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Abstract An original set-up is used to study the adhesive properties of two hemispherical soap bubbles put into con-
tact. The contact angle at the line connecting the three filmsis extracted by image analysis of the bubbles profiles. After
the initial contact, the angle rapidly reaches a static value slightly larger than the standard120° angle expected from
Plateau rule. This deviation is consistent with previous experimental and theoretical studies: it can be quantitatively
predicted by taking into account the finite size of the Plateau border (the liquid volume trapped at the vertex) in the free
energy minimization. The visco-elastic adhesion properties of the bubbles are further explored by measuring the devia-
tion∆θd(t) of the contact angle from the static value as the distance between the two bubbles supports is sinusoidally
modulated. It is found to linearly increase with∆rc/rc whererc is the radius of the central film and∆rc the amplitude
of modulation of this length induced by the displacement of the supports. The in-phase and out-of-phase components
of ∆θd(t) with the imposed modulation frequency are systematically probed, which reveals a transition from a viscous
to an elastic response of the system with a crossover pulsation of the order1rad.s−1. Independent interfacial rheologi-
cal measurements, obtained from an oscillating bubble experiment, allow us to develop a model of dynamic adhesion
which is confronted to our experimental results. The relevance of such adhesive dynamic properties to the rheology of
foams is briefly discussed using a perturbative approach to the Princen 2D model of foams.

PACS. 47.55.D- Drops and bubbles – 47.55.dk Surfactant effects – 83.80.Iz Emulsions and foams

1 Introduction

Liquid foams are concentrated dispersions of gas bubbles ina
liquid matrix. Their mechanical properties have been the fo-
cus of a number of studies in the recent past [1,2,3]. Liquid
foams exhibit quasi-elastic behavior up to a finite yield stress
or strain beyond which they flow like shear-thinning viscous
fluids. Most of the elastic response originates from the vari-
ation of the total film area induced by an applied shear. The
resulting shear modulus scales asµ = 2γ/R where2γ is the
surface tension of the soap film, andR the average radius of
the bubbles. The dissipation is controlled, in major part, by ir-
reversible rearrangements of the bubbles (T1 events).

Other mechanisms of energy storage and dissipation how-
ever contribute to the viscoelastic moduli of the foam. They
have been thoroughly discussed theoretically [4,5]. One isas-
sociated with the interfacial viscoelasticity of the soap films,
which can be independently measured using a wide range of
experimental techniques (oscillating barriers [6,7], thin-film in-
terfaces [8], oscillating bubble/drop [9,10,11]). They all con-
sist in submitting a single mono- or bi-layer to an oscillating
stretching while measuring the evolution of the surface tension.
The second source of dissipation takes place in the Plateau bor-
ders, the region of the foam where the films meet and where
most of the liquid content is trapped. As the foam is strained,
the Plateau borders move relatively to the soap films to which
they are connected, inducing dissipative viscous flows. This

viscous drag force has been extensively studied but only in a
situation where the Plateau border is in contact with a solid
surface [12,13,14,15].

Relating these local measurements (interfacial rheology and
Plateau border viscous drag force) to the global rheology of
the foams is tricky. First, it is difficult to actually separate the
different modes of dissipation. In a real foam, Ostwald ripen-
ing (the disproportionation of bubbles induced by gas diffusion
through the films) induce T1 events even in the absence of an
imposed strain. Second, due to the many modes of accessible
deformation, the motion of the vertices in a foam under sim-
ple strain is not affine. Describing their trajectory becomes ex-
tremely difficult when the foam is polydisperse.

Beyond these issues, one can also question the relevance
of measurements performed with an isolated film to describe
the behavior of a macroscopic foam. In all the techniques cur-
rently used to estimate the rheological properties of the films,
the surfactant layers are confined by solid barriers. In contrast,
films in a real foam are bounded by fluid Plateau borders which
may allow the transfer of surfactants from one side to another.
In the case of Plateau borders viscous drag, the situation is
even worst: the resistance to motion is measured by dragginga
Plateau border along a solid wall, which imposes a very differ-
ent hydrodynamic boundary to the flow by comparison with a
self supported Plateau border.

