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Abstract

We consider the Cauchy-Dirichlet Problem for a non-linear parabolic equation with L' data. We
show how the concept of kinetic formulation for conservation laws [LPT94] can be be used to give a
new proof of the existence of renormalized solution. To illustrate this approach, we also extend the
result to the case where the equation involves a term with natural growth.

We consider the question of existence of solution to the non-linear parabolic problem

uy —div(a(Vu)) = f  (z,t) € Q2 x (0,T),
u(z,0) = up(z) x € Q, (1)
u(0,t) =0 (z,t) €2
where Q is a bounded subset of RV, N > 1, T is positive and ¥ = 9Q x (0,T). Let p > 1 be given. In
(1), the operator —div(a(Vu)) is a Leray-Lions operator of the type —A,u:

Assumption 1 The function a € C(R x R™,RN) satisfies: there exists a > 0, f € C(R,,R,) such that

a(X) - X > o/ X7, (2)
la(X)| < B(lENIX P, (3)
(@(X) —a(Y))- (X =Y) >0 (4)

for all distinct X,Y € RN, where X -Y is the canonical scalar product of two vectors of RY and |X| the
associated euclidean norm of X.

The framework is L!:

Assumption 2 The data ug, f are L' functions on 2 and Q x (0,T) respectively.

1 Introduction

The existence of solution (precisely, of renormalized solution, see Definition 1 below) to Problem (1)
(actually even to more general problems than Problem (1)) has already been proved, we refer in particular
to the paper by Blanchard, Murat, Redwane [BMRO1]. Our purpose here is to give a new proof of this fact.
Actually, the cornerstone in the proof of existence of solution (by means of a process of approximation)
of such a non-linear parabolic Problem as (1) is the proof of the strong convergence of the gradient. We
give a new method (inspired from the kinetic formulation of conservation laws developed by Perthame
and coauthors [LPT94, Per02, CP03]) to prove this result.

Let us briefly summarize how and in which context the question of strong convergence of the gradient
occurs. First (historically), as soon as the problem under consideration involves a non-linear function of
the gradient, for example (under the hypotheses above with p = 2), the non-linear elliptic Problem

—div(a(Vu)) =¢gin Q, u =0 on 99,
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for g € L?(Q2). To prove existence of a solution (in H*()), it is usual to prove existence by approximation
(e.g. by Galerkin approximation), i.e. for a set of data g, converging to g. Then weak convergence in
H?! of (a subsequence of) u,, the solution with datum g,,, although easily obtained by uniform estimate
on |u,| g1 (q), is not enough to pass to the limit in the equation since a is non-linear: one has to prove
the strong convergence of the gradient Vu,,. This is done by use of monotonicity methods. We refer to
[Min63, Bro63, LL65], and [Eva98| for a very brief and clear explaination of the technique.

Non-linear expression of the gradient also occurs after renormalization of an elliptic or parabolic equation.
Actually, it occurs even if the original equation is linear. Nevertheless, renormalization for elliptic or
parabolic equation has been introduced to deal with non-linear equations with data of low regularity, so
that the renormalized equation involves (at least) two non-linear expressions of the gradient (see, e.g.
Eq. (6) below). At any rate, it will be necessary to prove the strong convergence of the (truncates of)
the gradient in order to get existence of a solution by approximation.

We give a new proof of the strong convergence of the gradient by use of an equation on the charac-
teristic function on the level sets of the unknown, similar to the kinetic formulation for conservation
laws introduced in [LPT94] (see also [Per02] and [CP03| concerning the kinetic formulation of second-
order conservation laws). We intend to use it to study certain systems of reaction-diffusion equations (a
forthcoming paper).

Let us conclude this introduction by few words about the concept of renormalized solutions. Intro-
duced by DiPerna and Lions for the study of ordinary differential equations and Boltzmann Equation
[DL89b, DL89a|, it has been extended to non-linear elliptic equations in [BGDM93] (in parallel with
the (equivalent) notion of entropy solution [BBG95]) and has been extended to non-linear parabolic
equations in [Bla93, BMRO1, Lio96] (in parallel with the (equivalent) notion of entropy solution [Pri97]).
It has also been extended to first-order conservation laws [BCWO00, PV03].

The problem of strong convergence of the gradient (hence the question of existence of solution) has initially
be solved by the method of Minty-Browder and Leray-Lions [Min63, Bro63, LL65], then extended to the
case of non-linear elliptic (then parabolic) equations with less and less regular data by several methods,
see, e.g. [BG92a, BM92, BGM93, BGDM93, DMMOP97, BDGO99, DMMOP99, BMR01, BP05]. Notice
that our list of references to works in the fields of renormalized solutions for elliptic and parabolic
equations is far from being complete.

The paper is organized as follows : in Section 2.1, we introduce the notion of renormalized solution
and state the equivalent formulation by the (so-called) level-set P.D.E. In Section 2.2, we analyze this
formulation and explain how it can be relaxed (although still characterizing renormalized solutions),
see Theorem 2 and Theorem 3. In Section 2.3, we apply our tools to prove the convergence of an
approximation to Problem (1) and thus existence of a renormalized solution to (1) (of course, we focus
on the strong convergence of the gradient). In Section 3, we give the proofs of various results, which
were reported at the end to let the main arguments of Section 2 stand out. Eventually, in Section 4, we
extend the method to prove the existence of a renormalized solution to the Cauchy-Dirichlet Problem for
a non-linear parabolic equation with a term with natural growth.

