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Introduction

The essential aim is to explore the Curry-Howard correspondence : we want to associate a
program with each mathematical proof and to consider each theorem as a specification, i.e. to
find the common behavior of the programs associated with every proof of this theorem. It is a
very difficult and very interesting problem, which I call the “ specification problem ” in what
follows.

In the first place, we must give the programming language in which we write these programs,
and also explain in which way they are executed. This is done in the first section, it is the
‘“ program side "’ of the correspondence. As we shall see, this programming frame is very similar
to usual imperative programming. As the theory develops, many usual and important notions of
imperative and system programming will naturally appear, such as : storage and call-by-value
for datas, pointers, signature of files, system clock, boot, ...

Then we must give a computational content to each logical rule and each axiom. We do this by
means of elementary instructions. The instructions for the rules of intuitionistic propositional
logic have been found long time ago, at the very discovery of the Curry-Howard correspondence ;
the programming language was Church’s lambda-calculus. Then the instructions for intuition-
istic second order logic were obtained and the programming language was still the same.
But mathematical proofs are not done in intuitionistic logic, not even in pure classical logic. We
need axioms and the usual axiom systems are :

1. Second order classical Peano arithmetic with the axiom of dependent choice ; this system
is also called “ Analysis ”.

2. Zermelo-Fraenkel set theory with the axiom of choice.

In this paper, we consider the first case. We shall give new elementary instructions for the lacking
axioms, which are : the excluded middle, the axiom of recurrence and the axiom of dependent
choice. It is necessary, for that, to define an extension of lambda-calculus. We notice that
some of these instructions are incompatible with (3-reduction. Therefore the execution strategy
is deterministic and is given in the form of a weak head reduction machine.

The same machine is used for Zermelo-Fraenkel set theory. The instructions associated with
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the axioms of ZF are given in [4]. The full axiom of choice remained an open problem until
recently (may 2005). The new instructions necessary for this axiom and also for the continuum
hypothesis will be given in a forthcoming paper.

Terms, stacks, processes, execution

We denote by PL the set of closed A-terms built with some set of constants which are called
instructions ; one of these instructions is denoted by cc. We shall denote the application of ¢
to u by (t)u or tu ; the application of ¢ to n arguments uy,...,u,, is denoted by (t)u; ... u, or
tu; . .. u,. Therefore, we have tuv = (t)uv = (tu)v with this notation.

Elements of PL are called proof-like terms.

Let L D PL be the set of closed \-terms built with a new constant k and a set Iy # () of new
constants called stack constants.

A closed A-term of L of the form kt; ...t,mg withn € N, ¢1,...,t, € L and 7y € Il is called
a continuation.

A A\ -term is, by definition, a closed A-term 7 € L with the following properties :

- each occurrence of k in 7 appears at the beginning of a subterm of 7 which is a continuation ;
- each occurrence of a stack constant in 7 appears at the end of a subterm of 7 which is a
continuation.

Remark. Proof-like terms are therefore A.-terms which do not contain the symbol k or, which amounts
to the same thing, which do not contain any stack constant.

The set of \.-terms is denoted by A.. In what follows, we almost always consider only \.-terms ;
so, they will be called simply *“ terms " or “ closed terms ”.

Lemma 1. i) PL C A, ;

i) Iftu € A. and u ¢ 1y, thent € A, and u € A, ;

iii) If tu € A. and u € 11, then tu is a continuation ;

) If \xt,u € A, then tlu/z] € A, ;

v Ifty,... . t, € Ao m € N) and 7y € Ty, then (kty ... t,)m € A..

i) Trivial.
ii) Consider an occurrence of k (resp. of a stack constant 7y) in ¢ or u ; it is therefore in
tu. Since tu € A, this occurrence is at the beginning (resp. at the end) of a continuation
kt...t,mo = (ki1 ...t,)m which is a subterm of tu. Now u # 7, so that this subterm is not
tu itself ; thus, kt; ... t,m is a subterm of ¢ or wu.
iii) We have u = 7y € Il and this occurrence of 7 is at the end of a subterm of ¢my which is
a continuation (kt; . ..t,)m,. Therefore, this subterm is ¢y itself.
iv) Consider an occurrence of k (resp. ) in t[u/x] ; thus, it is in Ax t or u. But Az t,u € A,, so
that this occurrence is at the beginning (resp. at the end) of a continuation k¢, . . .%,my which
is a subterm of Az ¢ or u. If this continuation is a subterm of w, it is also a subterm of ¢[u/x]. If
it is a subterm of Az ¢, then this occurrence of k (resp. ) in t[u/z] is at the beginning (resp.
at the end) of the subterm kt; [u/z] . .. t,[u/x]my, which is a continuation.
v) Trivial.

QED.
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Ift1,...,t, € A, @ € N) and 7y € I, the sequence m = (t1,...,t,,m) is called a stack and
is denoted by t;.t5 .. .t,.7 ; the set of stacks is denoted by II. The continuation ki, . . . ¢, is
denoted by k.. Ift € A, and m = t;.t5...t,.my € I, then the stack t.t;.ts .. .t,.m is denoted
by t.m. Thus, the dot is an application of A, xII in II.

Every term 7 € A, is either an application, or an abstraction, or a constant which is an instruction
(indeed, this term can be neither k, nor a stack constant, by definition of \.-terms). From
lemma 1, it follows that, for every 7 € A., we are in one and only one of the following cases :
i) 7 is an application tu with u ¢ Il (and therefore t,u € A.) ;

ii) 7 is an abstraction Azt ;

iii) 7 is an instruction (particular case : 7 = cC) ;

iv) 7 is an application tu with u € Ily, i.e. 7 = k, for some stack 7.

A process is an ordered pair (7,7) with 7 € A, 7 € IL. It is denoted by 7 * 7 ; T is called the
head or the active part of the process. The set of all processes will be denoted by A, x II.

We describe now the execution of processes, which is denoted by >. We give the rule to perform
one execution step of the process 7 x 7. It depends on the form (i), ..., (iv) of 7 given above. In
the four rules that follow, ¢, u, Ax v denote elements of A, ; w, p denote stacks.

i) tuxm >t xu.m (push) ;

ii) Az v * u.m = v[u/x] x T (pop) ;

iii) cc x t.m > ¢ % k.7 (store the stack) ;

the rule for other instructions will be given in due time ;
iv) ky % t.p > t x 7 (restore the stack).

We say that the process t x 7 reduce to t' x 7' (notation t x 7w > t' x ') if we get t’ x 7’ from t x 7
by means of a finite (possibly null) number of execution steps.

Remark. Bylemma 1, we can check that the four execution rules give processes when applied to processes.

Truth values and types

Consider an arbitrary set of processes, which is denoted by L and which we suppose cc-
saturated ; it means that :

txme L,t'xn' =txm =t x7" € L.
P(I1) is called the set of truth values. If U C Il is a truth value and ¢ € A, we say that ¢ realizes
U (motation ¢t |- U) if (Vr € U)txm € L. The set {t € A.; ¢t |- U} will be denoted by |U].
Thus, we have | J,.; Us| = N;c; Uil
The truth value () (resp. II) is called true (resp. false) and denoted by T (resp. ). Thus, we
have |T| =A.;t € |L| < t+x7m € L for every stack 7 € II.
Whenever U, V' are truth values, we define the truth value :
U—-V)={tmt|-U neV};weput-U=(U— 1).
We shall sometimes use the following notation, when V is a truth value and A C A, :
(A-=>V)={tmte A, meV}
For example, {t} — V is the truth value {t.m; 7 € V} ift € A, and V C IL
With this notation, U — V is the same as |U| — V, for U,V C IL.
Remarks. If L = (), then either |[U| = |T| = A, or |U| = |L| = 0 for every truth value U.
|J_| = () is equivalent to 1L = (). Indeed, the implication < is obvious. Conversely, if I # 0, let
txm € L ;then kst xp > t+m € L for every stack p, and therefore k.t € | L|.
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Types are usual formulas of second order logic, written in the following language : the only
logical symbols are — and V ; we have function symbols of arity k£ which are functions from
N* into N and predicate symbols of arity k which are applications from N* into P(II) (k is any
integer > 0). First order variables (also called individual variables) are denoted by z,v, ... ;
second order variables (also called predicate variables) are denoted by X, Y, ... Each second
order variable has an arity which is an integer. Predicate variables of arity 0 are also called
propositional variables.

Notations.

The formula Fy — (F; — ... — (F,, — G)...) is denoted by Fy, Fy,..., F, — G.
1 is defined by VX X ; -F by F — L ;

FVGbyVX[(F— X),(G—X)— X];

FAGbyVX[(F,G - X) = X];

Y FY] by VX{VY (F[Y] - X) — X} ; Jy Fly] by VX{Vy(Fly] — X) — X};
We use the notation FY{F;[Y],..., Fx[Y]} for the formula :

VX{VY (F[Y],..., F,[Y] = X) =» X};

we have the same notation for the first order existential quantifier.

(In all these formulas, X is a propositional variable and Y has an arbitrary arity).

x = y is defined by VX (Xz — Xy) (where X has arity 1).

Let x1,...,x; be individual variables, X a predicate variable of arity k&, A and F' arbitrary
formulas. Then, we define A[F/Xx; ... x| by induction on (the length of) A :

If X is not free in A, then A[F/Xx;...x;] is A.

If Ais X(tl, R ,tk), then A[F/X$1 .. :Ek] is F[tl/xl, e ,tk/xk].

(A— B)[F/Xxy...xi)is A[F/Xxy...x) = B[F/Xxy... 2.

(Vy A)[F/Xxy ...z isVyA[F/ Xz ... 2.

(VWY A)F/Xxy...x) isVY A[F/ Xz ...24) if Y is a predicate variable which is # X
(as usual, we assume that y et Y are not free in F’).

When F is an atomic formula of the form R(z1, ..., xy), where R is either a second order vari-
able of arity k, or a parameter (R € P(II)\"), we write also A[R/X] instead of A[F/ X, ... x}].

We now give the deduction rules for classical second order logic and, at the same time, the
typing rules for Acc-terms, which are the usual \-terms (possibly not closed) written with the
constant ccC ; in such an expresssion as “ ¢ : A ", ¢ is a Acc-term and A is a type, i.e. a second
order formula.

Let [" be a context, i.e. an expression of the form z; : Ay, ..., z, : A,.

.I'tt:A—- B, I'tu:A = I'+tu: B.

T,z AFt:B = T'F X xt: A— B.

T'Ft:(A—-B)— A = I'kcct: A

A Ft:A = T'Ht:VaA (resp. VX A) if x (resp. X) is not free in I'.
TFt:VrA=TkFt: A[r/z] for every term 7 of L.

THt:VXA=TkFt: A[F/Xx; ...z for every formula F'.

Rule 4 uses the interpretation of Griffin [2] for the law of Peirce.
Rule 7 uses Takeuti’s interpretation for the comprehension scheme.