One attempt to extract information about local dissipation
within a macroscopic foam has been recently proposed by Du-
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rand and Stone [16]. They optically studied the dynamic of T1
events in a confined 2D foam (a monolayer of bubbles squeezed
between two solid plates) and were able to relate the duration of
the plastic process with intrinsic rheological propertiesof the
soap films. This experiment enables the authors to study plastic
processesin situ, although it is limited to a confined geometry.
But the use of T1 events as the deformation mechanism does
not allow one to modulate in a controlled way the dynamics
of local deformation of the set of bubbles (although this might
actually be feasible with minor modification of the authors’ex-
perimental procedure).

In this article, we propose a new approach to study local
elastic and dissipative processes in a configuration more di-
rectly amenable to 3D foams. Two hemispherical bubbles are
put into contact and their relative distance is modulated atvar-
ious frequencies. In this configuration, the central film sepa-
rating the two bubbles is bounded by a self-supported Plateau
border whose radius oscillates with the distance between the
two bubbles supports. We focus on angular measurements at
the contact line which provide most of the relevant information
concerning the elastic and dissipation processes.

The article is organized as follows. In part 2, the experimen-
tal set-up, the optical measurements and image analysis proce-
dure are detailed. The static results of contact angle measure-
ments are presented in part 3, together with data obtained from
a numerical simulation. Part 4 focuses on dynamic properties
of adhesion and also presents the results of standard rheolog-
ical interfacial measurements performed on single films using
the same soap solution. These results are discussed in part 5: a
microscopic model, which describes the transport of surfactant
molecules between the interfaces and the bulk as well as be-
tween adjacent interfaces, is developed. Its prediction interms
of angular moduli is confronted to the experimental measure-
ments. In part 6, the consequence of this angular response for
the rheology of foams is discussed within the scope of the Prin-
cen 2D hexagonal model [17]. Conclusion and perspectives are
drawn in part 7.

2 Experiments

An hemispherical bubble is formed by blowing air at the cone-
shaped end of a stainless steel tube, of external radiusR =
7mm, filled with a soap solution (figure 1). The liquid in the
tube is connected through a porous disk (Duran, diameter2.8mm,
height 5mm) to a reservoir. Once the bubble is formed, the
reservoir is lowered a few centimeters to impose a small nega-
tive pressure difference between the liquid and gas phases.The
disk porosity is fine enough (poresize 10-16µm) to prevent the
bubble from being sucked down. The entire device is enclosed
in a glass cell (40×40×40cm) to limit evaporation and increase
the bubbles lifetime. In all the experiments, the soap solution is
made of tetramethyltetradecylammonium bromide (TTAB pur-
chased from Sigma-Aldrich) 3g/L in a water/glycerol mixture
(volume ratio of 75/25).

This device is used in two types of experiments. In single
bubble experiments, a section of the air tube is squeezed be-
tween two plates whose separation can be sinusoidally modu-
lated using a DC motor (Newport, LTA-HS). A pressure sen-
sor (Validyne, DP103) allows us to simultaneously monitor the

pressure drop between the inside and outside of the bubble. In
the double bubble setup, a similar device is placed on top of the
first one (figure 1) and their axis are carefully aligned. The top
device is mounted on a vertical displacement stage attachedto
the DC motor.

air needle

Vitton joints

7 mm

porous media

glass cell

light source

Figure 1. Schematic of the experimental double bubble device.

The set-up is illuminated by a diffusive light source (Schott,
Backlight). The shadow image of the bubbles is captured on
a CCD-camera equipped with a telecentric objective (Navitar,
6X) to allow accurate angular and length measurements. De-
pending on the studied frequency, two cameras are used: a Pul-
nix TM-1320 CL and a Mikrotron MC1310 with frame rates
up to 15 frames/s and 240 frames/s respectively. Image capture
is synchronized with the motor motion and pressure recording.
The bubbles profiles are extracted by image analysis with a sub-
pixel resolution using the software IDL (see figure 2(c)). The
symmetry axis is determined and defines the cylindrical coor-
dinates(r, z). For both bubbles, the profilesr(z) are fitted to
the Young-Laplace equation which relates the local curvature
1

R′
+ 1

R′′
to the pressure drop∆P across the film:

∆P = 2γ(
1

R′
+

1

R′′
) (1)