Notations : We set Q1 := Qx (—1,T) and Uy := Q7 x R. Any measurable function v: Qx (0,7) — R™
is implicitly extended to a measurable function Qr — R™ still denoted by v, with v = 0 on Q x (—1,0).
If v is a Radon measure on Uy, we denote by ¥ the measure on the whole space RN *2

U(E)=v({UrNE), FEecBR )
and we denote by v, be the projection of 7 on Rg:

U, (E) =p(RNT x E), VE € B(R).
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2 Existence of a renormalized solution - strong convergence of
the gradient

2.1 Renormalized solutions
2.1.1 Renormalized solutions
For k > 0, we let T (u) be the truncate of a function u at level k: Ty (u) := min(u, k) if u > 0, T, odd.
Definition 1 A function u € L>(0,T; L*(Q)) is said to be a renormalized solution of the problem (1) if
1. (Regularity of the truncates)
Ti(u) € LP(0,T; Wy P()), Vk >0, (5)

2. (Renormalized equation) For every function S € W%>(R) such that S’ has compact support, the
following equation holds in the sense of distributions in Qr:

S(u): — div(S' (u)a(Vu)) = S(ug) ® dt—o + S'(u) f — S"(w)a(Vu) - Vu, (6)
3. (Recovering at infinity)

lim a(Vu) - Vudzdt = 0. (7)
k=40 JQrn{k<|ul<k+1}

2.1.2 Level-set P.D.E.

For a € R, £ € R, we set Xa(§) = loce<a — la<e<o. This is the “equilibrium function” in the kinetic
formulation of conservation laws.

Theorem 1 A function u € L*°(0,T; L'(Q2)) is a renormalized solution of the problem (1) if, and only
if, it has the regularity of the truncates (5) and it satisfies

1. (Level-set P.D.E.) The function (x,t,8) — Xy(z) (&), denoted by xu, is solution in D'(Ur) of the
equation
Orxu — div(a(Vu)du=¢) = Xuo ® dt=0 + fOu=e + Ocp, (8)

where p is defined by
pe=a(Vu) - Vud, =, (9)

2. (Recovering at infinity)

lim a(Vu) - Vudzdt = 0.
k—+oo Jorn{k<|ul<k+1}

Proof of Theorem 1 : see Section 3.1.

2.1.3 Definition of the distributions a(Vu)d,—¢ and p

The (vector-valued) distribution
a(Vu) 6u=§

is defined by its restriction to each space Dy (Ur)N (the set of smooth vector-valued functions with
support in the compact subset K of Ur) as

(a(Vu)dy=¢, o) = /Qa(VTk(u)) ca(z, t, Ty (u))dzdt (10)
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where a € D (Ur)N, K C Qr x [k, k]. Similarly, Eq. (9), which defines the distribution p, means that
(1, 0) = / o(VTx(u)) - VTx(u)a(z, ¢, Ty(u))dzdt (11)
Q

for all a € Dk (Ur).
By (5) and assumption (3), we have

{a(Vu)dy=¢, @)

IN

BT (u) HLpfl(o,T;Wol’P—l(Q)) lledll zoe (i)

IN

BT ()| oo w2y el 2 6)
and
[, )| < B(k)HTk(u)HLP(O,T;WUI'Z’(Q))||aHL°°(K)'

This shows that the right-hand sides of (10) and (11) are distributions on Ur of order 0. To prove that
(10) and (11) makes sense, we must also show that their respective right-hand sides do not depend on
the choice of k: suppose k < k' for example, with K C Qr x [—k, k|, then a(x,t, Tk (u)) # 0 for |u| < k
only, in which case Ty (u) = Ty (u).

2.2 Relaxation of the definition of renormalized solution - analysis of
2.2.1 Analysis of p

Since p > 0, p is represented by a non-negative Radon measure on Ur (equality on C.(Ur), thus in
D'(Ur)). We study the properties of the Radon measure ji, (defined at the end of the introduction).

Fact 1. For every h € C.(R),

/ h(E)dfi. (€) = / h(E)dfi(z, 1,) (12)
R RN+2

Proof: by definition of fi., (12) is satisfied if h = 1 is the characteristic function of a Borel set E C R,
and therefore if h is a simple function. There exists a point-wise converging sequence of simple functions
with limit & with the same compact support than h: the Lebesgue dominated convergence Theorem gives
the result. [

Fact 2. For every h € C.(R) with, say, supp(h) C [—k, k],
/ h(€)din (€) = / (VT (u)) - VT (u)h(u)dadt. (13)
R Qr

Proof: let (¢,) be a non-negative sequence of C.(Qr) such that ¢,, T 1 everywhere on Q. By definition
of u, we have

[ enlatn@diat,6) = | a(VT(w) - VIuu)on (o, b ).
R T
The Lebesgue dominated convergence Theorem then gives, at the limit [n — 4o0],
/ h(&)dpu(z,t,§) :/ a(VTi(w)) - VI (u)h(u)dzdt.
Ur QT
Since, by definition, p is supported in Up, we have

/ h(&)dpu(x,t, &) = / a(VT(w)) - VT (u)h(u)dzdt
RN+2

T
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and we conclude by (12). L]
Fact 3. The measure ji, has no atom.