N Ok W

Let A be a closed second order formula with first order parameters in N and second order
parameters of arity £ in P(H)Nk for each integer k. We define below its truth value, which is

4
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denoted by || A||. We denote by | A| the set of terms in A. which realize A, i.e. |A| = {t € A,;
(Vr e ||A]|)txm € L}. We write ¢ |- A (read “ ¢ realizes A ") if t € |A.
The definition of || A]| is given by induction on A :
If A is atomic, i.e. A = R(t1,...,t;), then t1,...,t, are closed terms and R € P(I)Y is a
second order parameter. Let a; € N be the value of ¢; ; then, we put :

|R(t1, ..., t)| = R(ay,...,a) C IL
The other steps of induction are as follows :

|A = Bl ={t.w; t € |A|, m € |B|};

IV Al = [ | Ala/2]|| ; (and therefore [Vz A| = (] |Ala/=]]) ;

aeN aeN

IVX Al = U{HA[R/X]H, R e P(INN'} if X is a predicate variable of arity k

(and therefore VX A| = ([{|A[R/X]|; R € P(I)"}).
We get || L|| = IT and | L| is the least truth value. There is a greatest truth value, denoted by T,
which is () ; thus, | T| = A..

The following theorem shows that realizability is compatible with deduction in classical second
order logic. It is an essential tool in this theory.

Theorem 2 (Adequation lemma). Let Ay, ..., Ag, A be closed formulas such that
1 A1, ...,z Ap Bt A is provable with the rules above.
IflfZ H— AifOI” 1 <1<k, then t[tl/xl, e 7tk/mk] H— A.

In particular, if A is a closed formula and F ¢ : A is provable, then ¢ |- A.

The following lemma is a stronger, but more complicated, form of this theorem ; it is suitable
for a proof by induction.

Lemma 3.

Let Ay, ..., Ay, A be formulas, free variables of which are amongst y1, ..., Ym, Y1, ..., Yn. Let
b; e N(1 <i<m)andP; € P(H)Nkj (1 < j < n), where k; is the arity of Y;. Suppose that
1 A1, ...,z Ap E t o A is provable with the above rules.

IftZ H—Ai[bl/yl,...,bm/ym,Pl/l/i,...,Pn/Yn] fOTl S 1 S ]C, then

t[tl/l'l, PN ,tk/l'k] H— A[bl/yl, ce 7bm/ymaP1/}/1a ce ,Pn/Yn]

We make an induction on the length of the proof of I'-¢: A

where I is the context 2 : Ay, ...,z : Ax. We shall use the notation ¢’ for [t /1, . .., t;/xk]
and A’ for A[b1/y1, .., bm/Ym, P1/Y1,..., P,/Yy]. Consider the rule used in the last step of
the proof :

If it is rule 1 the result is trivial ;

If it is rule 2, we have t = wv and ' - u : A — B, v : A. We must show that ¢ € |B’|, that
is u'v' x m € L for every stack m € ||B'||. But w/v' x m >~ ' % v'.7, hence the result since, by
induction hypothesis, we have u' € |A" — B'|, v' € |A'| and thus v'.7 € ||A" — B’||.

If it is rule 3, we have t = A\zu, A = (B — C)and I', z : B F u : C. We must show that
Azu' € |B" — ('], thatis A\x v/ xm € L for every 7 € ||B" — C'||. Now, we have 7 = v.ww
with v € |B’| and @ € ||C’||. By induction hypothesis, we have «'[v/z] |- C’' and therefore
w[v/x] *w € L. Thus Az v’ xv.w € L, because L is cc-saturated.

5
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If it is rule 4, we have t = ccu and I' F w : (A — B) — A. We must show that ¢’ € |A'|,
that is ccu’ x m € L for every m € ||A’||. Since L is cc-saturated, it is sufficient to show that
u * ky.m € L. We first show that k, € |A" — B’| : indeed, if v € |A'| et p € ||B’||, then
ke xv.p=vxme L.

Now, by induction hypothesis, we know that v’ € |(A’ — B’) — A’|, hence the result.

If it is rule 5 for a first order x, we have A = Vz B and I' - ¢ : B. By induction hypothesis, we

get t' € |B'[a/z]| for each a € N. Thus ¢’ € [,y |B'[a/z]| = [Vz B'| = |4'|.

If it is rule 5 for a second order variable X of arity k, we have A = VX Band ' -t : B. By

induction hypothesis, we have ¢’ € |B'[R/X]| for every R € P(II)"".

Thus t' € VX B'| = |A'|.

If it is rule 6, we have A = B[r/z] and ' F ¢t : Vx B. By induction hypothesis, we get

t' € |Vx B'|. But, if a € N is the value of 7, we have |B'[7/z]| = |B'[a/z]| D |Vz B'| and

therefore t € |B'[7/z]| = |A'|.

If it is rule 7, we have A = B[®(zy,...,%2,)/X 2 ... 2, and therefore :

A" = B'[®(z1,...,2p)/X21...2). We have I' - t : VX B and we must show that ¢’ € |A'|.

By induction hypothesis, we know that ¢ € |VX B’| and the result follows from lemma 4.
Q.ED.

Lemma 4. Let ® (resp. A) be a formula with parameters, with the only free variables z1, . .., z,
(resp. X of arity p). Define R € P(I1)Y by :

R(ay,...,a,) = ||®lar/z1,...,a,/2]|| for ai,...,a, € N.

Then |A[®/X z ... z))|| = ||A[R/X]| and therefore :

|A[®/ X 21 ... 2| C|VX Al and VX A| C |A[®/ Xz ... 2|

We show ||A[®/X 2z ... 2| = ||A[R/X]|| by induction on the length of A.
The result is trivial if X is not free in A, if A is atomic, or if A = (B — C).
If A=V B, then ||A[®/ Xz ... 2| = U,en | B[®/X 21 ... 2p)[a/z]||
= U,en [|Bla/z][®/X 21 . .. 2p]|| = U,en || Bla/z][R/X]|| by induction hypothesis
= Usen [1BIR/ X][a/2]|| = [IVz B[R/ X]|| = [[A[R/X]].
If A=VY B, with Y of arity g and Y # X, then :
JA[R/ Xz ... 2| = U{IIB[®/ X 21 .. ][S/Y]; S € P(I)™}
= U{IIBIS/Y][®/X 21 ... 5][; S € P(I)™}
= {IIB[S/Y][R/X]|; S € P(I1)N*} by induction hypothesis
= W{IIBIR/X][S/Y]ll; S € PU)™} = VY B[R/X]|| = | A[R/X]|.
Q.E.D.
Remark. The terms we obtain by means of proofs in classical second order logic are Acc-terms, that
is A-terms with the constant cc, not necessarily closed. On the other hand, the terms which appear in
processes are in A, (i.e. closed terms with instructions and continuations). The common elements are
proof-like terms with the only instruction cc (hence the name ““ proof-like ).

Theorem 5. For U,V € P(I), weput U <V < (0 € PL)O | U — V.
Suppose that 1 is coherent, which means that (V0 € PL)0 |/~ L. Then < is a preorder (i.e.
reflexive and transitive) and (P (11), <) is a Boolean algebra.

Proof that < is a preorder : if U < V and V < W, then there are £,7 € PL such that
EIFU —=V,n |-V — W. Therefore nof |- U — W, hence U < W.
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Proof that (P(II), <) is a Boolean algebra : we have U AV < U and U AV < V (the proofs

of UANV — U and U AV — V give the requested terms). Moreover, if Z7 < U,V, then

El-Z —- U n|FZ — V thus X2Af((f)(€)2)(n)z | Z — U A V. Therefore we have

Z <UAVand U AV =inf(U, V). In the same way, we get U V V = sup(U, V).

Wehave I | L — U and I |- U — T. Therefore L is the least element and T is the greatest.

We have -UAU < 1L and T < -U VU since -UAU — 1L and T — —U V U are provable.

Thus —U is the complement of U.

It remains to show that T £ . This clearly follows from the hypothesis that 1L is coherent.
Q.ED.

As soon as we choose a coherent set _L, each closed formula with parameters is given a value in
this Boolean algebra. The set 7 of formulas with value 1, i.e. formulas which are realized by a
proof-like term, is a consistent theory which contains second order logic. We are interested in
the models of this theory ; we call them generic models.

The case when L = () is trivial : the Boolean algebra is {0, 1} and we get back the standard
model we started with.

We say that a closed formula F', with parameters, is realized if there exists a proof-like term 6
such that 0 |- F' for any choice of the cc-saturated set L.

All axioms of second order logic are realized. Thus, generic models satisfy second order logic.

The tools we have built up to now are sufficient in order to solve the specification problem for
some very simple valid formulas.

Theorem 6. If 0 : VX (X — X), then 0 xt.w =t xm for everyt € A, and 7 € 11

Given t and 7, we put L = {p € A, *II; p = t x 7} and || X|| = {7}. Thus, we have ¢ |- X.
But, by theorem 2, we have § | X — X, hence § xt.m € L. It is exactly what we wanted to
show.

Q.E.D.
We denote by Bool(z) the formula VX (X1, X0 — Xx), which is equivalent to z =0V z =1
in classical secod order logic.

Theorem 7. If = 6 : Bool(1) (resp. Bool(0)), then 0 x t.u.w > t x 7 (resp. u ) for every
t,u € A, and 7 € 11

Given t and m, we put I = {p € A.xII; p = ¢t x 7} and we define a unary parameter X by
putting || X'1|| = {r}, || Xn|| = 0 for n # 1. Thus, we have ¢ | X1 and u |- XO0.
If - 6 : Bool(1), by theorem 2, we have 6 |- X1, X0 — X1, hence 6 x t.u.m € _L, which is
the result.

QED.
Remark. The meaning of these theorems is that the terms of type VX (X — X) (resp. Bool(1), Bool(0))
behave essentially like I = Az x (resp. Az Ay x, Az Ay y).

Axiom of recurrence and call by value

We should now realize the axiom of recurrence, which is : Va Int(x) where Int(z) is the formula
VX[Vy(Xy — Xsy), X0 — Xz| that says that the individual z is an integer. Unfortunately,
this axiom is not realized. It means that, in a generic model, there may be individuals which

7
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are not integers. Moreover, we shall see later that, in general, there may be also non standard
integers in generic models.

In order to solve this problem, we introduce now some simple tools, which will appear essential
in what follows.

We define a binary predicate constant, denoted by #, by putting ||m # n|| = 0 if m # n and
|m # n|| = II if m = n. The following theorem shows that we can profitably use the formula
x # yinstead of x =y — L.

Theorem 8. The formula VxVy[x # y <> (x =y — L)] is realized. Indeed :
Azl |FVaVy[(z =y — L) = & £ y| and \xdyyz |- VaVylz #y — (x =y — L1)].

