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Internally-Excited Fabry-Perot Type Cavity: Power
Normalization and Directivity Evaluation

Halim Boutayeb,Member, IEEE, and Tayeb A. Denidni,Senior Member, IEEE,

Abstract— This letter presents a new approach to analyze
Fabry-Perot cavities excited from their inside by electromagnetic
waves. While Fabry-Perot cavity antennas found in literature use
often the magnitude of the transmission coefficient to determine
the antenna directivity, the proposed approach suggests a new
strategy that uses a normalized transmission coefficient, which is
derived by using a transmission line model and by considering the
available power from the source. Furthermore, a new analytical
expression is also proposed for evaluating the directivity. The
obtained results are presented and compared to experimental
results reported in literature.

Index Terms— Fabry-Perot cavity, directive antennas.

I. I NTRODUCTION

SEVERAL techniques for designing highly-directive an-
tennas by incorporating a Fabry-Perot cavity have been

proposed [1-8]. In [1], a relation between the half-power
beamwidth and the quality factor of the cavity (at the resonant
frequency of the cavity) has been proposed. In [2], the authors
have demonstrated that this directivity improvement has an
analogy with past research in optical physics. Another antenna
consisting on a Fabry-Perot cavity between a patch antenna
and an Electromagnetic Band Gap (EBG) material has been
analyzed [3]. In addition, a Fabry-Perot cavity consisting on
a Partially Reflecting Surface (PRS) and a ground plane has
been used [4-7]. Furthermore, analytical expressions have been
proposed in [8] for the frequency of maximum directivity and
the minimum of half-power beamwidth of antennas based on
a Fabry-Perot.
In the same perspective, a ray theory has been used by many
authors for considering the problem of a source located inside
a Fabry-Perot cavity [4-9]. This model is equivalent to the
classical model of multiple wave reflections used for the
Fabry-Perot interferometer in optics [10]. However, the source
is considered inside the cavity instead of outside. For this
case, the magnitude of the obtained transmission coefficient
may achieve some values that can be greater than one. In [6,
7], this magnitude as been used for evaluating the antenna
directivity.
To achieve a more accurate characterization for Fabry-Perot
type cavities excited from their inside by electromagnetic
waves, a new approach is proposed. This approach is based
on a new normalized coefficient using a transmission line
model and a new analytical expression for the evaluation of the
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antenna directivity. To validate this work, the obtained results
are compared to experimental results reported in literature.

II. RAY ANALYSIS

For this study, a Fabry-Perot type cavity is considered.
Fig. 1(a) shows this cavity. It is constituted by two Parti-
ally Reflecting Surfaces (PRSs) spaced by the distanceD
and characterized by their complex transmission and reflec-
tion coefficientst and r, for a plane wave incidence. For
convenience, in this work, these coefficients are considered
independent of frequency and incidence angle, which does
not limit the studied problem. As illustrated in Fig. 1(a), a
point source is considered inside the Fabry-Perot cavity. The
source is considered transparent to electromagnetic waves and
the characterization of the structure is obtained by using a
one-dimensional model [8].

0

1

2

normal

(θ= 0˚)

(r, t) (r, t)

D/2tan

Dtanθ

θ

D/(2cos    )θ

Dtan    sinθ θ

T

θ

Point
source

D

0

1

2

(r, t)

D/2tan

Dtanθ

θ

D/(2cos    )θ

Dtan    sinθ θ

T'

θ

Point
source

D/2

Metallic plane

(a) (b)

Fig. 1. (a) Fabry-Perot type cavity excited from its inside by a point source
(in the center). (b) Fabry-Perot cavity constituted by a Partially Reflecting
Surface and a metallic plane excited from its inside by a point source.

For a given angleθ, considering the multiple wave reflections
(see Fig. 1(a)), the amplitude of the transmitted wave outside
the cavity is expressed as following [8]:

T (θ, f) = t

∞
∑

n=0

rnejk(2n+1)D/2 tan θ sin θ−
jk(2n+1)D

2 cos θ

=
te−jkD/2 cos θ

1 − re−jkD cos θ

(1)
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wherek is the free space wave number. Note that a similar
form is obtained if a ground plane is placed in the same
position as the source [4-7], as illustrated in Fig 1(b) (there
is just an additionaljπ coefficient in the exponential of the
denominator). For these two problems, illustrated in Fig. 1(a)
and Fig. 1(b), the maximum transmitted power, achieved at
resonance, is expressed as following [8]

|T |2max =
1 + |r|

1 − |r|
(2)

From Eq. (2),|T |2max is equal or greater than one and can
theoretically become very large if|r| is near one (note that
0 ≤ |r| ≤ 1). The transmission coefficient greater than1
means that the source inside the cavity can supply more power
in the presence of the cavity than without the cavity.
In [6, 7], this relation has been used for evaluating the
directivity of Fabry-Perot cavity based high-gain antenna.