Proof: Given k > 0, set v = Tj(u). For &, € (—k, k), let (hy) be a sequence of C.(—k, k) converging
monotonically to 1¢ y (take the h, to be tent functions for example). For every n, we have, by (13),

/hn(f)dﬁ*(f) :/ a(Vv) - Vohy, (v)dzdt.
R T
At the limit [n — +00], we obtain, by the Lebesgue dominated convergence Theorem,
s ({&4}) = / a(Vv) - V’Ul{g*}(v)dxdt7
T

and this last quantity is 0 by the Stampacchia’s Theorem since, for a.e. ¢, v(t) is in the Sobolev space
whp, n

Fact 4. For every | > k,

/ L0y (§)dpin(§) = / a(Vu) - Vudzdt. (14)
R Qrn{k<u<l}

Proof: In the right hand-side of (14), u stands for Tj(u). Let (hy) be a sequence of C.(k,1) such that
hn 11 on (k,1). For each n, we have by (13),

/hn(f)dﬁ*(f) :/ a(Vu) - Vuh, (u)dzdt
R Qr

where u stands for Tj(u). At the limit [n — 4o00], the monotone convergence Theorem gives the result.
"

Fact 5. For p € C.(Qr), ¢ > 0, define

fip(A) :=/Aso(x7t)du(x7t,§)~

The measure f, has the same properties than ;1 and its analysis follows the same lines. In particular,
fip « has no atoms and, for every k > 0,

fig.+ ([=k, K]) = fip.«((=F, k) =/ a(VTy(w)) - VT (u)p(x, t)dwdt. (15)

T

2.2.2 Relaxation of the definition of renormalized solution, Theorem 2

From Theorem 1 and the analysis of u follows the following characterization of renormalized solutions.

Proposition 1 Let u be a function of L°(0,T; L' () which has the regularity of the truncates (5).
Define
= a(Vu) - Vudy,=¢.

Then u is a renormalized solution of the problem (1) if, and only if, it satisfies the equation
Ot Xu — diV(a(VU)5u:£) = Xup ® 0t=0 + fOu=¢ + O,
and if
lim . ((k,k+1))=0. (16)

k—*do00
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However, a weaker form of definition can be given, as stated in the following theorem.

Theorem 2 Let u be a function of L>(0,T; L*(2)) which has the regularity of the truncates (5) and
satisfies the condition at infinity (7). Then w is a renormalized solution of the problem (1) if, and only
if, there exists a non-negative Radon measure p on U such that

Jm f((k,k+1)) =0
and such that the following equation is satisfied in D' (Ur)
Orxu — div(a(Vu)du=¢) = Xuo ® dt=0 + fOu=e + Ocpt. (17)

Proof of Theorem 2 : see Section 3.2.

The proof of this Theorem consists in showing that u = a(Vu)-Vud,—¢. It is therefore a result of structure
of p: under the hypotheses of Theorem 2, p1 has to be the measure a(Vu) - Vud,—¢. We generalize this
result in the following paragraph.

2.2.3 Structure of u, Theorem 3

Theorem 3 Let u be a function of L>=(0,T; L'(Q)) which has the regularity of the truncates (5). Let o
be a measurable function  x (0,T) — RN such that

Yk > 0,01, <, € LP (Qr)™

and suppose that o and u satisfy the condition at infinity

lim o - Vudxdt = 0.
k—£00 JQrnlk<|ul<k+1]

Suppose that u is a quasi-renormalized solution of the problem (1) in the sense that there exists a non-
negative Radon measure p on Ur such that

lim fi((k,k+1)) =0

k—Zoo
and such that the following equation is satisfied in D' (Ur)
Ot Xu — div(a(su:§) = Xup @ 0t=0 + [Ou=¢ + Ogp. (18)
Then we have = o - Vudy,—¢.

The proof of Theorem 3 is exactly the same as the proof of Theorem 2, it has just to be generalized in the
case where the vector-valued function a(Vu) is replaced by the vector-valued function o. This parallel
analysis applies in priority to the definition of the distribution o - Vud,=¢ which is comparable to (11):

(0-Vudy—¢, ) = -/Q(O'].|u<k) VT (w)a(x, t, Ty (u))dzdt

for all @« € Di(Ur), K compact subset of Q7 x [—k, k].
In the situation described by Theorem 3, and once the equality ;1 = o - Vud,—¢ has been proved, we can
mimic the analysis of Section 2.2.1, to deduce the following result.

Corollary 1 Under the hypotheses of Theorem 3, and given ¢ € Co(Qr), ¢ > 0, the measure [i, . has
no atom and, for all k > 0,

Fig - ([, K]) = Fige (=, ) = / o - VT (u)p(a, ) dudt. (19)

T
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2.3 Existence of a renormalized solution - Strong convergence of the gradient
2.3.1 Approximation

Let (uf) and (f™) be some approximating sequences of, respectively, ug and f in, respectively, L'(£2) and
LY(Q x (0,T)) such that u} € LP(Q), f* € L (Q x (0,T)). For each n, the problem

up —div(a(Vu™)) = f* (z,t) € Q@ x (0,T),
u™(x,0) = uf(x) x €, (20)
u™(0,t) =0 (x,t) € %,

has a unique solution u” in the space of functions v € LP(0,T; W, *(2)) with v, € LP' (0, T; W—1P(£2)).
The function u™ is a weak solution to (20), hence a renormalized solution and therefore satisfies the
equation

O Xun — div(a(Vu")éunzg) = Xup ® Op—0 + f"éun:§ + agﬂn, (21)

where " is defined by
’un = a(vun) . Vun(sunzg. (22)

2.3.2 Estimates and limit equation

There are bounds independent on n on u™ in L*°(0,T; LY(Q2)), on a(VTj(u")) - VI (u™) in L}(Q1), on
VT (u™) in LP(Qr), on Ty (u™)y in L' (0, T; W12 (Q))4+ L1 (2 x (0, T)). They are obtained by multiplying
the equation by Ty (u™) (see, e.g., [BMRO1]).

