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Ω.

P � ���������A#�� !� ��������� ��
rad · s−1

ηΓ.

$ ����#��'� ��� � ��� �� D��	���� �
ηΩ.

$ ����#��'� ��� � ���
��� ��������� �
ηP.

$ ����#��'� ��� � ���
	?����������� ��� �
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moteur électrique

transmission mécanique
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roue
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transmission à variation continue
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plein ou chargement externe
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  LÃop,1,+SÌ¤¥d§/+=>,e(+JK4§PZN0(1,Ë,+. k�±%mcñ%mY¨n_�=Q!?=Y$Y7O$Y:-,e#M,Ë/146NM*<!8.Z:I,+.Ê#M(1/-LX!8*@uK,3,1R@:9­n©n©   ÍÎ$bmt,nm»®n©K¤GÏ
S),+.0#0!8.Z:

5 s
L

ð0mt\ë.Z:-,+*@S)46=Q!8:@$>46.y#M,1RqS�,+*@:-,1RD[�SX!8*@:@$Y*k#M,1RqP;NX!6#%*@NMSM=>,+:-RqS)46NM*qNM.0,pJ6!8=>,+NM*�#M,v*-(+un$Y79,{,+:GNM.B/146NM*<!8.;:
#%NBJK,1/+:-,+NM*qun*<!6#%N0(

[I
′

Bmin
. . . I

′

Bmax
]
L

±%mtay$>R-,v,+.e2f46*@79,v#M,
Pe(ΩME , IB)

m
��.�!8NM*<!B:-46NM:i$Y.;:-(+*-¬+:w[3un*<!6#%N0,+*�=>,gJK,1/+:-,+NM*�#M,I/146NM*<!8.Z:w|X!8:@:-,+*@$>,

[I
′

Bmin
. . . I

′

Bmax
]
!6R-R<,�ZO£0.0,+79,+.Z:l_

!h£0.U#M,w#%$Y7O$Y.ZN0,+*v=bat,+*@*-,+NM*{,+.MuK,+.0#%*-(1,w=>46*-Rv#M,�=ba NM:@$Y=Y$>R<!8:@$>46.T#M,
Pe(ΩME , IB)

m)F�.U,x&s,+:l_)/1467O79,�.046N0R
!8=Y=>46.0R�=>,{JK46$Y*l_0NM.ySM*-46|M=>Ð+79,iS),+NM:kR@NM*@JK,+.M$Y*pR@$"46.?,1R@:�!879,+.0(�[ONM:@$Y=Y$>R-,+*�=>,1Rq7g!8:@*@$>/1,1R

Pe(ΩME ,ΓME)SMNM$>R
Pe(ΩME , IB)

=ba NM.0,i!8SM*-Ð1Rq=bac!8NM:@*-,n_X#0!8.0RG=>,1RG*-,+=Q!8:@$>46.0RD±%mY¨{,+:k±%mc®%m
�ÁSX!8*@:@$Y*O#M,

Pe(ΩME ,ΓME)
_�#sa NM.0,�J6!8=>,+NM*w#M,

ΓME
,+:w#M,

ΩME
_�46.�S�,+NM:w#M(+:-,+*@7O$Y.0,+*w=>,I/146NM*<!8.;:

|X!8:@:-,+*@$>,
IB
un*5K6/1,G[�=Q!k*-,+=Q!8:@$>46.g±%mY¨nm 8»NM$>Rl_n[kSX!8*@:@$Y*»#M,

IB
_6#M,

ΩME
_6,+:�#M,¥=Q!DR-,1/146.0#M,¯7g!8:@*@$>/1,n_n46.wS),+NM:

#M(+:-,+*@7O$Y.0,+*
ΓME

[pSX!8*@:@$Y*´#M,q=Q!p*-,+=Q!8:@$>46.e±%mc®%m$�;$X=bat46.g.046:-,
f
=Q!v2546.0/+:@$>46.�#M,

R
2 #0!8.0R

R
_KP;NM$�[

ΓME
,+:

ΩME
!6R-R-4§/+$>,

IB
_%,+:

g
=Q!v2f46.0/+:@$>46.3#M,

R
2 #0!8.0R

R
_;P;NM$)[

IB
,+:

ΩME
!6R-R-4§/+$>,

ΓME
_§=Q!�SM*-46|M=>(+7g!8:@$>P;N0,

,1R@:Ë#M,¡/-LM$'&)*-,+*3,+:�=Y$Y7O$Y:-,+*Ë=Q!�#%$'&s(+*-,+.0/1, |ΓME2
− ΓME1

| _¯4�$ ΓME2
= g (f (ΓME1

,ΩME) ,ΩME)
m

8�=YN0R�=Q! #%$>R-/+*-(+:@$>R<!8:@$>46.�#%NÌJK,1/+:-,+NM*e#M,?/146NM*<!8.Z:e|X!8:@:-,+*@$>,
[I

′

Bmin
. . . I

′

Bmax
]
S�,+*@79,+:@:<!8.;:3#M,y/l!8=>/+NM=>,+*

Pe(ΩME , IB)
,1R@:¯£0.0,n_MSM=YN0R |ΓME2

− ΓME1
| R-,+*<!�2b!8$Y|M=>,nm

���
	^�
	 H 8�� .D( � # ( ( #�!�. &9* & � <D8������`'�&
 r,1R�(+=>(+79,+.Z:-Rw#M,9=Q!3:@*<!8.0R@7O$>R-R@$>46.�4�$�=>,1R�S�,+*@:-,1R�R-46.;:i=>,1R�SM=YN0Ri$Y7OS)46*@:<!8.Z:-,1RwR-46.;:i794§#M(+=Y$>R-(1RiSX!8*�NM.
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/146NMSM=>,gSX!8*iNM.T*-,+.0#M,+79,+.;:O,+.T*-(+un$Y79,nm�¤´,+=Q!3SX!8*<!hÑ>:iS),+*@:@$Y.0,+.Z:l_"#sa NM.0,gSX!8*@:iSX!8*-/1,IPZN0,O=>,1R�/l!8=>/+NM=>RiR-,
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SML0(+.04679Ð+.0,1RD#M,vS),+*@:-,1Rq#M,v/146NMSM=>,{SX!8*¯25*-46:@:-,+79,+.Z:l_�#M,1RqS),+*@:-,1Rq#M,pJ§$Y:-,1R-R-,pSX!8*qun=Y$>R-R<,+79,+.Z:5etoDNM7g©n®1f�m
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ov!8.0Rw=>,Ë/l!6#%*-,Ë#sa NM.0,e46SM:@$Y7O$>R<!8:@$>46.Ãun=>46|X!8=>,n_�$Y=G,1R@:O#%$ �g/+$Y=>,�#M,�SM*-,+.0#%*-,e,+.Ã/1467OSM:-,Ë=>,1R�:@*<!8.0R@$Y:-46$Y*-,1R
#M,1RG/1467OS)4nR<!8.;:-RG#%NIJK(+LM$>/+NM=>,n_M/l!8*G/1,+=Q!�/146.0#%NM$Y:q[iNM.0,D,xV%SM=>4nR@$>46.e/1467i|M$Y.X!8:-46$Y*-,nm�¤Dat,1R@:¯S)46NM*-PZN046$).046N0R
/146.0R-$>#M(+*-46.0R�P;N0,p=>,1Rq/-LX!8.MuK,+79,+.;:-Rp#M,p*<!8SMS�46*@:k#M,{|�48Ñ>:-,vR-46.;:q$Y.0R@:<!8.;:<!8.0(1Rlm
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¦
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


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� �L��������� ��!�� <?4�1I+7�"!&1I/

¤´467O79,?S�46NM*�=Q!�|�48Ñ>:-,?#M,3J§$Y:-,1R-R-,1Rl_´46.Ì/146.0R-$>#MÐ+*-,?P;Nra $Y=D.ra dÌ!USX!6RË#M,yS�,+*@:-,1RË#M,yJ;$Y:-,1R-R<,1Rg#0!8.0R�=>,
#%$'&s(+*-,+.Z:@$>,+=b_0NM.M$>P;N0,+79,+.Z:D#M,1RqS),+*@:-,1Rq,+.3/146NMSM=>,g¦

ηΓDIFF
= ηPDIFF

ηΩDIFF
= 1

���
	^�7� � 6)( &�� B@6 2-& �	* 8?# � B1&G$�&�<>!�8 $
 r,1R9!6/1/1,1R-R<46$Y*-,1R9(+=>,1/+:@*@$>PZN0,1ROR<46.Z:O794§#M(+=Y$>R-(1RwSX!8*ONM.0,�SMNM$>R-R<!8.0/1,ËSM*-(+=>,+JK(1,e/146.0R@:<!87O79,+.;:gR@NM*w=>,�|MN0R
/146.Z:@$Y.;Nrm�¤´,+=Y=>,x¢�/+$¥S�,+NM:�¬+:@*-,g/146.0R@:<!8.;:-,9:-46NM:�!8NT=>46.Mu?#%N�/+d%/+=>,9#M,OJ§$Y:-,1R-R-,n_r46NT|M$>,+.�J6!8*@$>,+*�[3/-LX!6P;N0,
$Y.0R@:<!8.;:lm
��
 S�Ù�Ú1ìfà�ã�Ötàbâ^æGâ^Ú1ì .qÛ^â �lçhÖ%Üfâ´å8ã�ÜfÜfâGÝhã�ÚhÜ�ç8Ú{æGÙlÝzß^×câ¯Ý �zÚ8ã�æGÖ��1ç8â +hÙ��iÛ^â´ÜfÙ�Ú1ì�×câ´Û^Ù�ç8å8×câÄâ^Ú�ã�æGÙxÚ1ì�Ýhçpìfà�ã�ÚhÜ��'âáàfìÄÝzâå8çhÖcÜfÜbã�Ú8Ûáâ �Yå8ã<àÄâáèzâ^æGåh×äâ,+;ÜfâáÛ^ÙxÚ8Ý8ã�Ötàbâ +§àbâ^Üfå;î;åhàbÖcæqã�Ötàbâ ��âáìÄ×YØ Ùxç �+âáàfìbçhàbâGåh×cç8Ü»ÙxçwæGÙ�ÖcÚ8Ü»åhàbÙ�Ú8ÙxÚhÛ^é^âqÝzâG×>Ø â^æ 0hà�ã��lã/�xâ �1ç8Öê8èzâ^Ú1ì�×Þã �zÖtìbâ^ÜfÜfâ�â^ÚDã	��ã�×ZÝhçqìfà�ã�ÚhÜ��'âáàfì"Ýzâ�å8çhÖcÜfÜbã�Ú8Ûáâ��Yå6ã-àsâáèzâ^æGå8×câ +låzàbÖcæqã�Ötàbâ +làbâ^Üfå;îzÜfâ^ÛáÙxÚ6Ýhã�Ötàbâ �ëî �§ãÄæGÙxÚ1ìbé^â�âáÚ �lÖtìbâ^ÜfÜfââ^Ü5ì¥å8×cç8ÜÄÙxçOæGÙ�ÖcÚ8Ü»à�ã�å8ÖäÝzâ +%ÜfçhÖ ��ã�Ú1ìÄ×äã{ÝhÖ��Kéáàbâ^ÚhÛ^âkÝhâqÛ^Ùxçhå8×câqâ^Ú1ìfàbâqåhàbÖcæqã�ÖtàbâGâáì¥Üfâ^Û^Ù�Ú6Ý8ã<Ötàbâ�âáì¥×câ^Ü´ÖcÚhâáàfìbÖcâ^Ü¯Ýzâ^Ü´ÝzÖ��+âáàbÜÛ^Ù�æGånÙxÜbã�Ú1ìbÜ^î

g d
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8�46NM*p=bac!8*-/-LM$Y:-,1/+:@NM*-,O(+=>,1/+:@*@$>P;N0,I¨l®8A{«hðZ®8A¸/146.0R@$>#M(+*-(1,wR@NM*�=Q!w£0unNM*-,w±%m g%_�46.y.0,{SM*-,+.0#?,+.?/1467OSM:-,�PZN0,
=Q!I|X!8:@:-,+*@$>,�ðZ®8Aw_X794§#M(+=Y$>R-(1,�:-,+=Y=>,�P;N0,�#M(1/+*@$Y:D,+.T±%mcñ%mY¨nm� "!I*-,+=Q!8:@$>46.¡#M,�/146.0R-,+*@Jn!8:@$>46.U#M,i=Q!gSMNM$>R-R<!8.0/1,
,+.;:@*-,{=>,p7946:-,+NM*D(+=>,1/+:@*@$>PZN0,n_M=>,1R�!6/1/1,1R-R-46$Y*-,1Rl_0,+:G=Q!O|X!8:@:-,+*@$>,n_XRlat(1/+*@$Y:k!8=>46*-R�¦

(EB − RB .IB).IB = ΓME .ΩME + Pe(ΩME ,ΓME) + PACC
Íf±%mY¨zÏ

46Ne|M$>,+.r_MR-$�=bat46.3/146.0R-$>#MÐ+*-,p=>,1R¯S�,+*@:-,1RG7946:-,+NM*q(+=>,1/+:@*@$>P;N0,v,+:q/146.ZJK,+*@:@$>R<R-,+NM*�!6R-R-4§/+$>(p,+.�2546.0/+:@$>46.3#M,vR-46.
*-(+un$Y79,�,+:q#%NB/146NM*<!8.Z:�|X!8:@:-,+*@$>,9¦

(EB − RB.IB).IB = ΓME.ΩME + Pe(ΩME , IB) + PACC
Íf±%mc®KÏ

ov!8.0R¥/1,1RÄ#M,+N%V9(1PZNX!8:@$>46.0Rz_
Pe(ΩME ,ΓME)

_
Pe(ΩME, IB)

_
ΩME

_n,+:
PACC

R-46.Z:¥S�4nR-$Y:@$'25Rl_6:<!8.0#%$>R¥PZN0,
IB
,+:

ΓME
R-46.;:k#M,1RGun*<!8.0#M,+NM*-R�!8=YuK(+|M*@$>P;N0,1Rlm

��� �����	�
� �
���	�
�

]-\��

�����

� \��

IACC

IME

IB

�M���
� 	���
�����>JI A�+N*P# I * )?>T# H -�# I *,>B+,D2)E# * � L(# % ) O4H A�+�IJ)G-3#<A � :4>K+�%�#&%E0?!8/ )?!
I102%G>T# :?+ � *P#7!8/ +��"! ���?F � � 	

�;$"=bat46.3S�4nR<,
PB = ΓME.ΩME + Pe(ΩME,ΓME) + PACC

_M46.B46|M:@$>,+.Z:�¦
(EB − RB.IB).IB = PB

¤Dat,1R-:qNM.0,v(1PZNX!8:@$>46.y#%N3R-,1/146.0#3#M,+un*-({#sa $Y.0/146.M.;N0,
IB
,+:k!6#%79,+:@:<!8.Z:p#M46.0/ Zl(+*-4946N3#M,+N%VeR-46=YNM:@$>46.0Rk#M,

/146NM*<!8.;: � � Í £0unNM*-,i±%m dnÏv¦
�

Zl(+*-4OR-46=YNM:@$>46.3=>46*-R-P;N0,
PB

,1R@:qR@NMS)(+*@$>,+NM*-,i[
PBmax =

E2
B

4·RB

L
�
#M,+N%VËR-46=YNM:@$>46.0R

IB1

,+:
IB2

#0!8.0Rq=>,v/l!6Rq/146.;:@*<!8$Y*-,nm
  SM*@$>46*@$b_Z$Y=0.rat,1R@:»SX!6R»S�4nR-R-$Y|M=>,q#M,G*-,áÒ@,+:-,+*ÄR@d%R@:-(+7g!8:@$>PZN0,+79,+.;:¥NM.0,k#M,1RÄ#M,+N%V9R-46=YNM:@$>46.0Rlm oD(l!8.M7946$Y.0Rl_
=>46*-R-P;N0,

PB 6= 0
_0/nat,1R-:k=Q!OR-46=YNM:@$>46.¡[O/146NM*<!8.Z:D=>,vSM=YN0Rq2f!8$Y|M=>,

IB1

P;NM$",1R@:D[wSM*@$YJ;$Y=>(+un$>,+*l_�/nat,1R@:^¢ë[h¢�#%$Y*-,
/1,+=Y=>,{P;NM$sS�4nR-R<Ð1#M,p=>,p79,+$Y=Y=>,+NM*k*-,+.0#M,+79,+.Z:D(+.0,+*@uK(+:@$>PZN0,I¦

IB = IB1
=

EB

2 · RB
·
(

1 −
√

1 − 4RBPB

E2
B

)

��� [�ã�ÚhÜ)ç8ÚkåhàbÙ,08×cß^æGâ å�� �zÜfÖ��1çhâ + �xé^Úhéáà�ã�×câ^æGâáÚlì)×Þã»à�ã�Û^ÖcÚhâ»ÝhÙxç308×câ�ÚZØ ã¥å6ã<ÜrÝhâ�ÜfâáÚ8Üså�� �zÜfÖ��1ç8â +1Ûáâ^Û^Ö .¥Û@ã<ç8Üfâ�Ýzâ^Üsâáàfàbâ^çzàbÜÝhâ�æGÙlÝhßá×äâ,+8ÖcÚ8é��zÖtì�ã 08×câ^Ü^î
gn­
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PBmax

IB

PB

PB

IB1

EB/2RB

IB2

������� 	������ ��04>70�I * H >K+R/S*�+,D2)E# :G0�* *P#7>K+�#

F�.�,x&),+:l_
IB2

*-(l!8=Y$>R-,k=Q!p79¬+79,qSMNM$>R<R<!8.0/1,k!1JK,1/D#M,1R»S),+*@:-,1R<�Z46NM=>,kR@NMSMSM=>(+79,+.;:<!8$Y*-,1Rlm; !{R-46=YNM:@$>46.
IB1.046N0RD!6R-R@NM*-,vP;N0,p=Q!w:-,+.0R@$>46.e|X!8:@:-,+*@$>,{.0,v#M,1R</1,+.0#%*<!OSX!6Rq,+.%¢�#M,1R-R<46N0Rk#M,

EB/2
m

IB1

S�,+NM:k¬+:@*-,�!8:@:-,+$Y.Z:�,+.3/<L046$>R@$>R-R<!8.;:�#M,p7g!8.M$>Ð+*-,iS�,+*@:@$Y.0,+.;:-,{=Q!O/<LX!8*@uK,{,+.3SX!8*<!8=Y=>Ð+=>,iR-NM*G=Q!w|X!8:@:-,x¢
*@$>, � � m
n�.0,Ë/-LX!8*@uK,B[B2b!8$Y|M=>,Ë$Y7OS�(1#0!8.0/1,3!8NM*<!?:-,+.0#0!8.0/1,3[B2b!8$Y*-,Ë7946.Z:-,+*

IB
!8NÃ#M,1R-R@N0RO#M,

EB/(2.RB)
_

/1,ËP;NM$¥*-,+J§$>,+.Z:g[BSM*@$YJ;$Y=>(+un$>,+*
IB2

m�¤´,1/+$GS),+NM:O!8*@*@$YJK,+*9R@$¥=bat46.�2b!8$Y:w!6/1/1(+=>(+*-,+*O=>,�7946:-,+NM*O(+=>,1/+:@*@$>P;N0,
*<!8SM$>#M,+79,+.;:l_ /1,+=YNM$'¢�/+$´(+:<!8.Z:{$Y.M$Y:@$Q!8=>,+79,+.;:w[Ë=bac!8*@*-¬+:I¦s46.�,xV§$YuK,9:@*-46S�#M,w:-,+.0R@$>46.�#M,9/1467O7g!8.0#M,n_"=Q!
2f46*-/1,¯/146.Z:@*-,G(+=>,1/+:@*-467946:@*@$>/1,G,+:�=ba $Y7OS�(1#0!8.0/1,G#M,¥=Q!D/-LX!8*@uK,{ÍÎ=>,´7946:-,+NM*�(+=>,1/+:@*@$>PZN0,zÏ�(+:<!8.;:�2f!8$Y|M=>,¯,+:�=>,1R
$Y.;:-,+*@*@NMSM:-,+NM*-RG#%N�/146.;JK,+*@:@$>R-R-,+NM*q!1dZ!8.;:´NM.I*<!8SMS�46*@:¯/+d%/+=Y$>PZN0,�#M,�/146.0#%N0/+:@$>46.Ë$Y7OS)46*@:<!8.Z:l_;=>,�/146NM*<!8.;:
|X!8:@:-,+*@$>,B!y:-,+.0#0!8.0/1,B[¡#M(+SX!6R<R-,+*

EB/(2.RB)
m<�;$q/1,1/+$GS)4nR-,�SM*-46|M=>Ð+79,B!8N�.M$YJK,l!8NÊ:@L0,+*@7O$>P;N0,n_�=Q!

R-46=YNM:@$>46.U/146.0R@$>R-:-,�[�!hÒ^46NM:-,+*v#M,1Rp/l!8SX!6/+$Y:-(1Rv#M,�#M(1/146NMSM=Q!8uK,9!h£0.¡#sac!6R<R@NM*-,+*�=Q!g2f46.0/+:@$>46.y:<!87OS)46.U#M,
/146NM*<!8.;:l_X,+:�«846Ny[w=Y$Y7O$Y:-,+*k=Q!�7946.Z:-(1,i#%Ny/146NMSM=>,{R@NM*G=>,v7946:-,+NM*k(+=>,1/+:@*@$>P;N0,nm

��N046$�P;Nra $Y=X,+.gR<46$Y:l_K/1,G794§#MÐ+=>,q#M,G|X!8:@:-,+*@$>,q.rat,1R-:»SM=YN0R»Jn!8=Q!8|M=>,qP;NX!8.0#g46.gRlac!8SMSM*-4§/-L0,�#M,
IB = EB/RB

m
8�!8*9,xV%,+7OSM=>,n_�46.Ê!

EB/RB ≈ 4000A
S�46NM*�=Q!y|X!8:@:-,+*@$>,ËF�V§$>#M, ��*@|M$Y:<!8=qop,1,+SÉ¤¥d§/+=>,n_�!8=>46*-ROP;N0,g=>,

/146NM*<!8.Z:D#M,{/146NM*@:^¢�/+$Y*-/+NM$Y:�#M46.M.0({SX!8*q=>,v/146.0R@:@*@N0/+:-,+NM*�,1R-:
1500A

m
oD46:-46.0RO#sac!8NM:@*-,ISX!8*@:OP;N0,Ë#0!8.0Rw=>,I/l!6#%*-,e#M,�/1,�794;#MÐ+=>,n_�=Q!ySMNM$>R-R<!8.0/1,�7g!hV%$Y7g!8=>,e#M(+=Y$YJ;*<!8|M=>,�SX!8*w=Q!
|X!8:@:-,+*@$>,

PBmax =
E2

B

4·RB

,1R-:�$Y.;JK,+*-R-,+79,+.Z:{SM*-46S)46*@:@$>46.M.0,+=Ä[g=Q!9*-(1R@$>R-:<!8.0/1,�|X!8:@:-,+*@$>,nmN8�46NM*pNM.0,�:-,+.0R@$>46.
EB = 14V

_;46.�!
PBmax = 4, 9 kW

R@$
RB = 0, 01Ω

_K7g!8$>R´R-,+NM=>,+79,+.Z:
PBmax = 98W

R-$
RB = 0, 5Ω

m

��- [�ã�Ú8Ür×câ�åhàbÙ,08×cß^æGâ�Ýzâ�×YØ ãxÝ8ã<åhì�ã-ìbÖäÙ�Ú{ÝZØ ÖcæGåné@Ý8ã<Ú8Û^â,+8Ù�ÚDÛ��8ÙxÖcÜfÖtì ×Þã¥Û��8ã<à��xâ �Yå8ã<à"âáèzâ^æGåh×äâ�ç8Ú8â àbé^ÜfÖcÜ5ì�ã�Ú8Ûáâ �sÝhâ�æqã�ÚhÖcßáàbâ
.qæqã<èzÖcæGÖäÜfâëà�×câ¥ìfà�ã�ÚhÜ��'âáàfìÄÝzâ´åhç8ÖcÜfÜbã�ÚhÛ^â´â^Ú1ìfàbâ¥×Þã 06ã-ìfìbâáàbÖcâ´âáì�×äãkÛ��8ã<à��xâ,+;Û�Ø âáÜ5ì�. .�. ÝhÖtàbâGÝhâ»ìbâ^×c×câ¯æqã�ÚhÖcßáàbâ��1ç8âÄ×äã�08ã<ìfìbâáàbÖcâ
�'Ù�çhàbÚhÖäÜfÜfâ

PBmax

î ��Ù<ìfàbâ åzàbÙ 0h×äßáæGâ â^ÚqÛ^Ù�Ú8Ü5ìbÖtìbç8â"ç8Úhâ âëèzìbâáÚ8ÜfÖcÙxÚ�+1å8çhÖäÜ �1çZØ Ù�ÚqÚ8â"Û��hâáàbÛ��hârå8×cç8Ü .ÄÜfâ"å8×äã�Ûáâáà .
PBmax

+læqã�ÖcÜ
.DçhÚ8â���ã�×câ^çzà

PB < PBmax

ÝzÙxÚ8Úhé^â��;ånÙxçhà»×äãpÛ@ã-à�ã�ÛáìbéëàbÖäÜ5ìbÖ��1ç8â
PB = f(IB)

Û^ÙxÚhÜfÖÞÝzéáàbé^â +§Û^âáìfìbâ�� ÙxÖcÜ�.QÛ^Ö)Ýzâ^çhè{ÜfÙ�×äçzìbÖcÙxÚ8ÜÜfÙxÚ1ì"ånÙxÜfÜfÖ 0h×äâáÜ^î�)�ÚDÛ��8âëàbÛ��hâ .¯ã<ìfìbâáÖäÚ8Ýzàbâ�Û^âá×ä×câ��1ç8ÖZÝhÙ�Ú8Úhâ�×câ�Û^Ùxçzà�ã�Ú1ìr×câ�å8×cç8Ü&�Yã<Ö 08×câxî
g ^
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 "!e#M(+7g!8*-/<L0,g#M,w2f46*@7iNM=Q!8:@$>46.�PZN0,w.046N0R{SM*-46S�4nR-46.0Ri$>/+$»,1R@:i!8SMSM=Y$>/l!8|M=>,9S)46NM*{:-46NM:{JK(+LM$>/+NM=>,9LZd§|M*@$>#M,nm
oD(l!8.M7946$Y.0Rl_X.046N0R�=Q!9#M(+:<!8$Y=Y=>46.0RDS)46NM*k=bac!8*-/<LM$Y:-,1/+:@NM*-,wLZd§|M*@$>#M,iSX!8*<!8=Y=>Ð+=>,w[9#M,+N%VB,+7�|M*<!1dZ!8uK,1Rl_�SMNM$>R-P;N0,
/nat,1R@:¯/1,+=Y=>,kP;NM$�,1R-:¥#%$>R@S)46.M$Y|M=>,�R-NM*Ä=>,�|X!8.0/�#%d§.X!87O$>PZN0,D#M,q=ba]\ o � F»E ��mM¤´,+:@:-,D!8*-/<LM$Y:-,1/+:@NM*-,v!i(+:-(�*-,+SM*-(x¢
R-,+.;:-(1,OR@NM*p=Q!9£0unNM*-,O®%m ^�Srmcñn®%m)F�=Y=>,9!�(+:-(w/-L046$>R@$>,wS)46NM*p=bat(+:@N0#M,w79,+.0(1,O,+.U/146=Y=Q!8|�46*<!8:@$>46. !lJK,1/wAÄ!8=>,14M_
F�V%$>#M,n_0,+:q=ba   opF ayFk_0#%NË2f!8$Y:q#M,iR-46.Ë2546*@:GS)46:-,+.Z:@$>,+=�#M,vuZ!8$Y.B,+.3/146.0R-467O7g!8:@$>46.¡!wSM*@$>46*@$bm
 »at,+7�|M*<!1dZ!8uK,{NM.

EMB1
,1R-:¯R-$Y:@N0(�,+.;:@*-,p=>,k7946:-,+NM*G:@L0,+*@7O$>P;N0,p,+:´=>,�7946:-,+NM*q(+=>,1/+:@*@$>P;N0,n_%=bat,+7i|M*<!1dZ!8uK,

#M,+N%V
EMB2

,+.Z:@*-,k=>,G7946:-,+NM*¥(+=>,1/+:@*@$>P;N0,k,+:»=Q!v|�48Ñ>:-,q#M,qJ;$Y:-,1R-R<,1Rlm8��.g:@*<!8$Y:-,G=Q!{R@$Y:@NX!8:@$>46.I4�$9=>,q7946:-,+NM*
(+=>,1/+:@*@$>P;N0,?,1R-:g=Y$>(¡!8NÌJ§$Y=>,+|M*-,1PZNM$Y.`J§$Q!UNM.0,¡/146NM*@*-46$>,ÃÍ5/nat,1R@:�=Q!T/146.%£0unNM*<!8:@$>46.�SM*-(1R-,+.;:-,?R-NM*I=>,y|X!8.0/
#%d§.X!87O$>PZN0,{#%Ny ;EGF¥Ïxm
owac!8NM:@*-,1RI!8*-/<LM$Y:-,1/+:@NM*-,1RI46.;:9(+uZ!8=>,+79,+.Z:92b!8$Y:O=bat46|%Ò@,+:g#sa NM.0,e46SM:@$Y7O$>R<!8:@$>46.Éun=>46|X!8=>, ÍÎJK46$Y*?k�­%m ðTSrmc­ ^TÏx_
/1,+S),+.0#0!8.Z:¯.046N0RÄ.0,k*-,+.Z:@*-,+*-46.0R´SX!6R´#0!8.0RÄ=>,�#M(+:<!8$Y=�#M,k=Q!p2f46*@7iNM=Q!8:@$>46.e#M,1RÄSM*-46|M=>Ð+79,1R¯/146*@*-,1R@S)46.0#0!8.Z:-Rzm
¤´467O79,�$Y.0#%$>PZN0(�/+$'¢�#M,1R-R@N0Rl_Z.046N0R¥/<L046$>R@$>R-R-46.0R´#M,G£MVM,+*Ä=>,q#%$Y79,+.0R-$>46.M.0,+79,+.Z:q#%NgJK(+LM$>/+NM=>,n_;=Q!vSMNM$>R<R<!8.0/1,
#M,1R»!6/1/1,1R-R-46$Y*-,1Rz_n,+:�=>,¯/+d%/+=>,¯#M,G/146.0#%NM$Y:-,¯J;$Y:-,1R-R<,z«h:-,+7OS0Rl_n,+:�.046N0R�/-L0,+*-/-L046.0RÄ=Q!D=>46$M#M,¥uK,1R-:@$>46.9#sat(+.0,+*@un$>,
46SM:@$Y7g!8=>,{SX!8*G*<!8SMS)46*@:�!8N3/+*@$Y:-Ð+*-,{/146.0R<467O7g!8:@$>46.B:-46:<!8=>,{#M,{/l!8*@|MNM*<!8.;:�R@NM*G=>,v/+d%/+=>,nmM r,vSM*-46|M=>Ð+79,�,1R@:
#%$>R-/+*-(+:@$>R-(n_0=>,pSX!6Rq:-,+7OS)46*-,+="(+:<!8.Z:k(+uZ!8=�[

Te = 1s
_M/1467O79,i#0!8.0RG=>,1Rk/+d§/+=>,1RG.046*@7g!8=Y$>R<(1Rlm

oD46N0R�#M(1/1467OS)4nR-46.0Re=>,?SM*-46|M=>Ð+79,U#M,?=Q! 79¬+79,?7g!8.M$>Ð+*-,UPZN0, �0m ¢á¤Dmk¤¥NM=Y$>46=Y$v#0!8.0RQeä¤¥NM= ^8ð fv=>46*-R-P;Nra $Y=
Rla $Y.;:-(+*-,1R-R-,G!8NwSM*@$Y.0/+$YS�,¯#%Nw7g!hV§$Y7�NM7¸#M, 8 46.;:@*@dZ!8unNM$Y.0,i¦8/+*@$Y:-Ð+*-,G#M,¥/14�iM:l_6(1P;NX!8:@$>46.9#sat(+:<!8:l_8/146.0#%$Y:@$>46.0R
=Y$Y7O$Y:-,1Rl_0/146.;:@*<!8$Y.Z:-,1RD$Y.0R@:<!8.;:<!8.0(1,1Rl_0/146.Z:@*<!8$Y.;:-,1Rp#sat(+:<!8:l_0,+:k/1467O7g!8.0#M,1R�!6#%7O$>R<R@$Y|M=>,1Rlm
 "!9J6!8*@$Q!8|M=>,�#sat(+:<!8:D(+:<!8.;:�=bat(+:<!8:D#M,i/<LX!8*@uK,�#M,i=Q!O|X!8:@:-,+*@$>,n_�.046N0R�/<L046$>R@$>R-R-46.0RD/1467O79,�(1PZNX!8:@$>46.¡#sat(+:<!8:
/1,+=Y=>,v*-(+un$>R-R�!8.Z:kR-46.3(+JK46=YNM:@$>46.rm

�{~�� �Ê�)�^�����)�³���Á� ���{�

\ë=�Rlac!8un$Y:�#M,37O$Y.M$Y7O$>R-,+*�=>,B/+*@$Y:-Ð+*-,?#M,B/14�iM:�(+.0,+*@uK(+:@$>PZN0,?R@NM$YJn!8.Z:l_´#M(+S�,+.0#0!8.;:�#%N`#%$Y79,+.0R@$>46.M.0,+79,+.Z:
Í5#%$Y7IÏx_0#%NB/+d%/+=>,9Í5/+d%/zÏx_0,+:q#M,v=Q!�SMNM$>R-R<!8.0/1,i#M,1Rk!6/1/1,1R-R-46$Y*-,1R�Íf!6/1/zÏ¯PZNrat46.yRlat,1R@:¯£MVM(1Rv¦

J(dim, acc, cyc) =

n−1
∑

i=0

CMTi
(ΩMTi

,ΓMTi
)

Í&g%mY¨zÏ

d§¨



���������
	
�
��� ���A�����$'�2[� 	
�&���p!�'"���
�67�2����*�$!�� ���,	
�E�$�E �� 	
�&��� ��2 ��7
��24�

CMTi

*-,+SM*-(1R-,+.;:-,k=Q!iPZNX!8.;:@$Y:-(k#M,k/l!8*@|MNM*<!8.;:´/146*@*-,1R-S�46.0#0!8.;:G[v=bac!8SMSM=Y$>/l!8:@$>46.�R@NM*¥=>,G7946:-,+NM*´:@L0,+*@7O$>PZN0,n_
,+.;:@*-,{=>,1RG:-,+7OS0R

i · Te
,+:

(i + 1) · Te
_M#%N3/146NMSM=>,

ΓMTi

[�=Q!wJ§$Y:-,1R-R-,
ΩMTi

m
¤´,D/+*@$Y:-Ð+*-,p,1R@:´NM.�/14�iM:¯#M,k:ëd;S),�$Y.Z:-(+un*<!8="!8NËR-,+.0R¥#M,"eä¤¥NM= ^8ð f�m§ r,�SM*-46|M=>Ð+79,�.0,D/1467OSM*-,+.0#ËSX!6R´#M,�/14�iM:
£0.X!8=bm
 !q2f46*@7iNM=Q!8:@$>46.I#%N�SM*-46|M=>Ð+79,G,1R-: S)46NM*�=ba $Y.0R@:<!8.Z:�$Y.0/1467OSM=>Ð+:-,{¦h.046N0R�.0,¥R�!1JK46.0R�SX!6R�,+.0/146*-,´SX!8*�*<!8SMS�46*@:
[9PZN0,+=Y=>,1Rq/1467O7g!8.0#M,1R�.046N0Rk!8=Y=>46.0Rk7O$Y.M$Y7O$>R-,+*

J(dim, acc, cyc)
m

�i~á¶ � 	D���¯���<�q� �Ë�b�����¯�

oD46N0RÄ!lJK46.0R�£MVM(q,+.?k�±%mY¨GSrmc± dD=bat(+:<!8:Ä#M,G/<LX!8*@uK,k#M,¯=Q!p|X!8:@:-,+*@$>,k/1467O79,GJ6!8*@$Q!8|M=>,k#sat(+:<!8:lm   JK,1/¯=>,¯794;#MÐ+=>,
#M,{|X!8:@:-,+*@$>,{/146.0R@$>#M(+*-(i,+. k�±%mcñ%mY¨{Srmc± ^%_0R-46.B,xV%SM*-,1R-R@$>46.3,1R@:G=Q!9R@NM$YJ6!8.;:-,9¦

SOCri+1
=

{

SOCri
− IBi

si IBi
≥ 0

SOCri
− IBi

· νB si IBi
< 0

Í&g%mc®KÏ

�i~�} �É�k�����^���-�k���W�<�<¹º�^�����

\ë=;2f!8NM:�$Y7OS�4nR<,+* NM.0,¯/146.Z:@*<!8$Y.;:-,G#M,Ä7g!8$Y.;:@$>,+.9#M,´=bat(+:<!8:�#M,¯/-LX!8*@uK,¯#M,¥=Q!q|X!8:@:-,+*@$>,n_nR�!8.0R P;N046$;=>,¥SM*-46|M=>Ð+79,
#M,g7O$Y.M$Y7O$>R<!8:@$>46.�R-,O*-(1R-46N0#%*<!8$Y:�,+.�NM:@$Y=Y$>R<!8.;:�#0!8.0R�=>,1R{SMLX!6R-,1R�#M,9:@*<!6/+:@$>46.�=>,g7946:-,+NM*i:@L0,+*@7O$>P;N0,�!8N
7O$Y.M$Y7�NM7�,+:G=>,p7946:-,+NM*D(+=>,1/+:@*@$>PZN0,�!8N37g!hV§$Y7�NM7 Í5#0!8.0Rq=>,1Rq=Y$Y7O$Y:-,1R�!8NM:-46*@$>R-(1,1RGSX!8*k=>,1Rq/l!8*@:-46un*<!8SMLM$>,1R
|M$>,+.�,+.Z:-,+.0#%N�ÏxmÄ¤´,1/+$´R-,9:@*<!6#%NM$Y*<!8$Y:w$Y.0(+J§$Y:<!8|M=>,+79,+.Z:OSX!8*�NM.0,O2f46*@:-,I#M(1/<LX!8*@uK,Ë#M,9=Q!B|X!8:@:-,+*@$>,n_ /1,�PZN0,
=bat46.gJK,+NM:¥(+J§$Y:-,+*lmKF�.9SX!8*@:@$>/+NM=Y$>,+*l_;46.9JK46N0#%*<!p:@*<!1Jn!8$Y=Y=>,+*´[v|M$Y=Q!8.9|X!8:@:-,+*@$>,q.;NM=�!h£0.g#M,GS)46NMJK46$Y*Ä/1467OSX!8*-,+*
#M,1R¯/146.0R-467O7g!8:@$>46.0Rk#M,�/l!8*@|MNM*<!8.;:k#M,kJK(+LM$>/+NM=>,1RG#%$'&s(+*-,+.Z:-Rzm38�46NM*G=ba $Y.0R@:<!8.;:l_;SM=Q!�W146.0R@¢b.046N0RG#0!8.0R¯=>,�/l!6R
=>,�SM=YN0RpuK(+.0(+*<!8=»#sa NM.0,O#%$'&s(+*-,+.0/1,O#sat(+:<!8:{#M,w/-LX!8*@uK,

∆SOC
,+.;:@*-,w=>,w#M(+|MNM:{,+:D=Q!g£0.U#%NU/+d§/+=>,nmvoD46N0R

46|M:-,+.046.0R�=>,1Rq/146.0#%$Y:@$>46.0Rk=Y$Y7O$Y:-,1RkR@NM$YJn!8.Z:-,1R�¦

SOCr0
= 0, SOCrn = ∆SOC

Í&g%mcñKÏ

ov!8.0RO=>,1RO,xV%SM*-,1R-R@$>46.0R9!8.X!8=Yd§:@$>P;N0,1ROR@NM$YJ6!8.;:-,1Rl_�$Y=´2f!8N0#%*<!8$Y:9,+.Ã:-46NM:-,Ë*@$YunN0,+NM*O$Y.0#%$>/1,+*O=bat,+.0R<,+7i|M=>,3#M,1R
un*<!8.0#M,+NM*-RySMLZd%R@$>P;N0,1RB!1JK,1/�=ba $Y.0#%$>/1,U:-,+7OS)46*-,+=i/146*@*-,1R@S)46.0#0!8.Z:l_

i
mto�46N0Re.0,T=>,¡2f!8$>R<46.0RËSX!6Ry!h£0.�#M,

R-$Y7OSM=Y$'£X,+*k=>,1Rq(1/+*@$Y:@NM*-,1Rlm

�i~�� �É�k�k�����q�<�k�������-���M���k�k���q�����������H� 	p�I�Á���q�k�-�^���

 ",1R¥SML0(+.04679Ð+.0,1R¯SML;d§R-$>PZN0,1R¥=Y$Q!8.Z:¯=>,1R´#%$YJK,+*-R-,1R´J6!8*@$Q!8|M=>,1R¯,+.0#M46uKÐ+.0,1RG!8N�R-d§R@:-Ð+79,n_§!8NM:@*-,1R¯PZN0,k=bat(+:<!8:¯#M,
/<LX!8*@uK,k*-,+=Q!8:@$'2@_nJK46.;:¥R-,G:@*-46NMJK,+*´,xV§SM*@$Y79(1,1R´#0!8.0R»=>,qSM*-46|M=>Ð+79,kR-46N0R»2546*@79,q#M,k/146.Z:@*<!8$Y.Z:-,1R´$Y.0R@:<!8.;:<!8.0(1,1R
#M,{:�d§S�,v(+uZ!8=Y$Y:-(nm

�^�7����� �J!�.D( &98 � � *,#�!�. $�& 2�� �RB1# ( ( � .�� & $��`.D( 2 � * 8�� .1(�� #�( ( #-!�."�
¤´,+=Y=>,x¢�/+$XS�,+NM:�Rlat,xV%SM*@$Y79,+*»,+.O=Q!D#%$>R-R-4§/+$Q!8.Z:»,+.ONM.0,¯*-,+=Q!8:@$>46.9R@NM*�=>,1R�/146NMSM=>,1R»#sa NM.0,¯SX!8*@:l_n,+:�NM.0,¯*-,+=Q!8:@$>46.
R-NM*Ä=>,1R¥J;$Y:-,1R-R<,1RÄ#sac!8NM:@*-,�SX!8*@:lm�oD46N0R»*<!8SMS),+=>46.0R¯PZN0,k=>,k/+d%/+=>,k#M,k/146.0#%NM$Y:-,�J§$Y:-,1R-R-,z«h:-,+7OS0R´,1R@:¥/146.M.;Nr_§,+:
d6®



� � ��� � ���+	
�
���E��	b�� h�E�( �	 ���+	 ���v0 �� 5!6��	
#��(�$0�� ��2 ��	b0

SX!8*k/146.0R-(1P;N0,+.Z:l_
ΩR

=bat,1R-:k[w/-LX!6P;N0,{$Y.0R@:<!8.;:lm0F�.3:-,+.X!8.;:�/1467OSM:-,{#M,p=bac!6/1/1(+=>(+*<!8:@$>46.U[�SM*-4;#%NM$Y*-,i,+:k#M,1R
2f46*-/1,1R´#M,�*-(1R@$>R@:<!8.0/1,v!8N�*-46NM=>,+79,+.Z:l_M46.Ë#M(1#%NM$Y:

ΓR
] � _ZP;NM$�,1R@:¯#M46.0/p/146.M.ZN3[�/-LX!6P;N0,�$Y.0R-:<!8.Z:¯=YNM$r!8N0R-R@$bm

8�*-(1/+$>R-46.0R¥#sac!8|�46*-#w=Q!vJ6!8=>,+NM*»#M,1R�*-,+.0#M,+79,+.;:-R¥,+.9/146NMSM=>,k,+:»,+.9J;$Y:-,1R<R-,¯#M,1R»/146NM*@*-46$>,1Rl_K#M,1R»,+7�|M*<!1dZ!8uK,1Rl_
#M,q=Q!v|�48Ñ>:-,q#M,kJ;$Y:-,1R<R-,1R»,+:¥#%NI#%$'&)(+*-,+.;:@$>,+=b_ZS)46NM*Ä=>,q/l!6R¥#%NgApC�EGF #M,+N%Vg,+7i|M*<!ldZ!8uK,1R@] � m oD46N0R»NM:@$Y=Y$>R<46.0R
S)46NM*q/1,+=Q!w=>,1RG.046:<!8:@$>46.0R�$Y.Z:@*-4§#%NM$Y:-,1Rk,+.Qk�±%mcñ%mcñwSrm gn±%_XR-46$Y:{¦
�

� ��'3��� ��� � ¦r*-,+.0#M,+79,+.Z:O,+.�J§$Y:-,1R-R-,9,+:�,+. /146NMSM=>,IS�46NM*{=>,gSX!6R-R<!8uK,I#%N�J§$Y=>,+|M*-,1PZNM$Y. JK,+*-Ri=>,O7946:-,+NM*
(+=>,1/+:@*@$>P;N0,

ηΩCO
= ηΓCO

=

{ √
ηPCO

−1 si ΓME > 0√
ηPCO

sinon

�
���*7��
��# �?�6�� ¦
3
*-,+.0#M,+79,+.Z:�,+.y/146NMSM=>,{#M,1Rq,+7i|M*<!ldZ!8uK,1Rl_�#0!8.0RG=>,{R-,+.0RG7946:-,+NM*k:@L0,+*@7O$>PZN0,vJK,+*-Rk*-46N0,

ηΓEMBi
=

{

O si rEMBi
= 0

1 sinon
pour i = 1ou 2

3
*-,+.0#M,+79,+.Z:�,+.BJ;$Y:-,1R-R<,D#M,1R�,+7i|M*<!ldZ!8uK,1Rl_X#0!8.0Rk=>,vR-,+.0RG7946:-,+NM*q:@L0,+*@7O$>P;N0,{JK,+*-RG*-46N0,

ηΩEMB1
=











O si rEMB1
= 0

ΩRMT

ΩMTral

si ΩRMT
< ΩMTral

et rEMB2
= 1

1 si rEMB1
= 1

ηΩEMB2
=











O si rEMB2
= 0

ΩRMT

ΩMTral

si ΩRMT
< ΩMTral

et rEMB1
= 1

1 si rEMB2
= 1

��.I/146.0R@:<!8:-,�PZN0,k=bat46.�#%$>R-S�4nR-,k#M,k/+$Y.0PwS)4nR-R@$Y|M$Y=Y$Y:-(1R´,+.I/1,kP;NM$�/146.0/1,+*@.0,�=bat(+:<!8:¯#M,1RÄ,+7i|M*<!ldZ!8uK,1Rv¦
.
R-46$Y:

EMB1
,+:

EMB2
R-46.;:�46NMJK,+*@:-Rlm)¤´,i/l!6R�S�,+NM:�!8*@*@$YJK,+*p,+.325*-,+$Y.X!8uK,{79(1/l!8.M$>P;N0,ËÍÎ7946:-,+NM*

:@L0,+*@7O$>P;N0,TR@:-46SMS)(zÏx_q[�=bac!8*@*-¬+:B#%N�JK(+LM$>/+NM=>,n_k46N�|M$>,+.	[ 2f!8$Y|M=>,UJ§$Y:-,1R-R-,¡JK(+LM$>/+NM=>,�,+.�£0.W#M,
#M(1/1(+=>(+*<!8:@$>46. ]-\ L

.
R-46$Y:

EMB1
,1R@:�2f,+*@79(I,+:

EMB2
46NMJK,+*@:lmÄ¤´,1/+$¯R<,+*<!3=>,Ë/l!6Rw=>46*-R-P;N0,g=>,�7946:-,+NM*w:@L0,+*@7O$>P;N0,

*-,1/-LX!8*@uK,I=Q!e|X!8:@:-,+*@$>,Ë[e=bac!8*@*-¬+:lm�¤´,+=Q!3S),+NM:i¬+:@*-,I$Y.Z:-(+*-,1R-R�!8.Z:�=>46*-R-PZNra NM.0,92546*@:-,gSMNM$>R-R<!8.0/1,�,1R@:
/146.0R-467O79(1,�SX!8*Ä=>,1R¯!6/1/1,1R-R-46$Y*-,1R´(+=>,1/+:@*@$>PZN0,1Rz_;46NË,+.gSMLX!6R-,�#M,�/<LX!8N%&),D#%Ng7946:-,+NM*´:@L0,+*@7O$>P;N0,^L

.
R-46$Y:

EMB1
SX!8:@$Y.0,p,+:

EMB2
,1R@:¥25,+*@79(n_%R-46$Y:

EMB1
,1R@:Ä25,+*@79(p,+:

EMB2
SX!8:@$Y.0,nm0¤´,+=Q!�,1R@:

=>,k/l!6R´=>46*-R-P;Nrat46.Ë,1R@:´,+.�SMLX!6R-,D#M,k:@*<!6/+:@$>46.e,+:¯PZN0,�=Q!vJ§$Y:-,1R-R-,D#%N�JK(+LM$>/+NM=>,�.rat,1R-:¥SX!6R´R@N �gR<!8.;:-,
S)46NM*GS�46NMJK46$Y*k,+7�|M*<!1dK,+*D=>,p7946:-,+NM*q:@L0,+*@7O$>P;N0,n_079¬+79,vS)46NM*G=>,v*<!8SMS)46*@:k#M,v#M(+7iNM=Y:@$YSM=Y$>/l!8:@$>46.
=>,pSM=YN0Rq/146NM*@:�Í

kBV (1)
Ï\L

.
R-46$Y:

EMB1
,+:

EMB2
R-46.;:¯25,+*@79(1RlmX¤´,1/+$rR<,+*<!i=>,v/l!6RG,+.ËSMLX!6R-,v#M,p|)4§4nR@:´46N3#M,�#0N%VeR-(+*@$>,n_M[

!6R-R-,�Zvun*<!8.0#M,{J;$Y:-,1R-R<,pJK(+LM$>/+NM=>,vS�46NM*�PZN0,p=>,p7946:-,+NM*�:@L0,+*@7O$>PZN0,vSMNM$>R<R-,v¬+:@*-,{,+7i|M*<!ldK(^L
.
R-46$Y:

EMB1
,1R@:q46NMJK,+*@:D,+:

EMB2
2f,+*@79(n_0/1,+=Q!O/146*@*-,1R-S�46.0#3R<46$Y:�[�NM.0,vSMLX!6R-,{#M,{:@*<!6/+:@$>46.B,+.

:-46NM:q(+=>,1/+:@*@$>P;N0,n_XR-46$Y:k[w#M,v=Q!�*-(1/+NMS)(+*<!8:@$>46.?!8N32Î*-,+$Y.X!8uK,n_M7946:-,+NM*k:@L0,+*@7O$>PZN0,�R@:-46SMS�(nm
Ô�� S�Ù�æGæGâ¥ÖcÚ8ÝhÖ��1ç8é»â^Ú�� �lî íGå;î �WT +

ΓR

â^Ü5ì�ÝhéáìbâáàbæGÖcÚhé �<à�'�Û^â´ã�çi×äÙ �xÖcÛ^Öcâ^×XÝhâ¥ÜfÖcæ´ç8×äã-ìbÖäÙ�Ú �'Ù�à��)ã<à�Ý � ��� � O Z/+KÝzé��+â^×cÙxåhånéã�ç �+] � î S�âáÛ^Ö%ã<çhà�ã�Ötì"å8çDã�çhÜfÜfÖ !áìfàbâ�â �Kâ^Ûáìbç8é�ÝhÖtàbâ^Ûáìbâ^æGâáÚlì"Ýhã�ÚhÜs×äâ�×cÙ �xÖcÛ^Öcâ^×MÝKØ Ù�åhìbÖcæGÖcÜbã<ìbÖcÙxÚ �x×cÙ 08ã�×câ � )�
���
ÄîÔ�� �Zâ^Ü �xã<×câ^çhàbÜ"ÝhâáÜràbâáÚ6ÝhâáæGâ^Ú1ìbÜsÝhâ�Ûáâ^ÜrÛ^ÙxæGånÙ�Übã�Ú1ìbÜråhàbÖcÜrÖäÚ8ÝhÖ��lÖäÝhç8âá×ä×câ^æGâáÚlì)ÙxÚ1ìréáìbé�âáèzåhàbÖcæGé^âáÜrÝ8ã�ÚhÜs×câ�Û��8ã�å8Ötìfàbâ �1îÔbÓPO Û^ÖzÚ8ÙxçhÜXÝhé^Û^ÖäÝzÙxÚ8Ü �1ç;Ø â^ÚÄê6ÚGÝzâsÝhéáÛ^é^×céáà�ã<ìbÖcÙ�Ú +1âáìXÜ^Ø Öc×8â^Ü5ìXånÙ�ÜfÜfÖ 0h×câ ÝKØ éáìbâ^ÖcÚ6Ýlàbâs×äâsæGÙ<ìbâ^çhàMì��hâáàbæGÖ��1ç8â��Yå8ã�ÜXÝhâ��8çhèÄÜféáàbÖcâÚ8éáÛ^â^ÜfÜbã�Ötàbâ ånÙxçhà�àbâ^Û��6ã<à���âáàs×äã 06ã-ìfìbâáàbÖcâ .�×YØ ã<àfà�!áì � +l×câ^ÜsÝzâ^çhè´â^æ10zà�ã��lã ��â^Ü�ÜfÙ�Ú1ì)Ùxç �+âáàfìbÜ^î )�Úqã<çhà�ã<Öcì�å8çGÛ��8Ù�ÖäÜfÖtàrÝzâ ÚZØ Ùxç��1àbÖtà
�1ç8âXÛ^â^×cç8ÖzÝzçÄæGÙ<ìbâ^çhà;ì��8âáàbæGÖ��1ç8â�î [�âXìbÙxçhìbâ$�Yã	�^ÙxÚ�+�Ûáâ^×äã Ú;Ø ãrå6ã<ÜMÝZØ ÖcÚ8Û^ÖäÝzâ^Ú8Û^â�ÜfçhàM×äã"Û^ÙxÚhÜfÙxæGæqã<ìbÖcÙ�Ú¥Ýzâ�Û^ã<à�08çzà�ã�Ú1ì&+-å8çhÖcÜ �lçhâ×câ^ÜrÙxç �+âáàfìbçhàbâáÜ"âëì&�'âáàbæGâáìbçzàbâ^Ü"Ýhâ^Üsâáæ10hà�ã��lã/�xâ^ÜsÜfÙ�Ú1ì Üfçhå8ånÙ�Üfé^â^ÜrÖcÚ8Ü5ì�ã�Ú1ì�ã<Ú8é^â^Ü^î
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 »at,+.0R<,+7i|M=>,k#M,1R�S)4nR-R@$Y|M$Y=Y$Y:-(1R�,1R-:�*-(1R@NM79(G#0!8.0R�=>,´:<!8|M=>,l!8N g%mY¨n_K!1JK,1/q=>,1R�/146.0#%$Y:@$>46.0RÄR@NM*�=>,1R»/146NMSM=>,
,+: J;$Y:-,1R-R<,�*-46N0,Ä/146*@*-,1R@S)46.0#0!8.Z:-Rzm

elhyb
,1R@:rNM.�#%*<!8S�,l!8N�$Y.0#%$>PZNX!8.;: =ba N0R�!8uK,Ä#%Ni7946:-,+NM*�:@L0,+*@7O$>P;N0,

46N?SX!6ROÍ
elhyb = 1

=>46*-R<PZN0,�=>,{7946:-,+NM*p:@L0,+*@7O$>P;N0,�,1R-:p!8=Y=YNM79(zÏxmvoD46:-46.0R�P;N0,i=>46*-R<PZN0,
elhyb

,1R@:
(+uZ!8=�[3¨n_0=>,i7946:-,+NM*D(+=>,1/+:@*@$>P;N0,�S�,+NM:q.0,iSX!6RkSX!8*@:@$>/+$YS),+*v[O=Q!O:@*<!6/+:@$>46.¡46N?[O=Q!O*-(1/+NMS)(+*<!8:@$>46.U!8N
25*-,+$Y.X!8uK,nm�\ë= ,1R-:D#M46.0/�SX!8*D,xVM,+7OSM=>,�S�4nR-R-$Y|M=>,i#sac!1JK46$Y*pNM.?794;#M, 9�:-46NM:D:@L0,+*@7O$>PZN0,;Ue=>46*-R-P;N0,i=>,1R
#M,+N%Ve,+7i|M*<!ldZ!8uK,1RDR<46.Z:G2f,+*@79(1Rq,+:kP;N0,

ΓME = 0
m

ΓRS

,+:
ΩRS

R-46.Z:�#M,1R{Jn!8=>,+NM*-R{#M,9R-,+NM$Y=>Rz_s*-,+=Q!8:@$YJK,+79,+.Z:�2b!8$Y|M=>,1Rl_)S�,+*@79,+:@:<!8.;:�#M,g#%$>R@:@$Y.MunN0,+*i=>,1R
#%$YJK,+*-Rk794;#M,1Rq,+.;:@*-,{,+N%Vsm

��������� �	�
��������
�� ΓR � � ΩR
������������� � � ���������	���
��� � ���
����������������� � � � ��� � ��� ��� ���������
����� � � � ��� elhyb

� � ���	�"!#��$ � �&%'��(�(�)
�
*#
 � � ��
�(�(+)
�"� � �������
� � � �����	� � ��(,�����-�������
rEMB1

rEMB2

��(,����� .-*�
 � ��% )0/ �����1���������	�
�����	�
(|ΓR| ≤ ΓRs � � ΩR ≤ ΩRs

) � � rBV = 0 � � 2 � � � �
�-��$ � �����"�����
*�
 ��3 ���	��4��&��
 �
��
 5���6��
��
�) �87 ��
92:5�� � � �	� � 5���6��
��
�) � (-���

2 ΓR ≤ 0 � � ΩRMT
≤ ΩMTmin 7 ΩMT = ΓMT = 0 � ���
��) �;� ������
�(�) � ����
 � ����$��1��� ��7 �����#5 � �����
���

|ΓR| ≤ ΓRs � � ΩR ≤ ΩRs

� � rBV = 0 � � ΩMT = ΩMTmin

��������6 � �=< �
> 
+?@�	�"��� � % )0/ �����	4��A2B��
C(-��� 7

ΓR ≥ 0 � � ∈]0; 1[ � rBV = 1 � � �D�#���	� 3 ��5 � �E����� � 
��F��6 � �����
*�
 � �
ΩRMT

≤ ΩMTmin

� ∈]0; 1[ ΩMT = ΩMTmin

% � ���
��) � �	��$��
� �
ΩRMT

≥ ΩMTmin

� � �,������� 3 ��
 > 
+?@������� � 2 � �@���	�������
��� �
��
G�"5 � �E�	����
�(,�����1�	�
���9��
 � � � �
�-��$ �87

|ΓR| ≥ ΓRs

� � ΩMT = ΓMT = 0 ���#� � �	��
+����) � ���	�	�
*#
 � �
��
G������
�(,�"�	�1�	�
���H��
 � � � �
�-��$ �

IKJ�L�� 
������NM H /S)G9 H %2#7/ L �4/B/ +P:4+.- +N* H / %�#6-R0=I A 0,O !�#@%2# *,>70�IJ*�+3�4! #7!
I7�4>K>T#7/PL �"!�%E0?!�I7#<0 O #"IM-7' H *N0�*�%�#7/<#79 :4>70 �20 V #7/ �

�
7
�QP
	b� !6� .Y�
	b�� � Y� ¦;*-,+.0#M,+79,+.Z:k,+.ËJ§$Y:-,1R-R-,D,+:´,+.e/146NMSM=>,n_M#0!8.0R¯=>,DR-,+.0R´7946:-,+NM*G:@L0,+*@7O$>PZN0,pJK,+*-R´*-46N0,n_
rBV

(+:<!8.;:k=>,p*<!8SMS)46*@:k#M,v|)48Ñ>:-,v/146NM*<!8.Z:

ηΓBV
(rBV ) =

{

ηPBV
(rBV ) si ΓR > 0

η−1
PBV

(rBV ) sinon

ηΩBV
= 1

�
!�� R;0��
����	
�&��2 ¦%*-,+.0#M,+79,+.;:�,+.3J§$Y:-,1R-R-,v,+:q,+.B/146NMSM=>,n_X#0!8.0RG=>,{R-,+.0RG7946:-,+NM*k:@L0,+*@7O$>PZN0,vJK,+*-Rk*-46N0,

ηΓDIFF
=

{

ηDIFF si ΓR > 0

η−1
DIFF sinon

ηΩDIFF
= 1¤´,1R�,xV%SM*-,1R-R@$>46.0R�(+:<!8.Z:�S�4nR-(1,1Rz_r46.�S),+NM:�,xV%SM*@$Y79,+*i=Q!3*-,+=Q!8:@$>46.�,+.;:@*-,g=>,1R�/146NMSM=>,1R�#0!8.0R�=Q!e/<LX!hÑ>.0,�#M,

:@*<!6/+:@$>46.�¦

ΓR = kDIFF · ηΓDIFF
· kBV (rBV ) · ηΓBV

(rBV ) · ηΓEMB2
· [kCO · ηΓCO

· ΓME + ηΓEMB1
ΓMT ]

Í&g%m ð;Ï
  $Y.0R@$rP;N0,v=>,1RG*-,+=Q!8:@$>46.0R�R@NM*G=>,1RGJ§$Y:-,1R-R-,1R{¦
dhð
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#��(�5���,0�� ��2 �
	b0

ΩME = kCO · ηΩCO
· ηΩEMB2

· kBV (rBV ) · ηΩBV
· kDIFF · ηΩDIFF

· ΩR
Í&g%mc±KÏ

ΩMT = ΩME · k−1
CO · η−1

ΩCO
· ηΩEMB1

Í&g%m gKÏ

���7�1�
	 � ��B��\*,#-!/. 6 2-& �	* 8?# � B1&;$DB ��6 �1# � B12�&
F�=Y=>,v,1R@:G(+:<!8|M=Y$>,i!8NË.04§,+N0#e#M,p/146NM*<!8.Z:k/1467OSM*@$>Rq,+.;:@*-,v=>,D7946:-,+NM*k(+=>,1/+:@*@$>P;N0,n_%=Q!�|X!8:@:-,+*@$>,n_M,+:G=>,1Rq!6/1/1,1R^¢
R-46$Y*-,1RiÍ5/x2�£0unNM*-,i±%m gwSrm gn­KÏv¦

(EB − RB · IB) · IB = ΓME · ΩME + Pe(ΩME ,ΓME) + PACC
Í&g%m dnÏ

�{~�� �É�q���X�)�q�-�������W�<���0���q�����q�������W���H� 	p�I�Á�-�����q�q�-�^���
\á/+$».046N0R�,xV%SM*@$Y7946.0R�R-46N0R{2f46*@79,I!8.X!8=Yd§:@$>P;N0,9=>,1R{=Y$Y7O$Y:-,1R�#M,1R�/1467OS�4nR<!8.;:-R�#M,g=Q!3/<LX!hÑ>.0,I#M,g:@*<!6/+:@$>46.rm
 r,1Rw/1467OS)4nR<!8.Z:-RO/+*@$Y:@$>P;N0,1ROR-46.Z:�=>,�7946:-,+NM*O(+=>,1/+:@*@$>PZN0,n_�=>,I7946:-,+NM*�:@L0,+*@7O$>P;N0,n_�,+:�=Q!3|X!8:@:-,+*@$>,nm oD46N0R
R@NMSMS)4nR-46.0RqP;N0,p=>,1Rk!8NM:@*-,1Rk/1467OS)4nR<!8.;:-R�Í5,nm u0mM=Q!w:@*<!8.0R-7O$>R-R@$>46.�Ï´R-46.;:kR@NM*^¢�#%$Y79,+.0R@$>46.M.0(1Rlm
oD46N0Rq46|M:-,+.046.0Rq=>,1Rq/146.;:@*<!8$Y.Z:-,1RpR@NM$YJn!8.Z:-,1Rlm

��� �^���  # � #N*��\*,#-!�. $1&)( � !�B��D2-& ( & * �^#-* &)( (+& ( $1&)( � ! * &)B18?(J*��1&98�� # ��B1& & * 6)2-& �	* 8?# ��B�&
$�� .1( 2-&)B18?( ���`8 * !�'�8�� �1�1#-& ( 8,&)( �>& �	*,# �/&)(

{

0 ≤ ΩME ≤ ΩMEmax

ΓMEmin
(ΩME) ≤ ΓME ≤ ΓMEmax(ΩME)

Í&g%mc­KÏ
{

0 ≤ ΩMT ≤ ΩMTmax

ΓMTmin
(ΩMT ) ≤ ΓMT ≤ ΓMTmax(ΩMT )

Í&g%m ^KÏ

��� �^�
	  # � #N*��\*,#-!�. $1B � !�B�8�� ./*;< �\* * &98 #-&�� B � !�B�8��`./*�� ����# �=B�� &). �����`8,'�& & *;&).
$16 �����`8,'�&

IBmin
≤ IB ≤ IBmax

Í&g%mY¨l©KÏ

�{~ � �É�q���X�)�q�-�������W�Ë�b�����¯�
oD46N0R»!1JK46.0R»R@S)(1/+$'£X(¯,+. k�±%mcñ%mY¨¯Srmc± ^pPZNra $Y=M,1R@:�.0(1/1,1R-R<!8$Y*-,¯#M,¯*-,1R@:@*-,+$Y.0#%*-,¯=bat(+JK46=YNM:@$>46.I#M,¥=bat(+:<!8:»#M,¯/<LX!8*@uK,
*-,+=Q!8:@$'2

SOCr
#M,k:-,+=Y=>,q7g!8.M$>Ð+*-,DPZN0,q=bat(+:<!8:´#M,q/<LX!8*@uK,D!8|0R<46=YN

SOC
*-,1R@:-,k#0!8.0RÄ=Q!vSM=Q!8uK,kSM*-(1/146.M$>R-(1,kSX!8*

=>,v/146.0R@:@*@N0/+:-,+NM*D#M,v=Q!�|X!8:@:-,+*@$>,n_
[socmin; socmax]

¦
socmin ≤ SOC ≤ socmax

Í&g%mY¨n¨zÏ
F�.y*-(l!8=Y$Y:-(n_0|M$>,+.BP;N0,v=>,v=>46un$>/+$>,+=�#M(+JK,+=>46SMS�(iSMNM$>R-R-,vSM*-,+.0#%*-,�,+.B/1467OSM:-,i/1,+:@:-,�/146.Z:@*<!8$Y.Z:-,n_�$Y="R<,p:@*-46NMJK,
P;N0,O#0!8.0Rv=>,1R{/l!8=>/+NM=>R{P;N0,w.046N0Ri!1JK46.0Ri,+N [�,x&),1/+:@N0,+*l_r/1,+=Y=>,x¢�/+$Ä.rac!�Ò@!87g!8$>Rv(+:-(gR<!8:@NM*-(1,nms "!e#M(1/<LX!8*@uK,
7g!hV%$Y7g!8=>,�R@NM*Ä=>,k/+d%/+=>,qS)46NM*

∆SOCr = 0
Rlat(+=>,+Jn!8$Y:´[vP;N0,+=>PZN0,kS�46NM*^¢�/1,+.;:-R¯#M,q=Q!{/l!8SX!6/+$Y:-(�|X!8:@:-,+*@$>,

CBÍÎJK46$Y*k/<LX!8SM$Y:@*-,�^�Srm ^%¨zÏ
d6±
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�i~�� ·H� 	����^���-�k����� � 	v�M���»¹º�����Ã�����������¥�G�)�-� 
w�-���Ã��� ���k¹�¹º�q�������k� ��¹j�
¹º�k���������q�w¹º�-�X��� 
��<���W���Æ���)� 
w� �»¹º�

n�.0,p2f46$>R¯=>,1Rq(1P;NX!8:@$>46.0RqS)4nR-(1,1Rl_§$Y="Rlac!8un$Y:q#M,{#M(x£0.M$Y*k=>,1RGJ6!8*@$Q!8|M=>,1Rk#M,{/1467O7g!8.0#M,{#%NBR@d%R@:-Ð+79,pJK(+LM$>/+NM=>,
L;d;|M*@$>#M,I/146.0R@$>#M(+*-(nmHoD46N0R{#%$>R@S)4nR-46.0R�#M,Oð3(1PZNX!8:@$>46.0Rz_"P;NM$»R-46.Z:�=>,1R{PZNX!8:@*-,g/146.Z:@*<!8$Y.Z:-,1R�$Y.0R@:<!8.;:<!8.0(1,1R
#M,�:�d§S),i(+uZ!8=Y$Y:-(�(+.046.0/1(1,1R�SM*-(1/1(1#M,+7O79,+.;:O¦�g%m ð0_vg%mc±%_�g%m g%_vg%m d§mX r,�SM*-46|M=>Ð+79,�/1467OS)46*@:-,w­O$Y.0/146.M.ZN0,1RO¦
ΓMT