The profile equationr(z) thus obeys the differential equa-
tion:

r(z)
√

1 + r′(z)2
=
∆P

4γ
r(z)2 + λ (2)

where2γ is the surface tension of the soap film; the parame-
ter λ results from the integration of equation (1) and is set by
the boundary conditions. For each bubble, the set of parame-

ters
(

∆P
4γ
, λ

)

is extracted from the best fit of the region of the

profiles outside the Plateau border. The prolongations of the re-
constructed profiles intersect in the Plateau border and define
a contact radiusrc and a contact angleθ as shown in figure
2(c). Similarly, the three interfaces which delimit the Plateau
border obey the same equation (2) with the term∆P

4γ
replaced

by ∆P
2γ

since these are single air/water interfaces. Here∆P

corresponds to the pressure difference between the liquid in
the Plateau border and the gas phase (bubble or atmosphere).
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By fitting the external profile, we extract the set of parameters
(

∆P
2γ
, λl

)

and reconstruct the Plateau border (see figure 2(d)).

rc

θ

z

(a) (b)

(c) (d)

hPB

Figure 2. Images of a double bubble static adhesion experiment (a)
before contact and (b) just after contact. Results of the image anal-
ysis: (c) external profiles fitted by the Young-Laplace equation from
which the central film radiusrc and contact angleθ are extracted, (d)
reconstructed Plateau border. The heighthPB is defined as the dis-
tance between the top and bottom intersection points of the Plateau
border interfaces.

3 Dynamics of first contact and static
equilibrium angle

Two bubbles are brought into contact at vanishing low speed.
Time 0 is defined by the recording time of image of the first
contact. The time evolution of the central film radiusrc and
contact angleθ at short times are shown on figure 3. It exhibits
a transient of a few seconds during which both parameters sig-
nificantly vary. The first∼ 0.1s corresponds to the rapid forma-
tion of the central film: only the end of this phase can be cap-
tured even with the fast camera. During the next few seconds,
the radius and contact angle keep increasing. This second stage
is associated with the capillary drainage of the freshly formed
film toward the Plateau border which allows pressure equilibra-
tion within the liquid phase. This process can be monitored by
measuring the evolution of the Plateau border heighthPB (see
figure 2(d) for its definition) which appears to evolve with the

same characteristic time as the contact radius ( figure 3). For
t & 10s, the system is equilibrated but a slow decay ofrc is
still observable due to gas diffusion through the films (figure
4). This process does not affect the value of the contact angleθ
which remains constant until the bubbles break up (after a few
minutes).
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Figure 3. Short-times evolution of the contact radius (circles) and the
Plateau border height (squares) as a function of time for twocontact-
ing bubbles. During the first 0.2s, the fast rise of the contact radius
conrresponds to the initial growth of the central film. After0.2s, the
evolution of the contact radius is to be compared to the one ofthe
Plateau border height. Both series of measurements are adjusted by

rising exponential fits of the typex0 +∆x(1− e
−t

τ ) (solid lines) and
highlight a characteristic timeτ of the order of 1s.
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Figure 4. Long-times evolution of (a) the contact angle and (b) the
contact radius as a function of the time during a contacting bubbles
experiment. After an initial growth, both series reach constant values,
the contact angle value being slightly higher than the predicted 120°
from the Plateau rule. The decay of the contact radius after 60s is
attributed to the gas diffusion outside the bubble. The experiment ends
up when one of the two bubbles break.

We defineθ∞ as the value of the contact angle for time
t >10s. For all experiments,θ∞ is found to be larger than120°,
the value predicted by Plateau rule [18]. Such a deviation has
been previously observed in various experiments [19,20,21].
In the last reference, similar measurements were performedon
a single catenoid separated by a soap film. The contact angle
between both catenoidal films was found to grow linearly with
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the ratiorPB

rc

whererPB is the Plateau border curvature radius
andrc the central film radius.