Aubin-Simon’s compactness Theorem shows that there exists a function v € L>(0,7T; L'(€2)) such that,
up to a subsequence, u™ — u a.e. and in L'(Qr). By weak compactness of L? and Lp/, we can suppose
that Ty (u") — Tp(u) in LP(0,T; Wy P ())-weak and a(VT(u")) — oy in LP (Qp)-weak. Actually, by
use of a diagonal process, there exists a supplementary subsequence still denoted (u™) and a measurable
function o: Q x (0,7) — R™ such that

Yk > 0,01 <k € L7 (Qr),  a(VTL(u")) — ol <y in L” (Qr) weak.

The bound on a(VT(u™))- VT (u™) in L*(Qr) gives a uniform bound on i (K) for each compact subset
K of RN*2. We can therefore suppose that (ji") converges weakly to a Radon measure i on RV*2. In
particular, p" converges in D’'(Ur) to the measure p defined as the restriction of @ to Ur.

With these results of convergence at hand, we pass to the limit [n — +o00] in (21) to obtain the equation

Ot Xu — diV(Uéu:§) = Xuo ® 0t=0 + fOun=¢ + Ocp, (23)
By multiplying the equation of (20) by the function min(1, (uv" — (k+ 1)), (u" + k + 1)*) (k > 0) we

obtain the estimate

a(Vu™) - Vu'"dzdt < / |ug |dx +/ |f"|dxdt.
QN{|uf|>k} QrN{|um|>k}

/QTﬁ{k<u"<k+1} 0
This is
(G 1) + (k- 1) < lda+ | 7" dadt
QN{|ul |>k} Qrn{lun|>k}
Up to a subsequence (and as a consequence of the strong convergence in L!), there exists some functions
Uo, U, F in L}(Q) and L'(Ur) respectively such that |u?| < Uy, [u™| < U, |f*| < F a.e. This implies the
uniform estimates

AR (kb + 1)) + 0 (—k — 1, —k)) < / Ui + / Fdudt
QN{Uo>k} Qrn{U>k}
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and

o - Vudxdt

/ g/ Uodx—i—/ Fdzxdt
QrNnlk<|u|<k+1] QN{Uo>k} Qrn{U>k}

from which we deduce (since RN+ x (k, k + 1) is open and thus 7, ((k, k + 1)) < liminf ur((kyk+1))):

(b k4 1)) + G (—k — 1,—k)) < /

Ugda + / Fdadt (24)
QN{Uo>k} QTN{U>k}

and

lim o - Vudxdt = 0.
k=00 JQrnlk<|u|<k+1]

2.3.3 Strong convergence of the gradient

Since p is defined to be the restriction to & to Ur, we have 0 < i < @ and, in particular, 0 < p, < f,.
Therefore, from the estimate (24), we deduce that fi.(k,k + 1) tends to 0 when k — +oo. Taking into
account the equation (23), we are now in position to apply Theorem 3, which gives

pi= 0 Vuby—¢

in D'(Ur).
Now, we fix a test-function ¢ € C.(Qr), » > 0. We use the notations of Section 2.2.1: if 1 € C.(RN*2),
then ¢y € C.(RV+2), therefore

L et e din@ne = [ vt etadit o).

RN+2

that is to say (p;) weakly converges to fi,: A — / o(t, z)dp(z,t,§). We deduce that (g ,) weakly
A

converges to fi,, .. Indeed, if £ is an open subset of R, then RN+ x E is a open subset of RV T2 therefore

Ty (E) =, (RNT x E) <liminf 2 (RN*! x E) = liminf i, (E),

’ n——+oo n—-+oo

which proves the result. Besides, since ¢ is supported in Qr, we have fi, . = fi, . as easily checked, and
thus the weak convergence of (i ,) to fiy .. Given k > 0, the identity (19) show that fi, . does not
charge the boundary of [—k, k]. The weak convergence thus gives

fig « ([=k, K]) = fi ([=F, k).
By (15) and (19), this is
/ a(VTi(u")) - VI (u")pdrdt — . o - VT (u)edxdt. (25)

This proves the strong convergence of the gradient (see Section 3.4) and in particular the fact that
o = a(Vu) a.e. on Qr. In particular u is solution to the level-set p.d.e. associated to the problem (1):

Ot Xu — div(a(vu)5u:§) = Xup @ 0t=0 + fOun=¢ + Ocpu.

Notice that we have also established the properties of the measure p : it is a Radon measure on Up which
satisfies i lirjrzl f(k,k +1) = 0. By Theorem 2, u is a renormalized solution of Problem (1).