_
ΩMT

_
IB
_
ΓME

_
ΩME

_
rEMB1

_
rEMB2

_
rBV

m�\�=),1R@:¯#M46.0/D.0(1/1,1R-R<!8$Y*-,p#M,p/-L046$>R@$Y*¯ðwJ6!8*@$Q!8|M=>,1RG#M,
/1467O7g!8.0#M,9SX!8*@7O$�=>,1R{­�$Y.0/146.M.ZN0,1RlmNoD46N0Rv/-L046$>R@$>R<R-46.0Rv=>,wPZNX!6#%*@NMSM=>,+:

(ΓME
_
rBV

_
rEMB1

_
rEMB2

)
m

 ",vSM*-46|M=>Ð+79,i#M,v/1467O7g!8.0#M,�46|M:-,+.ZNy,1R-:G*-,+SM*-(1R-,+.Z:-(�R@NM*G=Q!�£0unNM*-,5g%mY¨nm

��!+������� � 5���6��
��
�) � ����$�� (-���N) �K5������ ����) �� / �����1� SOCr

���	� ���
� PACC (ΩR,ΓR)

SOCr

ΓME

rBV

rEMB1

rEMB2

������� 
��,�8�
��QGL�>T#7/B/ +��"! %8)&L�>T�2:4- 
19=#&%�#&I7�49C9 0?!�%�#&%8) 	 ��� ���=%�#")4Q
#19;:4>10 ��0 V #7/

��/<LX!6PZN0,y$Y.0R@:<!8.;:l_Ä$Y=k,1R-:gS)4nR-R@$Y|M=>,B#sa $Y.;:-,+*-#%$Y*-,?NM.0,B46NÉSM=YN0R-$>,+NM*-RI/l!8:-(+uK46*@$>,1RË#M,B/1467O7g!8.0#M,1Rzm¯¤´,+=Q!
*-,+J§$>,+.Z:Ä[k*-,1R@:@*-,+$Y.0#%*-,¯SM=YN0R�46N�7946$Y.0R�=bat,1R@SX!6/1,¯#M,1R�/1467O7g!8.0#M,1R � !��$�E � ��&7�24�� #%NwR-d§R@:-Ð+79,nm18�!8*»,xV%,+7OSM=>,n_
$Y= ,1R@:GS�4nR<R@$Y|M=>,O¦
�
#sa $Y.Z:-,+*-#%$Y*-,{=>,�#0N%VËR-(+*@$>,^L

�
#sa $Y.Z:-,+*-#%$Y*-,{=Q!O*-(1/+NMS�(+*<!8:@$>46.y!8N32Î*-,+$Y.X!8uK,^L

�
#sa $Y.Z:-,+*-#%$Y*-,p=Q!�*-(1/+NMS�(+*<!8:@$>46.B!8N�25*-,+$Y.X!8uK,n_%,+:´.rac!8NM:-46*@$>R<,+*qPZN0,�=>,�#0N%VIR-(+*@$>,D.0(1/1,1R-R<!8$Y*-,v[i=Q!�/1467OS),+.%¢
R<!8:@$>46.3#M,v=Q!w#M(1/<LX!8*@uK,{|X!8:@:-,+*@$>,i#%N0,�!8N%Ve!6/1/1,1R-R<46$Y*-,1Rlm

oD46N0RGNM:@$Y=Y$>R-,+*-46.0Rk/1,pSM*@$Y.0/+$YS�,{#M,p=Y$Y7O$Y:<!8:@$>46.y#M,p=bat,1R@SX!6/1,{#M,1RG/1467O7g!8.0#M,1R�!6#%7O$>R<R@$Y|M=>,1R�!h£0.3#M,p79,+:@:@*-,
,+.w(+J§$>#M,+.0/1,ÄSX!8*�#%$'&)(+*-,+.0/1,¥=>,1R #%$YJK,+*-R�uZ!8$Y.0R�#%N0R�[q=ba LZd§|M*@$>#0!8:@$>46.e¦ #0N%ViR-(+*@$>,n_z*-(1/+NMS�(+*<!8:@$>46.9!8Ni2Î*-,+$Y.X!8uK,n_
,+:-/nm+o�46N0RG*-,+J§$>,+.0#%*-46.0RkR-NM*k/1,pS�46$Y.;:k,+.�¨l©�SrmY¨l©nñ%m
oD46:-46.0R9P;Nra $Y=q,1R@:OS)4nR-R@$Y|M=>,ËPZN0,n_�R<46N0RO/1,+*@:<!8$Y.0,1Rg/146.0#%$Y:@$>46.0Rl_�=>,eR-d§R@:-Ð+79, �,�? ����
	-���� � � �"�����,! �67�24� _
/nat,1R-:^¢ë[h¢�#%$Y*-,gP;Nra $Y=».0,9R-46$Y:{SX!6RiS�4nR<R@$Y|M=>,O#sac!8:@:-,+$Y.0#%*-,g=bat(+:<!8:�#M,9/-LX!8*@uK,

SOCrn = SOCr0
+ ∆SOC

[
SX!8*@:@$Y*�#M,

SOCr0

_MR-46N0R¯=>,1Rk/146.Z:@*<!8$Y.Z:-,1RDR@S)(1/+$'£X(1,1Rlm0¤´,+=Q!O,1R@:¯SX!8*q,xVM,+7OSM=>,v=>,v/l!6R¯=>46*-R-P;Nrat46.e$Y.Z:-,+*-#%$Y:k=>,
#0N%V3R-(+*@$>,n_M,+:�PZN0,p=>,1Rk!6/1/1,1R<R-46$Y*-,1Rk#M,+7g!8.0#M,+.;:kNM.0,p2f46*@:-,pSMNM$>R-R<!8.0/1,{(+=>,1/+:@*@$>P;N0,�[�=Q!�|X!8:@:-,+*@$>,nm
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∑
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J(u?) = min
u(0)

[

g(x(0), u(0), 0) + min
u(1),...,u(T−1)

T−1
∑

t=1

g(x(t), u(t), t)

]
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t = 0
,+:

t = 1
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x(T )
_

S)46NM*�=bat,+.0R-,+7�|M=>,w#M,1R
u(0)

S)4nR-R@$Y|M=>,1Rlm�F�.U!8SMSM=Y$>PZNX!8.;:D=Q!g79¬+79,�#M(1/1467OS�4nR@$Y:@$>46.T!8N¡R-,1/146.0#?:-,+*@79,n_�46.
!8*@*@$YJK, �����h� 0
��'3�� ���.Y��	b0 [�NM.0,vR-467O79,v#M,

T
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V (y, τ) = min
u(τ),...,u(T−1)

[

T−1
∑

t=τ

g(x(t), u(t), t) |x(τ) = y

]

] �
��.B46|M:@$>,+.;:D!8=>46*-R{¦

V (y, τ) = min
v

[g(y, v, τ) + V (f(y, v, τ), τ + 1)]
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J(u)
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PT−1

t=τ g(x(t), u(t), t)
ÜfÙ�ç8Ü"×äã´Û^ÙxÚ1ìfà�ã<ÖäÚ1ìbâ

x(τ ) = y
î
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,xVM,+7OSM=>,n_"R@$¥NM.�R-467O79,+:

M
!3NM.�S)46$>#MR

λM = 3
_",+:�PZN0,O=bac!8*-/I46*@$>,+.Z:-(Ë,+.Z:@*-,

M
,+:iNM.�R-467O79,+:

N#M,
Λ(M)

!gNM.?/14�iM:p#M,w±%_�!8=>46*-R
N
!8NM*<!gNM.yS)46$>#MRp(+uZ!8=�[

8
m�n�.?SM*-46|M=>Ð+79,�/1467O7�NM.T,1R@:�#M,�:@*-46NMJK,+*

=>,9/<L0,+7O$Y.�=>,w7946$Y.0Ri/14�iM:-,+N%VUS)46NM*i!8=Y=>,+*i#sa NM.TS)46$Y.Z:w[�NM. !8NM:@*-,9#0!8.0RvNM.Tun*<!8SML0,nm�ay¬+79,OR-$�=>,9/14�iM:
,+.TP;N0,1R@:@$>46.U.0,w*-,+SM*-(1R-,+.Z:-,9SX!6RvNM.0,O#%$>R@:<!8.0/1,n_s46.T#%$Y:vSX!8*i!8|MN0R{#M,w=Q!8.MuZ!8uK, 9�:@*-46NMJK,+*i=>,wSM=YN0R{/146NM*@:
/-L0,+7O$Y.?U�#0!8.0RqNM.eun*<!8SML0,nm

� �����L����� � /&- *,4�!
�"2=#E1�:=1���* 4�:

 r,vSM*-46|M=>Ð+79,�#M,v=Q!�*-,1/-L0,+*-/<L0,�#%NBSM=YN0Rk/146NM*@:k/<L0,+7O$Y.BS),+NM:k¬+:@*-,vNM.0,i!8SMSM=Y$>/l!8:@$>46.?#%$Y*-,1/+:-,i#%N3SM*@$Y.0/+$YS),
#M,{C � �0_M#0!8.0RG=Q!w79,1R@NM*-,i4�$T¦
�
[e/<LX!6PZN0,gS�46$Y.;:i#%NTun*<!8SML0,9S),+NM:i¬+:@*-,g!6R<R-4;/+$>(1,wNM.0,gJ6!8=>,+NM*�PZN0,+=>/146.0P;N0,n_rP;NM$»S�,+NM:�¬+:@*-,O=Q!ËJn!8=>,+NM*
#sat(+:<!8:

y
#%NBR@d%R@:-Ð+79,v/146.0R@$>#M(+*-(^L

�
=>,ËSX!6R-R<!8uK,Ë#sa NM.ÃS)46$Y.Z:

M
[BNM.ÃS)46$Y.Z:9#M,

Λ(M)
/146*@*-,1R@S)46.0#Ê[y=bac!8SMSM=Y$>/l!8:@$>46.Ì#sa NM.0,e/1467O7g!8.0#M,

!6#0!8SM:-(1,n_§2b!8$>R<!8.Z:´.0(1/1,1R-R<!8$Y*-,+79,+.;:GSX!8*@:@$>,p#sa NM.Ë,1R-SX!6/1,�#M,p/1467O7g!8.0#M,1Rq!6#%7O$>R-R@$Y|M=>,1R¯/146*@*-,1R@S)46.0#0!8.Z:l_
/nat,1R@:^¢ë[h¢�#%$Y*-,iS�,+*@79,+:@:<!8.;:�/1,pSX!6R-R�!8uK,nm�¤´,+:@:-,{/1467O7g!8.0#M,�!�NM.y/14�iM:k/146.M.ZN L

�
NM.�S)46$Y.Z:�#sac!8*@*@$YJK(1,g(+:<!8.;:{£MVM(g#0!8.0R{NM.�un*<!8SML0,g46*@$>,+.Z:-(n_ =bat(1P;NX!8:@$>46.�#M,9C � �3S),+*@79,+:�#M,9/l!8=>/+NM=>,+*
V (y, τ)

,+.e:-46N0RG=>,1RkS�46$Y.;:-Rq#%N3un*<!8SML0,nm���.?!h&),1/+:-,i!8=>46*-R�[O/-LX!6P;N0,{R-467O79,+:q=Q!�Jn!8=>,+NM*k#M,
V (y, τ)

m
 »ac!8=YuK46*@$Y:@LM79,¯#M, l046*-#�#M,�*-,1/<L0,+*-/-L0,¯#M,»SM=YN0R /146NM*@: /-L0,+7O$Y.�SM*-(1R-,+.;:-(¥/+$'¢ë!8SM*-Ð1R S�,+*@79,+:�#M46.0/Ä#M,Ä*-(1R-46N0#%*-,
C � �g#M,v7g!8.M$>Ð+*-,{R@d%R@:-(+7g!8:@$>P;N0,n_MJ;$Q!�NM.0,i#M,1R-/+*@$YSM:@$>46.3$Y.Z:@NM$Y:@$YJK,�SMNM$>R-P;N0,vR-46N0R¯2f46*@79,v#M,vun*<!8SML0,nm
op(1/+*@$YJK46.0RG=bac!8=YuK46*@$Y:@LM79,{#M,hl046*-#ËS)46NM*G=Q!�*-,1/-L0,+*-/<L0,i#%NeSM=YN0RG/146NM*@:q/-L0,+7O$Y.y,+.Z:@*-,v=>,1RGR-467O79,+:-R

M0
,+:

Mn
#sa NM.3un*<!8SML0,nm+o�46N0RqR-NMSMS�4nR-46.0R�PZN0,p=bat,+.0R<,+7i|M=>,i#M,1Rk/14�iM:-RkR-46.;:k/146.M.ZN0R�LXS�46NM*k=ba $Y.0R@:<!8.Z:l_X.046N0RG.0,

/146.0R@$>#M(+*-46.0R�SX!6Rq=>,1RkJ6!8=>,+NM*-RD#sat(+:<!8:
y
/146*@*-,1R@S)46.0#0!8.Z:v!8N%Ve#%$YJK,+*-R�S)46$Y.Z:-RD#%N3un*<!8SML0,n_07g!8$>RDR-,+NM=>,+79,+.Z:

=>,1R9Jn!8=>,+NM*-R�#M,
V (y, τ)

!8N%VÃS�46$Y.;:-RI/146.0R-$>#M(+*-(1Rlm 8�46NM*g=Q!�#M,1R-/+*@$YSM:@$>46. #M,3=bac!8=YuK46*@$Y:@LM79,n_¥$Y=k.rat,1R@:9SX!6R
.0(1/1,1R-R<!8$Y*-,i#M,v/146.0R@$>#M(+*-,+*k=Q!�Jn!8*@$Q!8|M=>,v:-,+7OS0Rlm
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�
� 2 �E �� 	
�&��� ¦ /<LX!6PZN0,ËR-467O79,+:
Mi(0 < i ≤ n)

#%N�un*<!8SML0,�*-,`W146$Y:�NM.�S)46$>#MR
λi = +∞ m  r,

S)46$Y.Z:k#M,v#M(+SX!8*@:
M0

*-,`W146$Y:
λ0 = 0

L
®%m�� 	b0��
� 	
�&���( ¦XS�46NM*

j ∈ [0 . . . n
f�_X:-46N0Rk=>,1Rp!8*-/1Rp#M,i/14�iM:

ck
!8=Y=Q!8.;:D#M,

Mj
[9/<LX!6PZN0,�S)46$Y.Z:

Mi
#%N

un*<!8SML0,
(0 < i ≤ n)

R-46.;:Ä,xVM!87O$Y.0(1Rzm8�;$
λj +ck < λi

_K!8=>46*-R
λi = λj +ck

m   $Y.0R@$b_8S)46NM*
0 < i ≤ n

_
λi
#%$Y7O$Y.;N0,{.0(1/1,1R-R<!8$Y*-,+79,+.;:lm

λ0
*-,1R@:-,{(+uZ!8="[$Zl(+*-4>L

ñ%m � ����! ��	
�&����!�� �������`	 ¦rS�46NM*
j ∈ [0 . . . n

f�_sPZNX!8.0#¡:-46N0Ri=>,1Ri!8*-/1Ri!8=Y=Q!8.;:i#M,
Mj

[
Mi(0 < i ≤ n)46.Z:D(+:-(i,xV0!87O$Y.0(1Rl_

λi
*-,+SM*-(1R-,+.;:-,i=>,�/14�iM:�46SM:@$Y7g!8=�S�46NM*p!8=Y=>,+*�#M,

M0
[

Mi
m0F�.?SX!8*@:@$>/+NM=Y$>,+*l_

λn*-,+SM*-(1R-,+.;:-,i=>,�/14�iM:�46SM:@$Y7g!8=�S�46NM*p!8=Y=>,+*D#M,
M0

[
Mn

m   JK,1/{=>,1Rk.046:<!8:@$>46.0R�NM:@$Y=Y$>R<(1,1RkS)46NM*�(1/+*@$Y*-,
=bat(1P;NX!8:@$>46.�#M,�C � �0_;46.Ë!i#M46.0/

λi = V (Mi)
_
V (Mi)

*-,+SM*-(1R-,+.;:<!8.Z:q/1,+:@:-,k2546$>R@¢�/+$X=>,k/14�iM:¯46SM:@$Y7g!8=
S)46NM*k!8=Y=>,+*k#M,

Mi
[

M0
_M#0!8.0Rq=>,vR-,+.0Rq*-(+:@*-4;/<LM*-46.0,nm

  £0.3#M,v#%$Y7O$Y.ZN0,+*k=bat,+.0/1467i|M*-,+79,+.Z:D79(+7946$Y*-,{#%Neun*<!8SML0,n_%$Y=r,1R@:¯S)4nR-R@$Y|M=>,p#M,v/l!8=>/+NM=>,+*q=>,p/14�iM:q#M,1Rk!8*-/1R
[O=Q!�JK46=>(1,nm
owac!8NM:@*-,kSX!8*@:l_ZR@$M=>,Gun*<!8SML0,»Ò^46NM$Y:¥#M,q/1,+*@:<!8$Y.0,1RÄSM*-46SM*@$>(+:-(1Rz_Z,+.9SX!8*@:@$>/+NM=Y$>,+*¯R@$X[v/<LX!6PZN0,kS�46$Y.;:¥#%N9un*<!8SML0,
/146*@*-,1R-S�46.0#BNM.e:-,+7OS0Rk,+.Z:@*-,

0
,+:

T
_M$Y=sS),+NM:k¬+:@*-,vS)4nR-R@$Y|M=>,v#M,{/l!8=>/+NM=>,+*k=>,1R

m ≥ 1
/-L0,+7O$Y.0RD46SM:@$Y7g!8N%V

S)46NM*�!8=Y=>,+*k#M,
M0

[
Mn

m
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8�46NM*{:@*<!8$Y:-,+*{=Q!ISM*-46|M=>(+7g!8:@$>PZN0,I#sat46SM:@$Y7O$>R<!8:@$>46.�#M,w=bat(+.0,+*@un$>,9,+:{#%NT#%$Y79,+.0R-$>46.M.0,+79,+.Z:�#M,1RpJK(+LM$>/+NM=>,1R
LZd§|M*@$>#M,1Rl_ NM. 46NM:@$Y=´#sat46SM:@$Y7O$>R<!8:@$>46.�un=>46|X!8=>,g.0467O79( �=�      !3(+:-(I#M(+JK,+=>46SMS�(�#0!8.0R�=>,g/l!6#%*-,g#M,g=Q!
:@L0Ð1R-,n_�R-46.3|MNM:�(+:<!8.;:D#M,�#M(+:-,+*@7O$Y.0,+*D#M,i7g!8.M$>Ð+*-,�R-d§R@:-(+7g!8:@$>P;N0,v=>,iS�46:-,+.;:@$>,+=�#M,{/<LX!6PZN0,w!8*-/-LM$Y:-,1/+:@NM*-,
#M,vJK(+LM$>/+NM=>,vL;d;|M*@$>#M,�R@NM*GNM.3/+d%/+=>,{#M46.M.0(nm
�=�      S),+*@79,+:I#M,Ë*-(1R-46N0#%*-,B=>,ËSM*-46|M=>Ð+79,B#M,e=Q!¡7O$Y.M$Y7O$>R�!8:@$>46.Ì#%NÉ/l!8*@|MNM*<!8.;:�/146.0R-467O79(3SX!8*9NM.
ApC�EGF¸R-NM*ONM.Ê/+d§/+=>,3#M46.M.0( Í5/x2D/-LX!8SM$Y:@*-, g?Srm d§¨zÏxm¥¤´,+=YNM$'¢�/+$k,1R@:O*-(1R<46=YNÊJ;$Q!?=bat(1P;NX!8:@$>46.É#M,eC � �0_�,+.
NM:@$Y=Y$>R<!8.;:k=bac!8=YuK46*@$Y:@LM79,i#M,�� <�PN:�SM*-(1R-,+.;:-({SM*-(1/1(1#M,+7O79,+.Z:lm

�{~�� �É���q���k�»¹º���k�¡�����0��� ��� ���k¹�¹º�q�������?���j� 	v�M���»¹º�É�I�q�����-�Ì¼¿¾³ÀÊÂ
�w�G���k�-� ���-� ������� m½�»¹ 
���� 	q�q�q���

oD46N0Rk!1JK46.0RkJ;N3#0!8.0Rk=>,v/-LX!8SM$Y:@*-,�g�Srm d§¨iPZN0,v=bat46.3#%$>R-S�4nR-,v#M,iPZNX!8:@*-,vJn!8*@$Q!8|M=>,1Rq#M,{/1467O7g!8.0#M,I¦
�
=>,{/146NMSM=>,v7946:-,+NM*�(+=>,1/+:@*@$>PZN0,

ΓME
L

�
=>,v*<!8SMS)46*@:k#M,p|)48Ñ>:-,

rBV
L

�
=>,1Rq(+:<!8:-R�#M,1Rq,+7i|M*<!ldZ!8uK,1R

rEMB1

,+:
rEMB2

m
� !8SMS),+=>46.0R{=bat(1P;NX!8:@$>46.�#M,9/146.0R-,+*@Jn!8:@$>46. #M,9=Q!eSMNM$>R-R<!8.0/1,g(+=>,1/+:@*@$>P;N0,g#0!8.0R�=>,OJK(+LM$>/+NM=>,¡Í5(1PZNX!8:@$>46.Jg%m d
Srm d6±KÏp¦

(EB − RB · IB) · IB = ΓME · ΩME + Pe(ΩME ,ΓME) + PACC

IB
R-,e#M(1#%NM$Y:�#%NÉ/-L046$'VÊ#M,1RI/1467O7g!8.0#M,1Rlm ��*l_�=bat(+:<!8:I#%NÉR@d%R@:-Ð+79,n_»P;NM$q,1R@:9=bat(+:<!8:g#M,3/<LX!8*@uK,3*-,+=Q!8:@$'2

SOCr
_M#M(+S),+.0#3#%$Y*-,1/+:-,+79,+.Z:p#M,

IB
J§$Q!�=bat(1PZNX!8:@$>46.y#sat(+:<!8:�#%N3R@d%R@:-Ð+79,9Í5(1P;NX!8:@$>46. g%mc®�Srm d6®KÏp¦

SOCri+1
=

{

SOCri
− IBi

si IBi
≥ 0

SOCri
− IBi

· νB si IBi
< 0

8�46NM*p/146.;:@*-°6=>,+*v=bat(+:<!8:D#M,�/-LX!8*@uK,n_�$Y=�,1R@:�#M46.0/�SM=YN0RD$Y.Z:-(+*-,1R-R�!8.Z:v#M,�/1467O7g!8.0#M,+*v=>,�/146NM*<!8.Z:
IB

PZN0,i=>,
/146NMSM=>,{#%N37946:-,+NM*�(+=>,1/+:@*@$>PZN0,nm
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oD46N0R¥!lJK46.0R»J§NgP;Nra $Y=X(+:<!8$Y:»S)4nR-R@$Y|M=>,G#sat,xV%SM*@$Y79,+*Ä=>,1R»S),+*@:-,1R»#%N97946:-,+NM*´(+=>,1/+:@*@$>PZN0,�,+:ÄR-46.9/146.;JK,+*@:@$>R-R-,+NM*
R<46N0RG=Q!�2f46*@79,

Pe(ΩME , IB
Ïx_0/1,vPZNM$s.046N0R�#M46.M.X!8$Y:�Í5(1P;NX!8:@$>46.y±%mc®wSrm gn­gÏD¦

(EB − RB · IB) · IB = ΓME · ΩME + Pe(ΩME , IB) + PACC

¤´,eP;NM$G.046N0RwS),+*@79,+:g#M,Ë#M(1#%NM$Y*-,B[?SX!8*@:@$Y*9#%NÊ/-L046$'VÃ#sa NM.Ã*<!8SMS�46*@:I#M,I|)48Ñ>:-,
rBV

_�#M,e/146NM*<!8.Z:
IB
_

,+:�#M,O=bat(+:<!8:�#M,1Ri,+7i|M*<!1dZ!8uK,1R
rEMB1

,+:
rEMB2

=Q!ËJn!8=>,+NM*�#M,
ΓME

mrF�.�,x&),+:l_
ΩME

,1R@:{46|M:-,+.ZN�J;$Q!
=ba NM:@$Y=Y$>R�!8:@$>46.y#M,v=bat(1P;NX!8:@$>46. g%mc±wSrm d6±e¦

ΩME = kCO · ηΩCO
· ηΩEMB2

· kBV (rBV ) · ηΩBV
· kDIFF · ηΩDIFF

· ΩR

8»NM$>Rk46.B,+.3#M(1#%NM$Y:q=Q!OJ6!8=>,+NM*k#M,
ΓME

/146*@*-,1R@S)46.0#0!8.Z:-,g¦
ΓME = [(EB − RB · IB) · IB − PACC − Pe(ΩME, IB)] · Ω−1

ME

8»NM$>R-PZNra $Y= ,1R@:GSM=YN0R¯2b!6/+$Y=>,v#M,v/1467O7g!8.0#M,+*k=bat(+:<!8:k#M,v/<LX!8*@uK,i#M,p=Q!�|X!8:@:-,+*@$>,vJ§$Q!
IB
PZN0,

ΓME
_M,+:qPZN0,p=Q!

/146.M.X!8$>R<R<!8.0/1,¯#%N�SM*-,+7O$>,+*�S),+*@79,+:�#M,´/l!8=>/+NM=>,+*�=>,¥R-,1/146.0#s_h.046N0R�SM*-,+.0#%*-46.0R�#M(1R-46*@7g!8$>R�/1467O79,ÄJn!8*@$Q!8|M=>,1R
#M,i/1467O7g!8.0#M,i#%N3R@d%R@:-Ð+79,O¦

IB
_
rBV

_
rEMB1

_
rEMB2

m

�i~á¶ ���)� 
w� �»¹º�³���Á���q�����q�-�^��� �������G�����q�G�)�G�w���<� ��� ¹º�¯�����������-���"�X��� 	D���
 ",iSX!8*<!8un*<!8SML0,�SM*-(1/1(1#M,+.Z:p.046N0Rv!879Ð+.0,w[O=Q!O*-,+7g!8*-P;N0,wR@NM$YJn!8.Z:-,nm � !8SMS),+=>46.0Rk=bat,xV%SM*-,1R-R@$>46.?#%Ny*-,+.0#M,x¢
79,+.;:�,+.eJ§$Y:-,1R-R-,v,+:k,+.3/146NMSM=>,�#M,p=Q!O/146NM*@*-46$>,v$Y.;:-(+un*-(1,�!8N3ApC�EGFÉ/146.0R@$>#M(+*-(9¦

ηΩCO
= ηΓCO

=

{ √
ηPCO

−1 si ΓME > 0√
ηPCO

sinon

¤´,+=YNM$'¢�/+$»#M(+S),+.0#?#M46.0/�#%N¡R-,+.0Rp#%N?:@*<!8.0R^25,+*@:p(+.0,+*@uK(+:@$>P;N0,nm���*l_�#0!8.0Rp=>,�SX!8*<!8un*<!8SML0,wSM*-(1/1(1#M,+.Z:l_).046N0R
!lJK46.0R"7946.;:@*-(»=Q!¯.0(1/1,1R<R@$Y:-(»#M,»/146.M.X!hÑ>:@*-,

ηΩCO

S�46NM* /l!8=>/+NM=>,+*
ΩME

_1,+:"/1,n_z!lJ6!8.;: #M,»/l!8=>/+NM=>,+*
ΓME

mz¤´,1/+$
S)4nR-,DNM.ËSM*-46|M=>Ð+79,pSMNM$>R-P;N0,p=Q!iJn!8=>,+NM*G#M,

ηΩCO

#M(+S),+.0#Ë#M,
ΓME

m0¤´,DSM*-46|M=>Ð+79,v#M,D/l!8N0R�!8=Y$Y:-(pSM*-4lJ§$>,+.Z:
#M,q=Q!vR@$Y7OSM=Y$>/+$Y:-(k#M,k/1,+:@:-,G794;#M(+=Y$>R�!8:@$>46. LK$Y=M2b!8N0#%*<!8$Y:»:-,+.M$Y*¥/1467OSM:-,�#M,G=Q!p#%d§.X!87O$>PZN0,�#M,G=Q!v/146NM*@*-46$>,n_Z/1,
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Variation puissance maximum ME − 2 embrayages − NEDC (chaud)
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4 Véhicule de référence:

véhicule conventionnel

idem avec Start/Stop (S/S)

idem avec S/S and optimisation des changements de rapport

Véhicule conventionnel avec dimensionnement véhicule hybride:

S/S

optimisation des changements de rapport

Passage au véhicule hybride:

gestion de la puissance des accessoires

Boost et mode tout électrique grâce à:

flux série uniquement

récupération au freinage uniquement

flux série et récupération au freinage
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ε(TSOC)
XF?
VJV�� {eS`�H?�� �ry@?aXzy���.��|y

F IK]l=:IJVMG<LFp�?BQJVBLF]HGD=@GC�HbhXZSU?MGD=@pcGgfrAg=@? �H]4AJSUp �T?MbRI[NOLTI6XZSULF?�]WI�{eQKC��WAKLF]WI[IKG~]WIJV~AJSUbhXZSwVD=@pOGBV�AJSUpTV��W_FQK?BQJVgf
]WI:m SUpTAKG��WSUpFpTIKbRIKpOG�IKp �TL 	�VBQK?��WIa_rLi{eQKC��WAKLF]WIapz;uIJVMG8X\=UV �HpcGBQK?BIJVBVD=@pOGgy U =�?D=��WVBSUp�IJVMG�]l=�VBLTAJAJIJVBV��WSUp�_FI
?BIKpT_FIKbRIKpcG}XF?BQJVDIKpcGBI�_T=@pTV�]WI	�TL 	�VBQK?��WI�� bRSUGBIKLF?�GMCTIK?Mb��WNOLTI8{eIK?BVB[\=@GMGBIK?��WIwf	XFL��WVZ[\=@GMGBIK?��WI8{eIK?BV�bRSUGBIKLF?
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QK]WIJAKGM?��WNOLTI��|fZAJSUpcGM?D=��H?BIKbRIKpOG�=@LF�TL 	�X\=@?D=@]H]WVK]WI
_FSUpcG8]^;uQKpTIK?MdM�WIaVBIK?M{U=@pOG8=@LkbRSUGBIKLF?8QK]WIJAKGM?��WNOLTI:XF?BSg{V�WIKpcG
_FIY]l=
?BQJAKLFX4QK?D=@G��WSUpi=@L�m ?BI �Hp\=@deIwy
g p�_t;>=@LFGM?BIJV<GBIK?MbRIJVgfe]^;uQKpTIK?MdM�WI6?BQJAKLFXZQK?D=U[F]WI�=@Lhm ?BI �Hp\=@deI6IJVMG<IKpRNOLTIK]WNcLTI6VDSU?MGBI�dw?D=@GML��HGBIwfcAJSUpcGM?D=��H?BIKbRIKpOG
`6]^;uQKpTIK?MdM�WI<XF?BS {eIKp\=@pcG%_rLb�TL 	YVBQK?��WI~NcL��cAJSU?M?BIJVBX4SUpT_
`�]^; LFG��H]��WVD=@G��WSUpa_rL�bRSUGBIKLF?�GMCTIK?Mb��WNOLTIwy U =�XF?BIKb��WVK?BI
VDI�?BQK{ VK]WI�_FSUpTA�[��WIKp�XF]HLTV8�HpcGBQK?BIJVBVD=@pOGBIwy
F IK]l=�AJSUp �T?MbRI�]l=�{V�WV��WSUp�_FIJV
AJSUpTVMGM?MLTAKGBIKLF?BV
XF?BQJVBIKpcGBQJI�IKp � .A>ry@B �z]^; C�a?[F?��W_FI�VBQK?��WI�IJVMG:AJIK]HL��~NOL���=�]WI
XF]HLTV6mo=��\[F]WI�XZSUGBIKpcG��WIK]P_FI�dc=��Hp IKp�AJSUpTVBSUbhb�=@G��WSUp � CTSU?BV�A�arAK]WIJV6VMXZQJA � �\NcLTIKbRIKpOG�LF?�[\=��HpTV �|y
�[p�=@LFGM?BI�X4S`�HpOG��HbhX4SU?MGD=@pOG8IJVBG6]l=hVD=@GMLF?D=@G��WSUpk_rL�dc=��Hp IKp�AJSUpTVDSUbhb�=@G��WSUp�_rL�{eQKC��WAKLF]WI:GBSULFG�SUXFG��Hb��WVBQ
{eIK?BV .AM e � y F IKGYSUXFG��Hb:LFb AJSU?M?BIJVMXZSUpT_�`�LFp�AJSUbhXF?BSUb��WV�IKpOGM?BIh]l=�XFL��WVBVD=@pTAJIh_FIabRSUGBIKLF?:QK]WIJAKGM?��WNcLTI
XZIK?MbRIKGMGD=@pcG8_FI�?BQg=@]��WVBIK?}GBSULFGBIJV}]WIJV}?BQJAKLFXZQK?D=@G��WSUpTV[=@Ljm ?BI �Hp\=@deI�VD=@pTV}LFG��H]��WVDIK?}]WIJV�m ?BI �HpTV}bRQJAg=@p��WNOLTIJVgfTIKG
]^;>=U_T=@XFGD=@G��WSUph_FIJV5[FLF]H]WIJV'_FI<?BIKpT_FIKbRIKpcG%_rL:bRSUGBIKLF?PGMCTIK?Mb��WNOLTI�=@L 	YXFL��WVBVD=@pTAJIJVP_FI<GM?D=UAKG��WSUpzfUVMLF?z]WI�A�a	AK]WI
AJSUpTV��W_FQK?BQwy5_[Lr� _FIJVBVMLTV:_FI�AJIKGMGBIRGD=��H]H]WI�_FIRbRSUGBIKLF?aQK]WIJAKGM?��WNcLTIwf�]WIRXZS`�W_FV�_FI�]l=8[\=@GMGBIK?��WI�IKG
_rL�bRSUGBIKLF?
QK]WIJAKGM?��WNOLTI�_FIK{��WIKpFpTIKpOG
XZQKp\=@]��WVD=@pOGBVgy � Qg=@pFbRS`�HpTVgf�AJIKG
SUXFG��Hb:LFb _FI�XFL��WVBVD=@pTAJI�_FIRbRSUGBIKLF?aQK]WIJAKGM?��WNcLTI
AJSU?M?BIJVBX4SUpT_ =@L�A�arAK]WI � gDL F fPIKG�XZSULF?M?D=��HGh�KGM?BI�_����tQK?BIKpcGaVMLF?a_FIJV:A�arAK]WIJV:AJSUbhXF?BIKp\=@pOGR_FIJVYm ?BI �Hp\=@deIJV
XF]HLTV	[F?MLFGD=@L 	Zy