We first check that |m = n| = [VX(X — X)|ifm=nand jm=n|=|T — L|ifm #n. It
is immediate, since m = n is the formula VX (Xm — Xn).
We have to show that Az 2 | (m=n — L) > m#nand \edyyz |Fm#n,m=n— L
for every m,n € N. In the first case, we only need to check that :
Az zl | (m =m — L) — L, which is obvious since I |- m = m.
In the second case, we must check that :
AMdyyr |FT,m=n— Lifm#nand Mxdyyx | L,m=n— Lifm=n
which is immediate, using the above computation of |m = n|.
Q.ED.

Theorem 9. Suppose that 6 x k..p € L for any stack © € || X|| and p € ||Y||. Then :
VO |- —-X =Y with V = AxAy(cc)M\h(y)(cc) Ak (h) (z)k.

Let t | —X et p € ||Y]. We must show that VO xt.p € 1L ; but VOxt.p = V x0.t.p =
(cc)AR(t)(c) Ak (R)(0)k*p = t* (cc)Ak(k,)(0)k.p. Since t |- X — L, it is therefore sufficient
to prove that (cc)Ak(k,)(0)k |- X, in other words (cc)Ak(k,)(8)kxm € L for every 7 € || X]|.
This is true because this process reduces into 6 * k;.p.

QED.

Remark. With the notation introduced page 3, the hypothesis of theorem 9is: 0 |- {k.; 7 € || X||} = Y.
Theorem 9 says that the set |~X| behaves, in some sense, like its subset {k.; 7 € || X ||} ; and it gives a
simple way to check that X VY is realized.

Theorem 10 (Storage of integers). We put T' = \fAn(n\g gos) fO, where s is a \-term for the
successor (for instance s = AnAfiz(f)(n)fz).
If ¢ € A, is such that ¢ x s"0.7w € L for every w € || X ||, then T¢ | Int[s"0] — X.

Remarks.

1. With the notation introduced page 3, the hypothesis of theorem 10 is : ¢ |- {s"0} — X.

Theorem 10 says that the set |Int[s"0]| behaves, in some sense, like its subset {s"0}.

2. T is called a storage operator [3]. We understand intuitively its behavior by comparing the weak head
reductions of ¢v and T'¢v, where ¢ and v are A-terms, v ~g AfAz(f)"x (Church integer). We get
Tov = (¢)(s)™0, which means that the integer argument v of ¢ is computed first. In other words, T’
simulate call by value in a weak head reduction, that is a call by name execution.

Note that we use the same symbol s for a A-term and a function symbol of L.

Proof. Let v |- Int[s"0] and 7 € || X|| ; we must show that T'¢ x v.7w € L.
We define a unary predicate P by putting :
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I1P()]| = {s" 0.7} for 0 < j < mnand ||P(j)|| =0 for j > n.
We have ¢ |- P0 by hypothesis on ¢.
Let us show that Ag gos |- Vz(Px — Psz), which means that Ag gos € |P(j) — P(j + 1)|
for every 7 € N. It is trivial for j > n.
If j < n, let £ € |P(j)| ; we must show that Ag gos x £.s" 7~ 10.7 € 1. But we have :
Ag gosx £.8"I710.m = £os* s L0 = €% s" 0.1 € L by hypothesis on £.
Now, we have T'¢ x v.m = v x Ag gos.¢.0.w which is in L because :
v |- Vz(Px — Psz), PO — Ps™0 by hypothesis, ¢ |- P0 and 0.7 € || Ps™0]].
Q.ED.

We are interested in the theory called Analysis or Second order Peano arithmetic, which is
classical second order logic with the following supplementary axioms :

1. A set of equational formulas, i.e. formulas of the form :

Yoy .. Vag[t(xy,...,xx) = u(xy,...,zx)], where t,u are terms which represent functions
from N* into N. Of course, all these formulas are supposed to be true in N. For instance,
we can take the following equational formulas, where 0, s, p, 4, . are function symbols that
represent respectively the integer 0, the successor function, the predecessor, the addition and
multiplication on integers :

p0 =0;Ve(pse =) ; Ve(z + 0 =z) ; V[z + sy = s(z + y)] ;

Vr(x.0 =0) ; VaVylz.sy = z.y + z].

2. Vz(0 # sx).

3. The recurrence axiom YV Int(z).

4. The axiom of dependent choice.

All equational axioms 1 are realized by I = Az z. Axiom 2 is realized by any proof-like term.
But there is a problem with axiom 3, as is shown by the following theorem :

Theorem 11. There is no proof-like term and even no instruction which realizes ¥V Int(x).

Let £ be such an instruction ; thus, we have ¢ |- Int(0) and & |- Int(1) for every choice of
the set L. Let § = Az xz, og = 000, oy = 91 ; let ™ be some stack.
We first take I = {p € A, xII; p = ag * 7} (recall that A, x II is the set of processes).
We define a unary predicate X by putting || X0|| = {#}, | X(i + 1)|| = 0 for every ¢ € N.
Thus, we have o |- X0 and ¢ |- Vy(Xy — Xsy) for every t € A.. But £ | Int(0), thus
¢ |FVy(Xy — Xsy), X0 — XO0. It follows that £ x Az aj.ap.m € L. In other words,
Ex A\raq.qp.T = ag * .
We now take L = {p € A, *II; p = a1 » 7} and we define the unary predicate X by putting
1X0[ =0, |X(i+ 1)|| = {r} for every i € N. Therefore, we have ¢ |- X0 for every t € A,
and Az oy | Vy(Xy — Xsy). But £ |- Int(1), thus € |- Vy(Xy — Xsy), X0 — X1. It
follows that & x Ax aj.cp.m € L. In other words, £ x Ax ay.a9.7 > ay x w. This is obviously
a contradiction with the preceding result, because no process can reduce both to oy x 7 and
o % T

QED.

A solution for axiom 3 (we shall give another method later) is simply to remove it by means of
the following well known property :

Every proof of a formula © in second order classical logic, using axioms 1, 2 and 3, can be
converted into a proof of O™ using axioms 1, 2 and the following axioms :
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3. Ny .. Neg{Int[z], ..., Intlzy] — Int[f(z1,...,z)]} for each function symbol f of L.
©Int is the formula that we obtain by restricting to Int all first order quantifiers in ©. It is
inductively defined as follows :

If A is atomic, then A™™ = A ; (A — B)I"t = A" — pInt;

(VX A)Int = VX A"t (Y A)I™ = Vo (Int[z] — A,

It remains to find for which functions from N* into N the formulas 3’ are realised. The solution
is given by the following theorem :

Theorem 12. Let f be a function symbol of arity k, which represents a (total) recursive function.
Then the formula ¥z, .. NVxp{Intxi],..., Intlxy] — Int[f(z1,...,x)]|} is realised.

We first need a result about usual \-calculus.

Notations.

A is the set of usual \-terms.

Ift,u € A, then ¢t ~3 ¢ means that ¢ is -equivalent to ¢’ ;

t > t' means that ¢ reduce to t' by weak head reduction : a step of weak head reduction is
(Azu)ovy ...v, = (uv/x])vr ... Uy

The following lemma explains why we use the same symbol > for weak head reduction of usual
A-terms and for the execution des processes.

Lemma 13.

Let £,m,t1, ..., tx € N some usual closed \-terms and let m € 11. If n) is not an application (in
other words, 1 is a A-constant or n = \xn') and if € = (n)t1 ... tx, then

Exm=nkty. ... tg.m.

The proof is by induction on the length of the weak head reduction £ = (9)t; ...t;. The first
step is £ = (Ayuw)vvy ... v, > (u[v/y])v; ... v, and, by induction hypothesis :

(u[v/y])vy ... vy * T = n*ty. ... .tg.w. Now, during the first n — 1 reduction steps of the left
hand side, the head of the process is an application ; since 7 is not, we did not reach yet the
right hand process after these steps. Thus, we have :

(u[v/y]) *v1 ... 057 = nxty. ... tg.m. It follows that :

Exm=(Ayuw)ovy ... v, %7 = (ufv/y]) x vy ... 0T = nxty. ...t
Q.ED.

Notations.

For t,u € A., we define :
(t)"u pour n € Nby : (t)°u =u, ()" u = (t)(t)"u.
tou by Ax(t)(u)z, where x does appear in t, u.

Lemma 14. Let f,a be A-constants and £ € A such that £ ~5 (f)"a.
Suppose that ¢ |- Vy(Xy — Xsy) and o |- X0. Then &[¢/ f, a/a] |- X s™0.

Proof by induction on n. If n = 0, then £ ~3 a and therefore £ >~ a. If 7 € || X0|, then
§xm = axm, bylemma 13. Thus {[p/f,a/a] xm = axm € L.
If n > 0, then & = (f)n with n ~5 (f)" 'a. Let m € || Xs"0|| ; then £ x 7 = f xn.m, by
lemma 13 and therefore £[¢/ f,a/a] x ™ = ¢ x n[od/f,a/al.m. Now, ¢ € |Xs" 10 — Xs"0|
and, by induction hypothesis, n[¢/f, a/a] € | Xs"710|. Thus ¢ x n[¢/f,a/al.m € L.

Q.ED.

10
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Theorem 15. Let n € N and v € A such that v ~g A\ f\x(f)"x. Then v |- Int[s"0].

Let ¢ | Vy(Xy — Xsy), a |- X0 and 7 € || Xs"0| ; we must show that v x p.a.m € L.
Since v ~3 AfAz(f)"z, we have v = A\fn, n > Aa€ and £ ~4 (f)"a. By lemma 13, we have
vk p.a.m = Afnxd.am = n[d/f] *x a.m. Again by lemma 13, we have :
n*a.m = Aa& *a.m = la/a] xm and thus n[¢/ f] x a.m = &[@/ f, a/a] x 7. Finally, we have
v .. = E[p/f,a/a]l x m. But, by lemma 14, we have £[¢/f, a/a] | X s"0 and therefore
vxo.am = &P/ f,alalxm e L.

Q.E.D.

We can now prove theorem 12. For simplicity, we suppose £ = 1 ; thus, we have a recursive
function f : N — N. Let ¢ € A be a A-term which represents f : for each n € N, we
have ¢s™0 ~g AfAz(f)Px with p = f(n). Thus ¢s"0 > Af ¢ and, by theorem 15, we have
A& | Int[sP0]. Let m € |[Int[sP0]|| ; we have A\f§ xm € L. Now, by lemma 13, we
have ¢s"0 x m = Af& * m ; but this reduction has necessarily at least one step, because
@s"0 # Af & (¢ps™0 does not begin by A). Therefore ¢ x s"0.m = Af& 7 € 1. Since this
holds for each 7 € ||Int[sP0]||, theorem 10 shows that T'¢ |- Int[s"0] — Int[sP0], that is
T¢ |- Int[n] — Int[f(n)]. Since this is true for every n € N, it follows that

T¢ |- Vz(Intlx] — Int[f(x)]).

QED.