III. T RANSMISSION LINE MODEL : POWER

NORMALIZATION

According to the energy conservation principle, the trans-
mission coefficient should not be greater than one. For this
raison, a normalized version for the transmission coefficient is
proposed taking into account the available power from the
source. Note that, according the ray analysis, the response
of the cavity of width D at the angleθ, is equivalent to
response of the cavity of widthD cos θ at normal incidence.
From this and according to circuit theory [11], the Fabry-
Perot cavity excited from its interior can be presented by the
transmission line model illustrated in Fig. 2(b). In Fig. 2(a),
the transmission line model of the source with its matched
impedance is also presented in order to calculate the available
power from the source.Zc is the free-space characteristic
impedance (Zc = 120π). Z is the equivalent circuit model
of the PRS.Zs and es are the equivalent impedance and
equivalent voltage of the source, respectively.
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Fig. 2. Transmission line models: (a) Source with matched impedance (b)
Source-Fabry Perot cavity structure.

To calculate the transmission coefficient outside the cavity, the

available powerPi (see Fig. 2(a)) is first calculated [11]:

Pi =
1

2

|Vi|
2

Z∗

s

=
1

2

|Z∗

s |
2

Z∗

s |Z
∗

s + Zs|2
|es|

2 (3)

wherees, Zs andVi are parameters shown in Fig. 2(a). Then
referring to Fig. 2(b), the transmitted powerPt for one side
of the transmission line is given by:

Pt =
1

2

|Vt|
2

Zc
(4)

To simplify the expressions, the transmission and reflection
coefficientst andr can be expressed as functions ofZ [11]:

t =
2Z

2Z + Zc
(5)

r = −
Zc

2Z + Zc
(6)

In addition, ts and rs are the transmission and reflection
coefficients of the source, and they can be written :

ts =
2Zs

2Zs + Zc
(7)

rs = −
Zc

2Zs + Zc
(8)

In order to derive Eq. (4), Fig. 3 presents the equivalent model
for the circuit of Fig. 2(b).
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Fig. 3. Equivalent transmission line model of Fig. 2(b).

In this Figure, the impedanceZ ′ can be written as following:

Z ′ =
Zc

2

Z//Zc + jZc tan (k cos θD/2)

Zc + jZ//Zc tan (k cos θD/2)

=
Zc

2

1 − Zc

2Z+Zc
e−jkD cos θ

1 + Zc

2Z+Zc
e−jkD cos θ

=
Zc

2

1 + re−jkD cos θ

1 − re−jkD cos θ

(9)

The expression for the voltageV1 (see Fig. 3) can be written:

V1 =
Z ′

Z ′ + Zs
es

=
Zc(1 + re−jkD cos θ)

(2Zs + Zc) − (2Zs − Zc)re−jkD cos θ
es

(10)

And the currentI1 is expressed:

I1 =
V1

Z ′
= 2

1 − re−jkD cos θ

(2Zs + Zc) − (2Zs − Zc)re−jkD cos θ
es (11)
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Then, the voltageVt (Fig. 2(b)) is deduced from these results:

Vt = V1 cos (k cos (θ)D/2) + jZcI1/2 sin (k cos (θ)D/2)

=
Zc(1 + r)e−jkD/2 cos θ

(2Zs + Zc) − (2Zs − Zc)re−jkD cos θ

=
Zc

2Zs + Zc

(1 + r)e−jk cos θD/2

1 − 2Zs−Zc

2Zs+Zc
re−jkD cos θ

=
Zc

2Zs + Zc

te−jk cos θD/2

1 − (rs + ts)re−jkD cos θ

(12)

Thus, Eq. (4) can be written as

Pt =
1

2

Zc

|2Zs + Zc|2
|te−jkD cos θ/2|2

|1 − r(rs + ts)e−jkD cos θ|2
|es|

2 (13)

Taking into account the power transmitted from both sides of
the line, the normalized transmitted power|T |2Norm can be
expressed as:

|T |2Norm =
2Pt

Pi

=
2ZcZ

∗

s |Z
∗

s + Zs|
2

|Z∗

s |
2|2Zs + Zc|2

|te−jkD cos θ/2|2

|1 − r(rs + ts)e−jkD cos θ|2

(14)

Fig. 4. |T |2
Norm,max

coefficient versusZs for different values of|r|.