This deviation can be qualitatively understood by first con-
sidering an infinitely dry foam. In this case, the force equilib-
rium at the contact line imposes the three films to meet at120°.
Decorating the line with a Plateau border reduces the total area
of the films by a quantity2Sdry − SPB [22] which is a (neg-
ative) decreasing function of the Plateau border volume. The
presence of a Plateau border is thus associated with a negative
line tension. In the specific case of the double bubble, this effect
has been described by Fortes and Teixeira [23]. They predicta
contact angle in the presence of Plateau border given by:

θstat = 120 +
180

π

1

4πr2c
√

3
(2Sdry − SPB) (3)

In order to test this expression, several contacting bubbles
experiments are performed with different values of contactra-
dius and Plateau border height. When the top bubble is initially
formed, a liquid droplet is suspended at its apex. After contact,
part of this liquid gathers in the Plateau border but a fraction of
it flows down the lower bubble. If one separates the two bubbles
then brings then into contact again, part of the liquid is further
eliminated. The Plateau border size can thus be varied by ap-
plying successive contacts and separations of the bubbles.For
each experiment, the final value of the contact angle as well as
Sdry − SPB are measured. Figure 5 shows the measured angle
θstat as a function of the prediction of equation (3).

120
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Figure 5. Experimental static contact angleθ∞ as a function of the
angle predicted by Fortes lawθstat (equation 3) for various values of
the radiusrc and the Plateau border volume. Each data point corre-
sponds to the average of angular measurements performed after 10s
of contact.

It should be noticed that this model ignores disjoining pres-
sure effects such as those reported in references [24,25]. Al-
though gravity drainage tends to decrease the films thickness,
this process is largely slowered in our experiment by the pres-
ence of glycerol in the solution. The thickness of the films have
not been measured, but in all experiments, the films diffuse
light which indicates that their thickess is larger than∼ 1 µm.
In this range, disjoining pressure are negligeable. Consistently,

we do not observed any evolution of the contact angle with time
beyond∼ 10 s after initial contact.

This result was independently confirmed by simulations of
the double bubble experiment carried out using Surface Evolver
[26]. This software allows one to calculate minimal surface
configurations under a given set of conditions. Two contacting
bubbles of fixed volume are generated with different volumes
of the Plateau border. After several minimization cycles, the
equilibrated configuration is treated the same way as for the
experiments. Figure 6 shows the numerical contact angle ver-
sus the predicted contact angle value for various Plateau border
volumes.
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Figure 6. Numerical contact angleθnum obtained from Surface
Evolver simulations as a function of the angle predicted by Fortes law
θstat (equation 3) for various values of the imposed Plateau border
volume.

The agreement of the experimental and numerical results
with Fortes and Teixeira’s model validates the decoration law
for the double bubble. It also demonstrates the accuracy of the
angle measurement procedure. In the rest of the article, expres-
sion 3 will be used in order to calculate, at any moment, the
equilibrium contact angleθstat(t). This reference angle will be
subtracted from the measured angle in order to extract the dy-
namic deviation∆θd = θ(t) − θstat(t).

4 Dynamics of adhesion

In order to probe the dynamic response of the contact angle,
a sinusoidal displacement of the upper tube is applied at con-
trolled pulsations in the range 0.01-20 rad.s−1. The double bub-
ble system is prepared as previously described. All experiments
are performed with a contact radiusrc ≈ 2mm and a Plateau
border heighthPB ≈ 0.2mm<< rc. Figure 7 shows the typical
time evolution ofrc(t) andθ(t). The corrected contact angle,
θstat(t) calculated from equation 3, varies between 120.50°
and 120.56°. Therefore, the main contribution to the observed
oscillation ofθ(t) is due to dynamic effects. The evolution of
these two parameters are decomposed as:
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rc(t) = rc0 +∆rc(ω)cos(ωt) (4)

∆θd(t) = ∆θ(ω)cos(ωt+ φ(ω)) (5)
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Figure 7. Evolution of the contact radius (squares) and the contact
angle (circles) as a function of the time over an oscillatingperiod for
an oscillating amplitude of0.2mm at a pulsation of20rad.s−1. The
error bars are calculated from the uncertainties on the fitting parame-
ters (equation 2). Typical standard deviations are equal to7µm for the
contact radius and0.2° for the contact angle.