Arithmetical formulas

We can now consider the specification problem for arithmetical theorems. We begin by two
simple forms : Vz3y|[f(z,y) = 0] and J2Vy[f(z,y) = 0] where f is a recursive function. We
suppose that these formulas are proved in classical second order arithmetic, using equational
axioms written with total recursive function symbols (so that theorem 12 applies). In order to
remove the recurrence axiom, we write these theorems in this form :

Va[Int(x) — Jy{Int(y), f(z,y) = 0}] and x{Int(z), Vy[Int(y) — f(z,y) = 0]}.

Theorem 16. If + 0 : Vz[Int(z),VYy{Int(y) — f(x,y) # 0} — L], then for every n € N,
k € A and m € 11, we have 0 x n.Tr.m > Kk x sP0.n" with f(n,p) = 0 (I is defined in
theorem 10).

Remark. If we take for x a “ stop ” instruction, we see that the program 6 can compute, for each integer
n, an integer p such that f(n,p) = 0. A “ stop ” instruction has no reduction rule when it comes in
head position ; therefore, execution stops at this moment.

Of course, the theorem remains true if we use other axioms in the proof of the formula Vz3y[f(z, y) = 0],
provided that these axioms are realized by suitable instructions. For instance, as we shall see later, we
can use the axiom of dependent choice for this proof ; then, the program 6 will contain a clock instruction
h the reduction rule of which is :

hxt.m > t xn.m, where n is an integer which is the current time.

Proof. We choose n € N and we put L = {p € A, xII; p > Kk * sP0.p with p € II and
f(n,p) = 0}. By theorem 2 (adequation lemma), we have :

(*) 8 [ Int(n),Vy{Int(y) — f(n,y) # 0} — L.

We have n |- Int(n) by theorem 15. We show that T'x |- Vy{Int(y) — f(n,y) # 0}, in other
words that Tk |- Int(p) — f(n,p) # 0 for every integer p. By theorem 10, it is sufficient to

11
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prove that k * s?0.p € L for every p € | f(n,p) # 0|. It is trivial if f(n,p) # 0 since
| f(n,p) # 0] = 0. If f(n,p) =0, it is again true by definition of L.
It follows from (*) that @ x T'k.m € L for every w € II, which is the desired result.

Q.ED.

We consider now an arithmetical theorem ¢ of the form :

Jz{Int(z), Vy[Int(y) — f(z,y) = 0]}.

We define a game between two players called 3 and V : 3 plays an integer m, V answers by an
integer n ; the play stops as soon as f(m,n) = 0 and then 3 won ; therefore V wins if and only
if the play does not stop.

Intuitively, 3 is the “ defender " of the theorem and V ““ attacks " this theorem, searching to
exhibit a counter-example. It is clear that 3 has a winning strategy if and only if N = & ;
moreover, in this case, there is an obvious strategy for 3 : simply play successively 0,1, 2, . ..

We shall show (theorem 17) that the program associated with a proof of ® behaves exactly
as a winning strategy for 3 in this game. For this, we need to add an instruction x to our
programming language, in order to allow an interactive execution. The execution rule of x is
the following :
K* s"0.6.m = &% SP0.Kpp. T

forn,p e N, £ € A, m,7" € I ; s is a fixed A\-term for the successor in Church integers ;
is a double sequence of ““ stop " instructions.

Observe that this execution rule is non deterministic, since the integer p and the stack 7’ are
arbitrary. The intuitive meaning of this rule is as follows : in the left hand side, the program,
which is also the player 3, plays the integer n ; in the right hand side, the attacker V answers by
playing p and the execution goes on ; k., keeps the trace of the ordered pair (n, p) of integers.

Theorem 17. If + 0 : [3xVy(f(z,y) = 0)]/™, then every reduction of 0 x Tk.7 ends up into
Knp x ™ with f(n,p) = 0. T is the storage operator defined in theorem 10.

We take for L the set of processes every reduction of which ends up into x,,,*7’ with f(n,p) =0
and 7’ € II. We must show that  x k. € I for every w € IL.
By theorem 2, we have 0 |- Vx[Int(x), Vy(Int(y) — f(z,y) =0) — L] — L.
Therefore, by definition of ||, it is sufficient to show that :
Tk | Vz[Int(x),Vy(Int(y) — f(z,y) =0) — L].
Let n € N ; we must show that T'x |- Int[s"0] — [Vy(Int(y) — f(n,y) =0) — L].
By theorem 10, we only need to show that, if 7 € Il and £ |- Vy(Int(y) — f(n,y) = 0) then
kx s"0.£.m € 1. By definition of _L, it is sufficient to show that £ x sP0.x,,,.m € L for every
p € Nand 7 € II. But, by hypothesis on &, for every p € N and w € ||f(n,p) = 0||, we have
€ x sP0.w € L. Therefore, it suffices to show that x,,.7 € || f(n,p) = 0| for every p € N and
m e Il
If f(n,p) =0, then || f(n,p) = 0] is |[VX (X — X)|| that is to say :
{t.p;t € A, p € II,txp € L}. But, by definition of L, we have also ,, 7 € L and therefore
o € |1 () = O]
If f(n,p) # 0, then ||f(n,p) = 0| = || T — LJ| that is to say {¢t.p; t € A, p € II} ; thus, we
have again k,,.7 € || f(n,p) = 0|

Q.E.D.
It follows that every proof of ® in classical analysis gives rise to an interactive program which
wins against any attacker.

12



hal-00154500, version 1 - 13 Jun 2007

Indeed, at each answer of the attacker V, the program, which is nobody else than the player 3,
provides an object (s"0, ) constituted with an integer n (the “ provisional solution ”) and an
exception handler &, which will be used in case of a pertinent answer of the opponent.

They are the two arguments of x which can therefore be considered as a pointer towards this
object.

We can, without any supplementary effort, add a universal quantifier, which gives the

Theorem 18. If 0 : [Va3yVz(f(x,y,2) = 0)]'™, then every reduction of 0 x m.Tx.m ends up
into K, x " with f(m,n,p) = 0.

The generalization to the case of an arithmetical formula with an arbitrary number of alternating
quantifiers is given in [5].

We shall now prove that every arithmetical formula which is true in N is realized. We use for
this the trivial winning strategy of the player 3, which we express by a program.

Theorem 19.
Let 0 be a closed \-term such that 6ti - (ti)(60t)(s)i. If N = Ve3yVz[f(z,y, z) # g(z,y, 2)),

then \x 020 |- VzIy{Int(y),Yz(f(z,y, z) # g(x,y,2))}.

Remark. This formula is obviously stronger than [Vz3yVz(f(x,y, z) # g(x,yz))]!™ which is therefore
also realized.

Suppose that there exists an integer m such that :

Az 0z0 |- Yy[Int(y),Vz(f(m,y,z) # g(m,y,z)) — L] — L. Thus, there exists t € A. and
mo € Il such that ¢ |- Vy[Int(y),Vz(f(m,y,2) # g(m,y,z)) — L] and 6t0 x 7y ¢ L.

Thus, we have ¢ x 0.0t1.my ¢ L and therefore 6t1 ||~ Vz(f(m, 0, z) # g(m, 0, 2)). This means
that there exists py € N and 7; € II such that f(m,0,py) = g(m,0,po) and 0t1 xm; ¢ L.
Therefore, we have ¢ x 1.0t2.m; ¢ L and so on. Therefore we build, in this way, a sequence of
integers p; (¢ € N) such that f(m,i,p;) = g(m, 1, p;). This is a contradiction with the hypothesis

that N |= Va3yvz(f(z,y, 2) # g(z,y, 2)].
Q.ED.

This theorem generalizes to an arbitrary number of alternating quantifiers (see below the sub-
section “ Arbitrary arithmetical formulas ”).

Axiom of foundation in generic models

We obviously have N = VxIyVz(z # y + z) (take y = sz). Thus, by theorem 19, we have
Az 020 |- VaeIy{Int(y),Vz(x # y + z)}. We shall deduce that generic models are “ well
founded " :

Theorem 20. The formula Vx3n3\y{Int(n),y ~ 0,2 = n + y} is realized, where y ~ 0 is the
formula Vz(y # sz).

It is sufficient to show that this formula is a logical consequence of the above formula and of
identities VzVyVz(f(z,y, 2) = g(,y, z)) which are true in N.

Existence : let p be the least integer such that Vz(x # z+p). Then p # 0 because Vz(x # z+0)
is false, by 2z +0 = z. Threfore p = sn and, by definition of p, there exists y such that x = y+n.
We cannot have y = sz, otherwise t = sz +n=z+sn=2z+p.

13
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Unicity : suppose that z = y + n = y' + n/, with Int(n), Int(n’) y,y" ~ 0. Suppose n < n/,
thus n’ = n + k with Int(k). Therefore, we have y +n =y +n+k, thusy = ¢y’ + k ; since y
is not a successor, we have k = 0, thusn =n’ and y = v/'.
Q.ED.

With each individual of the model, we can therefore associate an integer (of the model) and only
one. In this way, we can consider integers as equivalence classes. It is another interpretation of
the recurrence scheme : instead of restricting individuals to integers, we keep individuals and
we restrict to predicates which are saturated for this equivalence relation. The two models of
second order arithmetic obtained in this way are obviously isomorphic.

The following theorem is also an expression of well foundedness. It will be used later.

Theorem 21. Let Y be the Turing combinator : Y = AA with A = \a\f(f)(a)af. Then
Y |- VX {Vn( () |Xm| = Xn) — Vn Xn}.

m<n

Let X : N — P(II), ¥ € N and ¢t | Vn( ﬂ |Xm| — Xn). We show, by induction on &,

m<n

that Y x t.m € L for every m € Xk. By induction hypothesis, we have Y xt.p € L for every
p € U< Xm and therefore Yt |- ﬂ | X'm/|. Thus, by hypothesis on ¢, we have t x Yt.m € 1L

m<n
for every m € Xk. But we have Y x t.m > t x Yt.7m hence the result.
Q.ED.
We define the predicate x # x y (predicate of order 3, where X is a propositional variable) by
putting, for m,n € N: |m #x n| = 0 if m # n and ||m #x n|| = || X|| if m = n.

Lemma 22 tells us that this predicate is equivalent to =z =y — X.

Lemma 22. The formula VXVxVy{z #x y <> (x =y — X)} is realized. Indeed, we have :
Arzl |FVXVaVy[(x =y - X) = z #x y] and
Az Ay yz |- VXVaVy[z #x y — (2 =y — X))

Same proof as for theorem 8, which is the particular case X = L.
Q.E.D.

The following theorem gives the specification associated with a formula of the form :
VaIy{Int(y), Vz[f(2,y,2) # 9(x,y, 2)]} when N |= Va3yvz(f(z,y, 2) # g(x,y, 2)].