Remark 1 (Neuman Boundary conditions) The existence of a renormalized solution to the Prob-
lem 1 with homogeneous Neumann boundary conditions instead of homogeneous Dirichlet boundary con-
ditions can also be proved by use of the level-set PDE. This time extend u by 0 not only for negative
times, but also to RN \ Q and work with Qr := RN x (=1,T), Ur := Q7 x R.
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3 Missing proofs

3.1 Proof of Theorem 1
By density of the set {¢p ® ;0 € D(Qr),0 € D(R)} in D(Ur), (8) is equivalent to:

(Oexu — div(a(u, Vu)ou=¢)0) D/ (ko) D(Re) = (Xuo @ Ot=0 + fOu=¢ + Oept, 0)pr(r,) D(RE)

in D'(Qr) for all # € D'(R). By definition of g, this is the condition

at/quHdg —div(f(w)a(u, Vu)) = (/]R Xu09d§> ® =g + O(u) f — 6" (w)a(u, Vu) - Vu (26)

in D'(Qr) for all # € D'(R). By an argument of density, it appears that the set of conditions (8) is
equivalent to the set of conditions (26) for § belonging to W*°(R) with compact support. We then
conclude the proof of the equivalence between the renormalized equations and the level-set P.D.E. by

using S(u) = / 6(s)ds, or conversely, # = S’, and by use of the identity
0

/R Xu(€)S'(€)de = S(u) — S(0),

which is satisfied for all S € W2°°(R) such that S’ has a compact support. [

3.2 Proof of Theorem 2

Set v = a(Vu) - Vudy=¢. We will show that ¢ = v in D'(Ur), which is the desired result, in view
of Proposition 1. By density of the set {¢ ® ¥} with ¢ running in D(Qr), ¥ running in D(R) in
the set D(Ur), we have to check that (1, ® ¥) = (v, ® ¢). We first suppose that ¢ = 0¢6 with
0 € D(R), so that (i, o ® ) = —(0ep, p @ 0). Explicit computations on the basis of (17) then show that
(1, o @) = (v, p ® 1) is equivalent to the following identity

-[ ' L/ :e@dg) ot [ ' [ v v - [ ' JREL

__ /O ' /Q (a(Va) - Vu)gb) (u).

By use of the rule of derivation of a product of functions in WP N L, we obtain the more compact form

_/OT/Q (/uje(g)df> o+ | ' [ atvu - vieoe) - | ' [ rep(uyic~o. (27)

Eq. (27) can be formally deduced from the chain-rule formula and from the equation
0 = Oru — div(a(Vu)) — up ® dt—¢ — f. (28)

To explain for the following steps of the proof, we also remark that the equation (28) is formally deduced
from Eq. (17) by integrating it from £ = —o0 to +oo; indeed, that pu(£) — 0 when £ — +oo is, still at
the formal level, a consequence of the condition fi.((k,k + 1)) — 0 when k& — £oo. Therefore, we first
derive an approximation of the equation (28): fix k > 0, let (p,), be an approximation of the unit on R
(pn having compact support in [~1/n,1/n]), set ap := pr * (1 g k1] + 1—g—1,—k)), and define

= rk(u) = /loo Ak, ok = /RXu(f)rk(g)dga ’Ug = /]RXuo (f)?“k(f)df

ul
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We have v% € LP(—1,T; WP (Q)) N L>®(Qr), vk € L=(Q) and v* — u, v§ — ug, r* — 1 when k tends
to +o00. Test Eq. (17) against ¢(t, x)ri(£) to obtain

—/OT/Q(UI’C—vg)got—k/oT/Qa(Vu)-Vgork—/oT/chkaZ/OT/Q/RSDOéde~ (29)

This is the approximate form of (28). Now we want to use a kind of chain-rule formula to obtain an
approximation of (27). To this purpose, we first infer from (29) the inequality

/T@tw’“—v’g)—[@’wdt

where G := —(div(a(Vu)ry(u) + fri(u)) € LP (0, T; W12 (Q)) + LY(Q) and e, = i ((k— 1,k +2)) +
ti((=k —2,—k +1)) — 0 when k — 400. We then consider the following lemma.

< llellpecr, (30)

Lemma 1 Let e >0, v € LP(0,T; W, *(Q) N LY(Q7), vo € L>®(R) and

G e LY (0, ;WP () + LY(Qr)

satisfy
T T
| [etw=w- [ (G < lellie, )
o Jo 0
for all ¢ € D(Q71). Then, for all h € W1>°(R) we have
T v T
| Lo [ mee~ [ @nwpdt) < el Ihlz~e. (32)
0 Q v 0

The proof of Lemma 1 is given in the following section. We apply the Lemma to (30), with h(v) = 6(v)
to deduce

I </ 9(€)d5> oo [ w9 o)+ [ [ e

By use of the Lebesgue dominated convergence Theorem, we obtain (27) at the limit & — +o00. Recall that
1 = 0¢0, so that we actually proved J¢(n — v) = 0. By a classical Lemma in the theory of distributions,
this shows p—v is constant with respect to £ (or, more precisely, that for every ¢ € D(Qr) the distribution
on R defined by ¢ — (u— v, p ® 1) is represented by a constant c,,). The conditions at infinity on p and
v then show that c, = 0. This being true for every ¢, we have u = v. ]

<l @Ol ooes-

3.3 Proof of Lemma 1

It is a variation on the proof of Lemma 4.3 in [CW99] (Lemma 4.3 of [CW99] corresponds to the case
e=0).

Step 1. Suppose that vy additionally satisfies vy € Wol’p(Q). For t < 0, set v(t) = vp.

Also first suppose h is non-increasing and ¢ non-negative or h is non-decreasing and ¢ non-positive. We
have

T T
*||<P||L°°€§/O /Q%(U*'Uo)*/o (Gt < ||gl|z~e (33)

for all ¢ € D(Qr) and thus, by regularity of v,G, for all ¢ € LP(—1,T; Wol’p(Q)) N L>®(Qr) with
@ € LP (Qr). To use the function h(v) as a test-function in (33), we have first to regularize its dependence

10
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on t: for fixed ¢ € DT (Qr) and for n > 0 small enough (such that supp(¢) C Q x (=1,T — 27|, we set
¢ = ph(v),

ot (@) — % /t tng(x,s)ds.
In (33), this gives
/ LGt < gl lbllzee + / ' [ o =)
= ellmliloez+ [ [ Lc) - myw - vote, e
= llemllme + [ [ (¢t = Clant = m)to = w)(e. )t
= el hlle + [ [ <ot = o+ )G s
= lelem e + [ [ <) = o+ m)heo)p()dod.