It should be noted thatrc0 is not strictly constant : it slightly
decreases as a consequence of the gas diffusion (figure 4(b)).
To precisely measurerc(ω),∆θ(ω) andφ(ω), rc(t) and∆θd(t)
are therefore filtered to extract the Fourier component associ-
ated with the imposed frequency. Figure 8 shows the depen-
dence of∆θ with ∆rc/rc0 for three different oscillation fre-
quencies. It shows that the contact angle response is linearwith
the imposed solicitation. This allows one to define two moduli
associated with the in-phase and out-of-phase responses ofthe
contact angle to the modulation of the contact radius:
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Figure 8. Linearity of the amplitude of the dynamic angle deviation
with the amplitude of the normalized contact radius variations at dif-
ferent frequencies. Squares:0.2rad.s−1. Circles:1rad.s−1. Diamonds:
5rad.s−1.

A′(ω) = −
∆θ(ω)

∆rc(ω)
rc0cos(φ(ω)) (6)

A′′(ω) = −
∆θ(ω)

∆rc(ω)
rc0sin(φ(ω)) (7)
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Figure 9. Evolution of the angular elastic and viscous moduli, esti-
mated from equation (6) and (7), with the frequency of the oscillation.
Closed circles: elastic modulus. Open circles: loss modulus.

Figure 9 shows the evolution ofA′ andA′′ as the pulsation
ω is varied over 3 decades. It reveals a transition from a viscous
regime at low frequency to an elastic regime at high frequency,
with a crossover around 1rad.s−1..

The existence of an in-phase component of the dynamic an-
gle signal cannot be accounted for by dissipation in the Plateau
border alone. In contrast, it can be understood by considering
the viscoelastic behavior of the soap films [27,16]. As the dis-
tance between the bubbles are modulated, the films area varies
which in turn induces a variation of their surface tension. In
Gibbs approach, the surface tensionγ(t) associated with a si-
nusoidal modulation of the film surface areaS(t) = S0 +
∆Scos(ωt) is written, in the limit∆S/S0 ≈ 0:

γ(t) = γ0 + E′(ω)
∆S

S0

cos(ωt) + E′′(ω)
∆S

S0

sin(ωt) (8)

whereE∗(ω) = E′(ω) + iE′′(ω) is the dilational complex
modulus [28]. This parameter can be independently evaluated
by sinusoidally modulating the volume of a single bubble while
recording its radiusR and the difference between the inside
and the outside pressure∆P , from which its surface tension
is determined using the Young-Laplace relation2γ = ∆P/2R.
The frequency diagram of both moduli are plotted on figure 10.

Both elastic and viscous moduli exhibit a similar increase
with the pulsation in

√
ω (as shown by the solid line in figure

10). Such a behavior of the dilational moduli has been predicted
by Lucassen, in the limit of low frequency, for solutions below
[6] and above [29] the critical micellar concentration. In these
models, the surfactants adsorption at the interface is limited by
diffusion in the bulk. This process defines a characteristictime
set by the physico-chemical properties of the bulk solution.



6 S. Besson, G. Debrégeas: Statics and dynamics of adhesion between two soap bubbles

1

10

100

0.01 0.1 1 10 100

E
',

E
'' 

(m
N

/m
)

Pulsation (rad/s)

Figure 10. Evolution of the dilational elastic and viscous moduli with
the frequency of the oscillation for an oscillating bubble experiment.
Closed squares: elastic modulus. Open squares: viscous modulus. The
dispersion is mainly due to uncertainties on the measurement of the
internal pressure. Experimental data are fitted by the expressions of
the Lucassen model above the critical micellar concentration (solid
line).

5 Interpretation

In this section, we attempt to relate the double-bubble angular
measurements to the film rheological moduli obtained from the
single oscillating bubble experiment. In order to do so, we sep-
arately describe the evolution of each monolayer characterized
at each time by their area and surface tension denotedSi and
γi respectively (see figure 11)1.

Figure 11. In the case of a double bulle, one needs to consider 3
surfaces characterized by(Si, γi) . Each monolayer exchanges with
the bulk solution with a fluxJvi and with adjacent surface with a
Marangoni fluxJsij .