Theorem 23. Suppose that N |= VaIyVz[f(z,y, z) # g(z,y, z)] ; let 0 be a proof-like term such
that 0 |- Vx3Iy{Int(y),Vz[f(x,y, z) # g(x,y, 2)|} for every choice of L (such a term exists, by
theorem 19). Then we have, for every stack T :

OxTr.m = kxnyto.m toxT™ = K*ny 4.7, ..., LixT = K*xn, .41, ... and for everym € N
there exists i such that N |= Vz[f(m,n;, z) # g(m,n;, z)].

By lemma 22, the formula VXVz{Vy[Int(y),Vz(f(z,y,2) #x g9(z,y,2)) — X| — X} is
equivalent to VX Va{Vy[Int(y) — 3z(f(z,y,2) = g(z,y,2)) V X| — X}, and therefore to :
Ve3y{Int(y),Vz[f(z,y, z) # g(z,y, z)]}. We can thus suppose :

Consider an integer m and a stack 7 ; we put || X || = {7} and

L ={peAcHIl;p = kxnytom toxT = Kxn.t1.m, ..., t; % T = K* Ny .tip1.m, ... and

14
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(i € N)(Vz € N) f(m,n;, z) # g(m,n;, 2)}.
It is therefore sufficient to prove that T'x |- Vy[Int(y),Vz(f(m,y,2) #x g(m,y,z)) — X for
every m € N. By theorem 10, we have to show that x x n.t.m € L for every n € N and every ¢
such that ¢ |- Vz(f(m,n, z) #x g(m,n, z)). In other words, we must check :
) (Vz e N)(f(m,n,z) #x g(m,n,2)) = k*n.t.r € L ;itis clear, by definition of L.
it|-X=rkxntmel orelset+xm € L = rkxntme L;itis clear again by definition
of I.

Q.E.D.

For instance, the formula Vz3y{Int(y),Vz(xz # y + z)} is a specification for the * streams of
integers ” which take arbitrarily high values. If we define e : N*> — {0,1} by e(m,n) = 1 <
m = n, the formula Vaz3y{Int(y), e(x,y) # 0} is a specification for the “ streams of integers ”’
which take every possible value. It is the same for the formula (which is equivalent to the former
one) : VzIy{Int(y),Vz(z* + y* # 2zy + s2) }.

Arbitrary arithmetical formulas

Remark. This subsection may be skipped at first reading.

Let us now consider a formula ® of the form :

31 Vyy .. 3y (f (21, 91, - - -, Tk, Yr) # 0) where f : N?* — N is an arbitrary function.

We define a game associated with ¢ (players 4 and V are respectively the “ defender ” and the
‘“attacker "’ of the formula ®) ; we also define the notion of reached position at a given moment :
A position of the game is a finite sequence of integers n1p; ...n;p; (0 < ¢ < k). The player
3 chooses first an already reached position n1p; ...n;p; with 0 < i < k and an integer n;.1 ;
then, the player V chooses an integer p;.1. The position n1p; ... n;11p;+1 is then reached.
Ifi+1=Fkand f(ny,p1,...,nkpx) 7 0, then the play stops and 3 won. In every other case,
the play goes on. Therefore V wins if and only if the play does not stop.

It is easy to see that N |= @ if and only if the player 3 has a winning strategy for this game.
Moreover, we can effectively (and very simply) describe such a strategy. It does not even depend
on the function f, but only on the number k of quantifiers :

The player 3 uses an effective enumeration of N*. When he reaches the k-uple n; ...n;, he
chooses the longest already reached position of the form n;p; ...n;p;. We have ¢ < k because
this position was reached for a k-uple of integers which is different from n; ...n;. Then, he

plays successively n;1, ..., n; without taking any account of the choices of player V. Then, he
continues with the next k-uple of integers.
If the play is infinite, we obtain & functions ¢;(z1, ..., z;) such that :

N ): V:rl .. \V/xk {f[xl, §Z51(IE1), T2, ¢2($1,£L’2), <oy Ly ¢k(m17 cee 7'176)] = 0}
which is the Skolem form of =& ; thus N = —®.

Conversely, if N = =&, there exist k functions ¢;(z1, ..., z;) such that the Skolem form of =&
is satisfied. They obviously provide a winning strategy for the opponent V.

Theorem 24. Suppose que N = 3x1Vy; ... FopVye(f (21, Y1, - - -, Tr, Yr) # 0)
where f : N** — N is an arbitrary function. Then the formula :

Jzi{Int(z1), Vy1 Fzo{Int(z2), . .. Iwp{Int(zk), Yyu(f (@1, Y1, - - 2w y6) #0)} ..}
is realized by a proof-like term which is independent of f (it is, in fact, a usual closed \-term).

15
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Remarks.

This formula is obviously stronger than ®/™, which is therefore also realized. Theorem 24 is a general-
ization of theorem 19.

The integers of a generic model give therefore a first order model which is elementarily equivalent to N.
The term which realizes ® is obtain by means of a program for the winning strategy given above.

We shall only consider the case where N = & = ImVn3p(f(m,n,p) # 0).
We then write, in the following way, a proof-like term independent of f which realizes the
formula Im{Int(m),VnIp{Int(p), f(m,n,p) # 0)}}:

m, p are A-variables, which represent Church integers ; s, and s; are closed usual \-terms
such that the ordered pair (somp, symp) is the successor of the pair (m, p) in a fixed recursive
enumeration of N? which begins with (0, 0).

o is a variable which represents a finite sequence of ordered pairs (mg, 1), - - . , (Mg, M%) where
m; is a Church integer and 7; a \.-term. In other words, o represents a \.-term of the form
ARz (hmono) - - - (hmymg) 2.

H and ¥ are closed usual \-terms, defined as follows :

Honm > n; for the first 2 such that m = m,, if m is equal to one of the integers m; of the
sequence o ; otherwise Honm > n.

Yonm = o if m is equal to one of the integers m; of the sequence o ; otherwise Xonm > T,
where T is the sequence obtained by adding the pair (m, ) at the end of the sequence o.

Theorem 25. Ler f : N> — N be an arbitrary function such that N |= 3mVn3p(f(m,n,p) # 0).
Define a closed usual A-term 6 by (0&)omp = (Eém)An(n'p)(0&)a'm'p’

with )’ = Honm, o' = Xonm, m' = somp, p' = symp.

Then Az 02000 |- Vm{Int(m),Vn|Vp(Int(p) — f(m,n,p) =0) - L] - 1L} — L.

Let & |- Ym{Int(m),Yn[Vp(Int(p) — f(m,n,p) =0) — L] — L};
we have to show that §£000 |- L.

Lemma 26. Let 1g,...,m € A. and m,p, mg,ng, ..., mg,nx € N, my, ..., my being distinct
integers ; suppose that n; |- Vp{Int(p) — f(m;,n;,p) =0} for 0 < i < k. We put :

o = AhAz(hmgng) - - - (hmymg)z. If 0omp |l L, then there exist n € N and n € A, such
that 0¢a'm'p’ |- L, n |- Vp{Int(p) — f(m,n,p) = 0} and f(m,n’,p) = 0 with n’ = n if
m # m; for 0 < i < k ; otherwise, n' = n; for the (unique) integer i such that m = m,.

By definition of 6, we have {mityp, - L with t,.,, = An(n'p)(8){a'm'p'.
By hypothesis on &, it follows that ¢, [~ Vn[Vp(Int(p) — f(m,n,p) =0) — L].
Thus, there exist n € N and n € A., n |- Vp{Int(p) — f(m,n,p) = 0}, such that ¢,,,,7 |~ L.
We have ' = Honm and therefore 1’ |- Vp{Int(p) — f(m,n’,p) = 0}, by definition of H.
Now, we have : t,,,n > 7'p.0Ec'm/p’.
If f(m,n',p) #0, then n'p |- T — L ; therefore t,,,,n |- L which is a contradiction.
Therefore, we have f(m,n’,p) = 0 and it follows that 'p |0 =0, thatis n'p |- L — L ;
if 0¢o’m/p’ |- L, we get once more the contradiction t,,,,,7 |- L.

Q.E.D.

Now suppose that §£000 |l L ; applying iteratively lemma 26, we obtain a sequence
(mi, i, pis ni)ieN such that :
e (m;, p;)ien is the fixed enumeration of N? which begins with (0, 0) ;
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e if we put ¢(m) = n; for the first j such that m = m,, then f(m;,¢(m;),p;) = 0 for

every ¢ € N.

It follows that N = VmVp[f(m, ¢(m),p) = 0] and therefore N & ImVn3p[f(m,n,p) = 1].
Q.ED.

Without any supplementary effort, we can add two universal quantifiers : in head position, a

quantifier VI is justified because the A-term which we got does not depend on f. The last

quantifier Vgq is justified, because the equation f(m,n,p) = 0 can be written f(m,n,p) # 0 —

L, which only takes the truth values T — L and L — 1. We replace it with :

Yq(f(l,m,n,p,q) # 0) — L which has the same property. Therefore, we get :

Theorem 27. Let f : N> — N be an arbitrary function such that

N = Vi3mVn3pVq(f(l,m,n,p,q) # 0) and let 6 be the closed \-term defined in theorem 25.
Then we have : A\x 02000 |- YIIm{Int(m), Yn3p{Int(p),Yq[f(l,m,n,p,q) # 0]}}

which is the formula :

VIVm{Int(m), Yn[Vp(Int(p),Yq(f(l,m,n,p,q) #0) = L) - 1] — L} — 1].

The axiom of choice in analysis

In order to get programs from proofs in classical analysis, it remains to realize the axiom of
dependent choice or a slightly weaker form : the axiom of countable choice. This axiom is,
indeed, used very often in analysis.
We consider first the axiom of countable choice which is technically simpler to realize. It consists
of the following axiom scheme :

VY3ZVzr(3X Flz, X, Y] — Flz, Z(z,y)/ Xy, Y)).
F'is a second order formula in which the binary predicate variable Z does not appear ; X is
of arity 1 ; Y = (Y1,...,Y,) is a finite sequence of second order variables (which are, in fact,
parameters).
We shall rather write this axiom in contrapositive form :
(CAC) VY 3ZVz(Flz, Z(z,y)/ Xy, Y] = VX Flz, X,Y]).
This means that Z(z, y) is a counter-example to VX F[z, X], if there is one.
In order to realize this axiom scheme, we add a new instruction, which is denoted by Y ; its
reduction rule is given as follows : consider a fixed bijection n — 7,, from N onto II (which we
do not even need to suppose recursive) ; let m — n, be the inverse function. For each n € N,
we denote by n a fixed A-term which is ~5 A fAz(f)"z, for instance A fAz(f)"z itself, or s™0,
where s is a A-term for the successor. The reduction rule for x is then the following :

xxtm—txn .m foreveryt € A, and 7 € II.

Remark. We shall examine later the intuitive meaning of this reduction rule.

Of course, from now on, the set | of processes is supposed to be cc-saturated for this new
notion of reduction.

Theorem 28.