For the case of realZs, Eq. (13) becomes

|T |2Norm = 4|rs||ts|
|te−jkD cos θ/2|2

|1 − r(rs + ts)e−jkD cos θ|2
(15)

The maximum is then written

|T |2Norm,max = 4|rs||ts|
1 − |r|2

(1 − |r||rs + ts|)2
(16)

In Fig. 4,|T |2Norm,max is plotted versusZs for different values
of |r|. From these curves, one can see that the strength of
|T |2Norm is always limited to1.

IV. D ISCUSSION

Theoretically, Eq. (15) is more accurate than Eq. (1). However,
Eq. (15) is less applicable in practice, because we don’t
have necessarily access to the transmission and reflection
coefficients of the source. A rapid comparison between Eq. (1)
and Eq. (15) shows that the normalized version (Eq. (15)) has
two factors more:4|rs||ts| and(rs + ts) (in the denominator).
For instance, for directive-antennas incorporating a Fabry-
Perot cavity, the angular dependence of the transmission
coefficient is often used to evaluate the directivity. If the
source is omnidirectional, the factor4|rs||ts| is independent on
transmitting angle and it can then be omitted. Furthermore, the
point source can be considered having a negligible interaction
with the reflecting waves inside the cavity, which leads to
rs ≈ 0, ts ≈ 1 and rs + ts ≈ 1. From these, using Eq.
(1) for predicting the radiation patterns and the directivity
of directive-antennas based on a Fabry-Perot cavity excited
internally is justified. However, the strength of the coefficient
is not a direct evaluation of this directivity. The directivity is
more associated with the inverse of the half power beamwidth.
The half power beamwidth can be evaluated by using Eq. (1)
as has been demonstrated in [8].

V. D IRECTIVITY EVALUATION

According to [8], the minimum of the half power beamwidth
of an antenna based on a Faby-Perot cavity,∆θ3dB,min,
achieved near the resonant frequency, can be expressed as

∆θ3dB,min ≈

√

2

Q
(17)

whereQ is the quality factor and can be expressed as a func-
tion of the magnitude and phase of the reflection coefficient,
|r| andϕr, as following

1

Q
≈ 2

1 − |r|

φr

√

|r|
(18)

Using these relations and considering an antenna with an
unique beam and same half-power beamwitdh in the H-plane
and E-plane, the maximum of directivity of this antenna, is
obtained approximatively with the following expression [12]

DIRmax,dB ≈ 10 log
26000

(∆θ3dB,min180/π)2
(19)

The results obtained with this relation are compared to availa-
ble experimental results in literature. In [6, 7], the values
of the magnitude and phase of the reflection coefficient of
the Partially Reflecting Surface (PRS),|r| and ϕr can be
extracted. Using these values and Eq. (17)-(19), we obtain the
maximum directivity of the proposed antenna. These results
are compared to the measured maximum gain presented in
the same references. Tab. 1 compares the directivity obtained
analytically to the measured gain. From these results, one can
see that the proposed analytical model gives accurate results.

Tab. 1: Comparaison between predicted results (Eq. (18))
and measured gain [6, 7].

Reference |r|, ϕr(rad) DIR (dB) Measured gain
[6] 0.944, 2.8798 19.9 19
[7] 0.9788, 2.9446 24.34 21.9
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VI. CONCLUSION

In this paper, a theoretical analysis on internally-excited
Fabry-Perot cavity for directive antenna application, based on a
one-dimensional model, has been presented. A new normalized
coefficient using a transmission line model has been proposed.
Then, a new analytical expression for the evaluation of the di-
rectivity of this type of antenna has also been formulated. The
obtained results with the proposed analytical expression have
been compared to experimental results available in literature.
An excellent agreement was obtained between these results,
demonstrating the accuracy and usefulness of our approach.
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