,�� '-,T'	� � 9D3B7�9DCE9D354MCES�
D*-C GBC 7BGHCE/T4�9DG�L 
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U I�dw?D=@XFCTI .A>ry@B8bRSUpOGM?BI�LFpTI�_FQJAJSUbhX4SwV��HG��WSUpRV��Hb��H]l=��H?BI6`[AJIK]HL��FAJSUbhbRIKpOGBQ}XF?BQJAJQJ_FIKbhbRIKpcGgy � ]Omo=��HG<=@XFX\= �
?D=��WGM?BI6]WI�dc=��Hp�IKpRAJSUpTVBSUbhb�=@G��WSUp�]WSU?BVDNcLTI�]WI�?BIKpT_FIKbRIKpOG~_rLhbRSUGBIKLF?�QK]WIJAKGM?��WNOLTI6IKG<_FI}VBSUpRAJSUpO{eIK?MG��WVBVBIKLF?
=@LFdwbRIKpOGBIwy U I�bRSUGBIKLF?�QK]WIJAKGM?��WNOLTIYAJSUpTV��W_FQK?BQ:=
LFpTIYXFL��WVBVD=@pTAJI�b�=
	��Hb�LFb-_FI .A> e � y
�[p�AJSUpTVMGD=@GBI}LFpTI[_��Hb��HpcLFG��WSUpj_FI}XF]HLTV�_FI .A>�� _FI}]l=�AJSUpTVBSUbhb�=@G��WSUp�]WSU?BVBNOLTI}]WI}?BIKpT_FIKbRIKpcG�_rLRbRSUGBIKLF?
QK]WIJAKGM?��WNOLTI�IKG[_FI�VBSUp AJSUpc{eIK?MG��WVDVBIKLF?�X\=UVBVDI�_FI G%>R` ��M���yK�[p AJSUpTVBGD=@GBI�=@LTVBV���NOLTI�]WI��TL 	�VBQK?��WIY_FIK{V�WIKpcG
XF]HLTV8�HpcGBQK?BIJVBV1=@pcG8`
bRIJVBLF?BIYNcLTI�]WIY?BIKpT_FIKbRIKpcG8=@LFdwbRIKpOGBI � AJSULF?�[ZI�?BSULFdeI��|y

Variation rendement ME − 2 embrayages − NEDC (chaud)

Rendement maximum ME (%)
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4 Véhicule de référence:

véhicule conventionnel

idem avec Start/Stop (S/S)

idem avec S/S and optimisation des changements de rapport

Véhicule conventionnel avec dimensionnement véhicule hybride:

S/S

optimisation des changements de rapport

Passage au véhicule hybride:

gestion de la puissance des accessoires

Boost et mode tout électrique grâce à:

flux série uniquement

récupération au freinage uniquement

flux série et récupération au freinage
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U Iadw?D=@XFCTI .A>ry Ij?BIKXF?BQJVBIKpOGBIh]l=�{U=@?��l=@G��WSUp�_FI
]l=�AJSUpTVBSUbhb�=@G��WSUpn]WSU?BVDNcLTI
]l=�XFL��WVBVD=@pTAJIa_FIJVY=UAJAJIJVBVDS`�H?BIJV
=@LFdwbRIKpcGBI � bRSUGBIKLF?aQK]WIJAKGM?��WNcLTI�_FI .A>8e � AJSUbhbRI�XF?BQJAJQJ_FIKbhbRIKpcG �|y U =�AJSUpTVDSUbhb�=@G��WSUp�_rL�{eQKC��WAKLF]WI
_FI�?BQ|m QK?BIKpTAJI � GBIK]}NOLTIK]^fP=g{eIJA�VMGD=@?MGdc@VMGBSUXzf'IKGa=g{eIJA�VMGD=@?MGdc@VMGBSUX IKGaSUXFG��Hb��WVD=@G��WSUp�_FIJVaABC\=@pFdeIKbRIKpcGBV�_FI
?D=@XFXZSU?MG ��IJVMG}?BIKXF?BQJVBIKpOGBQJIYXZSULF?�ABC\=UAKLFpTI:_FIJV}XFL��WVBVD=@pTAJIJV6_t;>=UAJAJIJVDVBS`�H?BIJVgy
�[p AJSUpTVMGD=@GBI �

�
LFpTI:=@LFdwbRIKpOGD=@G��WSUp�NcL\=UV����^]��HpTQg=��H?BI
_FI�]l=�AJSUpTVBSUbhb�=@G��WSUpkIKp m SUpTAKG��WSUpk_FIY]l=aXFL��WVDVD=@pTAJI�AJSUpTVBSUbhbRQJI
X\=@?
]WIJVh=UAJAJIJVBVBS`�H?BIJVgfPAJIJA ��NOLTIK]H]WI�NcLTI�VBS`�HG
]^;>=@?BABC��HGBIJAKGMLF?BI�AJSUpTV��W_FQK?BQJI � GMCTIK?Mb��WNOLTI�AJSUpO{eIKpcG��WSUpFpTIK]H]WI
SUL�C a [F?��W_FI��|y g p ?BIK{w=@pTABCTIwf\]l=aXZIKpcGBI�{w=@?��WIY_t; LFpTI:=@?BADC��HGBIJAKGMLF?BI
`h]^;>=@LFGM?BI �

1, 9 l/100km/kW
X4SULF?

]WI:{eQKC��WAKLF]WIaAJSUpc{eIKpcG��WSUpFpTIK]^f
1, 2 l/100km/kW

X4SULF?8]WIY{eQKC��WAKLF]WI
C�a?[F?��W_FIwfZNcL��PVg;>=J{ VK?BIa_FSUpTA:b��WIKL 	
=U_T=@XFGBQ
=@L 	�moSU?MGBIJV}XFL��WVBVD=@pTAJIJV�_FIJV[=@L 	��H]��l=��H?BIJV �

�
=@La_FIJVBVMLTVP_FI B�>�> � _FI�XFL��WVBV1=@pTAJI~=UAJAJIJVBVBS`�H?BIJV f ]l=�?BQJAKLFX4QK?D=@G��WSUpR=@L�m ?BI �Hp\=@deI~pTI~VBL��RG�XF]HLTV'`�=UVBVBLF?BIK?
LFp [��H]l=@pF[\=@GMGBIK?��WI�pcLF]�VBLF?6]WI�A�a	AK]WI��

�
]WSU?BVBNOLTI8]l=�XFL��WVDVD=@pTAJI8X\=UVBVBI�=@Lr� _FIJVBVMLTV}_FI�.�e � f	]WI[dc=��Hp�_"L�`:]l=:deIJVMG��WSUp�SUXFG��Hb��WVBQJI�_FIJV}=UAJAJIJVBVBS`�H?BIJV
_FIK{V�WIKpcG[XF?BQKX4SUpT_FQK?D=@pOGgy

U I�_FIKL 	V�WVKbRI�XZS`�HpcGabRSUpcGM?BI�]WIJV
]��Hb��HGBIJV
_FI�]l=�?BQJAKLFXZQK?D=@G��WSUp�=@L�m ?BI �Hp\=@deIwf'=��HpTV��~NOLTI�]l=�pTQJAJIJVBV��HGBQ�_FI
?BQg=@]��WVBIK?�_rL
�TL 	�VBQK?��WI�X4SULF?�AJSUbhX4IKpTVDIK?~]^;uQKGD=@G�_FI�ADC\=@?MdeI[VMLF?~]WI�A�arAK]WIwy _G�HpTV��^fcbR�KbRI�V��4AJI�_FIK?Mp��WIK?�pz;uIJVMG
X\=UV}moSU?BAJQKbRIKpcGb�HpcGBQK?BIJVDVD=@pcG�_t; LFp XZS`�HpcG�_FI�{OLTIYdc=��Hp�_FIYAJSUpTVBSUbhb�=@G��WSUp �Y� .A>ry&.wy&.wy@? �|f �H]zpz;uIKp ?BIJVMGBIYX\=UV
bRS`�HpTV6pTQJAJIJVDVD=��H?BI�]WSU?BVBNOLz;uSUp�{eIKLFG6?BQg=@]��WVBIK?�_rL�ABC\=@?MdeIYVMLTVBGD=��Hp��HpFdTy
� SUGBSUpTV6NcLTI�]l=
deIJVBG��WSUp SUXFG��Hb��WVBQJIY_FIJV6=UAJAJIJVBVDS`�H?BIJV��HbhXF]��WNOLTI�_FI�GBSU]WQK?BIK?�_FIJV�XF?BS@moSUpT_FIKLF?BV�_FIY_FQJADC\=@?MdeI
IKG�_FSUpTA:_FIJV8{w=@?��l=@G��WSUpTV8_FI:GBIKpTV��WSUpkXF]HLTV8�HbhXZSU?MGD=@pcGBIJV y F IJA ��XZIKLFG[�KGM?BI
XF?BSJ[F]WQKb�=@G��WNOLTI:XZSULF?�AJIK?MGD=��HpTV
AJSUbhXZSwVD=@pcGBV%_rLa{eQKC��WAKLF]WIwfUX\=@?%I�	rIKbhXF]WI�]WIJV<=@bhXZSULF]WIJV%_rL
V%a	VMG
VKbRI�_t;uQJAK]l=��H?D=@deI�{eQKC��WAKLF]WIwfwAg=@?']WIKLF?%_rLF?BQJI
_FIR{V�WI�IJVBG�GM?
VJVa_FQKX4IKpT_T=@pOGBIj_FIR]l=�VBGD=U[��H]��HGBQ�_FI�]l=�GBIKpTV��WSUp `�]WIKLF?BV�[ZSU?MpTIJV � ��SwV >�> � y 
P=@?h=��H]H]WIKLF?BVgf�]l=
_rLF?BQJIY_FI�{V�WI�_FI�]l=0[\=@GMGBIK?��WIY_T=@pTV[AJIJV6AJSUpT_��HG��WSUpTV�_FI�m SUpTAKG��WSUpFpTIKbRIKpOG8VBIK?D=h`
{eQK?�� �\IK?gy

Variation puissance accessoires − 2 embrayages − NEDC (chaud)

Puissance accessoires (W)
0 1000 2000 3000
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8 Véhicule de référence:

véhicule conventionnel

idem avec Start/Stop (S/S)

idem avec S/S and optimisation des changements de rapport

Véhicule conventionnel avec dimensionnement véhicule hybride:

S/S

optimisation des changements de rapport

Passage au véhicule hybride:

gestion de la puissance des accessoires

Boost et mode tout électrique grâce à:

flux série uniquement

récupération au freinage uniquement

flux série et récupération au freinage
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- LF?�]l=��TdwLF?BI�.A>ry@M:IJVBG~?BIKXF?BQJVBIKpOGBQJI�]l=Y{w=@?��l=@G��WSUp�_FI[]l=�AJSUpTVBSUbhb�=@G��WSUp�_FI�Ag=@?�[FLF?D=@pOG6IKp�moSUpTAKG��WSUp�_FI[]l=
XFL��WVDVD=@pTAJIY_rL�bRSUGBIKLF?�QK]WIJAKGM?��WNOLTIYIKb�[\=@?BNcLTQwf\X4SULF?��

�
]WI � � � g _FIKL 	�IKb�[F?D= ac=@deIJV8IKG}]WI�{eQKC��WAKLF]WI:AJSUpc{eIKpOG��WSUpFpTIK]'_FI�?BQ|moQK?BIKpTAJI�XF?BQJAJQJ_FIKbhbRIKpOG8QK{eS	NcLTQJVP�

�
]WI � � � g LFp IKb�[F?D= ac=@deI��

�
]WIJV}{eQKC��WAKLF]WIJV6GMCTIK?Mb��WNOLTIYIKG6C a [F?��W_FI �W_FQg=@L 	�_FQJAK?��HG�IKpR�9!ry IRXzy"! �ry

� SULTVa]WIJV
{eQKC��WAKLF]WIJVhSUpcGa]WIJV
X4IK?�moSU?Mb�=@pTAJIJVh_rL�{eQKC��WAKLF]WIjAJSUpO{eIKpcG��WSUpFpTIK]�_FI�?BQ|moQK?BIKpTAJIwfPAJSUbhbRI�XF?BQJAJQ|�
_FIKbhbRIKpOGgy � SULTV}?BIKb�=@?BNOLTSUpTV6]WIJV}XZS`�HpcGBV[VML��H{w=@pcGBVb�

�
`aX\=@?MG��H?[_FIKM�e � _FIYbRSUGBIKLF?[QK]WIJAKGM?��WNOLTIwfT]l=h_����tQK?BIKpTAJI:=U[TVBSU]HLTI:_FIYAJSUpTVBSUbhb�=@G��WSUpiIKpcGM?BI�]WIJV6{eQKC����
AKLF]WIJV}C�a?[F?��W_FIJV6pz;uQK{eSU]HLTI�XF]HLTV �

�
]WI�VMLF?MXF]HLTV6_FI�AJSUpTVBSUbhb�=@G��WSUpkIKpcGM?BI�]WI�{eQKC��WAKLF]WI�C a [F?��W_FI�_FIKL 	jIKb�[F?D= ac=@deIJV8IKG}]WI�{eQKC��WAKLF]WIYC�a?[F?��W_FI
�W_FQg=@]}AJSU?M?BIJVMX4SUpT_�=@L AJSULFXF]l=@deI�_��WVBAK?BIKG ��[ZS �WGBIj_FI�{V�HGBIJVBVBI�`�pTSUb�[F?BI�_FI �Tp��}_FI�?D=@XFX4SU?MGBV �
IKGh=@L
?BIKpT_FIKbRIKpcG[bRQJAg=@p��WNcLTIY_FIY]l=
GM?D=@pTVMb��WVBV��WSUp��

�
]WI:{eQKC��WAKLF]WIRC�a?[F?��W_FIhLFpnIKb�[F?D= ac=@deI�=g{eIJAaLFp�bRSUGBIKLF?�QK]WIJAKGM?��WNcLTI�_FI B e � XF?BQJVBIKpOGBIhLFpTIhAJSUpTVBSUba�
b�=@G��WSUpjXF]HLTV�mo=��\[F]WI�NOLTI[]WI[{eQKC��WAKLF]WI�GMCTIK?Mb��WNOLTI �W_FQg=@]^y F IJA �4bRSUpOGM?BI�]^; �HpcGBQK?B�KG�_FI[]^; C�a?[F?��W_T=@G��WSUpzfFX\=@?
?D=@XFX4SU?MG�`�_FIJV�VBSU]HLFG��WSUpTV<XF]HLTV<AJSUpTVDIK?M{U=@GM?��WAJIJV%{V�WVD=@pOG<]^;>=@bRQK]��WSU?D=@G��WSUp�_FIJV%bRSUGBSU?��WV1=@G��WSUpTV�AJSUpc{eIKpOG��WSUpr�
pTIK]H]WIJV �

�
]^;uSUXFG��Hb�LFb)_FI�AJSUpTVBSUbhb�=@G��WSUpkX4SULF?[]WIJV[=@?BADC��HGBIJAKGMLF?BIJV�C�a?[F?��W_FIJV[IJVMG8SJ[FGBIKpcLkX4SULF?�]l=hbR�KbRIY{w=@]WIKLF?
_FI�XFL��WVBVD=@pTAJIYQK]WIJAKGM?��WNOLTI�� IKpOGM?BI .AMaIKGN?�> e � XZSULF?}]WIYA�a	AK]WI �hgDL F �|y

L ;>=@LFGM?BIJV�?BQJVMLF]HGD=@GBV�VBSUpOG�_��WVMXZSUp��\[F]WIJV6_T=@pTV6]^;uQKGMLT_FIYX\=@?D=@bRQKGM?��WNcLTI 
K_ �	_ � � � L � -�� + > I � y

Résultats globaux − Variation puissance maximum ME − NEDC (chaud)

Puissance maximum ME (kW)
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4 véhicule conventionnel de référence

idem avec optimisation des changements de rapport

idem avec start/stop et optimisation des changements de rapport

véhicule thermique idéal

véhicule hybride parallèle un embrayage

véhicule hybride parallèle deux embrayages

véhicule hybride idéal
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Puissance ME en fonction de la puissance à la roue ( 50 km/h, 1.2 m/s^2, delta soc=0 % )
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n × [0; 1] → R
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(V, PACC , soci) → s(V, PACC , soci) = SOC

.A?�?



� �+� ����� �
�('H� �H� ��	
� �9� � �%� � �%"�	
���%�)���(�K� � �9	��+	 �(� �H���%�
#�� '
��	 	 �H�H� �

� A �^fTSUp�VMLFXFXZSwVBIYNOLTIY]WI�XF?BS �T]�_t;uQKGD=@G8_FI�ABC\=@?MdeI:pTI�_FQKXZIKpT_ NOLTIY_FI�]^;uQKGD=@G[_FI�ADC\=@?MdeI �Hp��HG��l=@]^f�_rL�A�arAK]WI
_FIYAJSUpT_rL��HGBI�`h]l=
?BSULTIwfTIKG6_FI�]l=a_FIKb�=@pT_FI�_FIJV[=UAJAJIJVBVBS`�H?BIJVgy
�%{V�W_FIKbhbRIKpcGgfzSUpn=

SOC(t = 0) = soci
y � SUGBSUpTV

ISOC
]WI
AJSULF?D=@pOG�[\=@GMGBIK?��WIhVMLF?8]WI
A�arAK]WI � IKp�AJSUpTV����

_FQK?D=@pcG}X\=@?}I�	FIKbhXF]WI8LFp�bRS	_ VK]WI
E(SOC) + R · I(SOC)

VD=@pTV�?BIKpT_FIKbRIKpOG�mo=@?D=U_��WNOLTI���AJSU?M?BIJVMXZSUpT_T=@pcG
=@L�{eIJAKGBIKLF?

SOC
�

I : R
n+1 → R

n

SOC → ∀i ∈ [0;n − 1], ISOC(i) = SOC(i+1)−SOC(i)
ti+1−ti

= SOC(i+1)−SOC(i)
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∆ : R
n+1 → R

SOC → ∆(SOC) = SOC(n) − SOC(0)
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XF]HLTV:dw?D=@pT_FI � SUL�]l= ?BIJABC\=@?MdeI�_t;>=@LFGD=@pcGaXF]HLTV�XZIKG��HGBI���NcLTI�]^;uQKGD=@G:_FI�ABC\=@?MdeI�AJSULF?D=@pcGhIJVMG
dw?D=@pT_ ���������	��
�������
�� �

�
GBSULTV<]WIJV<X\=@?D=@b VKGM?BIJV �Hp��TL\=@pcG�VMLF?%]l=�VMGM?D=@GBQKdM�WI�VBSUpcG�AJSUpFpOLTVgfeIKG �HpTADC\=@pFdeQJV<]WSU?BVBNOLz;uSUpR?BQKX:VKGBI}]WI}A�arAK]WI
���������	��
�������
�� �|y

F SUpTV��W_FQK?BSUpTV6_FIKL 	�AJSULF?�[ZIJV}_t;uQKGD=@G�_FI�ABC\=@?MdeI�moSULF?Mp��WIJV}X\=@?�]l=aVMGM?D=@GBQKdM�WI
s
VMLF?�]WI�A�arAK]WI

V
IKG�XZSULF?}LFpTI

XFL��WVBVD=@pTAJI�_t;>=UAJAJIJVBVBS`�H?BIJV
PACC

fT`hX\=@?MG��H?�_FI�_FIKL 	�QKGD=@GBV6_FIYABC\=@?MdeI �Hp��HG��l=@L 	�_����ZQK?BIKpOGBVgy
- ��AJIJV6_FIKL 	�AJSULF?�[ZIJV�VBI�?BI\�MS`�HdwpTIKpcGgf4=@]WSU?BV6IK]H]WIJV6VBIK?BSUpOG[AJSUprmoSUpT_rLTIJV_��LTVBNcLz;>`
]l= �Tp�_rL�A�a	AK]WIwy
� SUGBSUpTV�NOLTI�]WIJV}X\=@?D=@b VKGM?BIJVG�Hp��TL\=@pcG�VMLF?6]l=hVMGM?D=@GBQKdM�WIwf\LFG��H]��WVBQJV}XZSULF?}moSU?Mb�LF]WIK?8]WIJV6AJSUpT_��HG��WSUpTV >RIKGN>r;Hf
VBSUpOG6]WIJV6VML��H{w=@pcGBV��
�
{V�HGBIJVBVBI �HpTVMGD=@pOGD=@pTQJI�VMLF?}]WIYA�arAK]WI

V
fT=��HpTV��zNOLTI�XFL��WVBVD=@pTAJIY_FIJV�=UAJAJIJVDVBS`�H?BIJV

PACC
�

�
QKGD=@G�_FIYADC\=@?MdeIY_FI�]l= [\=@GMGBIK?��WI:AJSULF?D=@pcGgf\NOLz;uSUp�m^=��HG}{U=@?��WIK?}bRIKpOGD=@]WIKbRIKpcG�_T=@pTV}]l=hAJSUpT_��HG��WSUpO>ry

� $&%
FO8 	�0A)�%A� )?F '
)?F �:$&%
'��+!#��$&%
F � ):! � � - S`�WIKpOGY_FIKL 	 {w=@]WIKLF?BV[_t;uQKGD=@G�_FI
ABC\=@?MdeI �Hp��HG��l=@]([\=@GMGBIK?��WI
soci 6= soc′i

y � SUGBSUpTVb�
SOC = s(V, PACC , soci)

SOC
′

= s(V, PACC , soc
′

i)

U = AJSUpT_��HG��WSUp > �HbhXF]��WNOLTI�NOLTIRV���`�AJIK?MGD=��HpTV �HpTVBGD=@pcGBV
i · Te

f
SOC(i) > SOC

′

(i)
� ?BIJVMXzy

SOC(i) <
SOC

′

(i)
�|f\=@]WSU?BV��

ISOC(i) > ISOC
′ (i)

�7.�.wy&.��
� ?BIJVMXzy

ISOC(i) < ISOC′ (i)
�|y F IK]l=�?BIK{��WIKpOG�`�= �R?MbRIK?�NcLTI:]l=�X4IKpOGBI �HpTVMGD=@pcGD=@pTQJIh_FI:]l=�AJSULF?�[ZIaVMLFXZQ|�

?��WIKLF?BIYIJVMGZ�HprmoQK?��WIKLF?BI � IKp�{w=@]WIKLF?[=@]HdeQ�[F?��WNOLTI��6`aAJIK]H]WIY_FI�]l=RAJSULF?�[4I �HprmoQK?��WIKLF?BIwy
� � �
� �%" �H�A�(��� �!� �&� � �%"��%��	
� �%" ���'��#+�%�)�H� �H" 	 �`�H��� �+� � fzIKG�_FSUpTA:X\=@?�{eS`�WIa_FIaAJSUpTVBQJNOLTIKpTAJIa]l=�XF?BSUXF?��WQKGBQ
.wfTSUp�XZIKLFG�= �R?MbRIK?[NOLTI�V��

soci ≥ soc
′

i

fT=@]WSU?BV ∀i ∈ [0;n]
f
SOC(i) ≥ SOC

′

(i)
fTIKp�X\=@?MG��WAKLF]��WIK?��

socf ≥ soc′f
�7.�.wy@? �

.A?�B
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�
� ���+� � ���,�(� #����H	
� �%" �H"O� �&#%"���� ���
�('H� �H� ��	
� �9�4� �9	d�!	���	 �(�K� � ���H	

� ]
socf

IKG
soc

′

f

?BIKXF?BQJVBIKpcGBIKpOGY]WIJV�QKGD=@GBV�_FI:ADC\=@?MdeI �Tp\=@L 	k_FIJV�AJSULF?�[ZIJV
SOC

IKG
SOC

′ yT�[p�=j=@]WSU?BV
QKdc=@]WIKbRIKpOG

ISOC(i) ≥ ISOC′ (i)
y F IYNOL�� �HbhXF]��WNcLTIwfT_T=@pTV�]WI�Ag=UV6SJ]�]WI�GBIKbhXTV[IJVMG6_��WVBAK?BQKG��WVBQ
�

n
∑

i=0

ISOC(i) · Te ≥
n
∑

i=0

ISOC′ (i) · Te

- S`�HG��
socf − soci ≥ soc

′

f − soc
′

i

�7.�.wy@B �

PSULF?�?BQJVMLFbRIK?gf:.�.wy&.iIJVMGjLFpTIiAJSUpTVBQJNOLTIKpTAJI�_FI�]l=�AJSUpT_��HG��WSUp >rf~GD=@pT_��WV�NOLTI .�.wy@?�IKG .�.wy@B�VBSUpcG�_FIJV
AJSUpTVDQJNcLTIKpTAJIJV[_FIJV�AJSUpT_��HG��WSUpTVN>aIKG >r;HfF_FIK{U=@pOG[�KGM?BI�{eQK?�� �\QJIJV8V��Hb�LF]HGD=@pTQKbRIKpOGgy

M 1@)�0�7�) '�) ��� ��1@$&�
1K��8 !O8 � 
%]l=��JSUpTV��^pTSULTV'_T=@pTV�]WI�Ag=UVPAJSUpcG��HpcLzfUIKGPVMLFXFX4SwVDSUpTV�NOLTI<]WIJVP_FIKL 	�AJSULF?�[4IJV
_t;uQKGD=@G6_FI�ADC\=@?MdeI�VBI8?BI\��S`�HdwpTIKpOGgy U =
AJSUpT_��HG��WSUp >r;rIJVMG}QJNOL��H{U=@]WIKpOGBIY`h= �R?MbRIK?6NcLTI8XZSULF?�LFpjbR�KbRI�QKGD=@G
_FIaADC\=@?MdeI��Hp��HG��l=@]%VMLF?[]WI:A�arAK]WI

V
IKG[XZSULF?[]WI:XF?BS �T]%_t;>=UAJAJIJVBVBS`�H?BIJV

PACC
f�]l=�_FQJADC\=@?MdeI �HpTVMGD=@pcGD=@pTQJIh_FI

]l=8[\=@GMGBIK?��WI�IJVMGYAJSUpFpOLTI�IKG�LFp��WNOLTIwy F IK]l=�VML��RG:`�=UVDVMLF?BIK?�NOLTIa]WIJV�_FIKL 	�AJSULF?�[4IJV�?BIJVMGBIKpcG�AJSUprmoSUpT_rLTIJV
��LTVBNOLz;>`
]l= �Tp�_rL A�arAK]WIwy
L =@pTV�]WI~Ag=UVPSJ]�]WI�GBIKbhXTV�IJVBG�_��WVBAK?BQKG��WVBQwf ]WIJVP_FIKL 	�AJSULF?�[4IJV�pTI<XZIKLF{eIKpcG'X\=UVPVBI%?BI\�MS`�HpT_r?BI�?��HdeSULF?BIKLTVBIKbRIKpOG
X\=@?M]l=@pOGgy - LFXFXZSwVBSUpTV~NcLTI}]WIJV�_FIKL 	hAJSULF?�[ZIJV�VDI6AJSULFX4IKpOG~IKpOGM?BI�_FIKL 	RQJABC\=@pOG��H]H]WSUpTVgy F IK]l=�IJVMG%XZSwVBV��\[F]WI6Vg; �H]
I�	��WVMGBI�`YLFp �HpTVMGD=@pOG�_FSUpFpTQ8LFpTI8dw?BSwVBVBI[_����ZQK?BIKpTAJI�_FI[X4IKpOGBI�IKpcGM?BI8]WIJV�_FIKL 	�AJSULF?�[4IJV�� _FSUpTA�_FI8AJSULF?D=@pcG
[\=@GMGBIK?��WI��|y L =@pTV�AJI[Ag=UVgf��H]4VML��RG~_t; �HpO{eSONOLTIK?�]l=�?BIK]l=@G��WSUpO.�.wy&.wf	_FI6]l=UNOLTIK]H]WI�SUp�_FQJ_rL��HG~]WI�?BQJVMLF]HGD=@G �O_FIKL 	
AJSULF?�[ZIJV�NOL��zVBI�AJSULFXZIKpcG8SUpcG6XF?BSUXZIKpTV��WSUp�`
?BIJVMGBIK?�XF?BSOADCTIJV6]^; LFpTIY_FI�]^;>=@LFGM?BIwy
� SUGBSUpTVRNOLz;uIKp�?BQg=@]��HGBQwf��H]�IJVBG
?D=@?BI�_t;uSJ[FGBIKp��H?�LFpTI �HpOGBIK?BVBIJAKG��WSUpzy 
PSULF?R]l=�XF]HLFX\=@?MGR_FIJVhVMGM?D=@GBQKdM�WIJVgf']WIJV
_FIKL 	�AJSULF?�[ZIJV6VBI�?D=@XFXF?BS	ABCTIK?BSUpOG[]^; LFpTIY_FIY]^;>=@LFGM?BIY_FI�b�=@p��WVK?BI�=UV�a	bhXFGBSUG��WNOLTIYVD=@pTV��B=@b�=��WV6VBI�AJSULFXZIK?gy

�

�;$�!O) � ]}IJVMG��HpOGBQK?BIJVBVD=@pOG�_FI�AJSUpTVMGD=@GBIK?�NcLz;uSUp ?BIKGM?BSULF{eI�_T=@pTV�LFpTI�VMGM?D=@GBQKdM�WI�IKp ]��HdwpTI�{eQK?�� ��=@pOG�]WIJV
AJSUpT_��HG��WSUpTV1>}IKG�>r;J]WI�AJSUbhX4SU?MGBIKbRIKpOG�NOL��cQKGD=��HG�AJIK]HL��cSJ[TVBIK?M{eQ�_T=@pTVz]WIJVzVMGM?D=@GBQKdM�WIJV�SUXFG��Hb�=@]WIJVzmoSULF?Mp��WIJVtX\=@?
]^;>=@]HdeSU?��HGMCFbRI�_t;uSUXFG��Hb��WVD=@G��WSUp:dw]WSJ[\=@]WIwf `�VD=g{eS`�H?�NOLTI%_FIKL 	�AJSULF?�[ZIJVzNOL��eVBI%?BI\�MS`�HdwpTIKpcG�?BIJVMGBIKpcG�AJSUprmoSUpT_rLTIJV
��LTVBNOLz;>`�]l= �Tp�_rL�A�arAK]WIwy F IKX4IKpT_T=@pOGR]WIJVRAg=@LTVBIJVhVDSUpcGRAJSUbhXF]WVKGBIKbRIKpcG�_����ZQK?BIKpOGBIJVgf'XFL��WVBNOLTIjX4SULF?a]WIJV
VBGM?D=@GBQKdM�WIJV�SUXFG��Hb�=@]WIJV[]^;uSU?��HdM�HpTIY_FIYAJI�AJSUbhXZSU?MGBIKbRIKpcG�IJVMG}]WI�XF?��HpTA �HX4I�_t;uSUXFG��Hb�=@]��HGBQ:_FI���IK]H]Hb�=@pzy
� ]l=�VBL��HGBI�_FI�AJIKGMGBIjAJSUpTVMGD=@GD=@G��WSUpzf%SUp�X4IKLFGaVBI�_FIKb�=@pT_FIK?RV���]WIJVhVMGM?D=@GBQKdM�WIJVaSUXFG��Hb�=@]WIJVam SULF?Mp��WIJV
X\=@?
^�� _ U _v?BIJVMXZIJAKGBIKpcG}]l=
AJSUpT_��HG��WSUp >ry U I8]WIJAKGBIKLF?}GM?BSULF{eIK?D=a_FIJV}QK]WQKbRIKpOGBV6_FI8?BQKX4SUpTVBI�_T=@pTV�]WI8XF?BS	ABC\=��Hp
X\=@?D=@dw?D=@XFCTI �Y� .�.wy I �|y

�

M 1@$&�
1K��8 !O8P4 - S`�HG6LFpTIYVMGM?D=@GBQKdM�WI
s ∈ S(A,C)

fFGBIK]H]WI�NOLTI�]WIJV6AJSUpT_��HG��WSUpTV >hIKG >r;TVBS`�WIKpOG6?BIJVMXZIJAKGBQJIJVgy
- �}LFp A�arAK]WI�_FI�{��HGBIJVBVDIj`�]l=k?BSULTI

V ∈ R
n IKGh]WI�XF?BS �T]6_FIjXFL��WVBVD=@pTAJIj_t;>=UAJAJIJVBVDS`�H?BIJVRAJSU?M?BIJVMXZSUpT_T=@pcG

PACC ∈ R
n VDSUpcG6GBIK]WV6NOLTI��

.wyZ�H]�I�	��WVMGBI�LFpTIY{w=@]WIKLF?��Hp��HG��l=@]WI:_t;uQKGD=@G[_FIYADC\=@?MdeI
soci

AJSUbhXF?��WVBI:_T=@pTV6]l=aXF]l=@deIY_t; LFG��H]��WV1=@G��WSUpk_FI�]l=
[\=@GMGBIK?��WI�GBIK]H]WI�NOLTI

∆(s(V, PACC , soci)) < 0
fFAw;uIJVMG�� ` � _��H?BI�GBIK]H]WI�NOLTI[]l=�[\=@GMGBIK?��WI�VBI�_FQJADC\=@?MdeIYVMLF?