Let F[z, X] be a formula with parameters, X being a unary predicate variable. There exists a
function U : N* — P(II) such that :

X |FVz{¥n(Int[n] — Flz,U(z,n,y)/Xy|) — VX Flz, X]}.
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For each individual z and each stack 7, we have :

7 € |VX Flz, X]|| & (3R € PI)Y) 7 € ||F|z, R/ X]].
By the axiom of countable choice, there exists a function U : N* — P(II) such that :
m € |VX Flz, X]|| & © € ||F[z,U(xz,n,,y)/Xy]||. Let us show that U has the desired
property : we consider an individual z € N, t € |Vn(Intln| — Flz,U(z,n,y)/Xy])| and
m € ||VX Flz, X]||. We have to show that x = t.m € L. By the reduction rule of Y, it is
sufficient to prove that ¢ x n_ .7 € L. But this follows immediately from :
o t | Int(s"0) — Flz,U(z,n.,y)/Xy| which is true by hypothesis on ¢ ;
e n_ | Int(s"~0) by theorem 15 ;
e 7€ ||F[z,U(x,n.y)/Xy]| by hypothesis on 7 and by definition of U.

Q.ED.

The formula 3UVz{Vn(Int[n] — Flz,U(z,n,y)/Xy]) — VX Flz, X|} is therefore realized
by Az zx. But this formula implies, in classical second order logic, the countable axiom of
choice (CAQ), that is 3ZVx{F [z, Z(z,y)/Xy]) — VX Flz, X]|}.
The proof is easy : it is sufficient, by means of the comprehension scheme, to define Z(z,y)
by the following formula : “ U(z,n,y) for the first integer n such that —F[z,U(z,n,y)/Xy] if
there is one . Notice that this proof uses the excluded middle ; therefore, the \.-term we get
to realize CAC contains the instructions x and cc.

However, a careless formalization of this proof will give a complicated and not very comprehen-
sible term. It is therefore interesting to give an explicit and more refined method, in order to
obtain a simple term. This is done below in the section “ A program for the countable choice
axiom ”.

The axiom of dependent choice

It is the following axiom scheme :

VX3Y H[X,Y] — AZVEk(Intlk] — H[Z(k,y)/ Xy, Z(k+ 1,y)/Yy])
for every formula H which does not contain the variable Z.
We wrrite this scheme in the following form :

(DC) AZVk(Int(k), F[Z(k,y)/ Xy, Z(k+ 1,y)/Yy] = VY F[Z(k,y)/Xy,Y])

for every formula /' which does not contain the variable Z.

The first form follows immediately from this one, by setting /' = —H. Conversely, we get
the second form if we set H(X,Y) = [F(X,Y) — VY F(X,Y)] in the first one : indeed,
VX3Y H[X,Y] is then provable.

Let <x,y> be a symbol of binary function, which represents a bijection of N? onto N. We
suppose it to be recursive so that theorem 12 applies.

Lemma 29. For every U : N*> — P(I1), there exists V : N> — P(II) such that :
X |FVn{Intn] — FlU(z,y)/Xy,V(<n,z>,y)/Yy|} = VY F[U(z,y)/Xy,Y].

Same proof as for theorem 28. For each individual  and each stack 7, we have :
m € |IVY FlU(z,y)/ Xy, Y]| < (3R € PADY) 7 € || F[U(z,y)/ Xy, R/Y]]|.
It follows, by the countable choice axiom, that there exists a function V' : N2 — P(H) such
that 7 € [IVY F[U(z,y)/Xy,Y]|| & 7 € | F[U(z,y)/Xy, V(<ng, z>,3)/ Yyl
We now show that V' has the desired property : consider 7 € ||VY F[U(z,y)/Xy,Y]| and
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t € |Vn{Int[n| - F[U(z,y)/ Xy, V(<n,z>,y)/Yy|}|. We have to show that x xt.7 € L,

thatis ¢ x n_.m € L. But this follows immediately from :

o t | Int(s"0) — F[U(z,y)/Xy,V(<n.,x>,y)/Yy] by hypothesis on ¢ ;

e n_ | Int(s"~0) by theorem 15 ;

o m€||F[U(x,y)/ Xy, V(<ng,x>,y)/Yyl|| by hypothesis on 7 and by definition of V.
Q.ED.

Theorem 30. Let F'[X,Y] be a formula with parameters, X,Y being unary predicate variables.
Then, there exists A : N* — P(II) such that :
X |FVaVk(Yn{Int[n] — F[A(k,z,y)/ Xy, A(k + 1,<n,z>,y)/Yy]}

— VY FlA(k,z,y)/ Xy, Y)).

By lemma 29, we have (YU € P(I1)¥*)(3V € P(I1)¥")®(U, V) where ®(U, V) is the formula
X |FVYn{Int[n] — FlU(z,y)/Xy,V(<n,z>,y)/Yyl} = VY F[U(z,y)/ Xy, Y].
Therefore, we get the result by application of the axiom of dependent choice (in the usual form,
i.e. the first one) to the formula ®(U, V).

Q.ED.

By theorem 30, in order to realize the axiom scheme (DC), it is sufficient to derive it, in classical
sAecond order logic, from the formula :
F[A] = VaVk(Yn{Intin| — F[A(k,z,y)/ Xy, A(k + 1, <n,z>,y)/Yy|}

— VY F[A(k,z,y)/ Xy, Y]).
But the formula F° [A] is trivially equivalent to VaVk3In{Int[n|, G|z, k,n, A|} with :
Glz,k,n, Al = F[A(k,z,y)/ Xy, A(k + 1, <n,z>,y)/Yy| = VY F[A(k,z,y)/ Xy, Y].
Thus, we can define inductively a sequence of integers ny, by the conditions ny = 0 and
ngr1 = <n,ng> for the first integer n such that G[ny, k,n, A]. Now, if we define Z(k,y)
by A(k,ng,y), we get F[Z(k,y)/ Xy, Z(k + 1,y)/Yy| — VY F[Z(k,y)/Xy,Y] for each
integer £, that is (DC).

Variants and interpretations

We get the same results using, instead of Y, a dual instruction x*, which operates on terms
instead of stacks. Consider a bijection n — 7, from N onto A. and let ¢ — n; be the inverse
function. Then the reduction rule for x* is the following :

X*xtm = txn,.m foreveryt € A, and w € II.

We have the analogue of theorem 28, the proof being a little more complicated.

Theorem 31.
Let Fx, X] be a formula with parameters, X being a unary predicate variable. There exists
U :N? — P(M) such that : x* |- Vz{Vn(Int[n]| — Flz,U(z,n,y)/Xy]) — VX Flz, X]}.

For each n € N we put P,(L) = {7 € II; 7, xn.m ¢ L}. For each individual z, we have
VX Flz, X]|| = U{||F[z, R/X]|l; R € PI)N}. It follows that, given z,n € N such that
P,(L)N||VX F[z, X]|| # 0, there exists a function R : N — P(II) such that :
P,(L)N||F[z, Ry/Xvy]| # 0. By the axiom of countable choice, there exists a function

U : N* — P(II) which has the following property :

it P,(L)N VX Flz, X]|| # 0 then P,(L) N ||F[z,U(z,n,y)/Xy]|| # 0.
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Now, let z € N, 7 € |VX F[z, X]|| and ¢ € |Vn(Int[n] — Flz,U(z,n,y)/Xy])|.- We have to

show that x* xt.m € L and, by the reduction rule of x*, it is sufficient to show that :

txn,m € L. If it is not true, we put n = n,, and therefore 7,, = ¢ ; we have then :

m € P,(L)N||VX Flz, X]||.

By definition of U, there exists 7’ € P,(1L) N ||F[z,U(z,n,y)/Xy]|. From 7" € P,(L), we

deduce 7, x n.w’ ¢ L. But, since 7’ € ||F|z,U(z,n,y)/Xyl]|, it follows, by hypothesis on t,

that ¢ x n.m’ € L, because n |- Int[s"0] (theorem 15). It is a contradiction, because t = 7,,.
Q.E.D.

We show, in the same way, the analogue of lemma 29. We can then realize the axioms of
denumerable and dependent choice, by a pure repetition of the above arguments, using x*
instead of .

We now remark that instructions analogous to y and x* are very common in programmation :

The ‘quote’ instruction

The reduction rule of instruction x*, which is :

(%) X xt.m = txn,.m

shows that  is very similar to the instruction quot e of LISP. Indeed, n, can be used in the
same way that (quot e t), if we assume that ¢ — n; is a recursive bijection from A. onto
N. For instance, since n,, is, in this case, a recursive function of n;,, we can define, by means
of x*, an instruction x’ such that x’ x ¢.1).m > ¢ x ny.7 : let a be a closed A-term such that
(a)n,, ~p n, and let x' = AxAy(x*)(Adzoa)y. As this example shows, the instruction x* is
not compatible with 3-reduction : in fact, we cannot replace (Ad zoa)y with zoa.

The signature

An objection to the interpretation above is that quot e is a reversible instruction, which is
almost always used with its reverse unquot e or eval . On the contrary, even if we suppose
that y (resp. x*) is one-to-one from II (resp. A.) onto N, we do not make use of the inverse
function. It is therefore more relevant (and much easier to implement) to interpret n,, in the
reduction rule (x) above, as the signature of ¢ : it is an integer which is computed from the
text of ¢ and which is supposed to characterize it. Examples of well known usual programs for
signature are MD-5 (for “ Message Digest ”’) or SHA-1 (for ““ Secure Hash Algorithm ).

Since these programs give integers of fixed length (128 bits for MD-5 and 160 bits for SHA-1),
they clearly do not provide an injective function from A. into N. But, during the execution of
a given process, it is extremely improbable that two different terms with the same signature
occur ; therefore, we consider such an event as impossible. And it is all we need in order to
realize the axiom of dependent choice.

The clock

Here is another possible interpretation for the instructions x and x*.
We observe that the application n — 7,, may be any surjective function from N onto A.. Then
the reduction rule of x* is :

X*xt.m = txn.m.
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where n is any integer such that 7,, = ¢. This suggests the following interpretation :

x* is an input instruction ; when it comes in head position, the process x* x t.m waits for an
integer n which is provided by a human operator or some external process. Then the reduction
X" xt.m > t xn.m takes place and the execution goes on. The only condition is that we must
be able to retrieve t from n ; in other words, the integers which are provided to the processes
X* % t.m and x* * t'.7" with ¢t # ¢’ must be different.

A very simple and natural way to obtain this behavior is by providing the integer n by means
of a clock, since two different \.-terms cannot appear at the same time. In other words, let us
be given a second process, which is executed in parallel with the principal process, and which
only increments an integer at each reduction step. It is this process which provides the integer
n when necessary, that is when x* arrives in head position in the principal process.

For an example of a model with a clock, look at the section below : “ The standard generic
model ".