As the distance between the bubbles supporting cones is
modulated, each monolayer experiences cycles of compression
and stretching which in turn modulate its surface tensionγi.
We define the instantaneous deviation∆γi to the equilibrium
surface tensionγ0 such asγi = γ0+∆γi. In the limit of∆γi ≪
γ0, mechanical equilibrium at the intersecting line between the
three interfaces imposes:

1 the system is assumed to be symmetric with respect to the central
film, which is the case in all experiments, so that the upper and lower
monolayers have identical characteristics

∆θ =
1

γ0

√
3
(∆γ1 +∆γ2 − 2∆γ3) (9)

We now write the conservation of mass of surfactants for
each monolayer in the form of:

S
dΓ

dt
+ Γ

dS

dt
= Jv + Js (10)

whereΓ is the surface concentration of the surfactant. The
first fluxJv characterizes the exchange between the liquid phase
and the interface whileJs corresponds to the exchange of sur-
factants between adjacent monolayers (Marangoni flow).

For a single oscillating bubble,Jv is the only relevent flux.
The quantitiesγi andSi are coupled through equation 8, and
from equation 10, the volumic flowJv can be expressed as a
function of the dilational elastic moduleE∗ through:

Jv = S
dΓ

dt

(

1 −
E0

E∗

)

(11)

where

E0 = −dγ/d ln(Γ ) (12)

In the case of the double bubble, the transfer of surfac-
tants between the monolayers2 and 3 has to be taken into
account through the fluxJs. One should in principle consider
the concentrationΓi as a continuously varying quantity. Here,
we make the simplifying assumption that one can still consider
that each monolayer can be characterized by a single surface
tension and that the surface fluxJs can be written as:

Js23 = −J32 = DS

Γ2 − Γ3

L
2πrc (13)

whereDs is the surface diffusion coefficient of the surfac-
tant and L a characteristic length of the order of the bubblesra-
dius. From these two expressions, the mass conservation equa-
tion 10 for the three interfaces now reads:

E0S1

dΓ1

dt
= −Γ1E

∗
dS1

dt
(14)

E0S2

dΓ2

dt
= −Γ2E

∗
dS2

dt
+ E∗DS

Γ3 − Γ2

L
2πrc (15)

E0S3

dΓ3

dt
= −Γ3E

∗
dS3

dt
+ E∗DS

Γ2 − Γ3

L
2πrc (16)

Using expression 12, this system of coupled equations 14,
15 and 16 can be solved to obtain an expression of the surface
tension variations∆γi as a function of the surface area varia-
tions∆Si/Si:

∆γ1 = E∗
∆S1

S10

(17)

∆γ2 = E∗
iE0ωτ

E∗ + iE0ωτ

∆S2

S20

(18)

∆γ3 = E∗
iE0ωτ

E∗ + iE0ωτ

∆S3

S30

(19)
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whereτ is a characteristic time of surface tension equili-
bration between adjacent monolayers defined as:

τ−1 = 2π
rc0
L
DS

S20 + S30

S20S30

(20)

Experimental measurements of the different surface areas
as well the Surface Evolver simulations show thatS1(t)+S2(t)
is a constant, equal to2πR2 for initially hemispherical bubbles.
The expression of the areasSi and their variations∆Si are thus
simply related, to first order, to the contact radiusrc and its
variation∆rc through the following relationships:

S1 = S2 = 2πR2 − πr2c (21)

∆S1 = ∆S2 = −2π∆rcrc0 (22)

S3 = πr2c (23)

∆S3 = 2π∆rcrc0 (24)

From this, and the expression of∆θ given by equation 9,
one can deduce the angular complex modulusA∗:

A∗ =
2E∗

γ0

√
3

(

iE0ωτ

E∗ + iE0ωτ

4R2

2R2 − r2c0

+
E∗

E∗ + iE0ωτ

r2c0
2R2 − r2c0

) (25)

(a) (b)

Figure 12. Limiting models of compression/stretching of the mono-
layers for a double bubble submitted to an oscillating solicitation. (a)
Whenωτ ≪ 1, surface diffusion processes are fast. Since the inter-
nal surface is constant, its surface tension of the internalfilm does not
vary and the only contribution to the contact angle comes from the ex-
ternal monolayer. (b) Whenωτ ≫ 1, surface diffusion processes are
slow. The surface tension is the same on either side of each film wich
responds independently from each other.