]WI�A�arAK]WI��

.A? I
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�('H� �H� ��	
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���%�)���(�K� � �9	��+	 �(� �H���%�
#�� '
��	 	 �H�H� �

?ryd�H]�I�	V�WVMGBIYLFpTI�{U=@]WIKLF?G�Hp��HG��l=@]WIY_t;uQKGD=@G[_FI�ABC\=@?MdeI
soc

′

i

AJSUbhXF?��WVDI�_T=@pTV6]l=hXF]l=@deI�_t; LFG��H]��WVD=@G��WSUpk_FI�]l=
[\=@GMGBIK?��WI�GBIK]H]WIYNOLTI

∆(s(V, PACC , soc
′

i)) > 0
fTAw;uIJVBG�� ` � _��H?BIYGBIK]H]WIYNOLTI�]l=0[\=@GMGBIK?��WIYVBI�?BIJADC\=@?MdeI:VBLF?

]WI�A�a	AK]WI��

_[]WSU?BV8�H]PI�	V�WVMGBIYLFpTI�{w=@]WIKLF?8�Hp��HG��l=@]WI
_t;uQKGD=@G8_FI:ABC\=@?MdeIa_T=@pTV[]l=hXF]l=@deI�_t; LFG��H]��WV1=@G��WSUpi_FI�]l=�[\=@GMGBIK?��WI
soc0GBIK]H]WIYNOLTI

∆(s(V, PACC , soc0)) = 0
y

M 12)?0A7&) U IJVaAJSUpT_��HG��WSUpTV=.�IKG�?�X4IKLF{eIKpOG
VBI�{eQK?�� �\IK?
IKp I�	F=@b��Hp\=@pOGa]l=�{w=@?��l=@G��WSUp _t;uQKGD=@Ga_FI�ADC\=@?MdeI
VMLF?�]WI A�arAK]WI ]WSU?BVBNOLTI�]^;uQKGD=@Gj_FI ADC\=@?MdeI �Hp��HG��l=@]�IJVMG�QKdc=@]�` .A>�>�� SUL >�� � SUL GBSULFGBIJVj=@LFGM?BIJV�{w=@]WIKLF?BV
AJSU?M?BIJVMXZSUpT_T=@pcG6=@L 	R]��Hb��HGBIJV�_FI�]l=YXF]l=@deI�_t; LFG��H]��WVD=@G��WSUp�_FI6]l=b[\=@GMGBIK?��WI��|y � SUGBSUpTV�NcLz;uIK]H]WIJV~pz;uI�	FAK]HLTIKpcG�X\=UV
]^;uI�	��WVMGBIKpTAJIY_t; LFp�bRS	_FI�_FQKdw?D=U_FQYXZIKpT_T=@pcG6LFpTIYX\=@?MG��WIY_rL A�arAK]WIwy
g p�?BQg=@]��HGBQwfFLFpTI�_FQKbRSUpTVBGM?D=@G��WSUp�b�=@GMCTQKb�=@G��WNcLTIY?��HdeSULF?BIKLTVBI�pTI�XZIKLFG�XF?BSULF{eIK?�]^;uI�	V�WVMGBIKpTAJI�_FI

soc0
NOLTI

GBIK]}NcLTI
∆(s(V, PACC , soc0)) < ε

=g{eIJA
0 < ε < 1

� AJSUbhbRIjLFpTI�?BIJABCTIK?BADCTI�_��WABCTSUGBSUb��WNOLTI�_T=@pTV
]WI
_FSUb�=��HpTI�AJSUpOG��HpcL � U SUL >�? � �|y
- S`�HG

ε > 0
y

F SUpTV��W_FQK?BSUpTV:LFpTIRVMGM?D=@GBQKdM�WI
s
{eQK?�� ��=@pOG�]WIJV�AJSUpT_��HG��WSUpTV�>�IKG >r;Hf�IKG�VMLFXFXZSwVBSUpTV�]^;uI�	��WVMGBIKpTAJI�_FI

soci
IKG

soc
′

i

{eQK?�� ��=@pcG[]WIJV�AJSUpT_��HG��WSUpTVK.�IKG ?ry
U IJV'{w=@]WIKLF?BV%_t;uQKGD=@G<_FI�ABC\=@?MdeI

soci
IKG

soc
′

i

_FIJV%AJSUpT_��HG��WSUpTV .�IKGD?8VBSUpcG'GBIK]H]WIJV<NOLTI
soci > soc

′

i

fUVD=@pTV'NOLTS`�
�H]cI�	��WVMGBIK?D=��HG�_FIJV �HpTVMGD=@pcGBVPSJ]Y]l=}AJSUpTVBQJNOLTIKpTAJI�_FI<]l=}AJSUpT_��HG��WSUp�>6VBIK?D=��HG�AJSUpcGM?BIJ_��HGBIwy � SUGBSUpTV

socih1
= sociIKG

socil1
= soc′i

fFIKG��

socfh1
= socih1

+ ∆(s(V, PACC , socih1
))

socfl1
= socil1

+ ∆(s(V, PACC , soc
′

il1
))

- S`�HG
soci1 ∈]socil1

, socih1
[
IKG

socf1
= soci1 + ∆(s(V, PACC , soci1))

� �TdwLF?BI .�.wy@B �|y

SOCih1

SOCil1
= SOCil2

SOCi1 = SOCih2

SOCi2

SOCfl1
= SOCfl2

SOCfh1

SOCf1
= SOCfh2

�

�����




�

���	�


���
�� SOCf2

��� ��� 
�� � ��� � � ��� ��� 
����

< 0

< 0

> 0
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�
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g 	F=@b��HpTSUpTV�_t;>=U[ZSU?B_s]WIiAg=UVjSJ] X\=@?�I�	FIKbhXF]WIi]WIJV�AJSULF?�[4IJV�_t;uQKGD=@G�_FIiABC\=@?MdeI
s(V, PACC , socil1

)
IKG

s(V, PACC , soci1)
VBIa?BI\��S`�HdwpTIKpOGgy L ;>=@XF?
VJV�]l=�XF?BSUXF?��WQKGBQ . � {eQK?�� �\QJI�XFL��WVBNcLTIa]WIJV:AJSUpT_��HG��WSUpTV >�IKG�>r;Va

VDSUpcG�X\=@?[C aOXZSUGMC VJVBI��|f
s(V, PACC , socil1

)
IKG

s(V, PACC , soci1)
VBSUpOG�=@]WSU?BV�AJSUprmoSUpT_rLTIJV'� LTVBNOLz;>`h]l= �Tp

_rL�A�a	AK]WIwy ��Ag=@?MGBSUpTV�_t;uIKb�[F]WQJI:AJIYAg=UV6NOL��tpTI�bRS	_�� �\I�X\=UV}]WIJVZ�W_FQJIJV6_FIY]l=a_FQKbRSUpTVMGM?D=@G��WSUp�VML��H{w=@pcGBIwy
L ;>=@XF?
VJV .�.wy@?rfTSUp�= �

socfl1
≤ socf1

≤ socfh1

�7.�.wy I �
IKG[_t;>=@XF?
VJVK.�.wy@B8�

socfh1
− socf1

≤ socih1
− soci1

socf1
− socfl1

≤ soci1 − socil1

�7.�.wy@M �

L =@pTV$.�.wy@Mrft]^;uQKdc=@]��HGBQRIJVMGYSJ[FGBIKpOLTI�V��%]l=jVMGM?D=@GBQKdM�WI�_FQJABC\=@?MdeI � ?BIJVBXzyt?BIJABC\=@?MdeI���]l= [\=@GMGBIK?��WIR_FIhb�=@p��WVK?BI
�W_FIKpOG��WNcLTI:VMLF?}]WIYA�arAK]WI

V
frXZSULF?}]WIJV6QKGD=@GBV[_FI�ABC\=@?MdeI �Hp��HG��l=@L 	

socil1

IKG
soci1

IKGdc@SUL
soci1

IKG
socih1

y
�[p X4SwVBIY=@]WSU?BV

socil2

IKG
socih2

GBIK]WV[NcLTI��
� Si∆(s(V, PACC , soci1)) > 0, socil2

= soci1 et socih2
= socih1
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socmax + ∆(s(V1, PACC , socmax))
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{eQK?�� �\QJIwy
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� lpILVXV ? c#R;TNP6zqdXW�I [ Y [ I \ ceVXY [ PJdXYsWZOZWQM;PJO�I�YsT [ c ? WQP \ P]M ?;[ M;PaILd�h \ PJKNP^d ? ceKNP]Ma{
º P^YsY;P6ILVXV ? c#R;TNP ? P]MsY;P�IwV ? WQc ? W»fbILO�ILyXOQP!VBced ? K�l WZjkVBc ? Y;P�z_dNP^O»KXWZfgPaILd \ l T_x_y ? W \ ILYsWQceK¼P^Y \ WZjwP^KNM;WQceKXKNPi·
jwP^KqY \ duf [ TXWQR^dXOQPb{
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MsW r KUILOm`�I¹¥NK \ l©Pih�Y ? ILW ? P�Oml WZK���c ? jvILYsWQceK�dXYsWZOQP \ dGy ? dXWZYa{_Ù(I ? Pih�P^jkVXOQPb` \ ILKNM}OQP \ cejvILWZKNP \ P4O�I ? P]R]ceKXKUILWQMs·
MnILKNR]P \ P���c ? jwP � Pb{ r { ? P]R]ceKXKUILWQMnMnILKNR]P \ P!RaI ? IeR^Y;� ? P]M � {
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x2
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σ
= >

w3

w2

w
1

θ
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� PJKNP^d ? ceKNP�P]MsY4R]ceKNM;YsWZYsd [!\ PJY ? ceWQMFVUI ? YsWQP]Mih

�
\ P]MSOZW�ILWQM;ceKNM \ l©P^KqY ?;[ P]Ma`XcedkjWlAm�n�o*jGpLjg{ º TUIezqdNPJMsx#KUILVNM;P.P]MsYSVXOZdNMFced�jwceWZKNMFR]ceK \ dNR^Y ? WQR]P \ duMsW r KUILO
\ l©P^KqY ?;[ P

xi
f#W�IJdXKGV8ceW \ MoMsx#KUILVXYsWQzqdNP

wi
{ � W

wi
P]MsY}K [^r ILYsW¦�s`qO�I�Msx#KUILVNM;P�M;P ? I \ WZY;P�WZKXTXWZyXWZY ? WQR]Pb` \ ILKNM

OQPJRaIeM4R]ceKqY ? ILW ? P6P^OZOQP!M;P ? I \ WZY;PJPihXR^WZYnILY ? WQR]Prq
�
dXKNP.OZW�ILWQM;ceK \ P!M;c ? YsWQPb`Xcedknfs�tAmfpuq

�
dXKvjGtrwxn?`»Rbl©P]MsY¸·��¹· \ W ? PvOQPwR]c#P^d ?6\ d�KNP^d ? ceKNPb{ º P^OZdXW¦·¯R^W,Pi ¡P]R^YsdNPwO�IuMncejkjwPwVBceK \X[K?;[ P \ P]M�P^K_Y ?;[ P]M
xi
\ d KNP^d ? ceKNP�VUI ? OQP]M.R]c_P�yvR^WQP^K_Y;M.Msx_KUILVXYsWQz_dNP]M

wi
`HR]P6z_dXW \ ceKXKNP�dXKNP�IeR^YsWZfeILYsWQceK

a(x) = wt · x {º P^YsY;P6IeR^YsWZfbILYsWQceK P]M;Y4Y ? ILWZY [ P�VUI ? OQP�M;cejvIwV8ced ?�\ ceKXKNP ? O�IvM;c ? YsWQP
s
`Xf#W�I�dXKNP!��ceKNR^YsWQceK \ P \X[ R^WQMsWQceK

σ
{

z [ K [K? ILOQP^jwP^KqYa`
σ
P]MsY?dXKNPS��ceKNR^YsWQceK \ PFY�x_VBP4MsW r jwc�{ \ P � Pb{ r {bYnILK r P^KqY;P�Tqx#V8P ? yBceOZWQz_dNP � `_I]fgP]R�dXKvM;P^dXWZO

\ P \X[ R^OQP^KNR;TNP^jwP^K_Y
h

h
σ : x 7→ tanh(x − h)

|�WZKUILOQP^jwP^KqYa`NO�IwM;c ? YsWQP \ d§KNP^d ? ceKNP!P]MsY \ ceKXK [ VUI ?

a(x) = σ(wt · x)
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º TUIez_dNP�P^KqY � [ PJI]xqILK_Y,dXKNP�MsW r KXW¦¥URaILYsWQceK�VXTqx�MsWQzqdNP~yXWQP^KvVUI��sYsWQR^dXOZWQ���;Pb` \ P^d�hwW \X[ P]MoVH�sWZKNR^WZVUILOQP]MSM;ceKqYF�JO�I
yUIeMnP \ P.O�I�YsT [ c��sWQP \ P]M�� [ MnPaILd�h \ P.KNP^dH�;ceKNP]M�h
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r �nILVXTNPkc��sWQP^KqY [w\ ceK_Y!OQP]M!M;cejkjwP^Y;MJMnceKqY!OQP]MJM;cejvIeM�`¡P^YJOQP]M!I��;R]M!c��sWQP^KqY [ MJOQP]M�Msx_KUILVNMnP]MJced	I¹h�ceKNP]Ma{
��K�KNP^dH�;ceKNP!KNP!R]ceK_YsWQP^KqYJzqd�l dXKNP!VUI��;R]P^OZOQP�WZK�¥NjwP \ PJOml WZK��³c��sjvILYsWQceK \X[ Y;P^KqdNP6VUI��4OQP9� [ MnPaILd � ceK \ WZY
zqdNP.Oml WZK���c��sjvILYsWQceK�P]M;Y \ WQMsY �sWZyXd [ P � q

�
\ lpILdXY �;P�VUI��sYa`UOQPJ�mILWZY \ P6V8cedXfgceW��_�;P]MsYsWZYsdNP�� \ P]M.IeM;M;c#R^W�ILYsWQceKNM�P^KqY � [ Pi·¯M;c��sYsWQP�� [ ILOZWQM [ P]M~OQc��;M \ l dXK�n�oU�
oL�dpLmd�d��jGj3n���pB`XOQc��;M \ l dXKNP.VXTUIeM;P��%���d�d�~���~j3nU�d��t�m�{ º P]R^W�P]MsY�� [ ILOZWQM [ VUI��FOQP"� [^r O�I r P \ P]M4R]c#P�yvR^WQP^KqY;M
Msx#KUILVXYsWQzqdNP]M}OQc��;M \ P4OmlpILVXVH�;P^K_YsWQM;MnI r Prq_dXKvjwc�xgP^K \ Px� [^r O�I r P�I [ Y [ VH�;ceVBcbM [ P�VUI��,¨�{)��P^yXyGP^K �32 ¢ 2 {

��O(Pih#WQMsY;P6dXK r �nILK \ KNcej6yH�;P \ P�Y�x_VBP]M \ P�� [ MnPaILd�h \ P�KNP^dH�;ceKNP]Ma`8VUI��¸�³ceWQM�KNceK yUIeM [ M.MsdH�~OQP6jwc \ �^OQP \ P
0 R º dXOZOQc#R;T�P^Y4Ù?WZYsY;Ma{N¨.PJjvILKXWQ���;P rg[ K [ �nILOQPb`HceK§ceVXV8cbM;P 476�892�:<; h

�
OQP]M9� [ M;PaILd�h VXOZdXYY eY \X[]\ W [ M��¡� � ±��)�.� !3¢e²Ç°w±b­³²£!�
t�uR]P^d�h \X[]\ W [ M���O�I�¤��Z±Lª/ª/² ¥�¤;±b­³²£!�
U{ � dXVXVBcbM;ceKNM6zqdNP
OmlpILVXVH�;P^KqYsWQM;M/I r PGR]ceKNMsWQM;Y;PvP^K	dXK�P^KNM;P^j�yXOQP \ PGR]cedXVXOQP]M

(x; f(x))
RaI��nIeR^Y [ �sWQMsYsWQz_dNP]M \ l dXKNPv�³ceKNR^YsWQceK
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f(x1)
P^Y

f(x2)
VBcedH�!dXK

xR]cejkVH�sWQM4P^K_Y �;P
x1
P^Y

x2
`#YnILK \ WQMFzqdNP�O�I�R^O�IeM;MsW¦¥URaILYsWQceK�R]ceKNMsWQMsY;PJ�i�;P^KqfgcaxgP��

f(x1)
ced

f(x2)
M;dXWZfeILK_Y

z_dNP
x
P]MsYFVXOZdNM4VH�;c_RnTNP \ P

x1
ced \ P

x2
q
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.¤n¶ ���4� � h � P r WQceK � �x��K��NdNP^KNR]P � P^K�R]P��sYnILWZKNM�P^K \ �;ceWZY;M \ PvOml©P]MsVUIeR]P \ l©P^KqY � [ P � Pb{ r {¼� [ M;PaILd��
��ceKNR^YsWQceKNMx�nI \ W�ILOQP]M \ P.yUIeM;P � q

�
OQP]Mr� [ M;PaILd�h�ªiµ3�X¶����a² ª]®iª � Pb{ r {�� [ M;PaILd \ PSY�x_VBPSVBP��;R]P^VXY �;ceK � ILd�h�� [ M;PaILd�h 
.!�
Gª/µG�X¶����a²�ªa®/ª � Pb{ r {�� [ MnPaILd
\ P � ceTNceKNP^K � {»¨.ILKNM�dXK�� [ M;PaILd MsdXVBP��sf_WQM [ `UO�IvVXTUIeM;P \ lpILVXVH�;P^KqYsWQM;M/I r PwP]MsY.RaI��nIeR^Y [ �sWQM [ P�VUI��.OQP!�mILWZY
z_d�lp��RnTUIezqdNP�P^K_Y � [ PuP]MsY�IeMnM;c_R^W [ PGdXKNP�M;c��sYsWQPb`(R]ceKqY �nILW��;P^jwP^KqY�ILd�h � [ M;PaILd�h	KNceKÕMsdXVBP��sf_WQM [ M6c���OQP
� [ M;PaILd MalpILdXY;cL·¯c�� r ILKXWQM;P \ l dXKNP!jvILKXWQ���;P \X[ VBP^K \ ILKqY;P \ P]M�RaI��nIeR^Y [ �sWQMsYsWQz_dNP]M \ P]M r �nILK \ P^dH�;M \ l©P^K_Y � [ P
\ d � [ MnPaILd�q

�
OQP]Mx� [ MnPaILd�h����a¶;¶ ����!����}±�� � � � Pb{ r {NVBP��;R]P^VXY �;ceK � ILd�h � [ M;PaILd�h����a¶;¶ ���;±)¤�!"��R]cejkVH�;P^KUILKqY \ P]M�R^x�R^OQP]M
� Pb{ r {H� [ MnPaILd \ P9�~ceV�¥UP^O \U� q

� I�MsY �sdNR^YsdH�;P \ d�� [ M;PaILd \ P}KNP^dH�;ceKNP]M?��R;TNceWQM;W�� \X[ VBP^K \�\ d�VH�;ceyXOQ�^jwPF�~Y �nILWZY;P��a{ º P]R^W�YsWQP^KqY?�4Oml©Pih�VBP��sYsWQM;P
\ d�R]ceKNR]P^VXY;P^dH�a{
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��cedH�sKXWQM~VUI�� ���4�~���J� VBcedH�~dXK ��ceKNR^YsWQceKXKNP^jwP^KqY�P^K¼OZW r KNPb{ � IGVH�;P^jkWQ���;P�R;TNcbM;Pw�w��ILW��;P�P]MsY \ P \X[ ¥NKXW��
z_dNP^OZOQP]M»fgceK_Y��^Y �;P}OQP]M�P^K_Y � [ P]M�P^Y�M;c��sYsWQP]M \ di� [ M;PaILd \ P}KNP^dH�;ceKNP]Ma{ º P^OZdXW¦·¯R^W \ P^fU�nI�ILVXVH�;P^K \ �;P,OQP]M¼� [ M;dXOZYnILY;M
\ PJOml©ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQP!P^YFVBcedXfgceW��4OQP]Mx� [ VXOZWQz_dNP���P^KuOZW r KNPb{
� P�Y �nI]fbILWZO \ lpILKUILOZx�M;P \ P]M%� [ MsdXOZYnILY;M \ l©ceVXYsWZjkWQM/ILYsWQceK r OQceyUILOQP \X[ YnILWZOZO [ P^K ���b� {p��{p��{p��V�{ �b�a� KNcedNMoI.VBP��sjkWQM
\ P \X[ ¥NKXW��4OQP]M4VUI��nILjw�^Y �;P]M�IaxqILKqY�dXKNP.WZK��NdNP^KNR]P6MsdH�FOQP]M�� [ MsdXOZYnILY;M \ PJOml©ceVXYsWZjkWQMnILYsWQceKvh
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O�I \ W¦  [ �;P^KNR]P \ l [ YnILY \ P!RnTUI�� r P����;P]MsVBP]R^Y;P���P^K_Y �;PJOQP \X[ yXdXY~P^YFO�I�¥NK \ d�R^x#R^OQPrq

�
O�I6VXdXWQM;MnILKNR]P�WZKNMsYnILK_YnILK [ P��6O�I��;cedNPb`�z_dNP�KNcedNM4I]fgceKNMFR;TNceWQM;W \ P�MnR^WZK \ P��SP^KuR]cedXVXOQPJP^Yof_WZY;P]MnM;Pb{ º P^O�I
KNcedNM�V8P��sjwP^Y�I�VH�sWQc��sW \ l©ceyXY;P^KXW���VXOZdNM \ l WZK���c��sjvILYsWQceKNM~z_dUILKqY�ILd�h � [ MsdXOZYnILY;M \ l©ceVXYsWZjkWQMnILYsWQceK�q
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º P]M�zqdUILY �;PvVUI��nILjw�^Y �;P]M
PACC

`
∆SOCr
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CR

P^Y
ΩR

MnP��;ceKqY�OQP]M�P^KqY � [ P]M \ d � [ MnPaILd�{ º cejkjwP�M;c��sYsWQPb`
KNcedNM4RnTNceWQMsWQM;M;ceKNM�O�I�VXdXWQM;MnILKNR]P�� \ P^jvILK \ P���ILd§jwceY;P^dH� [ OQP]R^Y �sWQz_dNPb`

PME
� ¥ r dH�;P � ��{p� � {

|�cedNM \X[ R^W \ ceKNM \ P \X[ ¥NKXW��uOQPk�nILVXV8c��sY \ P yBc'&QY;P�WZKNM;YnILKqYnILK [
kBV

M [ VUI�� [ jwP^KqYa`FR]cejkjwP R]P]R^WJP]MsY�OQP
RaIeM \ ILKNM�Oml©ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQPb{ º P^OZdXW¦·¯R^WSM;P��nI [^r ILOQP^jwP^K_YwR]ceKNM [ zqdNP^KNR]P \ PwOmlpILKUILOZx�M;P \ P]M�� [ M;dXOZYnILY;M
\ l©ceVXYsWZjkWQMnILYsWQceK � ¥ r dH�;P � ��{p�)(kV�{ �+* � � {
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� P]Mu� [ MsdXOZYnILY;MJ�³cedH�sKXWQM.VUI��JOQP�OQc r WQR^WQP^O \ l©ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQP ���F����� MnceKqY��
∆SOCr

¥Xh [ P^K_Y �;P�OQP
\X[ yXdXY}P^Y�O�I~¥NK \ dwR^x�R^OQPb{bÙ�I��,Pih�P^jkVXOQPb`bO�I�MsdNR]R]P]MnMsWQceK \ PFR]cejkjvILK \ P�MsdH��dXKwR^x�R^OQP4�
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?A@CB�DAEGFHD FLJ��fT
bIX���RYZ%R�bfZ M�X�bIeCR Z�O�VuX�� Z R���V

�mI]fgc��sWQMnP��nI§VXOZdXYY eY!Oml dXYsWZOZWQM/ILYsWQceK \ d�jwceY;P^dH� [ OQP]R^Y �sWQzqdNPGP^K	Y �nIeR^YsWQceK � jwc \ PkY;cedXY [ OQP]R^Y �sWQzqdNPGP^Y!yBc_cbMsY �
z_dNP!MsdH�FOQP.jw�^jwP�R^x#R^OQP��

∆SOCr = 0%
{

�?KwOZW r KNPb`bceKkKNP4R]ceKXKUIO&QY�VUIeM�O�I \ W¦  [ �;P^KNR]P \ l [ YnILY \ PFRnTUI�� r P4P^KqY �;PFOQP \X[ yXdXY,P^Y�O�I~¥NK \ dwR^x#R^OQPb{ � WXOml [ YnILY
\ P.RnTUI�� r PJR]cedH�nILKqY4P]MsYoWZK�� [ �sWQP^dH����O�I6feILOQP^dH� \ P.R]ceKNMsW r KNP�h

SOC = socc − 0.2 ·CB
`�P^YSMsW8Oml©ceK�fgP^dXYFM;P

�nILVXVH�;c#R;TNP�� \ P
socc

`8WZO(��ILdXY!ILVXVXOZWQz_dNP��!dXKNPkMsdNR]R]P]M;MsWQceK \ PkR]cejkjvILK \ P]MJVBP��sjwP^YsYnILKqY \ P��;P]R;TUI�� r P���O�I
yUILYsY;P��sWQPb{ � I�zqdNP]MsYsWQceKuP]MsY \ P.MnIafgceW��4MsWHOml©ceK�fgP^dXY4z_dNP�O�I��;P]RnTUI�� r PJM;P~��IeMnM;PS�;P^O�ILYsWZfgP^jwP^K_Y4f#WZY;Pb`#ced�yXWQP^K
VXOZdNM�OQP^KqY;P^jwP^K_Yfq�R]P]R^W}P]M;YJOml©P^Ke£¸P^d \ d � [^r O�I r P \ P]M!R]c#P�yvR^WQP^KqY;M \ d � [^r dXO�ILY;P^dH��TUILyXWZYsdNP^OZOQP^jwP^KqY�dXYsWZOZWQM [
� fgceW�� ���b� {p��{p��{ � V�{ � � ��� {�Ù�cedH�FR]P]M�� [^r dXO�ILY;P^dH�;Ma`�Oml [ OQceW r KNP^jwP^KqY \ P~Oml [ YnILY \ P~RnTUI�� r P \ P~R]ceKNMsW r KNP�MsW r KXW¦¥UP
dXKuY;P��sjwP.VH�;ceVBc��sYsWQceKXKNP^O»P^YFMsdH�sY;cedXYFWZK_Y [^r �nILO»zqdXW¡P^K��UP^K_Y rg[ K [ �nILOQP^jwP^KqY4Y �;�]M4f_WZY;Pb` [ fgP^KqYsdNP^OZOQP^jwP^K_Y.ILd
\X[ Y �sWZjwP^K_Y \ PFO�I!R]ceKNM;cejkjvILYsWQceK�{ º P^VBP^K \ ILKqYa`_WZOUP]MsY?yBP^OHP^Y?yXWQP^KGK [ R]P]M;MnILW��;P \ PS¥Xh�P��,dXK [ YnILY \ P�R;TUI�� r P
VH� [ � [ �;P^KqYsWQP^Om`8MnILKNM4z_dNceW¡Oml [ YnILY \ P!RnTUI�� r PJyUILYsY;P��sWQP!KNP���P��nILWZY�z_dNP \X[ �sWZfgP��a{
8 ceWQR^W»O�I \X[ jvI��;R;TNP6zqdNP.KNcedNM�I]fgceKNM~I \ ceVXY [ P h

�
OQc��;M \ P�OmlpILVXVH�;P^KqYsWQM;MnI r Pb`8Oml©P^K_Y � [ P�� [ YnILY \ P�RnTUI�� r P�� \ dk� [ M;PaILd \ P�KNP^dH�;ceKNP]M.MsW r KXW¦¥UP�� \ W¦  [ �;P^KNR]P
\ l [ YnILY \ PJR;TUI�� r P6MsdH�FOQP!R^x�R^OQPJR]ceKNMsW \X[ � [ �"q

�
OQc��;M \ P.Oml dXYsWZOZWQMnILYsWQceK�`NOml©P^K_Y � [ P�� [ YnILY \ P!RnTUI�� r P���MsW r KXW¦¥UP���jwceWZKNM�Oml [ YnILY \ PJR;TUI�� r P6R]cedH�nILKqY��8{

8 ceWQR^W8dXKGPihXP^jkVXOQPb{qÙ?O�I��]ceKNM¸·mKNcedNM \ ILKNM}OQP~RaIeM,c��GOQP�R^x�R^OQP�R]ceKNMsW \X[ � [ P^KvOZW r KNP�P]MsY?OQP�R^x�R^OQP \ lpILVXVH�;P^K_YsWQM¸·
M/I r Pb`NP^Y�z_d�l©ceKuOQP9� [ V8�^Y;P!OQP.KNcej�yH�;P \ PJ�³ceWQM \X[ M;W�� [ { º P^O�IkMsW r KXW¦¥UP!z_dNPJMsW¡Oml [ YnILY \ P�R;TUI�� r P�R]cedH�nILK_Y~P]MsY
SOC = socc −0.2 ·CB

`gOQPS� [ M;PaILd \ P�KNP^dH�;ceKNP]MoILVXVXOZWQz_dNP��nI�O�I!R]cejkjvILK \ P.R]c�� �;P]MsVBceK \ ILKqY4�.OmlpILVXVH�;P^K�·
YsWQMnMnI r P"� [ ILOZWQM [ �

∆SOCr = +20%
`XR]P.zqdXW8Y;P^K \ �6OQP��mILW��;P"�;P^fgP^KXW����6Oml [ YnILY \ P.RnTUI�� r P \ P.R]ceKNMsW r KNPJP^K

dXK�R^x#R^OQPb{NÙ(I���O�IwMsdXWZY;Pb`�WZO�ILVXVXOZWQz_dNP��nIkO�IkR]cejkjvILK \ P6R]c�� �;P]MsV8ceK \ ILK_Y��
∆SOCr = 0

`XOml [ YnILY \ PJRnTUI�� r P
IeM;x_jkVXY;ceYsWQz_dNPwfbILO�ILKqY6ILOQc��;M

socc
{ º P^O�IuKNcedNM6IeM;MsdH�;PkdXKNPwR]ceKNMncejkjvILYsWQceK&ceVXYsWZjvILOQPwOQc��;M \ PkO�I�VXTUIeM;P

\ P��;P^Y;cedH�~�
socc

`XVXdXWQMFOQc��;M \ d§Y �nI]fbILWZO��
∆SOC

KqdXO»M;dH�FOQPJR^x#R^OQPb{
| [ ILKXjwceWZKNMa`bOQc��;MnzqdNPSOmlpILVXVH�;P^K_YsWQM;MnI r P�P]M;Yr� [ ILOZWQM [ MsdH��VXOZdNMsWQP^dH�;M?R^x�R^OQP]M \ W¦  [ �;P^KqY;Ma`gOQP]M?R]cejkjvILK \ P]M}ceVXYsW¦·
jvILOQP]MoR]c�� �;P]MsVBceK \ ILKqY4ILd�h \ WZfgP��;MoR^x#R^OQP]M}V8cedH� �;ceK_Y,WZK_Y;P��¸� [ �;P��a{�¨JILKNM}R]P~RaIeMa`gOml [ YnILY \ P�R;TUI�� r P \X[ �sWZfgP��nI�`
jvILWQM.MsW�OQP]M�R]ceK \ WZYsWQceKNM � P^YJ� \ d¼R;TUILVXWZY �;P �b� M;ceKqY.f [ �sW¦¥ [ P]M�VUI���OQP6R^x�R^OQPb`HceK¼ceyNM;P��sfgP��nIGdXK¼R]ceKqY �Y eOQP
IeM;x_jkVXY;ceYsWQz_dNP \ PFR]P^OZdXW¦·¯R^Wm{ ��Y,R]Pb`bMnILKNM?R;TNP��;RnTNP��o�"�nILjwP^KNP��?Oml [ YnILY \ PFR;TUI�� r P���dXKNPFfbILOQP^dH� \ PFR]ceKNMsW r KNP
socc

{ º l©P]MsY�VBcedH�;zqdNceW \ ILKNM�KNceY �;P,RaIeMa`¹KNcedNM�VH� [ � [ �;ceKNM�KNcejkjwP��(O�I�feILOQP^dH� \ P,R]ceKNM;W r KNP \ l [ YnILY \ PoR;TUI�� r P
socc

`�feILOQP^dH�!��VH� [ � [ �;P^KqYsWQP^OZOQP"�8{
� �L¢
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�~KNP�z_dNP]MsYsWQceK�MnP4VBcbM;P�z_dUILKqYF�!MnIafgceW��oz_dNP^OQMoR^x#R^OQP]MoR;TNceWQMsW��oVBcedH�,OmlpILVXVH�;P^K_YsWQM;MnI r Pb{���YnILKqY \ ceKXK [ zqdNP�OQP
f [ TXWQR^dXOQP!T_x_yH�sW \ P6M;P��nI�dXYsWZOZWQM [ P^K�R]ceK \ WZYsWQceKNM \ l dNM/I r P9� [ P^Om`NWZO�P]MsY�O [^r WZYsWZjwP \ P9� [ ILOZWQM;P���OmlpILVXVH�;P^KqYsWQM;MnI r P
MsdH� \ P]MSR^x#R^OQP]M \ l dNM/I r Pu� [ P^Om{#|�cedNMSdXYsWZOZWQM;P��;ceKNM \ ceKNRJR]cejkjwP,£sP^d�h \ P.R^x#R^OQP]MFR]P��sYnILWZKNMSWQMnMsdNM \ P]M [ Ysd \ P]M
� �
	 �%0k� � ced ����
 ��0 4©� K \L2�� ` � K \ (b� ; h

�
ILVXVH�;P^KqYsWQMnMnI r P�MsdH� � ��	 ��0¡� � dH�syUILWZK�`L�;cedXYsWQP��a`UP^Y�ILdXY;c��;cedXYsWQP��fq

�
ced�ILVXVH�;P^K_YsWQM;MnI r P�M;dH�x����
 ��0 dH�syUILWZK�`H�;cedXYsWQP��a`UP^Y�ILdXY;c��;cedXYsWQP��a{

