-Hecke integral betweendiffusion ODF kernelandsphericalharmonicof

Eqs.5 and10 is

� (` j ) = 2�
Z 1

� 1
P` j (t)R(t)dt =

2�
Z

Z 1

� 1
P` j (t)

�
(e2=e1 � 1)t2 + 1

� � 1
2 dt; (15)

which canbe solved analyticallyusingMAPLE. Due to the normalizationfactorZ , the diffusion
ODF kernelonly dependson theratiobetweentheeigenvalues,e2=e1.
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