Two limiting situations can be identified :

• Whenωτ ≪ 1, interfacial diffusion processes are instanta-
neous so that surface tension are immediately equilibrated

between interfaces2 and3. In this limit, the interfaces can
freely slide one over the other. SinceS2 + S3 is constant,
the contact angle deviations are only due to the external
surface compression cycles as shown in figure 12 (a). The
expression of the complex angular modulus reduces to:

A∗

1
=

2E∗

γ0

√
3

r2c0
2πR2 − πr2c0

(26)

• When τ ≫ 1, marangoni flows are negligeable and the
three double interfaces oscillates independently as shown
in figure 12 (b). In this case the expression of the complex
angular modulus reads:

A∗

2
=

2E∗

γ0

√
3

4R2

2πR2 − πr2c0
(27)

Figure 13 shows the frequency diagram ofA′ andA” and
the two limiting predictions ofA∗ given by equations 26 and 27
using the Lucassen adjustement ofE∗. Consistently, the exper-
imental moduli lay within the limiting models over the whole
range of frequency. The best fit of the data using equation 25
is also plotted which corresponds to a characteristic transition
time τ = 3.10−4s. Although it compares correctly with the
data at low frequency, significant deviation is observed at high
frequency.

0.01

0.1

1

10

0.01 0.1 1 10 100

A
',

 A
''

Pulsation (rad/s)

Figure 13. Comparison of the experimental angular moduliA′ (closed
circles) andA′′ (open circle) with the results of the double bubble
model adjusted withτ = 3.10−4s. The dashed lines represent the
results corresponding to the sliding monolayers model,A′

1 andA′′

2

(dashed lines), and the independant films model,A′

2 andA′′

2 (dashed
dot lines).

6 Application to a 2D model foam

In this part, the consequence of such dynamic effects on the
bulk rheology of foams is discussed. We attempt to estimate
how the angular measurements provided by the double bubble
set-up can be relevant to predict the contribution of the films
(and Plateau borders) to the foam rheological properties. Such
effects has been evidenced in macroscopic foam measurements
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ψ

r

r-drr+dr

r

(a) (b)

Figure 14. The Princen model for the deformation of a 2D hexagonal
foam. (a) Initial configuration. (b) After a small quasistatic deforma-
tion, the angles of the Plateau border remain equal to 120°. To the first
order, the vertical films length remains unchanged but theirorienta-
tion change by an angleψ. The other films length are modified by a
quantitydr proportional to the applied strain.

[27]. Several models have been proposed to couple surface rhe-
ology to bulk foam mechanical response [4,30,31]. Here, our
approach will be limited to a perturbative version of the Princen
model.

This model pictures the foam as a 2D regular hexagonal
lattice (figure 14(a)). Taking into account Plateau rule andthe
surface conservation of each cell, Princen derives the modifica-
tion of lengths and orientations of the different films associated
with an imposed quasistatic shear strainǫ (figure 14(b)), from
which he derives various mechanical quantities.

The angleΨ of the initially vertical films as well as the film
length variationdr can be expressed as a function ofǫ (see
figure 14(b)):

Ψ =
1

2
ǫ (28)

dr

r
=

√
3

2
ǫ (29)

The shear stress on a horizontal line (indicated in figure
14(b)) can be evaluated by considering that each film crossing
this line carries a contributionF = 2γ sin(Ψ). Since the width
of a unit cell isr

√
3, the stressσ is written:

σ = F =
2γ

r
√

3
sin(Ψ) ≈

2γ

r
√

3
Ψ (30)

This allows one to write the shear modulus as:

G0 =
σ

2ǫ
=

1
√

3

γ

r
(31)

The system is now submitted to an oscillating strainǫ(t) =
ǫ0 cos(ωt). At finite oscillating frequency,one expects the Plateau
rule to no longer be obeyed, and a correction∆θd(t) has to be
added to the angleΨ (see figure 15). By analogy with the dou-
ble bubble measurements, we defineA′ andA′′ such as:

∆θd(t) = A′(ω)
dr

r
cos(ωt) +A′′(ω)

dr

r
sin(ωt) (32)

In the limit where the structure is weakly modified with
regards to its equilibrium configuration (i.e.∆θd << Ψ ), the