� WZKNMsWm`URnTUIezqdNP�ILVXVH�;P^KqYsWQM;M/I r P6R]cedXfU�sW��nIGIwVH�sWQc��sW»Oml©P^KNM;P^j6yXOQP \ P]M�dNMnI r P]M�V8cbMnMsWZyXOQP]M \ d�f [ TXWQR^dXOQPb{ 8 d�O�I
VH�;ceVH�sW [ Y [ ¢ \ d�R;TUILVXWZY �;P �b� `#R]P]R^WHKNcedNMFIeM;M;dH�;P��nI�` \ ILKNMoOQP�RaIeM \ d�R]ceKqY �Y eOQPJIeMsx#jkVXY;ceYsWQzqdNP \ P~Oml [ YnILY \ P
R;TUI�� r PkM;dH��R]P]M.R^x�R^OQP]Ma`UOQP�R]ceK_Y �Y eOQPkP^K [ YnILY \ P�R;TUI�� r P�MsdH�.dXKNP�R]cej�yXWZKUILWQM;ceK \ P�R]P^d�h#·¯R^Wm`8Rbl©P]M;Y¸·��¹· \ W��;P
VBcedH�FY;cedXY4dNMnI r PJKNceK�Pih�Y �;�^jwP \ duf [ TXWQR^dXOQPb{
º TUIeR^dXK \ P]MwR^x�R^OQP]MwM;P��nI¼RaILOQR^dXO [�\ ILKNM ���F����� V8cedH�kKNP^d��

∆SOCr
\ W¦  [ �;P^KqY;MvfeI��sW�ILK_Y \ P�·m¢R(����

� ¢R(�� \ l [ YnILY \ P.R;TUI�� r Pb`UIafgP]R.dXKuVUIeM \ P � (������g{
��KNP~��ceWQMSOmlpILVXVH�;P^KqYsWQM;MnI r P�� [ ILOZWQM [ `�ceK§R]cejkVUI��;P��nI�OQP]M
� [ MsdXOZYnILY;M~ceyXY;P^KqdNM�P^K�Y;P��sjwP \ PJR]ceKNM;cejkjvILYsWQceK�VBcedH�4OQP]M \ P^d�h§ILVXVH�;P^KqYsWQMnMnI r P]M~R]ceKNM;W \X[ � [ Ma{
º P^VBP^K \ ILKqYa`�WZOSP]MsY�WZjkV8c��sYnILK_Y \ P�KNceY;P��wzqdNP � [ ILOZWQM;P��w�)(�� \ P �;P]R;TUI�� r P§MsdH��dXKÕR^x#R^OQP�P^dH�;ceV [ P^KÕK�lpI
VUIeM~O�I�jw�^jwP6M;W r KXW¦¥URaILYsWQceK z_dNP9� [ ILOZWQM;P��J�)(�� \ P��;P]R;TUI�� r P�MsdH�4dXK�R^x�R^OQP \ P�Y¯x#V8P�dH�syUILWZK�{ ��K Pi BP^Ya`UO�I
\ WQMsYnILKNR]P~Y;ceYnILOQP~R]ceKNM;W \X[ � [ P�K�l©P]MsYoVUIeM,O�IJjw�^jwP � Pb{ r { �b� (b�b��jDVBcedH�}dXK�R^x#R^OQP�| �?¨ º `#�L¢ � (LjÃV8cedH�,dXK
����
 ��0�dH�syUILWZK � { º P^O�Ii�;P^f_WQP^K_Y \ ceKNR.�i�;P]RnTUI�� r P��4O�I6yUILYsY;P��sWQP.VXOZdNMSf_WZY;P�MsdH�SOQP.R^x#R^OQPu����
 ��0 dH�syUILWZK
z_dNPJMsdH�FOQP!R^x�R^OQPJ|��?¨ º �

∆SOC/km
VXOZdNM4WZjkVBc��sYnILKqY~MsdH�4OQPJR^x�R^OQP�����
 ��0 � {

�~KNP§VH�;P^jkWQ���;P�W \X[ P�P]MsY \ l WZKqY �;c \ dXW��;P�dXK �mIeR^Y;P^dH�vj�dXOZYsWZVXOZWQRaILYsW¦� \ P§Y;P^OZOQP�jvILKXWQ���;P�z_dNP§O�I�feILOQP^dH��P^K
∆SOC/km

\ P]M \ P^d�h�R^x�R^OQP]M�M;ceWZY~R]cejkVUI��nILyXOQPb{�0¼ILWQM~MsW»Oml©ceK�VBcedNM;M;PJO�IvR]cejkVUI��nILWQM;ceKG£¤dNM;z_d�lpILd�yBcedXYa`
R]P]R^W4K�l©P]MsYkY;cede£scedH�;MkVUIeMwM/ILYsWQM¸��ILWQM/ILKqYa`(VXdXWQM;z_dNP§R]P]M \ P^d�hÕR^x#R^OQP]MvR]c�� �;P]MsV8ceK \ P^K_YG� \ P]MwM;ceOZOZWQR^WZYnILYsWQceKNM
\ P�O�I�RnTUIO&QKNP \ PvY �nIeR^YsWQceKtR]cejkVXOQ�^Y;P^jwP^K_Y \ W¦  [ �;P^KqY;P]Ma{���OoM;P^j6yXOQP�P^K�Pi ¡P^Y�VXOZdNM \X[ OZWQRaILY \ PN�;P]R;TUI�� r P��
\ P!�)(��DO�I6yUILYsY;P��sWQP!MsdH�SdXK§R^x�R^OQP9����
 ��0 dH�syUILWZK�`NKUILYsdH�;P^OZOQP^jwP^KqY�VH�;ceVXWQR]P!��Oml dXYsWZOZWQM/ILYsWQceK \ d�jwceY;P^dH�
[ OQP]R^Y �sWQz_dNPb`gzqdNPFM;dH��dXKwR^x�R^OQP4ILdXY;c��;cedXYsWQP��}c��wR]P^OZOQPi·¯R^WNVBcedH� �nI.�^Y �;P4IeR]R]cejkVXOZWQP�P^K � [ ILOZWQM/ILKqY?dXK �Nd�h�M [ �sWQP
R]ceKqYsWZK_dNP^Om{ � lpILd r jwP^KqYnILYsWQceK �;P^O�ILYsWZfgP \ P�R]ceKNM;cejkjvILYsWQceK \ P4RaI��syXdH�nILK_Y,O�IJVXOZdNM���c��sY;P4M;P��nI \ ceKNR�I.VH�sWQc��sW
�wILYsY �sWZyXdNP��.ILd§R^x#R^OQP�����
 ��0�dH�syUILWZK�{ � K§VBcedH� �nILWZY \ ILKNM�R]P!RaIeM \ WZjkWZKqdNP���O�IkfeILOQP^dH��P^K

∆SOC/kmVBcedH�!R]P \ P��sKXWQP��a`»I¹¥NK \ P�Y;P^KXW���R]cejkVXY;P \ PkMnceK�RaI��nIeR^Y;���;PkVH�;ceVXWQR]PvILd jwceY;P^dH� [ OQP]R^Y �sWQz_dNPb{f0¼ILWQM!R]P^O�I
R]ceKNMsYsWZYsdNPJdXK�VUI��nILjw�^Y �;P \ Pu� [^r O�I r P�M;dXVXVXO [ jwP^KqYnILW��;Pb{
¨JILKNM4R]P]M4R]ceK \ WZYsWQceKNMa`NKNcedNM \X[ R^W \ ceKNM \ P!R]ceKNM;W \X[ �;P��4OQP]M

∆SOC/km
\ P]M�R^x#R^OQP]M \ P!O�I�yUIeM;P \ lpILVXVH�;P^K�·

YsWQM;MnI r P �~Y;P^OQM�zqdNP^OQM �8{
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|�cedNM6I]fgceKNM�f#d	P^K ���b� { ¢¼z_dNPkOQP]M�� [ M;dXOZYnILY;M \ l©ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQPv�³cedH�sKXWQM6VUI�� ���4�~��� M;P^j�yXOQP^K_Y
Y �;�]M4jvI¹£sc��sWZYnILW��;P^jwP^KqYu�;P]MsVBP]R^Y;P��4OQP]M~R]ceK \ WZYsWQceKNM (wP^Y (�lZ`XK [ R]P]M;MnILW��;P]M.��OmlpILVXVXOZWQRaILYsWQceK \ P]M4VH�;ceVH�sW [ Y [ M �
��¢ [ fgc#zqd [ P]M \ ILKNMFOQP!R;TUILVXWZY �;P �b�g�����b� {p��{p��{p�kV�{ � �b� � {
¨JILKNM~R]P]M�R]ceK \ WZYsWQceKNMa`8ceK�VBP^dXY�I<y5�sjwP��.zqdNP6MsW»OmlpILVXVH�;P^K_YsWQM;MnI r P�P]MsYS� [ ILOZWQM [6\ P�jvILKXWQ���;P6MnILYsWQMs��ILWQMnILK_Y;Pb`
ILOQc��;MSO�I�MsY �nILY [^r WQP.P^KuOZW r KNP.VUI���� [ M;PaILd�h \ P.KNP^dH�;ceKNP]M4f [ �sW¦¥UP��nIkILdXYnILKqYFO�I�R]ceK \ WZYsWQceKU(�zqdNP�O�I�f [ �sW¦¥UP^K_Y
� ced§VUIeM � OQP]Mx� [ MsdXOZYnILY;M \ P ���4�~��� MnP��sfeILK_Y4R]cejkjwP!yUIeM;P \ lpILVXVH�;P^K_YsWQM;MnI r Pb{
¦���� ¯�®<«*ºG¨[»L¬�­Y«�´ ­Y²�´¸¯�³�»Lº)Á ¿ª²g­�².º<¨.©,¾�­�«���¨d´¹°�±�¯�«£²g­�³W²�¨[»! �¨#")Â%$�¶'&)(,½�©[¨[©[´G±�¨[®G²*­�±<«�´¸¯�«�´G«�¨[°�¨,²£²£«�¨1¨[³�À3®<¨[»�²�´¸¯�³�·CÁ ¾+*G±�¯�²�¾-,[»£¨

º<¨A· ­�²�¨ª³�»£´¸¯�³/.�¬G´¹ºG¨�¨ª²f·¹­�«�¿[»£´¸»�²g­�³<©[¨10�­�²£²�¨,«�´¹¨r»£®<±�±�¯�»£¿[¨[»f©[¯�³<»�²g­�³W²�¨[»1 �©#24365GÂ 7�±�Â 5989(,Â
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�?K �;P^fbILKNR;TNPb`HO�IkR]ceK \ WZYsWQceKH(�lNP]M;Y4f [ �sW¦¥ [ P!VUI���R]ceKNMsY �sdNR^YsWQceK�`UVXdXWQMnzqdNPJOQP�� [ M;PaILd \ P!KNP^dH�;ceKNP]M~P]MsY4dXKNP
��ceKNR^YsWQceK�`BRbl©P]MsY¸·��¹· \ W��;P�zqd�lp�GR;TUIez_dNP6fgP]R^Y;P^dH� \ l©P^K_Y � [ P�R]c�� �;P]MsV8ceK \ dXKNP�M;P^dXOQP�M;c��sYsWQP � R]ceK_Y �nILW��;P^jwP^KqY6�
���4�~�»� zqdXW \ P4VUI��oM;ceKGIeMsVBP]R^Y \ l©ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQP�V8P^dXY��;P^KqfgcaxgP�� \ P^d�hvM;c��sYsWQP]M \ W¦  [ �;P^KqY;P]MoV8cedH�
OQP!jw�^jwPJfgP]R^Y;P^dH� \ l©P^KqY � [ P � {
Ù�cedH�"� [ ILOZWQM;P��~OmlpILVXVH�;P^K_YsWQM;MnI r P \ P]MS� [ M;dXOZYnILY;M \ l©ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQPb` \ P^d�h � [ M;PaILd�h \ PJKNP^dH�;ceKNP]M.ceKqY
[ Y [ R]ceKNMsW \X[ � [ M�hNdXK¡� [ M;PaILd \ lpILVXVH�;cah#WZjvILYsWQceK \ P�Y¯x#V8P�V8P��;R]P^VXY �;ceK¼j6dXOZYsWQR]cedNR;TNP � dXYsWZOZWQMnILK_Y~OQP�jwc \ �^OQP
jvILYsT [ jvILYsWQz_dNP \ P�0�R º dXOZOQc#R;TkP^Y(Ù�WZYsY;M � `eP^Y�dXK�� [ M;PaILd \ P,R^O�IeMnMsW¦¥URaILYsWQceK \ P}Y�x_VBP%� [ MnPaILd��4�³ceKNR^YsWQceKNMA�nI¹·
\ W�ILOQP]M \ P,yUIeM;Pb{ � lpILVXVH�;P^KqYsWQMnMnI r PFPi BP]R^Ysd [ VBcedH��OQP,VBP��;R]P^VXY �;ceK�j6dXOZYsWQR]cedNR;TNPFK�lpIaxqILKqY�VUIeM [ Y [ R]ceKNR^OZdUILKqYa`
KNcedNM�VH� [ M;P^K_Y;ceKNM�WQR^W,O�I \X[ jvI��;R;TNP�P^Y�OQP]M�� [ MsdXOZYnILY;M�ceyXY;P^KqdNMwIafgP]RvOQPN� [ M;PaILd��u��ceKNR^YsWQceKNM��nI \ W�ILOQP]M \ P
yUIeMnPb{ º P \ P��sKXWQP��4dXYsWZOZWQM;P!dXKujwc \ �^OQP \ P!KNP^dH�;ceKNP \ W¦  [ �;P^K_Y \ PJR]P^OZdXW \ P�0�R º dXOZOQc#R;T�P^Y~Ù�WZYsY;Ma{
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Ù(I��sjkWqOQP]Mf� [ M;PaILd�h \ P(Y¯x#V8P�� � P r WQceK � �H�¯K��NdNP^KNR]P �8`^OQP�� [ M;PaILd � º � � � � P]MsY �sWQR^Y;P \ º cedXOQcej6y ��KNP�� r x�� �
R]ceKNM;WQMsY;PJ�6R]ceKNM;Y �sdXW��;P~OQc��;M \ P~OmlpILVXVH�;P^KqYsWQMnMnI r P \ P]M�� [^r WQceKNM \ P�YnILWZOZOQP~OZWZjkWZY [ P \ ILKNMoOml©P]MsVUIeR]PJILdXY;cedH� \ P]M
fgP]R^Y;P^dH�;M \ lpILVXVH�;P^KqYsWQMnMnI r P � M;Y �sdNR^YsdH�;P [ fgceOZdXYsWZfgP � {U¨JILKNM~R]PJY¯x#V8P \ lpILO r c��sWZYsTXjwPb`UO�IkR]cedXfgP��sYsdH�;P \ PJOml©P]M¸·
VUIeR]P�VUI��.OQPi� [ M;PaILd�K�l©P]M;Y.z_dNP6VUI��sYsWQP^OZOQP hHWZO(Pih#WQMsY;P \ P]M�
aceKNP]M.jwc��sY;P]M.c�� �vVH�sWQc��sW(OQP�� [ MnPaILd K�l©P]M;Y~VUIeM
RaILVUILyXOQP \ P��³cedH�sKXW���dXKNP!M;c��sYsWQPJVBP��sYsWZKNP^KqY;Pb{
¨JILKNM?R]P]M}R]ceK \ WZYsWQceKNMa`gWZOXVUI��nIO&QY?WZK_Y [ �;P]M;MnILK_Y \ l WZKqY �;c \ dXW��;P \ P]M�
aceKNP]M \ ceKqY?OQP]M?OZWZjkWZY;P]M}M;ceK_Y�VH�;c r �;P]M;MsWZfgP]Ma`
fgceW��;P!WZKNPih#WQMsYnILK_Y;P]Ma{ º P]R^W�P]MsYSVBcbM;MsWZyXOQP.P^KuWZKqY �;c \ dXWQMnILKqY�O�I�KNceYsWQceK \ P � \ P r � [J\ lpILVXVUI��sY;P^KUILKNR]P����6dXKNP

aceKNPb` \ P~O�I�jw�^jwP.jvILKXWQ���;P�zqd�l©Pih�WQMsY;P�OQP � \ P r � [�\ lpILVXVUI��sY;P^KUILKNR]P�����dXKNPJRaILY [^r c��sWQPJP^KuOQc r WQzqdNP �UcedNP
476 0 2�2�; {
Ù?O�I��]ceKNM¸·mKNcedNM \ ILKNM!OQPGRaI \ �;P \ l dXK � [ M;PaILd \ PGR^O�IeM;MsW¦¥URaILYsWQceK�{�¨.ILKNM�R]PvRaIeM�`»R;TUIez_dNP�
aceKNP \ l WZK��NdNP^KNR]P
R]c�� �;P]M;V8ceK \ �nIu�GdXKNP�RaILY [^r c��sWQP \ ceKXK [ P�V8cedH�.O�I�M;c��sYsWQPb`BR;TUIeR^dXKNP [ YnILK_Y9�;P^VH� [ M;P^KqY [ P�VUI��JdXK KNP^dH�;ceKNPb{
Ù�cedH�4dXKuVBceWZKqY \ P.Oml©P]MsVUIeR]P \ l©P^K_Y � [ Pb`XOQP�KNP^dH�;ceKNPJOQP.VXOZdNM4IeR^YsWZf [ `XRbl©P]MsY¸·��¹· \ W��;P!R]P^OZdXW�z_dXW¡M;P��nI�Y;P^O¡zqdNP.OQP
\ P r � [6\ lpILVXVUI��sY;P^KUILKNR]P�R]c�� �;P]MsVBceK \ ILKqY�M;P��nI�OQP.VXOZdNM [ OQP^f [ `��³cedH�sKXW��nIkO�I�RaILY [^r c��sWQP \ P.O�IkM;c��sYsWQPb{
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� Pu� [ M;PaILd��6�³ceKNR^YsWQceKNMx�nI \ W�ILOQP]M \ P.yUIeM;PJI]fgP]R�I¹£¸dNMsY;P^jwP^K_Y \ x_KUILjkWQz_dNP \ P]Mo��ceKNR^YsWQceKNM \ lpILVXVUI��sY;P^KUILKNR]P
� � � I \ W�ILO 6 IeM;WQMf|XdXKNR^YsWQceKNM��FWZYsT6¨�x_KUILjkWQR}¨�P]RaIax �F\ £¤dNM;YsjwP^KqY �8` �S6 |�·¯¨.¨ �.� R]c�� �;P]MsV8ceK \ �SdXK�� [ M;PaILd
� º � I]fgP]R!OZWZjkWZY;P]M�VH�;c r �;P]M;MsWZfgP]Ma{ 8 ceWQR^W�M;P]M4RaI��nIeR^Y [ �sWQMsYsWQz_dNP]M�h

�
� [ M;PaILd \ P!R^O�IeM;MsW¦¥URaILYsWQceK�q

�
� [ M;PaILd§MsdXVBP��sf_WQM [ q

�
Y¯x#V8P �S�;P r WQceK�cL�(WZK��NdNP^KNR]P �"q

�
MsY �sdNR^YsdH�;P [ fgceOZdXYsWZfgPb`H��dXKNP�R]cedNR;TNP�RaIeRnT [ Prq

�
�F��P]P \ ��c����oI�� \ �8{
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� P9� [ M;PaILd \ PJKNP^dH�;ceKNP]M �S6 |�·¯¨.¨ � VBP��sjwP^Y \ Pu� [ ILOZWQM;P�� \ PJO�I�R^O�IeM;MsW¦¥URaILYsWQceK§yUIaxgP]MsWQP^KXKNP ��� h
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�
R;TUIez_dNP�fgP]R^Y;P^dH� \ lpILVXVH�;P^KqYsWQMnMnI r P \X[ ¥NKXWZYvdXKNP 
aceKNP \ l WZK��NdNP^KNR]P \ l dXK«R]P��sYnILWZK �nIaxgceK�`,P^Y \ ceKqYGO�I
��ceKNR^YsWQceK \ lpILVXVUI��sY;P^KUILKNR]P�R]c�� �;P]MsVBceK \ ILKqY;P!YsWQP^KqY4R]cejkVXY;P \ d�KNcej�yH�;P \ P~fgP]R^Y;P^dH�;M \ lpILVXVH�;P^KqYsWQM;MnI r P
\ PJjw�^jwP�RaILY [^r c��sWQP�MsWZYsd [ M \ ILKNM4O�I�jw�^jwP 
aceKNPrq

�
R;TUIez_dNP!KNP^dH�;ceKNP \ P!M;c��sYsWQP!R]c�� �;P]M;V8ceK \ ��dXKNP!RaILY [^r c��sWQP \ ceKXK [ Pb`UOQPJKNP^dH�;ceKNP!OQP!VXOZdNM~IeR^YsWZf [G� Rbl©P]M;Y¸·
�¹· \ W��;P��kOmlpIeR^YsWZfeILYsWQceK§jvI¹h�WZj�dXj � �³cedH�sKXWZY�O�IkRaILY [^r c��sWQP \ d§fgP]R^Y;P^dH��P^K�P^KqY � [ P \ d � [ MnPaILd�q
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� V;>XZ+F DTF =?B":WZ+@+M'];=)@A7�BC: DT] M'NRZAFR> ]�� >X\T\;M'FP:"@A7�Z+ZA>X9�F |~cedNM¼ILOZOQceKNM \X[ R��sW��;P	OQP	VH�;c_R []\X[�\ P
R]ceKNMsY �sdNR^YsWQceK \ P]M 
aceKNP]M \ l WZK��NdNP^KNR]P \ d � [ M;PaILd�`XVBcedH�4dXK§Pih�P^jkVXOQP�MsWZjkVXOQP5h

�
OQPFfgP]R^Y;P^dH� \ l©P^K_Y � [ P�P]MsYr� [ P^Om`_��dXKNP \ WZjwP^KNMsWQceK�{ � Px� [ M;PaILdvR]cejkVH�;P^K \ �nI \ ceKNR4dXKkKNP^dH�;ceKNP \ l©P^KqY � [ Prq

�
\ P^d�h RaILY [^r c��sWQP]M�M;ceK_YJV8cbM;M;WZyXOQP]Ma`8O�IGRaILY [^r c��sWQP � P^YJO�I�RaILY [^r c��sWQP 6 { � P�� [ M;PaILd�R]cejkVH�;P^K \ �nI \ ceKNR
\ P^d�huKNP^dH�;ceKNP]M \ PJMnc��sYsWQPb{

� P]M \ P r � [ M \ lpILVXVUI��sY;P^KUILKNR]PuILd�h \ P^d�h	RaILY [^r c��sWQP]M�M;ceKqY6KNceY [ M
pA(x)

P^Y
pB(x)

{�|~cedNM��;P^VH�;P^KNceKNM6OQP]M
M;RnT [ jvIeM�Pih�VXOZWQRaILYsW¦�³M�dXYsWZOZWQM [ M \ ILKNMFOQPJjvILK_dNP^O \ P � |�| � � ¥ r dH�;P � ��{p� � {
|�ceY;ceKNMFzqdNP~KNcedNM \X[ ¥NKXWQM;M;ceKNM \ P^d�hvVUI��nILjw�^Y �;P]M

θ−
P^Y

θ+ ` \ P�Y;P^OZOQP.jvILKXWQ���;P.z_dNP~OQc��;MnzqdNP�OmlpILVXVH�;P^KqYsWQMs·MnI r P.P]MsYoY;P��sjkWZK [ `�OQP]MSRaI��nIeR^Y [ �sWQMsYsWQzqdNP]M \ P]MSKNP^dH�;ceKNP]M \ P�O�I6R]cedNR;TNPJRaIeRnT [ PJP^KqY �nIO&QKNP^KqY~zqdNP�Oml©P^KNM;P^j6yXOQP
\ P]MFfgP]R^Y;P^dH�;M \ lpILVXVH�;P^KqYsWQM;MnI r P�M;ceWQP^K_Y4Y;P^OQM�h

�
z_d�l dXK�fgP]R^Y;P^dH� \ P!R^O�IeM;M;P � ILVXVUI��sYsWQP^KXKNP��wR]P^YsY;P6R^O�IeM;M;P�I]fgP]R!dXK \ P r � [�\ lpILVXVUI��sY;P^KUILKNR]PkILd�jwceWZKNM
[^r ILO��

θ+ q
�
z_dNPJOml©P^KNM;P^j�yXOQP \ P]M4fgP]R^Y;P^dH�;M�R]ceKNR^dH� �;P^KqY;M � Wm{©Pb{ \ P�R^O�IeM;M;P 64� ILWQP^K_Y~dXK \ P r � [6\ lpILVXVUI��sY;P^KUILKNR]P��kO�I
R^O�IeM;MnP � WZK�� [ �sWQP^dH�~�

θ−
{

º P]R^W�V8P��sjwP^Y \ P6M�lpIeM;MsdH�;P��.zqd�l dXK�fgP]R^Y;P^dH� \ lpILVXVH�;P^K_YsWQM;MnI r P \ P�R^O�IeM;M;P � ILVXVUI��sY;P^KUILKqY��vO�I 
aceKNP \ l WZK�·
�NdNP^KNR]P \ l dXKuKNP^dH�;ceKNP \ P.R^O�IeM;M;P ��\X[ £;��Pih#WQMsYnILK_Ya`�jvILWQM4I]fgP]R.dXK \ P r � [J\ lpILVXVUI��sY;P^KUILKNR]P.�mILWZyXOQPb` \ ceKXKNP
yXWQP^KvOZWQP^d��.O�I!R�� [ ILYsWQceK \ l dXKvKNcedXfgPaILdGKNP^dH�;ceKNP~P^Y \ ceKNR \ l dXKNP~KNcedXfgP^OZOQP 
aceKNP \ l WZK��NdNP^KNR]Pb{�¨JILKNM?OQP~RaIeM
R]ceKqY �nILW��;Pb`UdXKufgP]R^Y;P^dH�4VH�;c#R;TNP \ l dXK§fgP]R^Y;P^dH� \ P.O�I6yUIeM;P \ lpILVXVH�;P^K_YsWQM;MnI r P�V8cedH� �nILWZY��^Y �;PJR^O�IeMnM [ R]cejkjwP
[ YnILKqY \ P.O�IkRaILY [^r c��sWQP!R]ceKNR^dH� �;P^K_Y;P���R]P \ P��sKXWQP��a{
� P]MofgP]R^Y;P^dH�;M \ lpILVXVH�;P^KqYsWQMnMnI r PJM;ceKqYoVH� [ M;P^K_Y [ MFMsdNR]R]P]M;MsWZfgP^jwP^K_YFILd � [ M;PaILd�`�P^KqY �nIO&QKUILK_Y4cedGKNceK�O�I6R�� [ I¹·
YsWQceK \ P.KNP^dH�;ceKNP]M \ ILKNMFO�I�R]cedNR;TNP6RaIeR;T [ P�WZKXWZYsW�ILOQP^jwP^KqY�f_W \ P � ¥ r dH�;P � ��{p� � h

�
P^K [ YnILVBP � `¡dXK�fgP]R^Y;P^dH� \ PkR^O�IeM;M;P � P]MsY!VH� [ MnP^KqY [ ILd � [ MnPaILd�{¼�~K KNP^dH�;ceKNP \ PwR^O�IeM;MnP � `�Rbl©P]M;Y¸·��¹·
\ W��;Pi�;P^OZW [ ILd�KNP^dH�;ceKNP \ P6M;c��sYsWQP6R]c�� �;P]M;V8ceK \ ILK_Y.�wO�IwR^O�IeM;M;P � `UP]MsY~R�� [][�\ ILKNM�O�IvR]cedNR;TNP�RaIeR;T [ Pb`B�
OmlpILyNM;R^WQMnM;P [^r ILOQP~��R]P^OZOQP~ILdwfgP]R^Y;P^dH�,VH� [ M;P^KqY [ `#Rbl©P]MsY¸·��¹· \ W��;P

x1
{ � IJ�³ceKNR^YsWQceK \ lpILVXVUI��sY;P^KUILKNR]P�dXYsWZOZWQM [ P

P]MsY}dXKNP r ILdNM;MsWQP^KXKNPb`_R]cejkjwP4Rbl©P]MsY?OQP4RaIeM \ ILKNM?OQP]Mr� [ MnPaILd�hw�.�³ceKNR^YsWQceKNM%�nI \ W�ILOQP]M \ PFyUIeMnP4R^O�IeM;MsWQz_dNP]Ma{
� P�jvI¹h#WZj6dXj \ P4O�I.��ceKNR^YsWQceK \ lpILVXVUI��sY;P^KUILKNR]P.P]MsY?dXKwVXdXWQMnzqd�l WZO8MalpI r WZY \ dwVH�;P^jkWQP��ofgP]R^Y;P^dH� \ P~R]P^YsY;P
R^O�IeM;MnPrq

�
P^K [ YnILVBP���`8dXK fgP]R^Y;P^dH� \ P�R^O�IeM;M;P 6 P]MsY.VH� [ M;P^KqY [ { � dNR^dXK¼KNP^dH�;ceKNP \ P�R^O�IeM;M;P 6 K�l©Pih#WQM;Y;P�P^KNR]c��;Pb`
\ ceKNR�dXK¼KNP^dH�;ceKNP \ P�R^O�IeM;M;P 6 P]MsYJI¹£¸cedXY [�\ ILKNM.O�I�R]cedNR;TNPkRaIeRnT [ Pb`��wOmlpILyNMnR^WQM;M;P

x2
{ � l [ RaI��sY;P^jwP^KqY

� Wm{©Pb{(Oml [ RaI��sY¸·mY�x_VBP ��\ P�O�I r ILdNM;MsWQP^KXKNP�WZK_Y �;c \ dXWZY;P§P^K [ YnILVBP � P]MsYwI¹£¤dNM;Y [u\ PGjvILKXWQ���;P���R]Puz_dNP�OQP
fgP]R^Y;P^dH� \ P.R^O�IeM;M;P 6 ILVXVUI��sYsWQP^KXKNP���R]P^OZOQPi·¯R^W»IafgP]R.dXK \ P r � [�\ lpILVXVUI��sY;P^KUILKNR]P [^r ILO��

θ−
{U� \ P^j9VBcedH�

O�I r ILdNMnMsWQP^KXKNPJKNcedXfgP^OZOQP^jwP^KqY�WZKqY �;c \ dXWZY;Prq
�
P^K [ YnILVBP6�wP]MsY4VH� [ M;P^K_Y [ dXK�fgP]R^Y;P^dH� \ P�R^O�IeMnM;P 6 ` \ ceKqY�OQP \ P r � [6\ lpILVXVUI��sY;P^KUILKNR]Pk��O�I r ILdNM;M;WQP^KXKNP
WZK_Y �;c \ dXWZY;P \ ILKNM?Oml [ YnILVBP��JP]MsY?M;dXV [ �sWQP^dH�S�

θ+ {��¯ONK�l xkI \ ceKNR�VUIeM�y8P]MnceWZK \ l WZKqY �;c \ dXW��;P�dXKNP4KNcedXfgP^OZOQPr ILdNM;M;WQP^KXKNPb{ º P^VBP^K \ ILKqYa`¡I¹¥NK \ P�� [ ILOZWQM;P���dXKNP�R^O�IeMnMsW¦¥URaILYsWQceK¼yUI]xgP]MsWQP^KXKNPb`8WZO��mILdXY�Y;P^KXW���R]cejkVXY;P \ d
KNcej6yH�;P \ P�� [ ILOZWQMnILYsWQceKNM \ PFRnTUIezqdNP4RaILY [^r c��sWQPb{q¨.ILKNM�R]P]M}R]ceK \ WZYsWQceKNMa`bO�I r ILdNM;MsWQP^KXKNPFR]c�� �;P]MsVBceK \ ILKqY;P

� � �
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P]MsY�jwc \ W¦¥ [ P \ P6jvILKXWQ���;Pw��R]P�z_dNP�M;ceK \ P r � [�\ lpILVXVUI��sY;P^KUILKNR]PwjvI¹h#WZj6dXj�M;ceWZY�WZKNR�� [ jwP^KqY [w\ l dXKNP
dXKXWZY [ `�WQR^W \ ceKNR.WZO \ ceWZY4�^Y �;P [^r ILO��k��{ � l [ RaI��sY¸·mY�x_VBP \ P�O�I r ILdNM;MsWQP^KXKNPJP]MsY [^r ILOQP^jwP^K_Y~I¹£¤dNM;Y [ I¹¥NK \ P
�;P]MsVBP]R^Y;P��FO�IkR]ceK \ WZYsWQceK�MsdH�

θ−
{

�
P^K [ YnILVBP�¢N`,dXK fgP]R^Y;P^dH� \ P R^O�IeM;M;P � P]MsYGVH� [ M;P^KqY [ ILd � [ M;PaILd�{ º P^OZdXW¦·¯R^WJP]MsYGY;P^O.z_dNP�M;ceK \ P r � [
\ lpILVXVUI��sY;P^KUILKNR]P��6O�I r ILdNM;MsWQP^KXKNP�WZKqY �;c \ dXWZY;P!P^K [ YnILV8P � P]MsYoWZK�� [ �sWQP^dH���

θ+ {
�¯OBP]MsY \ ceKNR�K [ R]P]M;MnILW��;P\ l WZKqY �;c \ dXW��;P�dXK�KNcedXfgPaILd�KNP^dH�;ceKNP \ ILKNMoO�I�R]cedNRnTNP.RaIeR;T [ P^K
x3
`_R]c�� �;P]M;V8ceK \ ILK_Y��!dXKNP r ILdNM;MsWQP^KXKNP

\ PFR^O�IeM;M;P � {b¨JILKNM�OQP4RaIeM�VH� [ M;P^K_Ya`bOml [ RaI��sY¸·mY¯x#VBP \ P]M \ P^d�hvILdXY �;P]M r ILdNM;M;WQP^KXKNP]M?K�lpI.VUIeM�yBP]M;ceWZK \ l©�^Y �;P
I¹£¤dNM;Y [ {

� P9� [ M;PaILd \X[ R]cedXO�ILKqY \ PJR]P^Y�ILVXVH�;P^KqYsWQM;MnI r P6P]MsY��;P^VH� [ M;P^KqY [ MsdH�FO�I6¥ r dH�;P � ��{ ¢N{L��O8VBP^dXY4�^Y �;P!IeM;MsWZjkWZO [ �
dXK r �nILVXTNP!c��sWQP^KqY [ h