A program for the countable choice axiom

We give here an explicit \.-term, containing the instruction y, which realizes the axiom of
countable choice and we explain its behaviour.

In the proof of theorem 28, we defined a function U : N® — P(II) (ternary predicate).
We define now the binary predicate V (z, y) by putting :
V(z,y) =¥n{ [ Hm} = Fo(z,m)|, {n}, ~Fu(z,n) = Ulz,n,y)}.

m<n

We use the notations Fy;(z,n) for Flz,U(z,n,y)/Xy] and Fy(z) for Flz,V(z,y)/Xy] ; the
notation {m} — Fy (z,m) is defined page 3.

We propose to realize the formula Fy (z) — VX F[z, X], which is the axiom of denumerable
choice. Now, we have :

Theorem 32 (Extensionality scheme).

i) For every formula G[X]|, the formula : Ext|G] = VX{G[X] — G*[X]} is provable in
intuitionistic second order logic, with :

G*[X] =VU{Vy(Xy — Uy),Yy(Uy — Xy) — G[Uy/Xyl}.

ii) = AgAulu' v\’ ((g)vou)u'ov' : Ext[G*.

i) This is immediate, by recurrence on G.
ii) We have g : G*[X], u : Vy(Xy — Uy), v’ : Vy(Uy — Xy),
v:Yy(Uy — Vy), v : Vy(Vy — Uy) F vou : Vy(Xy — Vy), vorv' : Vy(Vy — Xy),
and therefore ((g)vou)uov' : G[Vy/Xy).

Q.E.D.
Remark. Ext[G] tells us that the formulas G and G* are equivalent. The \-term which is associated
to the proof of this equivalence depends, in general, on G. It does not depend on it for formulas of the
form G*.
Therefore we shall, in fact, realize the denumerable axiom of choice in the form :

Fj(x) = VX Flz, X]

where Fy(x) is the formula F*[z, V (z,y)/Xy] that is to say :
VX{Vy(V(z,y) = Xy),Vy(Xy = V(z,y)) = Flz, X]}.
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A trivial variant of theorem 28 gives :
X |=Vz{vn[{n} = Fy(z,n)| = VX Flz, X]}

(we replaced Int[n] with {n}, which has the advantage to avoid the introduction of a storage
operator).
Therefore, we have now to realize : Fy(z) — Vn|{n} — Fy(z,n)|.
We have seen (theorem 21) that, if Y is the fixed point combinator of Turing, then :
Y |- VX {Vn([) | Xm| = Xn) — Vn Xn}.

m<n

It follows that, by replacing Xn with [{n} — Fy(x,n)|, we have :

Y ¥ [} — Fir(e,m)l, {m} — Fo(a,m) — Vil {n} — Fo(z,n).
m<n

So, we must now realize : Fy(x), ﬂ {m} — Fy(z,m)|, {n} — Fy(x,n).

m<n
By the law of Peirce, it is sufficient to realize :

Fj(x), ﬂ H{m} — Fy(z,m)|, {n}, ~Fy(xz,n) — Fy(z,n) which is :

m<n

VX{Vy(V(z,y) = Xy),Vy(Xy — V(z,y)) — Flz, X]},
() {m} = Fu(e,m)|, {n},~Fy(z,n) — Fy(z,n).

m<n
But 7 is now a fixed integer, so that we can put Xy = U(x,n,y) ; our goal is now :

{vy(V(z,y) = U(z,n,y)),Vy(U(z,n,y) = V(z,y)) = Fu(z,n)},
() {m} = Fu(e,m)|, {n},~Fy(z,n) — Fy(z,n).

m<n
It is clearly a consequence of the two following formulas, that we have therefore to realize :

() Hm} — Fy(z,m)l, {n},~Fu(z,n) = (V(z,y) = Ulz,n,y))

m<n

(M) Hm} = Fulz, m), {n}, ~Fu(@,n) > Uz, n,y) = V(z,y)).

m<n

By definition of V/, it is immediate that the first formula is realized by AxAnAkAv vank.

Lemma 33. There exists a closed usual \-term, denoted by Comp, such that, for every n,n' € N :
Compnn'zyz = xifn<n'; Compnn'zyz = yifn <n;Compnn'zyz > zifn=n'
Trivial.
Q.E.D.
It follows that, if we put « = (k)(2’)n and o’ = (k')(x)n’, we have :
AxAnAkAx' A\n’ Ak’ Comp nn'ac/
F () {m} = Xml, {n}, ~Xn, (| Hm} = Xm|, {n}, =Xn = (Yn = Yn').

m<n m/<n’
By replacing Xn with Fyy(z,n) and Y'n with U(z, n,y), we see that we have realized :
ﬂ {m} = Fy(z,m)|, {n}, ~Fu(z,n), ﬂ Hm/} - FU(xam,>|7 {i}a _'FU(xvn/)
m<n m/<n/ — (U(z,n,y) — U(x,n',y))
which, by the definition of V/, can also be written as :
AxAnAkAuAx' An/ Ak' Comp nn/aa’u

= () Hm} = Fole,m)], {n}, ~Fu(z,n) = (U(z,n,y) = V(z,y)).

m<n
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This is exactly the desired result and we obtain finally the following term which realizes the
axiom of denumerable choice :

Theorem 34. There exists a binary predicate V : N?* — P(II) such thar :
Af(x)(Y)AzAn(cc) Ak from |- VX{Vy(V(z,y) <> Xy) = Flz, X|} - VX Flz, X]
with 1o = Awvznk, T = Aulx’ \n/ k' Compnn’ad’u, o = (k)(x')n and o/ = (K')(x)n'.

Let us look at the behaviour of the term v = Af(x)(Y)\xAn(cc)\k fror1. Consider a process
v x f.m in which ~y is in head position. We have :
yx for = x *x Y& (where £ = AxAn(cc)\k from; depends only on f)
= YE xng.m = & *nng.m (with n = YE). Therefore
Yk fr = frrdm
with 7™ = 7i[n/x, ne /1, kx /K.
Now 7'({ " is simply the triple <7, n,, k.>. In other words r({ " stores the current state f.7 at the
present execution of 7.
Tlf " performs the real job : it looks at two such states f.7 and f’.7" and compare their indexes
n and n'. If n = n’ it does nothing.
If n <n' (resp. n’ < n) it restarts with v x f'.7 (resp. v * f.7') :
the second file with the first stack.
Thus, the main function of this program is to update files (if  is a clock)

or to choose a good version of a file (if ) is a signature).

Non standard integers

We give here sufficient conditions in order that every generic model contains non standard
individuals. Let us define a unary predicate G by putting ||Gn|| = {7,} (n +— m, is here a
one-to-one recursive function from N onto II).

Theorem 35.

i) We suppose that :

(Hy) For each stack constant w, there exists a proof-like term £ such that £ xw € L.
Then I |FVx Gz — L and (Vn € N)(3€ € PL)¢ |- Gn.

ii) x |FVa[Int(x) - Gz] — L.

i) We have immediately ||V Gz|| = {m,; n € N} = II and therefore I |-Vz Gz — L.
We are looking at some & € PL such that £ x 7, € L. Now, we have 7, = ;. ..t;.7, w being
a stack constant. By (H ), we have some 7 € PL such that n x v € L. 1l is sufficient to set
E=Axg... Az .
i) Let ¢ |- Vz[Int(x) — Gz| and 7 € II, 7 = 7,. We must show that x x t.7 € L that is
t xn.m € L, by the reduction rule of x. It is immediate, by hypothesis on ¢, since n |- Int(n)
and 7 € |Gn||.

Q.ED.

Thus, with hypothesis (H ), a generic model satisfies Gn for each standard integer n and also
Jx —Gx. Tt contains therefore necessarily a non standard individual. If, moreover, the instruction
X is present, it satisfies 3z{Int(z), ~Gx}. Then, it contains necessarily non standard integers.
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The standard generic model

Consider a fixed one-to-one recursive function { — 7 from PL (the set of proof-like terms)
onto the set of stack constants. Every set L such that (V€ € PL) & x e ¢ L is clearly coherent,
which means that (V€ € PL) & |[~ L.

In this section, we take for | the greatest saturated set of processes which has this property. In
fact, it is simpler to consider the complement 1¢ of 1L in the set A.*II of processes. Therefore,
we set :

¢ = the least subset U of A, % IT such that (V§ € PL) { x ¢ € U and

VpeU)(Vp e AexI)(p-p = p €U);

For each { € PL, the set of processes which are obtained by reduction of { x 7, will be called
the thread generated by & ; ¢ is thus the union of all threads. We have :

Lemma 36. A process is in L if and only if it does not appear in any thread.
Atermt € A, realizes | if and only if it does not come in head position in any thread.
Trivial.

QE.D.
Remember that 7 is the set of closed formulas with parameters which are realized by some
proof-like term. The models of this theory (which is coherent if and only if I is) are called
generic models . With this particular choice of L, we shall call them standard generic models.
We now show some properties of these models, with the following assumptions :
1. There is no instruction which changes the current stack constant. In other words, in the
thread generated by £ € PL, the only stack constant which appears is 7.
2. Every instruction is deterministic, that is to say that each process has at most one successor.
We then say that execution is sequential.

Theorem 37. Let ag = 600 and a; = 601, with 6 = A\x xx. Then :
Az (co)Mk((z)(k)ag)(k)ay |FVz(z # 1,2 #£0 — 2? £ x) — L.

There are three possible values for ||n # 1,n # 0 — n? # n|| :
ifn=0,itis || T,L — L|;ifn=1itis || L, T — L] ;ifn#£0,1,itis | T| = 0.
It follows that |Vz(x # 1,2 #0 = 22 £ z)| =|T,L — L|N|L, T — 1.
Lett€|T,L — L|N|L, T — L|and 7 € II. We must show that :
Az (cc) Ak((x)(k)ag)(k)ay xt.m € L that is t xk,ag.krya;.m € L. If it is not true, by hypothesis
on t, we have k.ag, k,a; |b4 L. Therefore, both terms appear in head position in some thread ;
since they both contain the stack constant at the bottom of 7, these thread are the same one
(by hypothesis 1 above). But then ay and a; appear in head position in the same thread. Now,
by hypothesis 2, one of them appears in head position before the other, for instance ay. But it
is clear that a; can never come in head position after that.

Q.E.D.
The formula Jz3y{z*> = z,x # 0,z # 1} is therefore satisfied in the generic model. Thus,
there are individuals which are not integers and the axiom of recurrence is not satisfied. We
shall see later that there are also non standard integers.
Let BB be the set of individuals x such that 2> = x. Since all equational formulas which are true
in N are also true in generic models, it is clear that B is a Boolean algebra, which is therefore
# {0,1}. We now show that B is, indeed, infinite and even atomless.
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Theorem 38. Let © = AzA\ycchk((x)(k)y0)((z)(k)yl)(k)y2. Then we have :
O |-Va[Vy(zy # 0,2y # x — y* #y),x # 0 = 2° #

(This formula says that the Boolean algebra B is atomless).