120 +∆θd

ψ+∆θd

Figure 15. Effect of the dynamic contact angle correction on the de-
formation of a 2D hexagonal structure. Contrary to the classical qua-
sistatic deformation (dashed line), the angle of the central Plateau bor-
der is no longer 120°. This deviation induces an additional rotation of
the vertical line of an angle equal to the dynamic correction∆θd.

expression ofdr/r provided by Princen (equation 29) remains
valid to the first order. Substitutingψ by ψ +∆θd in equation
30 yields a corrected foam modulus which complex form now
writes:

G∗ = G0[1 +
√

3(A′ + iA”)] (33)

It should be noticed that this result is independent of the
physical origin of the viscoelastic process which setsA′ and
A”. With the solution used in the present study, it appears that
the viscoelastic behavior of the films is responsible for theob-
served deviation to Plateau rule. But one might expect for other
systems that the dominating effect is the viscous dissipation
localized in the Plateau border. Regardless of this underlying
mechanism, the frequency diagram obtained by the double bub-
ble angular measurement directly provides the contribution of
the film and Plateau border rheology to the foam modulus.

One limitation of this approach however needs to be un-
derlined. The Princen model of foam elasticity is based on
a perfectly regular network. In a real foam,r is largely dis-
tributed and one expectsA′ andA” to depend on the relative
lengths of the films connecting the given vertex. One is actu-
ally confronted with the same averaging problem when trying
to evaluate the macroscopic modulusµ of a disordered film
network. This structure parameter should control the prefactor
of A′ + iA”. But this limitation should still allow one to com-
pare different systems (with different film rheological proper-
ties) provided that the foam structure is identical (same poly-
dispersity).

Conclusion

A device has been developed to measure the contact angle be-
tween two soap bubbles in static and dynamic adhesion. This
set-up allows us to confirm the existence of a negative line ten-
sion associated with the presence of a Plateau border at the
intersection of three soap films: the static contact angle issys-
tematically larger than 120° and the deviation amplitude can be
quantitatively predicted given the central film radius and vol-
ume of the Plateau border. By varying the distance between
bubbles, one can modulate the radiusrc of the central film.
This induces a further deviation of the contact angle∆θd which
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maximum value scales linearly with the amplitude of∆rc/rc.
The amplitude and phase shift of∆θd with regards to∆rc/rc
has been systematically studied as a function of the modulation
frequency.

The resulting phase diagram exhibits a transition from a
viscous to an elastic regime with a crossover at a frequency of
order1rad.s−1. This behavior of the double bubble cannot be
deduced in a straightforward way from measurements of the
film rheology obtained by single oscillating bubble measure-
ments since exchanges can occur between adjacent surfaces.
We constructed a model taking into account flows af surfactants
from both the bulk phase and the adjacent surfaces for each
monolayer. This leads to an expression of the angular module
as a function of the dilational module and a characteristic time
τ . Two limiting models correspond to extreme values ofωτ
: the first one considers the three films in the double bubble
experiment as being independently stretched and overestimate
the stored and dissipated energy in the oscillating experiment.
The second one corresponds to the situation in which surfactant
layers are free to slide over one another and underestimatesthe
experimental measurements.

In order to test this hypothesis, we intend to modulate the
rheological properties of the surfactant monolayer and thebulk
solution. Surface shear viscosity can be increased by adding
dodecanol in the solution. In contrast, the interstitial film can be
rendered more viscous by increasing glycerol concentration or
by adding soluble polymers such as PEO (Polyethylene Oxide).

We have illustrated the possibility to use these angular mea-
surements as a way to predict the contribution of the films
and vertices to macroscopic foam rheology. The proposed ap-
proach is based on a perturbative version of the Princen 2D
regular foam model. It is therefore extremely naive and will
need further work in order to be adapted to 3D foams and to
take into account structural disorder. However, it suggests that
this type of geometrical measurements might provide most of
the relevant information. In particular, it integrates thedifferent
modes of energy dissipation, including the viscous drag asso-
ciated with the Plateau borders motion. In order to test these
ideas, such dynamical adhesion data need to be confronted to
standard rheological measurements on 3D foams for various
chemical solutions.

We woud like to thank K.Brakke for his help with Surface Evolver
simulations as well as J.-F. Géminard, I. Cantat, S. Cohen-Addad and
R.Höhler for fruitful discussions.
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