Since h is non-increasing and ¢ non-negative or h is non-decreasing and ¢ non-positive, we have the

inequality )
v n

(v(t) = vt +n)h(v(t))e(t) < /(t) h(r)dre(t), t<T

1 v(t+n)
lollzoe 1l e + / / o(t) / h(r)dr
RJQ N Jo(t)

v(t)
ol 1Bl e + / /Q %(w(t)—sﬁ(t—n)) / h(r)dr.

vo

and deduce

IN

/0 LGt

At the limit n — 0, a first inequality is obtained

T T v(t)
| Gttt < el lime+ [ [ o [ b
0 0 Q Vo

1 [t
By use of o, : (z,t) — — / ¢(x, s)ds as a test-function, we derive in a similar way the second inequality
t

Ui

T T v(t)
| e nwgnie = el llime+ [ [ o [ ntyar

which gives (32). In case h is non-decreasing and ¢ non-negative or h is non-increasing and ¢ non-
positive, proceed similarly (just exchanging the order of the different time-regularizations) to prove (32),
then decompose h as the sum of two monotone functions and ¢ as the sum of two signed functions to
deduce the result in the general case.

Step 2. In the general case where vy € L°(Q), regularize vy by vy, v € Wy (), ||lvo =g llLi) < 1/n.
Observe that, from (31), we deduce

/OT/QW_U@_/OT<G,W

11

< llellz=(e+1/n). (34)
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Apply Step 1. to get

/oT /Q 7 / hE)de - /OT<Ga h(v)p)dt

then pass to the limit [n — +oc] to achieve the proof of Lemma 1.

< [lellzeelIhllz= (e +1/n),

3.4 Proof of the strong convergence of the gradient

We start from (25) and prove the strong convergence of the gradient by the arguments of Minty, Browder
and Leray, Lions [Bro63, Min63, LL65]. Let ¢ € C.(Q2 x (0,T)), ¢ > 0 be given. Consider the sum

/ (a(VIE(u™)) — a(VIg(u)) - (VIE(u") — VTi(u))pdxdt.
T

We develop the product in this last term. The result (25) yields precisely the convergence of the term
with quadratic dependence on VT (u™). The other terms have at most a linear dependence on V7 (u™)
and therefore have a limit when n — +oco by weak convergence of the gradient or of a(VTy(u™)). We
obtain

lim (a(VTi(u")) — a(VTk(w))) - (VI (u™) — VT (u))pdzdt = 0.

n—+00 Qr
Since F, := (a(VT(u™)) — a(VTi(w))) - (VI (u™) — VT (u))e is non-negative (by monotony of a), this
shows that F,, — 0 in L'(Qr). A subsequence of (F},) (still denoted (F},)) therefore converges to 0 on
a set A of full measure in Qr. Let (z,t) € A and let ¢ be an adherence value of (VT (u™)), in RrY.

Suppose that ¢(z,t) > 0. The vector ¢ has finite-valued components as a consequence of the growth of
a(VTi(u™)) - VT (u™), which gives

(@ VT (u") (2, 8)[" = CIVT(u") (2, ) (2, 1) < Fo(z,t) — 0.
At the limit [n — +o0] in Fy,(z,t) — 0, we thus obtain
(a(q) = a(VTi(u)(x,1))) - (¢ = VI (u)(2,1))p(z,t) = 0

Since ¢(z,t) is supposed to be positive, and by strict monotony of a, we deduce that ¢ = VTj(u)(z,t).
The sequence (VT (u™)), has only one possible adherence value and therefore converges to it. Since ¢
is arbitrary, we have VT (u") — VTi(u) a.e. on Qr. Together with the uniform bound on VTj(u™)
in LP(Qr), it gives the strong convergence of VT, (u™) to VIi(u) in any L"(Qr), r < p. Similarly,
a(VT(u™)) converges to a(VI(u)) a.e. and in L™(Qr), r < p’. In particular, o = a(Vu) a.e.

To conclude, notice that we can recover the strong convergence VT (u") — VTi(u) in L} (Qr). In-

deed, we have shown that (a(VT(u™))) and VTj(u"™) converge in L'(Qr) to a(VTj(u)) and VT (u)
respectively. Besides, for every ¢ € C.(2 x (0,T)), we have the convergence

(@(VTi(u")) = a(VTi(w))) - (VTi(u") = VTi(u))p — 0
in L'(Qr), and these three results of convergence combine to show that (a(VTj(u")) - VIk(u™)p) con-
verges (to a(VTy(u)) - VT (u)p) in L'(Q7). In particular, the family {a(VT)(u")) - VT (u™)p} is equi-
integrable on Q7. By hypothesis (2), |V}, (u™)|? is dominated by a~ta(V Ty (u™))-VTx(u™) and, therefore,
{|VT(u™)[Pe} is equi-integrable on Q7. Given K a compact subset of Qr, {|VT(u™)|P} is therefore
equi-integrable on K. Together with the convergence VT (u™) — VT (u) a.e., and by Vitali’s Theorem,
this implies |V7Tk(u™)|P — |VTk(u)P in L'(K). Besides, the weak convergence VT (u") — VTi(u) in
LP(K)-weak together with the convergence VTj(u") — VT (u) a.e. implies that
i (VT ()l Lo (r) = [IVTk(u™) = V()| o)) = IVTR(w) | 2r (i)

n—-+o0o

(this is a refinement of Fatou’s Lemma by Brezis and Lieb [BL83]). We conclude that
Jum (VT (") = V() e ) = 0-