By a simple computation, we see that we must show the following two properties :
DO (L, L—1),L— 1.
e |-|T,L— LNl T—1,T— L
Proof of (i) : lett € |L, L — 1| and u € |L|. We have to show that © x t.u.mr € L that
is, by reduction, ¢ * k;u0.((¢)(kr)ul)(ks)u2.m € L. But, from u |- L, we easily deduce that
k,u |- L for every £ € A.. Since ¢ |- L, L — L, it follows that ((¢)(k;)ul)(k,)u2 | L and
therefore ¢ * k,u0.((t) (ks )ul)(ks)u2.m € L.
Proof of (i) : lett € |T,L — L|NJ|L, T — 1| and u € A.. Again, we have to show that
t x kru0.(()(kr)ul)(ks)u2.m € L. If it is not true, we have :
k,uO |~ L (because ¢ | L, T — 1) and ((¢)(k;)ul)(k;)u2|/~ L (because t |- T, L — 1).
But, since ¢ |- L, T — L (resp. T, L — 1), we deduce k,ul |~ L (resp. k u2|~ L).
It follows that k,u0, k,ul, k,u2 appear all in head position in some thread. Since they contain
k., these threads are the same (their stack constant is the one of 7). Suppose, for example, that
k,u0 appears first in head position, then k,u1, and then k,u2. We have thus :
keuO*mg = uxm = -« = Keul *kmy = uxm >+ = Ku2xmg = U*xm = -+
But such an execution is clearly impossible because, at the second appearance of the process
u x 7, we enter in a loop and can never arrive at k,u2 x .

Q.E.D.

The generic thread

Consider a fixed one-to-one recursive function n +— &, from N onto PL. We define a unary
predicate P by taking for || Pn|| the set of stacks the bottom constant of which is m,,.

Theorem 39. In the generic model, — P contains exactly one individual and it is not a standard
integer. In other words, the following formulas are realized :

i) Pn foreachn € N ;

i) Ve Px — 1 ;

iii) VaVy[—Px,x # y — Py

i) Let n € N be such that 660 ||~ Pn and 091 ||~ Pn. Thus, there exist pg, p1 € II which have

the same stack constant 7¢,, such that 600 x pg ¢ L and d61 x p; ¢ L. We have therefore

En * e, = 000 % po and &, * me,, = 001 x py, which is clearly impossible.

ii) We have ||VzPz|| = |,y | Pn|| = IL Therefore I |- Vx Pz — L.

iii) We show, by means of theorem 9, that VAzAyy | VaVy[-~Px,x # y — Py that is to

say VAzAdyy |- —-Pm,m # n — Pn for m;n € N. So, let 7 € ||Pm||, t |-m # n and

7' € ||Pn|| ; we must show that AzA\y y x k,.t.7" € L. It is obvious if m # n, since then the

stacks 7 and 7/, which have different stack constants, cannot appear both in the same thread.

If m = n, we have ¢ | L, which give the desired result, because \x Ay y * k.t. 7" = ¢ x 7'.
Q.E.D.

We now add to A.-calculus an instruction o with the following reduction rule :
oxt.m=1txnm
where n is the number of the stack constant of 7 (this constant is therefore 7, ).
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Theorem 40. o |- Vz[Int(z) - Px] — L.

In the generic model, the unique individual which satisfies —Px is therefore an integer. By
theorem 39, it is a non standard integer.
Proof. Let ¢ |- Vz[Int(x) — Pz| and 7 € II. We must show that o x . € L ; it is sufficient
to prove that ¢ x n.m € L, n being the number of the stack constant of 7. Therefore, we have
7 € ||[Pn|| and t |- Int(n) — Pn. Hence the result, since n |- Int(n).

Q.ED.

We can therefore add to our second order language a symbol of constant g (for generic), with
the following axioms :

Int(qg), Vx[r # g <> Px], g # n for each integer n.

The predicate Pz will be denoted by = # g ; thus ||[n # g]| is, for each integer n, the set of
stacks which have 7¢, as their stack constant.

It is interesting to study the properties of the (non standard) proof-like A.-term &y and of the
thread fg * Teg) which will be, rather naturally, called the generic thread.

Remark. With the help of the instruction o, we can therefore prove the existence of a non standard
integer. By means of the second fixed point theorem of A-calculus, we can do without this instruction,
but we have a somewhat weaker result :

Theorem 41. (V0 € PL) 0 ||~ Vx[Int(z) — Px].

Let A : N — N be the recursive function defined by Am = n < £, = &,m and let ¢ be a closed \-term
which represents this function. We define the integers p, ¢ by setting &, = Az(0)(d)x and ¢ = Ap. We
have therefore £, x ¢, = §p * ¢, = 0 * 6p.m¢,, which shows that 6 x ép.me, ¢ L.
Now, we have m¢_ € || Pg|| and, by theorem 15, dp ||~ Int(q). It follows that 6 ||~ Int(q) — Pq.

Q.ED.

The clock

With the present definition of L, in order to add a new instruction ¢, it is sufficient to give its
reduction rule only when it comes in head position in a thread. Indeed, L is the complement
of the union of all threads and the only condition it has to satisfy is to be cc-saturated (see
the section ““ Truth values and types ”). It is therefore sufficient to define each thread, i.e. the
sequence of processes obtained by the execution of £ x 7¢, for each proof-like term & (possibly
containing the instruction ¢).

It is in this way that we define the clock instruction h. Its reduction rule is

hxt.m = t*n.m where n € N is obtained in the following way : let £ x 7, be the (unique) thread
in which the process ixt.7m appears. Then n is the number of reduction steps from { x ¢ (“ the
boot ) to h x t.m (if A x t.m appears more than once in the thread § x 7, we consider its first
appearance ; notice that, in this case, the execution ends in a loop).

Definition. A proof-like term € will be called strongly solvable iff |- 1. — 1. In other words :
for every ¢t € A, \ PL, if 6 x t comes in head position in a thread, then ¢ also comes in head
position in this thread.

When 6 is a closed usual \-term, this means that it has a head normal form which is Az zt; . . . ¢,
(hence the terminology “ strongly solvable ”).

The following theorem shows that every standard strongly solvable proof-like term comes in head
position in the generic thread.
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Theorem 42. Let 0 be a strongly solvable proof-like term and ¢ : N> — {0,1} the recursive
function such that : ¢g(n,p) = 1 < 0 comes in head position in the thread &, x ¢, at the
(n + 4)-th step. Then haz y(0)(y)z |- Vp{¥n[Int(n) — ¢o(n,p) # 1] — p # g}

(in other words, In{Int(n), ps(n,g) = 1}).

Let p € N, 7 € [[p # 9] and ¢ |- Vn[Int(n) — ¢p(n,p) # 1]. We prove the result by
contradiction : suppose that AAz\y(0)(y)z = t.m ¢ L. Therefore, this process appears in a
thread, which is certainly &, x m¢, since 7 € ||p # gl|. We have thus :

§p * e, = hAxAy(0)(y)z x t.m = 6 x tn.m, where the integer n, which is provided by 7, is
the number of steps in the reduction of &, x m, until AA\zAy(0)(y)x x t.7. Thus, we obtain
O xtn.m at the (n+ 4)-th step of reduction. Since € is in head position at this moment, we have
®a(n,p) = 1. By hypothesis on ¢, it follows that ¢tn |- L. Now, by hypothesis, 0 |- L — L
and therefore 0 xtn.m € L. It is a contradiction, because 6 xtn. appears in the thread &, xe,,.

Q.ED.

Corollary 43. Let 6 be a proof-like term such that Om is strongly solvable for each integer m
(with m = s™0) and let 1y : N*> — {0, 1} be the recursive function defined by 1y(m,n,p) = 1
iff O comes in head position at the (n + 4)-th step in the thread &,  T¢,. Then we have :
TAm i zAy(0m)(y)z | VYpVm{Int(m),Vn[Int(n) — ¥e(m,n,p) # 1] — p # g}

(in other words VYm(Int(m) — In{Int(n),pe(m,n,g) = 1})).

It means that the following formula is realized : * for every integer m, #m comes in head position
in the generic thread {g x ¢y ”. Therefore also the formula : * the generic thread neither stops
nor loops "’ (take, for instance, 0 = Ax\y y).

Proof. By theorem 10, it is sufficient to prove that, for every integers m,p and every stack
p € |[[Vn[Int(n) — vYg(m,n,p) # 1] — p # 9|, we have :
Am B Az y(Om)(y)x = m.p € L, that is hAzAy(0m)(y)x = p € L. But this results from
theorem 42 and from the fact that ¥y(m,n,p) = ¢gm(n,p).

QED.

The denumerable axiom of choice

Here we check that, by means of the clock instruction A, we can realize the axiom of denumerable
choice.

Theorem 44. Let F[z, X] be a formula with parameters, X being a unary predicate variable.
There exists ® : N* — P(I1) such that :
h |k VaVpVX{Vn(Int[n], Flz, ®(n,p,z,y)/Xy] — 1), Flz,X] — p # g}.

We define v : N> — A, by putting : v(n,p) = the \.-term u which is in second position in the
stack, at the n-th execution step in the thread &, x m¢,. At the n-th step of this execution, we
have therefore a process of the form 7 % t.u.m.

We define now ®(n, p, z, y), by means of the denumerable axiom of choice, in such a way that :

If there exists X : N — P(II) such that v(n, p) | F[z, X]

then v(n, p) |- Flz, ®(n,p, x,y)/Xy].
We show that ® has the desired property : consider z,p € N, an application X : N — P(II),
Ac-terms ¢, u such that ¢ |- Vn(Int[n], Flz, ®(n,p,z,y)/Xy] — 1), u | F|z, X] and a stack
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T € ||p #* gH Then, we have to show that A x t.u.m € L ; suppose, on the contrary, that
h x t.u.m appears in a thread, at the n-th step. By hypothesis on , this thread is §, x 7, ;
we have therefore u = v(n, p), by definition of v, hence v(n, p) |- F[z, X]. By definition of
®, we have then v = v(n,p) |- F[z, ®(n,p, z,y)/Xy]. But, since n |- Int[n], it follows that
t xn.u.m € L, by hypothesis on ¢. It is a contradiction, because this process appears at the
(n + 1)-th step in the thread &, » 7¢,.

QED.

It follows that the generic model satisfies the formula :

VoV X (Flz, X] — In{Int[n], Flz,®(n,9,x,y)/Xy|}). We can then define the binary predi-
cate U(z,y) by the formula :

“®(n,g,x,y) for the first integer n such that F[z, ®(n,g,z,y)/Xy|, or L if there is no such
integer ”’. Then, we have, in the generic model :

VaVX (Flz, X] — Flz,U(z,y)/Xy|), which gives the denumerable axiom of choice.

By the same methods as above, we can also easily get the axiom of dependent choice.
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