�
OQP]MGILyNM;R^WQM;MnP]M \ P]M r ILdNM;M;WQP^KXKNP]M � Wm{©Pb{ \ P]MvKNP^dH�;ceKNP]M \ P�O�I R]cedNR;TNP�RaIeR;T [ P � M;ceKqYN�;P^VH� [ M;P^KqY [ P]MGVUI��
OQP]MuR]c��XY;M§IeM;M;c#R^W [ M§ILd�h«I��;R]MuP^K_Y �;P¼OQP¼KNP^dH�;ceKNP \ l©P^KqY � [ P�P^YuOQP]M�KNP^dH�;ceKNP]M \ P O�I�R]cedNRnTNP RaIeR;T [ P
R]c�� �;P]MsVBceK \ ILKqY;Mfq

�
OQP�KNcej6yH�;P \ PS� [ ILOZWQMnILYsWQceK \ P�R;TUIez_dNPJRaILY [^r c��sWQP.P]MsY��;P^VH� [ M;P^KqY [ VUI��SdXK�P^KqYsWQP���IeM;M;c#R^W [ ��RnTUIezqdNPJI��;R
P^KqY �;PJO�IwR]cedNR;TNP!RaIeRnT [ P�P^Y4O�I�R]cedNRnTNP \ PJM;c��sYsWQPrq

�
�.R;TUIez_dNPFKNP^dH�;ceKNP \ PFO�I.R]cedNRnTNP�RaIeR;T [ P~P]MsY}IeM;M;c#R^W [ Oml [ RaI��sY¸·mY¯x#V8P \ PSO�I r ILdNM;MsWQP^KXKNP�R]c�� �;P]MsV8ceK \ ILK_Y;Pb{

� P]M�R]cedH�syBP]M_�;P^VH� [ M;P^KqY [ P]M.MsdH�~O�I�¥ r dH�;P � ��{p�vR]c�� �;P]MsVBceK \ P^KqY \ ceKNR��kO�Ivj�dXOZYsWZVXOZWQRaILYsWQceK \ P]M4��ceKNR^YsWQceKNM
\ lpILVXVUI��sY;P^KUILKNR]P6VUI��4OQPJR]c��XY \ P!OmlpI��;R!P^KqY �;PJO�IwR]cedNR;TNP�RaIeRnT [ P!P^Y4O�I�R]cedNRnTNP \ P!M;c��sYsWQPb{
|�ceY;ceKNM�z_dNP \ lpILVH�;�]M 476 ¨ 2)*<; `XO�I�fbILOQP^dH� \ P

θ−
P^Y

θ+ WZK��NdNPJVBP^d§MsdH�FOQP]M�� [ MsdXOZYnILY;M~ceyXY;P^KqdNMa{

� VW>XZ+F D I$]8@A7�G�7�Z+>�@A7�BC: DT] M'NRZ+FP> ] Ù�cedH��OQP]M�KNceYnILYsWQceKNM�VH� [ R^WQM [ P]M�MsdH�!O�I�¥ r dH�;P � ��{ ¢N`�P^Y!VBcedH�!dXKNP
P^K_Y � [ P [^r ILOQP��

x
`XOQPu� [ M;PaILd§VBP��sjwP^Y \ PJRaILY [^r c��sWQM;P��

x
`XM;P^OQceK h

c(x) = arg max
i=A,B

pi(x)

� � �
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� ��� � ��� ���� ���

���

� ����>�> � ���������� � = � ��� σ1 �

� ����>�> � ���������� � = ��� � σ3 �

� ����>�> � ���������� � = � ��� σ2 �

pA(x)

pB(x)

�

� �

wN5 = 2

wN6 = 1

wN4 = 1

x2

x3 � �

� �

x1

?�@CB¼D�EGFHD��*J ��� Z R���V"Z[M � � �3e XYR�M���b£R[T
V

I]fgP]R h

pA(x) = max

(

wN4 · exp

(

−|x − x1|2
σ2

1

)

, wN6 · exp

(

−|x − x3|2
σ2

3

))

P^Y
pB(x) = wN5 · exp

(

−|x − x2|2
σ2

2

)

� :"@+MONPF! CFR=?@+B�M�7-FLG�G-F ¨JILKNM�OQPvRaIeM \ l dXKNPGP^KqY � [ PGfgP]R^Y;c��sWQP^OZOQPb`»OQPvKNcej�yH�;P \ PwKNP^dH�;ceKNP]M \ l©P^KqY � [ P�P]MsY
[^r ILO¡�!O�I!YnILWZOZOQP \ d�fgP]R^Y;P^dH�SP^K�z_dNP]MsYsWQceK�{ º TUIezqdNP~KNP^dH�;ceKNP \ P�O�I6R]cedNR;TNP.RaIeR;T [ P.P]MsY��;P^OZW [ ��Oml©P^KNM;P^j6yXOQP
\ P]M�KNP^dH�;ceKNP]M \ l©P^K_Y � [ Pb`qR]PFz_dXWXV8P��sjwP^Y \ P \X[ ¥NKXW��,MnI�OQc_RaILOZWQM/ILYsWQceK \ ILKNM�Oml©P]MsVUIeR]P \ l©P^K_Y � [ Pb`gf#W�I�OQP]M�R]c��XY;M
\ P]M�I��;R]M~MsWZYsd [ M4P^KqY �;P!O�IkR]cedNR;TNP \ l©P^K_Y � [ P6P^YFO�I�R]cedNRnTNP�RaIeRnT [ Pb{
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0¼ILO r � [ M/I �;P^O�ILYsWZfgP�MsWZjkVXOZWQR^WZY [ `�OQP � [ M;PaILd �S6 |�·¯¨�¨ � jwceKqY �;P \ l©PihXR]P^OZOQP^KqY;P]MkVBP��¸��c��sjvILKNR]P]Ma`�YnILKqYwILd
VBceWZKqY \ P�f#dNP \ d Y;P^jkVNM \ lpILVXVH�;P^K_YsWQM;MnI r P �'& `¡z_dNP�VUI��JOQP �;P^O�ILYsWZfgP^jwP^K_Y!�mILWZyXOQP�KNcej�yH�;P \ P�KNP^dH�;ceKNP]M��
R�� [ P�� \ ILKNM�O�IvR]cedNR;TNP�RaIeR;T [ Pb{ ��K VUI��sYsWQR^dXOZWQP��a`HWZO�M;PJjwceK_Y �;P6Y �;�]M~VBP��¸�³c��sjvILK_Y�MsdH�~OQP!Y;P]MsY \ P]M~M;VXW��nILOQP]M
P^KqY �;P^O�IeR [ P]M � ��VH�;ceyXOQ�^jwP \ P]M \ P^d�h M;VXW��nILOQP]M�� � h»R]P]R^W,P]MsY6WZOZOZdNMsY � [ MsdH�6O�I�¥ r dH�;P � ��{ * `�P^jkVH�sdXKqY [ P \ P
476 ¨ 2)*�; { º P�Y;P]MsY?VBP��sjwP^Y \ l [ fbILOZdNP��,O�I�RaILVUIeR^WZY [~\ P rg[ K [ �nILOZWQMnILYsWQceK \ l dXKN� [ M;PaILd�`_Rbl©P]MsY¸·��¹· \ W��;P�MnI.�mIeR^dXOZY [
��R^O�IeM;M;P��4R]c�� �;P]R^Y;P^jwP^K_Y~dXKufgP]R^Y;P^dH� \ l©P^KqY � [ P [ OQceW r K [6\ P]MFfgP]R^Y;P^dH�;M \ lpILVXVH�;P^K_YsWQM;MnI r Pb{8Ù�cedH�4OQP.Y;P]M;Y \ P]M
MsVXW��nILOQP]M~P^KqY �;P^O�IeR [ P]Ma`HOQPJfgP]R^Y;P^dH� \ l©P^K_Y � [ P \ d � [ M;PaILd�P]MsY \ P \ WZjwP^KNMsWQceK ��`NWZO»MalpI r WZY \ PJO�IkV8cbMsWZYsWQceK \ P]M
MsVXW��nILOQP]M \ ILKNModXK �;P^VB���;P~c��sYsTNceKNc��sj [.\ d�VXO�ILK�{ � P_� [ M;PaILdGV8P^dXY��;P^Kqfgc�xgP�� \ P^d�h�RaILY [^r c��sWQP]M \ W¦  [ �;P^KqY;P]M�`
yXO�ILKNRuced�KNceW��a{ � lpILVXVH�;P^KqYsWQMnMnI r P§P]MsY�� [ ILOZWQM [ I]fgP]R \ P^d�hÕM [ �sWQP]M \ P�VBceWZKqY;M h�dXKNP�R]c�� �;P]MsV8ceK \ ILK_YG��O�I
MsVXW��nILOQPGKNceW��;Pb`�OmlpILdXY �;P���O�I�M;VXW��nILOQPvyXO�ILKNRnTNPb{ � c��;M \ PGO�I�VXTUIeM;P \ l dXYsWZOZWQM/ILYsWQceK�`�Oml©P^KNMnP^j�yXOQP \ P]M�V8ceWZK_Y;M
\ d¼VXO�ILK M;ceKqY.Y;P]MsY [ Ma`8MsdXWZfbILKqY.dXK¼jvILWZOZO�I r P��;P^O�ILYsWZfgP^jwP^KqYJ¥NK�{ º TUIeR^dXK \ P]M�V8ceWZK_Y;MJM;P��nI \ ceKNR�R^O�IeMnMsW¦¥ [
VUI��!OQP�� [ M;PaILd�h�M;ceWZYJKNceW��a`�M;ceWZYJyXO�ILKNRb{ ��K�Y �nI��aILK_Y6R]P]MJVBceWZKqY;M \ ILKNMJOQPkVXO�ILK�`¡WZO?P]MsY�ILOQc��;M�V8cbMnMsWZyXOQP \ P
£¸d r P�� \ d5� [ MsdXOZYnILY � ¥ r dH�;P � ��{ *g� { / r ILdNR;TNP~P]MsYr�;P^VH� [ M;P^K_Y [ OQP�� [ MsdXOZYnILY \ PSOml dXYsWZOZWQM/ILYsWQceK \ l dXKwVBP��;R]P^VXY �;ceK
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j6dXOZYsW¦·¯R]cedNR;TNP \ P�R^O�IeM;M;W¦¥URaILYsWQceK�`B� \ �;ceWZY;P�R]P^OZdXW�ceyXY;P^Kqd¼VUI��~dXK�� [ M;PaILd �S6 |�·¯¨.¨ � { � d�VBceWZKqY \ P6f_dNP
� [^r dXO�I��sWZY [ `UO�I rg[ K [ �nILOZWQMnILYsWQceK \ d � [ M;PaILd �S6 |�·¯¨.¨ � P]MsYFf_WQM;WZyXOQP^jwP^KqY�jwP^WZOZOQP^dH�;Pb{
|�ceY;ceKNM�z_dNP \ d¼�mILWZY \ PkO�IG�³c��sjwP \ P��³ceKNR^YsWQceK \ lpILVXVUI��sY;P^KUILKNR]PGdXYsWZOZWQM [ P �Çr ILdNM;M;WQP^KXKNP � `�Oml WZK��NdNP^KNR]P \ P
RnTUIezqdNP�KNP^dH�;ceKNP \ P~O�I�R]cedNRnTNP�RaIeRnT [ PJI!dXKNP~V8c��sY [ P.P^K�YsT [ c��sWQP�WZK�¥NKXWQPb`#jvILWQMSP^K�VH�nILYsWQzqdNP"�;P]MsY �;P^WZK_Y;P.�
RaILdNMnP \ P]MSOZWZjkWZY;P]M \ Pu�;P^VH� [ M;P^KqYnILYsWQceK \ P]M�� [ P^OQM \ ILKNMSOmlpI��;R;TXWZY;P]R^YsdH�;P \ P.jvIeR;TXWZKNP!R]ceKNMsW \X[ � [ Pb{ ��K§Pi BP^Ya`
Oml [ OQceW r KNP^jwP^K_Y \ l dXKvfgP]R^Y;P^dH� \ lpILVXVH�;P^KqYsWQM;M/I r P~P]MsY,f_WZY;P�Msx_KNceK_x_jwP \ P�M;c��sYsWQP~R]c�� �;P]MsVBceK \ ILKqY;P \ d5� [ M;PaILd
P^K�· \ P]MnM;cedNM \ P�O�I VH� [ R^WQMsWQceK \ d���c��sjvILY \ P]� [ P^OQMwRnTNceWQMsW ��� { º l©P]MsYwP^KtR]P^O�I¼z_dNP�OQP]� [ M;PaILd �S6 |�·¯¨.¨ �
VBP^dXY¸·¯�^Y �;P�R]ceKNMsW \X[ � [�\ P!Y¯x#VBP �4� � � � � P r WQceK � �%�¯K��NdNP^KNR]P � � { º P^O�IwV8P^dXY.�^Y �;P6ceyNMnP��sf [ MsdH��O�I�¥ r dH�;P
� ��{ * h�OQP]MwVBceWZKqY;M \ P§R]cedXOQP^dH� r �sWQMnP§MsW r KXW¦¥UP^KqY�z_dNPuOml©ceKtK�lpI¼VUIeM [ Y [ RaILVUILyXOQP \ P \X[ ¥NKXW��vO�I R]cedXOQP^dH�
\ lpILVXVUI��sY;P^KUILKNR]Pb`FRaI��GV8cedH�GR]P^d�h_·¯R^W~O�I fbILOQP^dH� \ P]Mv�³ceKNR^YsWQceKNM \ lpILVXVUI��sY;P^KUILKNR]P¼P]MsYvP^K�· \ P]M;M;cedNM \ P§O�I
VH� [ R^WQM;WQceK \ P.O�I�jvIeRnTXWZKNPb`NVBcedH�FOml©P^KNM;P^j�yXOQP \ P]MFKNP^dH�;ceKNP]M \ P.O�IwR]cedNR;TNP!RaIeRnT [ Pb{
�?K �;P^fbILKNR;TNPb` \ ILKNM�OQP!RaIeM \ d�VBP��;R]P^VXY �;ceK�j6dXOZYsW¦·¯R]cedNR;TNPb`BY;cedNM�OQP]M�VBceWZKqY;M~M;ceKqY�R^O�IeM;MsW¦¥ [ Ma`HM;ceWZY4yXO�ILKNR]Ma`
MnceWZY4KNceW��;Ma{ º P]R^W \X[ jwceK_Y �;P!yXWQP^K�MnI6�mIeR^dXOZY [!\ P!M [ VUI��nILYsWQceK§OZWZK [ ILW��;Pb{
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¨JILKNM�OQP�RaIeM \ P�KNceY �;P ILVXVXOZWQRaILYsWQceK�ILd f [ TXWQR^dXOQP�T_x_yH�sW \ Pb`oOQP]Mv��IeR^dXOZY [ M \ P�R^O�IeMnMsW¦¥URaILYsWQceK \ d � [ M;PaILd
�_6 |»·¯¨.¨ � M;ceKqY�WZKqY [ �;P]M;M/ILKqY;P]Ma`8jvILWQM�KNcedNM�fgced \ �sWQceKNMJz_dNP�M/IvRaILVUIeR^WZY [�\ P rg[ K [ �nILOZWQM/ILYsWQceK¼M�l [ Y;P^K \ P��
Oml WZK�¥NKXWm`}R]P]R^W�I¹¥NKtzqdNP�OQP � [ M;PaILdÕVH�;P^KXKNPudXKNP \X[ R^WQM;WQceKtzqdNP^O4z_dNP�M;ceWZY�OQP�fgP]R^Y;P^dH� \ l©P^KqY � [ Pb{?¨JILKNMwR]P
yXdXYa`�KNcedNM~I]fgceKNMFWZK_Y �;c \ dXWZY4dXKuKNcedXfgPaILd � [ M;PaILd \ P.KNP^dH�;ceKNP]M \ ILKNM � |�| � ���e`�WZKNMsVXW�� [J\ d]� [ M;PaILd �_6 |»·
¨.¨ � `¡jvILWQM \ ceK_Y!KNcedNM�IafgceKNM�R;TUILK rg[ O�IG�³c��sjwP \ P]MJ�³ceKNR^YsWQceKNM \ lpILVXVUI��sY;P^KUILKNR]Pb{»|�cedNMJdXYsWZOZWQM;ceKNMJdXKNP
�.�³c��sjwP�P^K�VXWQR �	R]cejkV8cbM [ P \ PGjwc��;R]PaILd�h \ P \ �;ceWZY;P]Ma{ � ¥NK \ l©ceyXY;P^KXW���dXKNP rg[ K [ �nILOZWQMnILYsWQceKtR]c�� �;P]R^Y;P
�!��Oml WZK�¥NKXW �8`¡WZO,P]MsY!K [ R]P]M;MnILW��;P \ l WZKqY �;c \ dXW��;PvdXKNPkVBP^KqY;PGR]ceKNMsYnILKqY;PGP^K�· \ P]M;M;cedNM \ P

θ−
{ � dH�!O�I�¥ r dH�;P

� ��{ : `�ceKGY �;cedXfgP��nI�O�I�KNcedXfgP^OZOQP~�³c��sjwP \ P]M}�³ceKNR^YsWQceKNM \ lpILVXVUI��sY;P^KUILKNR]Pb`�VBcedH�,Oml©PihXP^jkVXOQP \ d � [ M;PaILd \ P�O�I
¥ r dH�;P � ��{ ¢N{ � ¥NK \ P�KNP�VUIeMFM;P~Y �;cedXfgP��FOZWZjkWZY [ VUI��oOmlpI¹hXP \ P]MFILyNM;R^WQM;M;P]Ma`_KNcedNM \X[ R^W \ ceKNM \ lpILdXY;c��sWQM;P��FOQP]M
��ceKNR^YsWQceKNM \ lpILVXVUI��sY;P^KUILKNR]P�� \ P^fgP^KXW���K [^r ILYsWZfgP]M�{
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\ PJKNP^dH�;ceKNP]M~P^KuVXTUIeM;P \ l dXYsWZOZWQMnILYsWQceK�{
� I�� [ VBceKNM;P?P^K�VXTUIeM;P \ l dXYsWZOZWQMnILYsWQceK�P]MsYf�;P^VH� [ M;P^K_Y [ P}P^K!yXOQP^d�MsdH�¡O�ISjw�^jwP?¥ r dH�;P � ��{ � { ��OZOQP,M;P \ W¦  [ �;P^KNR^WQP
\ PJO�I�R]cedH�syBP \ lpILVXVH�;P^KqYsWQMnMnI r P!VBcedH�4OQP]M��nILWQM;ceKNM�MsdXWZfeILK_Y;P]M�h
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t = 100 s
`¡KNP�¥ r dH�nILK_Y!VUIeM \ ILKNMJOmlpILVXVH�;P^K_YsWQM;MnI r Pb{ º P^O�I�M�l©Pih_·

VXOZWQz_dNP \ d���ILWZY�zqdNP�OQP�� [ M;PaILd \ P!KNP^dH�;ceKNP]M"� [ ILOZWQM;P!dXKNP6R^O�IeM;MsW¦¥URaILYsWQceK yUI]xgP]MsWQP^KXKNP \ dH�nILK_Y~O�IwVXTUIeM;P
\ lpILVXVH�;P^K_YsWQM;MnI r Pb`�P^Y"�;P^KqfgceWQP \ ceKNR6O�I�R^O�IeM;M;P6O�IwVXOZdNM�VH�;ceyUILyXOQPwILd¼M;P^KNM�yUI]xgP]MsWQP^K P^K¼VXTUIeM;P \ l dXYsWZOZW¦·
MnILYsWQceK�{ ��K Pi ¡P^Ya`8OQP]M~Y �;ceWQM �U�]RnTNP]M.VXO�IeR [ P]MJMsdH��O�IGR]cedH�syBP \ lpILVXVH�;P^KqYsWQM;M/I r P�jwceKqY �;P^KqY�Y �;ceWQM.VUILOZWQP��;M
W \ P^K_YsWQzqdNP]M�� [ ILOZWQM [ MJP^K Y;cedXY [ OQP]R^Y �sWQzqdNP�VUI��JOQP�f [ TXWQR^dXOQPb`¡YnILK \ WQM�zqdNP�OQP�VH�;P^jkWQP�� � �U�]R;TNPwfgP��sYsWQRaILOQP �
P]MsYi� [ ILOZWQM [ �ujwceY;P^dH�6YsTNP��sjkWQz_dNPGP^K	�³ceKNR^YsWQceKXKNP^jwP^K_Ya{ � Pk��ceKNR^YsWQceKXKNP^jwP^KqYkMsdH��R]PwVUILOZWQP��6P^K&Y;cedXY
[ OQP]R^Y �sWQz_dNP�P]MsY \ ceKNR!VXOZdNMFVH�;ceyUILyXOQPrqURbl©P]MsYFVBcedH�;z_dNceW�WZO�P]MsY4R;TNceWQM;W»VUI��FOQP9� [ M;PaILd \ P!KNP^dH�;ceKNP]Mfq
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R^x�R^OQPb{ º P]R^W»P]MsY \ ����O�I \ WQM;R�� [ YsWQM/ILYsWQceK�P^K
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R^O�IeMnM;P]M \ PJO�I�VXdXWQM;MnILKNR]P \ dujwceY;P^dH� [ OQP]R^Y �sWQzqdNPrq
�
O�I � [ R^dXV [ �nILYsWQceK¼P]MsY�VXOZdNM��³c��sY;P�P^K�VXTUIeM;P \ l dXYsWZOZWQMnILYsWQceK zqd�l©P^K§VXTUIeMnP \ lpILVXVH�;P^KqYsWQMnMnI r Pb{ º P]R^W�P]MsY \ �
��O�I�VH� [ R^WQMsWQceK \ d r �nILVXTNP \ P�Oml©ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQP \ ILKNM ���4�~��� h8O�I�R]cedH�syBP \ lpILVXVH�;P^KqYsWQM;MnI r P
M;cedNMs·¯P]MsYsWZjwPvO [^r ���;P^jwP^K_YwO�I�RaILVUIeR^WZY [�\ PN� [ R^dXV [ �nILYsWQceK2ILd	���;P^WZKUI r Pb{ � l©P�� �;P^dH�kR]c�� �;P]MsV8ceK \ ILK_Y;PuP^K
Y;P��sjwP \ P�R]ceKNM;cejkjvILYsWQceK \ PJRaI��syXdH�nILK_Y.I [ Y [![ Ysd \ W [ P�P^K ��2 {p��V�{ 2�� {

� I6TUILdNM;M;P \ P.R]ceKNM;cejkjvILYsWQceK�P^K�VXTUIeM;P \ l dXYsWZOZWQM/ILYsWQceKuVUI����nILVXVBc��sY��6O�I6VXTUIeM;P \ lpILVXVH�;P^KqYsWQM;MnI r Pb`URbl©P]MsY¸·
�¹· \ W��;PJVUI��x�nILVXVBc��sY~��Oml©ceVXYsWZj6dXj ��cedH�sKXW¡VUI�� ���F����� `H�;P]MsY;PJWZK�� [ �sWQP^dH�;P��k����{
|�ceY;ceKNM6z_dNPvO�I \X[ R;TUI�� r P \ PGO�I§R]cedH�syBPw��cedH�sKXWQPvVUI��6OQP � [ MnPaILd \ PGKNP^dH�;ceKNP]M�M;dH��OQPvR^x�R^OQPGV8P^dXY6KNcedNM
O�ILWQM;M;P���VBP^KNM;P���zqdNPGOml [ YnILY \ P�R;TUI�� r P \ l [ z_dXWZOZWZyH�;P�IeM;x_jkVXY;ceYsWQz_dNPb`�Mal WZOSPih#WQMsY;Pb`(M;P��nILWZYkILYsY;P^WZKqYkVBcedH��dXK
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OQP�� [ M;PaILd \ P�KNP^dH�;ceKNP]Ma`BV8cedH�.dXK
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optimisation globale KOALA pour apprentissage (2.84 l/100 km)
réponse du réseau de neurones correspondante (2.91 l/100 km)
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VUI�� \ WQR;TNceY;cejkWQP \ ILKNM ���4�~�»� P^K	OZW r KNPb` \ ILKNM�OQPwVH�sWZKNR^WZVBPwO�I�jw�^jwPGzqdNPvR]P^OZOQPvz_dXW?KNcedNM�IafeILWZY6V8P��¸·
jkWQM \ P \X[ jwceKqY �;P��kO�I�VH�;ceVH�sW [ Y [ ��P^K ���b� {p��{p��{p��V�{ � �b��q�WZOoP]MsY�VUI���ILWZOZOQP^dH�;MwILYsY;P^WZK_Y�VBcedH��dXK�R]P��sYnILWZK
[ YnILY \ P§R;TUI�� r P \ l [ z_dXWZOZWZyH�;P

soc0
{�|�cedNMvIafgceKNM5�;P^VH� [ M;P^K_Y [ MsdH�kO�I ¥ r dH�;P � ��{ 2 OQPuR]cejkV8c��sY;P^jwP^K_Y \ P

Oml [ YnILY \ P6R;TUI�� r P�MsdH��f#WZK r Y.R^x#R^OQP]M"����
 ��0ÁdH�syUILWZKNM.R]ceKNRaILY [ K [ Ma`BI¹¥NK \ P�jwceK_Y �;P���OmlpILVXVUI��sWZYsWQceK \ l dXK
soc0

\ l [ z_dXWZOZWZyH�;P [^r ILO�ILdGVH� [ R []\ P^K_YfqNR]P^O�I6jwceKqY �;P.Oml [ z_dXWZfeILOQP^KNR]P \ P]M \ P^d�h \X[ jvI��;RnTNP]M �³\ WQR;TNceY;cejkWQP!P^Y
� [ V [ YsWZYsWQceK \ dujw�^jwP�R^x#R^OQP � {
� dH�oOQP]M}¥ r dH�;P]M � ��{ � P^Y � ��{ � (�M;ceKqY��;P^VH� [ M;P^KqY [ P]MSP^KGyXOQP^dGOQP]M,R]cedH�sy8P]MSceVXYsWZjvILOQP]M}�³cedH�sKXWQP]MoVUI�� ���4�~�»�
� ceVXYsWZjkWQM/ILYsWQceK r OQceyUILOQP�TNc��;MFOZW r KNP � VBcedH�4OQP.jw�^jwP

∆SOC
z_dNP.OQP]M�R]cedH�syBP]M \ ceKXK [ P]M�VUI�� ���F����� P^K

OZW r KNP � P^K Oml©c_R]R^dH� �;P^KNR]Pb`8K_dXO � { º cejkjwP�OQP]M_� [ MsdXOZYnILY;M \ P�Oml©ceVXYsWZjkWQM/ILYsWQceK r OQceyUILOQP�KNP \X[ V8P^K \ P^K_Y.VUIeM \ P
O�IufeILOQP^dH��ILyNM;ceOZdNP \ P

SOC
`BR]P]M!R]cedH�syBP]MJyXOQP^dNP]M!R]c�� �;P]MsVBceK \ P^KqY6K [ R]P]M;MnILW��;P^jwP^K_Y��GdXKNP \ P]M!R]cedH�syBP]M

\ lpILVXVH�;P^K_YsWQM;MnI r P��
∆SOC = 0

h

�
ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQP�M;dH�x����
 ��0 dH�syUILWZK��

∆SOC = 0
V8cedH�FO�I�¥ r dH�;P � ��{ � q

�
ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQP�M;dH�x����
 ��0 �;cedXYsWQP��~�

∆SOC = 0
V8cedH�FO�I�¥ r dH�;P � ��{ � (�q

� K�VBP^dXYoR]ceKNM;YnILY;P��Sz_dNP~OQP]M}��c��sjwP]M \ l [ YnILY \ P~RnTUI�� r P \ P�O�I6R]cedH�sy8P \ lpILVXVH�;P^KqYsWQMnMnI r P!M;ceK_YSIeM;MnP 
�¥ \ �^OQPi·
jwP^K_Y��;P^VH�;c \ dXWZY;P]Ma`LR]P}z_dXW_P^K_Y �nIO&QKNP \ P]M�TUILdNM;M;P]M \ P}R]ceKNMncejkjvILYsWQceK�OZWZjkWZY [ P]M�VUI����nILVXV8c��sY��FOml©ceVXYsWZj6dXj h
: �9V8cedH�4OQPJR^x�R^OQP9����
 ��0 dH�syUILWZK�`U���9V8cedH�FOQP!R^x�R^OQP9����
 ��0 �;cedXYsWQP��a{
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KOALA réseau de neurones (2.87 l/100 km)
KOALA  optimisation globale (2.70 l/100km)
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KOALA réseau de neurones (3.29 l/100km)
KOALA optimisation globale (3.19 l/100km)
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z_dNP!R]P]M [ RaI��sY;M~P^K_Y �;P�ceVXYsWZj�dXj�TNc��;M4OZW r KNP6P^Y4OQceW�P^K�OZW r KNP�M;ceK_Y�yXWQP^K§VXOZdNM���ILWZyXOQP]M~zqdNP�R]P^d�h�VH� [ MnP^KqY [ M
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RnTUI�� r Pk��cedH�sKXWQP�VUI��JOQP�� [ M;PaILd \ P�KNP^dH�;ceKNP]Ma{ º P]R^W?P]M;Y \ �	��dXK VXT [ KNcejw�^KNP \ l©cbM;R^WZOZO�ILYsWQceK	P^K_Y �;P \ P^d�h
R^O�IeMnM;P]Ma`�VUI��x�nILVXVBc��sY~��Oml©P^KqY � [ P

SOC
\ d � [ MnPaILd \ PJKNP^dH�;ceKNP]Ma{ �?K�Pi BP^Y�h
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� c��;M;zqdNP6OQP�R]cedXVXOQP6P^Y�O�Iwf_WZY;P]M;MnP6��O�I5�;cedNP�fbI��sWQP^KqYJ�wRnTUIezqdNP6M;P]R]ceK \ Pb`HR]P�VXT [ KNcejw�^KNP \ l©cbMnR^WZOZO�ILYsWQceK I
jwceWZKNM \ P!R;TUILKNR]P]M \ lpI�� �sWZfgP��a{ º l©P]MsYFVBcedH�;z_dNceW%h

�
KNcedNMvKNP�OmlpI]fgceKNM�VUIeMGceyNMnP��sf [ MsdH�GOQP]MvR^x�R^OQP]M \ l dNM/I r P � [ P^O�R]ceKNMsW \X[ � [ M � ����
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R^x�R^OQP]M \ P.Y�x_VBP��~R�� [ KNPaILd�h �8{
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KOALA réseau de neurones (3.45 l/100km)
KOALA optimisation globale (3.25 l/100km)
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KOALA réseau de neurones (3.03 l/100 km)
KOALA optimisation globale (2.91 l/100km)
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KOALA réseau de neurones (2.94 l/100km)
KOALA optimisation globale (2.83 l/100km)
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�¼b~e Q`e�Z �)bIeCM�T�Z�V3X�� � 
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ÄHÅ(Æ$#?Æ$# -GÑ�&��,ÏBÉgÏ¡Ð¯ËLÑ»Í �FÑ»Ó?É Ò,Ð��»ÌNÉ_Ë¹ÌHË �,Ó,Ð¯ËeËLÏBÍ,×�ÌUË�Ò}Ì & Ñ�ÎeÌHÓ?É�ÊHØmÌU×#ÎbÉqÐ,+�Ó}Ì
� ¥NK \ P�R]cejkVUI��;P��uVBcedH� \ WZfgP��;MnP]MGVXdXWQMnMnILKNR]P]M \ P�jwceY;P^dH� [ OQP]R^Y �sWQz_dNP�OQP]M � [ MsdXOZYnILY;M \ P ���F����� P^K
OZW r KNP!IafgP]Ru� [ M;PaILd \ P�KNP^dH�;ceKNP]Ma`XP^Y ���F����� TNc��;MSOZW r KNPJceVXYsWZjkWQMnILYsWQceK r OQceyUILOQPb`XOQP]M r �nILVXTNP]M \ P.Oml [ Ysd \ P
VUI��nILj [ Y �sWQz_dNP.VH� [ M;P^K_Y [ MFP^K�RnTUILVXWZY �;P � (!V�{ � (b��M;ceK_Y��;P^VH�sWQMoP^K§I¹£scedXYnILKqYSdXKNP.R]cedH�sy8P.R]c�� �;P]MsVBceK \ ILKqY��
O�IwR]cejkjvILK \ P!VUI��x� [ M;PaILd�h \ PJKNP^dH�;ceKNP]M � ¥ r dH�;P]M � ��{ � ¢N` � ��{ �+* ` � ��{ �3:g� {
� P]M9� [ MsdXOZYnILY;M!P^K¼OZW r KNPkM;ceK_Y9�;P^O�ILYsWZfgP^jwP^KqY�VH�;c#R;TNP]M \ P6Oml©ceVXYsWZj6dXj ��cedH�sKXW�VUI�� ���F����� {»¨�P�VXOZdNMa`¡ceK
ceyNMnP��sfgP~dXKNP~TNcejwc rg[ K [ WZY [.\ P]M [ RaI��sY;M \ P�R]ceKNM;cejkjvILYsWQceKuMsdXWZfbILKqYSO�IJVXdXWQM;M/ILKNR]P \ d�jwceY;P^dH� [ OQP]R^Y �sWQzqdNPb`
M;dH�4Oml©P^KNM;P^j�yXOQP \ P]M4R^x�R^OQP]M4R]ceKNMsW \X[ � [ Ma{

*o+.-�� ½ C�C�:��;@�1
���;E4Â��]EF5*+21F5B3$7�Â$:����4Â�79361�Â �.�!$  �0�� �
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/ O�I.MsdXWZY;P \ PSOmlpILVXVXOZWQRaILYsWQceKGyUIeR � �oI�� \ P^KkOZW r KNP \ P]Mr� [ M;PaILd�h \ PFKNP^dH�;ceKNP]M \ ILKNM}OQPSjwc \ �^OQP \ P ���4�~�»� `
R]P^d�h#·¯R^W�ceK_Y [ Y [ WZK_Y �;c \ dXWZY;M \ ILKNM4OQP�RaILOQR^dXO�ILY;P^dH� \ P!R]cejkjvILK \ P \ d§f [ TXWQR^dXOQP \ ILKNM 8 ��� � � 6 � ��c����oI�� \
P^K�OZW r KNP �J� ¥ r dH�;P � ��{ � �b� `UMncedNMS�³c��sjwP \ P � ·��³ceKNR^YsWQceK�{
��OBP]MsY}WZjkVBc��sYnILKqY \ l WZKNMsWQM;Y;P��oMsdH�oOQP���ILWZYozqdNP~O�I!jwc \X[ OZWQMnILYsWQceK \ d�f [ TXWQR^dXOQP�P]M;Y,VXOZdNM,¥NKNP \ ILKNM 8 ��� � � 6 {
º WZY;ceKNM~R]cejkjwP!VH�sWZKNR^WZVUILOQP]M \ W¦  [ �;P^KNR]P]Mih