12
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4 Parabolic equation with a term with natural growth

In this Section, we briefly indicate how to adapt the arguments and proofs given above to solve the
question of the strong convergence of the gradient (and therefore prove the existence of a renormalized
solution) in the approximation by regularization and truncation of the following problem:

up — div(a(Vu)) + y(u)|[VulP = f (z,t) € 2 x (0,T),
u(z,0) = up(x) x €, (35)
u(0,t) =0 (z,t) € .

We keep the same assumptions on a and on the data: assumptions (1) and (2). The function v € C(R)
is supposed to satisfies the sign condition

uy(u) >0, YuelR (36)

This sign condition ensures good a priori estimates for the additional term ~(u)|Vu|P. Actually, since
the power p is the same as the power of the operator —div(a(V)), there will be an a priori estimates on
Y(w)|VTk(uw)|P in L*(Ur). In fact, we may as well consider a term as v(u)|Vu|" with 1 <r < p.

Numerous works have been devoted to the study of Problem (35) (or to its elliptic version). Let us cite
in particular [BMP83, BMP89, BG92b, BGM93, Por00, SAL03] and references therein.

In case p = 2, a = Id, there is a change of variables that transforms the equation in a classical Heat
Equation:

u
vt—Av:g, ’U:/ e_f(f’}’df7 g:fe—fo“’}’.
0

It is this change of variables that we will adapt to the non-linear case by use of the kinetic formulation
(or level-set PDE).

A renormalized solution to (35) is defined as a function v € L*(0,T; L*(€2)) having the regularity of
the truncates Ty (u) € LP(0,T; W, *(2)), Yk > 0, which satisfies the renormalized equation: for every
function S € W?2°°(R) such that S’ has compact support,

S(u), — div(S'(@)a(Vu)) + S/ (u)y(w)| Vul? = S(uo) @ 8o + S'(w)f — §"(w)a(Va) - Vu,
and satisfies the condition at infinity
lim a(Vu) - Vudzdt = 0.
k—=+c0 JQrn{k<u<k+1}

We can also use directly the level-set PDE and define a renormalized solution to (35) as a function
u € L®(0,T; L*(R)) having the regularity of the truncates Ty (u) € LP(0,T; W, (2)), Yk > 0, which
satisfies the equation:

OeXu — div(a(Vu)du=¢) +7(§)IVul’duzg = Xuo @ Gt=0 + fOu=g¢ + Ocpt,
where p 1= a(Vu) - Vudy,=¢, and satisfies the condition at infinity

kgrinoo (b, k+1) — 0.

We now explain how to prove the existence of a renormalized solution to Problem (35).

Step 1. Approximation. Let (uf)) and (f™) be some approximating sequences of, respectively, ug and f
in, respectively, L' () and L'(Q x (0,T)) such that u} € LP(Q), f™ € LP (Q x (0,T)). For each n, the
problem

af — div(a(Vur)) + (@) Vel = f* (2,8) € Q % (0,T),

u™(x,0) = uf(x) x €, (37)

u™(0,t) =0 (x,t) € 3,

13
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has a unique solution u” in the space of functions v € LP(0,T; Wy *(2)) with v, € L¥' (0, T; W—12(1)).
The function u™ is a weak solution to (20), hence a renormalized solution and therefore satisfies the
equation

Ixur — div(a(Vu")dun—¢) + () IVU" [Poun—¢ = Xup ® d1=0 + ["Our=¢ + Ocp”, (38)
where " is defined by
"= a(Vu) - V" dyn—¢.

Step 2. Estimates. As in Section 2.3.2, we show that, up to a subsequence, u,, — u € L*=(0,T; L*(Q))
in LYQr), a(VTi(u™)) — oljy <k and @™ — & weakly. We also prove, by the same technique as in
Section 2.3.2, the conditions at infinity

lim @, ((k,k+1))= lim o - Vudzdt = 0. (39)

Step 3. Limit of the equation. The difficulty to understand the limit of Eq. (38) is that the term
Y(€)|Vu™[Pdyn—¢ is uniformly bounded in L' and that no stronger a priori bound is available. We define

1 /¢ )
T (€)= 5/07 et

1 0
3

The function I'; is continuous, not C!, on R, but a step of regularization shows that we have
ate,m_(g)xun . div(eiFJf(g)a(Vun)(Sun:g) _ 67F+(§)(Xu6” ® G0 + [ Oun=¢) + 85(6*F+(E)Mn) + R

where

Ri=e O () (a  eno + 87 Leco) tn — ¥(€) VU™ [Poyn =)
(observe that the function & — v(&)(a ™ 1eso + B 1e<o) is continuous since v(0) = 0). Since p™ :=
a(Vu") - Vu"d,n—¢, the hypotheses of coercivity and boundedness (2) and (3) on a ensure that R > 0
and, therefore, that

Ope T+ O yn — div(e T+ O a(Vu)dun—¢) > e+ (xup @ 1m0 + [ Oun—¢) + (e T+ Oum).  (40)

Similarly, we define

1 r¢€
~ [y ife>o,
L9 = 51/0

5 /Eofy if¢€<0
and show the inequality
Ore ™= Oxn — div(e ™= ©a(Vu)oun—e) < e (xun @ =0 + ["Oun—e) + (e - O™y (41)
It is then possible to pass to the limit [n — 4o00] in (40) and (41) to obtain
dre ™"+ Oy, — div(e ™ O ad,—¢) > e Oy, @ G1—0 + Foue) + (e T+ Op), (42)
dre Ty, — div(e T ©Oa(Vu)du—e) < e (xuy @ 010 + fOuze) + (e - p). (43)

(
)

What information do we extract from (42) and (43)7 At a formal level, we can do the following compu-
tations: sum each inequality with respect to £ € R and use the condition at infinity (39) to obtain the
(formal) weak equations

0, / e T+®y de — div(e—F+(u)J) > / 6_F+(5)xu0d§ @ g + e T f, (44)
R R

) / e 1=y, de — div(e T-Wg) < / e T ® yy dE @ Gymg + e T- W . (45)
R R

14
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Multiply the first inequality by e +(€)~T- (5)5u:6 and the second inequality by e =T+ +T~ (5)5u:§ to obtain
(still after formal computations)

dre T+ O, — div(e T+ O, _¢)
e Oy, div(e - Ou(Tp)

e T+ (Xuo ® 0¢=0 + fou=¢) — e g Viu=¢,
e—l"_(E)(Xuo ® S1—0 + [Ou—e) — e T-©g. Viy=c¢.

At last, use the identity e T+ &g - Vi,_¢ = —0¢ (e =), where
v:i=0 Vud,=¢
(this is also a very formal identity) to obtain

Ore T+ Oy — div(e T+ ®a6,—¢) < e (yuy @ Si—0 + fOu=c) + (e T+ ), (46)

O Ty, — div(e_r‘(g)a(Vu)éuzg) > e 1O (xy, @ b0 + fou=¢) + 65(€_F_(£)V). (47)
Come back to the starting point (42)-(43) to deduce the inequalities

De(eTHOp) < (e T+ O), De(e T Op) < e T ), (48)
Assume for the moment that (48) is satisfied in D'(Ur). A test-function ¢ € DT (Qr) being fixed, we
consider the distributions on R defined by
ot = (0 ® 1), Vo (1,0 @1).
They satisfy the inequalities
85(6_“(5),%) < 8£(€_F+(§)Vw)’ de(e™ -y, < 35(6—1“—(5)/%)

in D'(R). Consider the first of these inequalities. Using the condition at infinity (39) for k — —oo and
classical tools of the theory of distributions, it is easy to see that we have e‘F+(5)uW < e‘m(g)u@ in
D’'(R). But similarly, using the condition at infinity (39) for k& — 400, we obtain the converse inequality
e T+ Oy, > e T+ )y, We deduce i, = v, and, this being true for every ¢ € D (Qr), we conclude to
the identity
=r.

Step 4. Strong convergence of the gradient. The identity g = v is the key point in the proof of the
strong convergence of the gradient. Once this has been proved, we proceed as in Section 2.3.3. We prove
in particular that VTj(u™) — VT (u) in L} (Qr), and this allows to pass to the limit in Eq. (38) to
obtain

O Xu — div(a(Vu)du=¢) +7(&)|Vul|Pdu=¢ = Xuo ® Ot=0 + fdu=¢ + 0c(a(Vu) - Vudy,—¢),
i.e. the fact that u is a renormalized solution.

Step 5. Rigorous proof of (48). This is a variation on the proof of Theorem 2 given in Section 3.2. Let
us explain the main arguments. Introduce ax := pg, * (L g+1] + L[—k—1,—4]), and define

= k() = /| o o= [T OO o= [T On, @
Set also
ok ::/e*FJr(g)Xu({)d{, v’g ::/e*FJr(f)Xuo(f)dE, b = e T+Wpk,
R R

We have v* € LP(—1,T; Wy P(Q)) N L®(Qr), vk € L>®(Q) and v* — v, v} — vy, ¥ — 1 when k tends
to +oo. Test Eq. (42) against ¢(¢,x)ri(€) (with ¢ € DT(Q7)), to obtain

T T T T
—/ /(vk—vé“)@ﬂr/ /U-Vsofk—/ /f@f’“ S/ //cpe‘”“)akdu-
0 Q 0 Q 0 Q 0 QJR
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We deduce the inequality

T
| etk =)= [ (6H o < lgllien,
T 0

where GF := —(div(o7,(u)) + fir(u)) € LP (0, T; W1 (Q)) + L*(Q) and e}, = Ji,((k — 1,k + 2)) +
w((=k —2,—k + 1)) — 0 when k& — +4o0o. The analogue of Lemma 1 then shows that, for every
h € Wh(R), v* satisfies the following inequality:

vk T
/ o / h(C)dC — / (GF, oh(v*))dt < [l ||l s

Taking h with compact support, we obtain at the limit £ — 400 the inequality

/ K / B(C)dC - /0 " (G ohw))dt <0

[ oo [ @ac— [ e wihies [T penie) <o, (49)
Qr Vo Qr Qr

ie.

We then fix § € D(R) and apply (49) with

3
Q) = e =T Do), o()i= [ e,
0

in such a way that
/ h(Q)d¢ = / e T-©p(e)de,  h(v) = e~ T TOWg(u),

to obtain the weak form of (46). Similarly, we prove (47). As explained in Step 3., these two inequalities
combined with (42) and (43) imply (48).
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