�
R]cejkjwP \X[ £;� \ WZYa` 8 ��� � � 6 P]MsY6�³c����SI�� \ `(P^Y ���4�~�»� yUIeR � �oI�� \ `�R]P�z_dXWoP]MsY6��ceK \ ILjwP^KqYnILOQP^jwP^KqY
\ W¦  [ �;P^K_Ya` \ P6VUI���O�IvVH�;ceyXO [ jvILYsWQz_dNP \ d MsdXWZf#W \ P�R^x�R^OQP6VUI��S� [^r dXO�ILYsWQceK�`BzqdXW�K�l©Pih#WQM;Y;P�VUIeM�P^K�yUIeR��q·
�oI�� \ q

�
O�I�jwc \X[ OZWQMnILYsWQceK \ P]MvR;TUILK r P^jwP^KqY;M \ P]�nILVXVBc��sY;Ma`�zqdXWFYsWQP^K_YvR]cejkVXY;P \ P]MkVBP��sY;P]M \ P�jwceY �sWQR^WZY [ ILd
KXWZfgPaILd \ P.O�I��;cedNPrq
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Variation puissance maximum ME − 2 embrayages − hyzem urbain (chaud)

Puissance maximum ME (kW)
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5 Véhicule de référence:

véhicule conventionnel

idem avec Start/Stop (S/S)

idem avec S/S and optimisation des changements de rapport

Véhicule conventionnel avec dimensionnement véhicule hybride:

S/S

optimisation des changements de rapport

Passage au véhicule hybride:

gestion de la puissance des accessoires

Boost et mode tout électrique grâce à:

flux série uniquement

récupération au freinage uniquement

flux série et récupération au freinage

Réseaux de neurones, en ligne:

KOALA en ligne, apprentissage sur cycles HYZEM

?�@CB�D�E<FHDIE �.J
� �WXªe ��bIeCM�TNO�R%Q ��\YM�T�Z M � � ��b~e�MWT R T �~MWTH\�b~e�MWT O�R%Q � ��VGe`ZªZ �3TH\ R
O�V ��M�b£R�V3X � Q�R�\�b~X,e���V�R�Z�V3X�\��H\,QCR ���	� �¼K V3X � �We`T

Variation puissance maximum ME − 2 embrayages − hyzem routier (chaud)

Puissance maximum ME (kW)
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Véhicule de référence:

véhicule conventionnel

idem avec Start/Stop (S/S)

idem avec S/S and optimisation des changements de rapport

Véhicule conventionnel avec dimensionnement véhicule hybride:

S/S

optimisation des changements de rapport

Passage au véhicule hybride:

gestion de la puissance des accessoires

Boost et mode tout électrique grâce à:

flux série uniquement

récupération au freinage uniquement

flux série et récupération au freinage

Réseaux de neurones, en ligne:

KOALA en ligne, apprentissage sur cycles HYZEM

?�@CB�D�E<FHDIE��LJ
� �WXªe ��bIeCM�TNO�R%Q ��\YM�T�Z M � � ��b~e�MWT R T �~MWTH\�b~e�MWT O�R%Q � ��VGe`ZªZ �3TH\ R
O�V ��M�b£R�V3X
�[QCR�\�b~X,e���V�R�Z�VGX�\��H\,QCR ���	� �¼K X M�V)bIeCR[X
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Variation puissance maximum ME − 2 embrayages − NEDC (chaud)

Puissance maximum ME (kW)
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4 Véhicule de référence:

véhicule conventionnel

idem avec Start/Stop (S/S)

idem avec S/S and optimisation des changements de rapport

Véhicule conventionnel avec dimensionnement véhicule hybride:

S/S

optimisation des changements de rapport

Passage au véhicule hybride:

gestion de la puissance des accessoires

Boost et mode tout électrique grâce à:

flux série uniquement

récupération au freinage uniquement

flux série et récupération au freinage

Réseaux de neurones, en ligne:

KOALA en ligne, apprentissage sur cycles HYZEM

?�@CB¼D�EGFHD~E �HJ � �3X,e ��b~e�MWT O�R�Q ��\ MWT�Z M � � ��bIeCM�T R[T �~M�TL\�bIeCM�TNO�R�Q � ��V3e�Z,Z��WTH\YR
O�V ��M�b�RWV3X �[QCR�\�bIXªe ��V�R�Z�V3X�\��H\,QCR � � 
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�
OQP!R]c��XY \ d \X[ jvI�� �nI r P \ d§jwceY;P^dH�4YsTNP��sjkWQz_dNPrq

�
O�I�jwc \X[ OZWQMnILYsWQceK \ P]MFVBP��sY;P]MFj [ RaILKXWQz_dNP]M���R]cedXVXOQP!KqdXO�ILd§KXWZfgPaILd \ d§jwceY;P^dH� [ OQP]R^Y �sWQz_dNPb{

� ¥NK \ PFz_dUILKqYsW¦¥UP��}Oml WZK��NdNP^KNR]P \ P]M \ W¦  [ �;P^KNR]P]M \ P,jwc \X[ OZWQMnILYsWQceKwMsdH�(Oml [ YnILY \ PSRnTUI�� r P4P^Y�MsdH�(O�I.R]ceKNM;cej�·
jvILYsWQceK�`NOQP]M�R]cejkjvILK \ P]M�ceVXYsWZjvILOQP]M \ P ���F����� MsdH�FOQPJR^x�R^OQP!|��}¨ º ceKqY [ Y [ ILVXVXOZWQz_d [ P]M�M;dH�FOQP]MFjvI¹·
R;TXWZKNP]M�YsTNP��sjkWQz_dNPGP^Y [ OQP]R^Y �sWQzqdNP \ ILKNM6OQPwjwc \ �^OQP \ P 8 ��� � � 6 { � dH��OQP]M�¥ r dH�;P]M � ��{ �a� P^Y � ��{ �32 M;ceK_Y
\X[ YnILWZOZO [ P]M4OQP]M�RaILdNM;P]M \ P]M \ W¦  [ �;P^KNR]P]M \ PJR]ceKNMncejkjvILYsWQceK�P^Y \ l [ YnILY \ P�R;TUI�� r P!R]c�� �;P]MsVBceK \ ILKqY;P]M�h

�
� `p� ��� T�MnceWZY���` ¢q�/� \ PoVH�;cL��ceK \ P^dH� \ P \X[ R;TUI�� r PFP^KkVXOZdNM \ ILKNM(OQPojwc \ �^OQP \ P 8 ��� � � 6 VUI��r�nILVXVBc��sY
ILd§jwc \ �^OQP \ P ���4�~��� q

�
(�` �a� O�� � ()( �#j M;ceWZY : � \ P�R]ceKNM;cejkjvILYsWQceK�P^KuVXOZdNM�V8cedH� 8 ��� � � 6 {

suivi de cycle

pertes de motricité
 en récuperation

coût du démarrage
 du moteur thermique

autres

1.37 Ah soit 3.42% de profondeur de décharge 

?�@CB¼DAEGFHD~E �HJ � � � �3X�b~e~b~e�MWT O�R Z�\��)VGZ R Z�O�R%Q �iO���\�a �3X 
)R�O�R�Q � � ��b,b�R X,eCRSO �WT�Z
Q�R ��M)O�P[QCRSO�R � �	��� � � \ M � � �3THO���� ��R�\AQCR Z%Z[MWX�b~e�RYZ%O�R���� 
 � 


suivi de cycle
pertes mécaniques à vide

 du moteur électrique   

0.18 l/100km soit 6% de consommation en plus par rapport à KOALA

?�@CB�D�EGFLDIE �HJ � � � �WX�bIe�bIeCM�TNO�R Z�\ ��VGZ R Z�O�R�Q �_a ��V<Z,Z RxO�Rx\ M�T�Z[M � � �)bIeCM�T5O��WT�Z
Q�R ��M)O�P[QCRSO�R � �	��� � � \ M � � �3THO���� ��R�\AQCR Z%Z[MWX�b~e�RYZ%O�R���� 
 � 
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0X142354231 2�0 � VWB"7 � DTFRZ�M'>X\;\ B�MO@+Z[D;F �
B�� @+FU>  CFP=UV �8Z @+NRM'NRZO7-Z

º cejkjwP [ fgc_z_d [ P^K ��� ��{ ¢N`bOQP]M%�nILVXV8c��sY;M \ PFy8c'&QY;P \ ILKNM�OmlpILVXVXOZWQRaILYsWQceK ���4�~�»� yUIeR�� �SI�� \ P^KwOZW r KNP�M;ceKqY
ceVXYsWZjkWQM [ M4WZKNMsYnILK_YnILK [ jwP^KqYa{
¨JILKNM 8 �%� � � 6 `¡KNcedNM6IafgceKNM�dXYsWZOZWQM [ dXKNP \X[ jvI��;RnTNP \ W¦  [ �;P^KqY;P�P^K	RnTNceWQMsWQM;MnILK_Y6OQP �nILVXVBc��sY6R]cedH�nILK_Y��
VUI��sYsW�� \ l dXKNPFRaI��sY;c r �nILVXTXWQPS�³cedH�sKXWQMnMnILKqY?OQP��nILVXVBc��sY}�JI \ ceVXY;P��?P^K��³ceKNR^YsWQceK \ d � [^r WZjwPFP^Y \ dwR]cedXVXOQP4��O�I
�;cedNPb{ º P^YsY;PJRaI��sY;c r �nILVXTXWQP � ¥ r dH�;P � ��{p�)( � P]MsYFWQM;M;dNP \ P]M�� [ M;dXOZYnILY;M \ l©ceVXYsWZjkWQMnILYsWQceK r OQceyUILOQP \ P ���4�~�»�
M;dH�~R^x�R^OQP]MS����
 ��0�`NR]ceKNR]P��sKUILK_Y�OQP]MS�nILVXV8c��sY;M \ P!yBc'&QY;P�ceVXYsWZjvILd�h¡{*�~K§Tqx�MsY [ � [ MsWQM~MsdH��OQP�R]cedXVXOQP6�kO�I
�;cedNP�P]MsY�� [^r O [ I¹¥NK \ PJKNP.VUIeM~cbM;R^WZOZOQP��4P^KqY �;P \ P^d�h �nILVXVBc��sY;M \ P!y8c'&QY;Pb{
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r = 0.847

Y = −0.134 + 0.0631X
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rapport de boite

couple à la roue

vitesse roue (rad/s)

?A@CB�D�EGFHD`F �LJ 
%Q Q�V3XYRSO�R Z�X � � ��M�X�b~Z%M ��bIe��ue`Z � Z � �WX ��� 
�� 
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K1: frottements fixes enN; − 500 < K1 < 500
K2: frottements visqueux enN/(m/s); − 20 < K2 < 20

K3: frottements arodynamiques enN/(m/s)2; − 2 < K3 < 2
K4: masse du vehicule en kg;
V : vitesse du vehicule enm/s;

α: pente de la route (max. : 20%)
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ẋ = f(x(t), u(t), t)

 � �	� � � � � � � 
�� ��� � � 8

x(t + 1) = f(x(t), u(t), t)
@ 
 � �	� � � � � �%
 � � ��� � � @ �-� �

�5
 ����� � #"�!� � � 
�
��
� # �H� � �
y(t) = b(x(t), t)

� � � 
 �+S � �"��� %I�0� � 
 �6��� �"�	� � ��
�� #"�!��� 
 � � �	� �)��� � ���%� � �.������� �
x0.K� �	� �)��� � ��� �	� ��� �

xf
�3�"� �>� � ���>� � � � �@� � �����.����� �

J(u) =
∫ tf
t0

g(x(t), u(t), t) · dt
� � ���!� �
��
 ���3. ���

� 
 �!��� �	

�
u(t)

�-� �%� �E�"�	�$� �3�
� �2

� �$' 
)�$�0� #"�!� � � � ��� �$�0�%�"� � 
 � � � � =

�
� �X# �/�-����� 
�� 
 �X#"�!��� 
 � � � � ����� � �

�
� �E�"�	�$� �3�
� �2

� � 
�� ���!��� � � �0� #"�!� � � � ����� �>% ���.� �0���

 # �3�"�	
 � � � 

� ����� 
 �!��� �	

�3
 � � � � �

�
� �0� � 
 �!��� �	

�0�%��
 ����� � �	2"��� � �.���>�.�$# �0� .G� � �"�	�$� �3�
� � � 
 �>� �$� ���
� � !

F � ��� � �!��� �5
��
�	� � �"� �?� 

�"� ���+��� � .�� � �.�
� � �$# �$�"� �$# �"��� �(!�* � � � � ���(�"�
� 

�0� ��� ��������� 
��	��
 #�� 
 �	�!' �@� ���J� �
� ��� � �"� �3�<
 � � ��� ��� ��� ����� ����� 
��D� ����� ���3! O7� �.�
���,�"� �0� �%# �(
�� �0# 
 � �	� ; O �
� = � >�!

*�[� 



� ��������� �

� 	�

�
��������� ��� ��� ����� � � 

� ������� � 

� � ��� � ���

��� �
� ��� � � ���

B 
 �.�I� �>� ��� �(
��
E1

�.�(# .?� �1� � � ����� � � 
 ��� � � � � 
 � � �	� ����� �
J1

� �
E2

�.�(# .?� ��� � � ����� � � 
 ��� � � � � 
 � � �	� ����� �
J2
!
E1

� �
E2

�"� ����� �	�"� �4� � � �<� � �!� �
��
 ��� 

� �$# 
 �	�"��� 
��
k

� � ���/� � =
{

Ω2 = k · Ω1

Γ1 = k · Γ2

& �E�3� �
��#0������� � � �X# ���-����� 
��T

� ��� 
 � � ���>�+��� �@�5
 �.� � ���J� �6� �4��� �@

� � � �"� ��� �"� ��� �
E1

�	��
 �.� � ���%� �6� �4��� �2

�
� � �"� ��� �"� ��� �

E2
=

{

Γ1 − Γ2ram = (J1 + J2ram) · dΩ1

dt sur l′arbre deE1

Γ1ram − Γ2 = (J1ram + J2) · dΩ2

dt sur l′arbre deE2

Γ2ram

8 � �0��� !
Γ1ram

@ � �"� �$# �$�"� � � � � � 
 � � � �
Γ2
8 � �0��� !

Γ1
@ �!��� �"� # � ����� �6� �4��� �H

�

E1
8 � �0��� !

E2
@G!

J2ram8 � �0��� !
J1ram

@ � �"� �$# �$�"� � � � � � �	� ����� �
J2
8 � �0��� !

J1
@ �!��� �"� # �<� ���%� �6� �4��� �<

�

E1
8 � �0��� !

E2
@G!

O ' 
 � � � �$�5
��	��

�H�(
 � � �!��� �"�	� � � ���%� �6� �4��� �2

�
E1

!�& � �
Γ2ram = k · Γ2

! ���-� � � .�� � � �	� ����� �"�Q� �.� �H�3� �
�
�$�H
 # 
 �
��� �<

� ����� 
��	�$� �4������� 
��C

� � �X# �	� �4�)� � �"� � #"���+��� � .G� �! � �"�	

� � �"� �#"

ν < 1
� ��� � =

1

2
· J2ram · Ω2

1 = ν · 1

2
· J2 · Ω2

2

& � �
Ω2 = k · Ω1

�

�
�� �
J2ram = ν · J2 · k2 !

ν
� � �0� � � � � � � � �"�	

� � �"� �2� � �1����� 
��R�Q� �
�@� � � 
�� � � � 
 ���@'-���
�.��� � �.� � � �"� �"!

ν
�$� ���3. � * � ����� � �@� �7% ���.�

��� � � 
 � � �/��� 
�� #0�����.��� �X# ���-����� 
�� 

� ��� 
 � � ���>�+��� �"� � �X# �	� �4�)� � �"� � #"���+�/� � 

�0� � �	� ����� �0� ��� 
�� � 
 � � �)���
�!��� �"� # � ��� ��
 � � �%� 
��	� � 
 #��$# �0� �5� 
 ��S 
 ��� �5� �.� � % �����
� � �/� � � � 
 �����)� �	� �.� �"� S � � � � � �"� �2.G� ��� �$�4

�0�5�3� ��� �0�


� �A�.� �0�$�$�>
 � �	� � � �$# 
 �	�"� � ���"! ) � �.� �"� � � � �1� � � �"�	

� � �"� � �"� ���.� �0�$�!�

ηΩ
� *+� � � �>
�
�� � � ����� � �.� � � �0� �

� � � � 
 �!��� � �
� � �/� � ���?�)��� � ��� 

�
ν
� �%$ � ���'&($ � � �)$ � � �'& �)$ �+* � � � &��-,/. � ��� ��� � ! ,�� �	� � �;� ��� � 
�� � �)���.�

�$' 
 � � � 

���(
 � � �!��� �"�	� � � ���7� �6� �4��� �H

�
E2

����
 ���5� � �32�� �H�$�"�	�J
 �10	�+*K# �	� �4�&#"���+��� �"�
ν

�����!���.����� �!� �
#"�$#M� � ��� 
A
 �
�.��� 
 �!� � ���!� �	

� ���1� � % #���� � ��� � .T� � � � �.�$#-! O 
 �!� � ��� �A�.� �0�$�$� � � � � �4�A� �"� �K��� � � ���$# 
 � �	�
� �X# �	� �4�)� � �"� � #"���+��� �"�(
��E�3� �
�%#0������� � =

ν = η2
Ω

B��
ηΩ = ηΓ =

√
ηp

� ��� 
 � �
ν

�0� �%#��/���D��� � �"�	

� � �"� � �"� � �
� �$� � � � �
ηp = ηΓ · ηΩ

!

*�[32



� & &���� ����� � � $ � � � � � ,
� �8� &��-, ��� � $ � � � ��� &($ � � ,�� � � � ��� �(, � �
� � ,4�

) � �!��� �5
��
�	� � �"� � � �$#0�0# 

�"� � � �X# �/�
���)���
� � � � . 
 ��� � �/� � � �X# �	� �4�)� � �"� � #"���+��� �?�!� � 
��	�$� �4� � � � � 
�� � 

� ���
�!'-��� �	�2

� ���!���"��� 
���� ����� � ��� � � � � �	� ����� �@
 � � � � ����� � � 
 ��� � � � ���.�(#7.

E2
�0� � �A� �@

� ���
�32�� � ��� � � ��� �

8 �'! � ! � � � ��� � �32�� � � 
�� �!� � �># �	� �4�&#"���+��� � @ �"� � 
 � � � �0�2��
 � � � �3
65 � �.� �1�3� �
� �$� % ����� ���!�"� �����3�A���M� �	�
���
��� � ���.� �0�$�!�H

� � 
 �!����� 
���� ��� � �H� �1 � �"�	

� � �"� �#"

ν
� ��� � !

Z � �$# ���.�.�$# �;� �F� � 
�� � � ��� 
A
 �
�.�
ν
� � � � �
� � ��� �

ν

 # �3�"�	
P

�

ηΩ
� �.� % ���
�<��� �$� �D� � ��� 
�
 �
��� �

ηΓ
8 � �0�$� !

ηΩ
@


 � �	� � �0� � � ������� 
��	�J�"� ��� � � 
 � � � �0� 8 � �0�$� !<�A�.� �0�$�$�0� @I��� 
�� � � �J� �)��� 8b�(
 � �7�	� � �6����� 
��	�5� � �-% ���.� � � � ��
 �	�"�

 � 
 ���"���+��� � @G! O7� ��� �(
 � ��
 �
�.��� � .�� 
��	� � 
 #�� � � 

� �+*@� � � = � �

Γ1
�0� � ��
)� �.��� %�8 0	�+*2# �	� �4�&#"���+��� �7

�0� � �"�	
 � � � �

� '-� �!�@

� ���!���"��� 
�� @ 
 �
Γ2

� #��/����� % 8 0	�+* # �	� �4�&#"���+�/� � � 
�� �!� � � �Q� '-� �$�2

� �$#0�"� � #��!����� 
�� @G! & � 
 �
��� �"� �

�
�� � �	� ��� � � �"� � �Q�"�E�$� �!��� �"� � � � .G� �6� �4��� �<

�

E1
=

�
� �

Γ1 > 0
= { Γ2 = ηΓ·Γ1

k
Ω2 = ηΩ · k · Ω1


 � 
65 { Γ2ram = k·Γ2

ηΓ

J2ram = ν · J2 · k2

� � �	� ��� � � �"� ��=

Γ1 −
k · Γ2

ηΓ
= (J1 + ν · J2 · k2) · dΩ1

dt

�
� �

Γ2 < 0 :

{

Γ1 = ηΓ · k · Γ2

Ω1 = ηΩ·Ω2

k


 � 
65 { Γ2ram = ηΓ · k · Γ2

J2ram = ν · J2 · k2

� � �	� ��� � � �"� �2=

Γ1 − ηΓ · k · Γ2 = (J1 + ν · J2 · k2) · dΩ1

dt
)D� � � � � � 
�� � ��� � �.� � # �"� � � �	� ���	�"� � � �"�	

� � �"� � �-
�
��
�	� =

Γ1 − k · Γ2 = (J1 + J2 · k2) · dΩ1

dt

*�[�[



� ��� � ��� �

� 	 � � ������� � 

� � � � ����� ����� � � ��� ���

UV� �6������2"� 
 � ! N 8 ���.� �0�$�!�H� �
�.� � @ � � � � 
 � � � �G�0� � � �
� � �	��� � ���.� � �	� � ���
� � 8 � � �	� ��� 
 �B�.� 
 #�������� � �!���.� �"�
�$�"�	� � � � � � �!� @G! O7�"�Q�"�	
 � � � � �.��
C� �
� �"� � � � 
 � � � � �$# � � � �!� � � ���
� �(
 � �H� � � 20�$' �>

� � ��
 #�������� � �3. ���
����� � !
O7� �"� � � � * � �.�+��� �<� ���?� �<� '	# �(
 �3� �	��

��% � 
 ��� � � �"� � � � 
A
 #"�.� � #G� 
 �	�!���!� �"� � � ���?� � �
� �	� �

/� � � ��
 �	�
��
 �!� � �%� �<��
 � � � 

� � 
�� �!���"�?� 
��	� � 
 #��$#1= � �;� � 
�� � �"� � �<

�<��
 � �$�!� �J� � � 
 �!' � � � � � � � �"� � �	� 

� �$# ���"��� 
��

 � �5
 � �$�<
 #0� ��� �2

� ��� �(
 �4����� �"� ����� � �!� � �'����� �.��� �0� � �@
 � �	� � � �
� �	�"� � � � 
 �!' � ��� �0� � � ���!� 
 �
�.� � ! � �	�
% 
 � � ����� �.�8� 
 �!� �"� � � . �$�1
 # � ����� � � � � � � � �"� � �	� 

� �$# ���"��� 
�� � �0� � � � 
 �.�(# � �	�@� � �
� �	��

�
% � 
 ��� � � �"� � �
� �<��� % 
 �$� � �$# � � � �!� � � � � �0� � � � 
��	� �!� � � � !DZ � % ���.� �B
 � �	� � � � � �@
 � � 
 � � �	�2��' � �4�>�+�/� �"� � � ��� � % 
 �$� �>�	�
� �0� � �@� � � � 
��	� �!� � � � � ����� � � 
�� � �"� �"� � 

�3% � 
 ��� � � �"� � �0� � % 
�� �"��� 
��C

� ���
�A�.� �0�$�$� =

tan φ(Ω) = µ(Ω)
�

.�� ��� �$�<

� � � � 9 � � 
 �6� ���-� � ��� �
� � � � 
 � .G���>�.���	��� � � ����� 
�� � ���%� � '��
�.� � � 
 � � �	�"!
,�� �	� � �J��
 �	� ��
 ��� 
 ���P����� � � �	
 � � ��� ���.� �0�$�!�R

� �!��� �"� ��� 
 � � 
 � � �	�T��' � �4�>�+�/� �"� � � � 
 � � � � � 
 � � �	�
#"� � �"�����+��� �

ΓME(ΩMT )
� � � #���� � �	�M��� � 
 � � � �E

�;% � 
 ��� � � �"� �

ΓMT (ΩMT )

�
 �.� 2"��� � � �
� �.�+���	# ��
 �	�

ΩMT < ΩMTmin

!)Z � #0�������)� � �8��� �!� � 
��	

� � 
 � 

� 9 ��� � 
��1��
 �	� � 
 � ����� � � 
 �	� � � � �7� 
 � �8
 � 
 #��������!��� �"�
�"� �$�4� ���67 � � � � �	�%� �6���4�	� �@
 � � 
 � � �	�%��' � �4�>�+��� � =

k · ΓME(ΩMT ) − ΓMTmin
(ΩMT ) = (k2 · JME + JMT ) · dΩMT

dt

Y � � � ���67 
��	� dΩMT

dt

� ��� ∆Ω
∆t

�
∆Ω

#"�!� � ����� 
 �:93#�� �"� � �<

� ���.� �0�$�!�4��
 �	������� � � �	
 � � � � �$#��)��� �<

� �!��� �"� ���
8 

� � � 
 � 
 � �G

�

800 tr · min−1 @ � � ∆t
� � � � � �	����
 �	��
 � ���4� �"� ���"!�B��D� � 
�� � 
��
� ���(�4����� 
 �	�4� �2

�3% � � � �

� 
 � � �	�
ΓMTmin

(ΩMT )
� ��� � �!� �
��
 ��� 

� �$# 
 �	�"��� 
��

k
� � � � � 
��2
 # � ��� � � �	� � 
 �	�4� �7

� � 
�� �$# �7�"� ���.� �0�!�$�


�
��
� # �"�(
��E�3� �
� 
 # 
 �
��� � � � � 
 � � � �
ΓME

. % 
 �	� � ����� � � �H� � � 
 � � �	��#"� � �"�����+�/� � .��$'-� ��� � � �	� �!� � � 8 �"�
% 
�� �"��� 
��E

�0� � ���!���"�$#���� � ���+��� �0��

� ���7�����$'
� �	� @G!�&��;�
� �"�E� �3� � 
�� � 
��
� ���(�%� �0� � ���!���"�$#���� � ���+��� �0�%
 � ! Z �

��E�3� �
� 
 # 
 �
��� � � � �!� �
��
 ��� 

� �$# 
 �	�"��� 
��

k
� #0� �0�$� ����� � !

) �0� %�
 �$� �0� . � �
� �.�+��� � � ��
 �	� 
 #�������� � � � � � 
 � � �	� ��' � �4�>�+��� ����
�� � 

� � � 
 � 
 � � 

�
150Nm

!�F ���
� * � � � � �"� � �6���.� � � �(
 � 
 #�������� � �	�2� � �$#����$# # ,')FZ-& W4B	, ; F O )FL'��� G * > �	�@�3� �
� 
 #�� � � 
��
�Q� � ����� �"� �A��� 
��
50Nm

�"� � 
A

� ���.� � � � ��� � �	� 8 �$#��)��� �G�3� �4��� �	�"� � @ � ����� �?�Q� �
�'� 
�� � � � � 9 � �"����� � � �"� ��.
150Nm

�"�
� 
A

�<
 #�������� � �	� 8 ��� � �
� � � 
�� @G!
,�� � ��� � ��� 

� ���K� 
 �!��� �	

�1
 � � 
 � � �	�<#"� � �"�����+��� �"� � � � 
A

�G
 #�������� � �	�2� 
 ��� �0����
��	
 . � � �!� �
��
 ���
��
+�"�.�+�/� �P
 � 
 ��� � �����	� �R

�0� � � � � ����� � � � �	� � ���[*+���@��� � . � �	�C�(
�� � �.���>�.�!����� 
�� 
 � � 
 �	�!� � � 8 
�
�� � 
 �
� 
 � � � � @ 
 � �	� � �0�D�"� � 
 �
� � � �"� � ����� ���!'-� � �#�/��� �.�A�J� �"�	
 � � � � .�� 
�� � � ���A�.� �8� �F'-���
� � �
� � ��� � � � ��� � # 
 � � � �
�A� �T�0� � � � �0� ��� � � � �+��� � � �"� ���$# � � � ����� ��8

jLω
% �����
� � � �
� � �/� �

ω
% �����
� � @G!�Z � � 
A

� ���.� � � � ��� � �	� � � �

*�[ =



� & &���� ��� ��� � �
� ,-, � . �+$ � � � � � � , � � �', � � ��� �

� � 
 �
� ��� �>�!�<��
)�$� � 
 � �	�4� �
� � ��� � � � ��� � # 
 � � � �>�0� � � �.� � ��� ��
 ���!� � � �"� ����� � 
��P�Q� �
�?#�� �"� ��� � �.� � � �"� �
� � ��� 
�
 �
��� � � �	� �.���>�.�!����� 
��T

�0� �!� �
��
 ��� � ��
A�"�.�+��� �0� !

* =HG



� ��������� �

� ��� ��� � ��� 
�� ��� ��� � � � � � 
���� � � ��� � ���
� � ��� � � � � ��� 

� � � � � 	 
 	

& � �!� �
�3� �.� � � �0� � � ������� 
��	� #"�!���
�.� �0��
 � �	� � �6� �
�	� * ����
 H =

{

Γ1 − Γ2ram = (J1 + J2ram) · dΩ1

dt sur l′arbre deE1

Γ1ram − Γ2 = (J1ram + J2) · dΩ2

dt sur l′arbre deE2

B 
 �.� �	� �	�J� �6���4�	� �
E2

=

k · Γ1 − Γ2 = (J1 · k2 + J2) ·
dΩ2

dt

9 
 � � ��� 
 � 
�
��	� �(�"�Q� ��� � 
 �
� ��� �4��
)� # � ����� � � ���(�"�
� 
 � � 
 � � � �
Γ1

��� � ��� � ��� 

�0� � 
 � � �	� � #"� � �"�����+��� �0�
� �%��' � �4�>�+��� �0���
� #0� �0�$� ����� �H��
 �	� � ����� �>% ����� � � � � � 
�� � 

� � 
 � � � � .G��� � 
 � �

Γ2
� 
��
� � 


& � � 
��
� ���(� dΩ2

dt


 & � � 
��
� ���(�
Γ2

.G�$'-� ��� � � �	� �!� � � 8 % 
 �$� �0�5

� �$# � � � �!� � � �4� �	�7� � �&#"'
�(�"�
� � @ �
�"�M� � �
��
 �
� � � �1�/� � � � 
�� � �
�.� � ��� % ���.� � � �"� �8��� ���.� �0�$�!�J
 ����
A�"� ��
 B��-� � 
�� � 
��	� � 
 ��� � � �	� � 
 �(� � .��!� �
��
 ���I� � �+��� �%� �
� � �.�!����� � 8 ���!� �	� �>� �!� � 
��E
 ��� � �"� � @ � � � � �	� ����� � �A� � .G��� � 
 � �@�0� �

J1 + J2
.��$'-� ��� � � �	� �!� � � �(
��E�"� 
 # 
 �
�.�


�
�� �
Γ1

=

Γ1 = Γ2 + (J1 + J2) ·
dΩ2

dt

� �E� � 
 �
� ��� �@� �	�4�A� �"� � � �B� � �!� �
��
 ���
k

� � �0� � � � � � 
��	� �!� � � � � � �/�
� �0� �J� � � � ��
 � �	��� &�, )�, � �
� � ��� �
� � �!� �
��
 ��� 

� � 
 �(� �G�0� �?� � �$# � �
�.�!��� 

� � � 
�� �����>� � ����� 
�� �)� 
 �-��� ��
 L4� �	� � � � � ��� � � � � �4� �

J1 · k2 �)����� �
� �
���)� � �>� � �!� �
��
 ��� �"� �/���&# 
 B��J� � 
�� �	� ��� �"� � � � � � 
 � � � � 

� � � ��� � �)����������� 
���� � � ��� �Q� �
� % ����� � � �	�

 �:9;#�� �"� � �<

� � � 
 � 
 � �<

�

10N · m � �	�
Γ1

��
 �	�J� � ��
+�"� � � � � �H� �	�H
 
 � ���>�+��� �H

� � 
 �Q� 9?ZIL O�
 L � 
65
� � � 
 # �<

�H� � �"�	
 � � � �

J1 · k2 � 
 
 �"��

) �2% ���.� 

���	��� � ��� � �"�	
 � �4�"� � 
 � � � � � �0� � �	� ����� �0�7
 � �	��� & ,')�, �0� �8� �	� � �
� � 
 *+��������� 
��E
�
�� �5� � � 9 � �
�>#"�$#G� � ����
 � #@� 
�� S 
 � � � � � �"� �<� � � � !�
 L �0� � 
 � � �,Y �"� ��� 
 � � � ��Y 
 N������)�
� 
 )1�X#"��� 

�2�0� � � �$# �$�"� �$# �2
 � �	�
� �0� ��� � �+�/� �0�%� ��� �0��� �
���)� � � �0��


* = *



� & &���� ��� � � & * � �'&��5� $ ��� � � &��-, ��� � $ ����� � , ��� ��� � � � , & � & � ��� $ � & �	��
 �	� �

* = H



FICHE DE TRAVAUX

Validation de Koala avec VEHLIB
Matthieu Desbois­Renaudin

Rochdi Trigui
Julien Scordia

Objectif :

Valider les résultats de consommation de carburant et d'énergie électrique de Koala avec un modèle
simplifié de VEHLIB, puis mesurer les écarts avec VEHLIB dus à l'augmentation de la précision du
moodèle.

Déroulement de l'étude :

Au 20  juillet  2003,  nous  avons focalisé  nos  efforts  sur   la   réalisation d'un modèle  simplifié  de
VEHLIB,   avec   les  mêmes  hypothèses   que  Koala.  La  mesure  des  écarts   avec  VEHLIB  dus  à
l'augmentation de la précision du modèle n'a pas encore été effectuée.

Première phase de validation :

– Validation des transferts de données VEHLIB – Koala,
– Validation des hypothèses de Koala,
– Validation du suivi de cycle dans Koala,
– Différences dues aux hypothèses statiques de Koala (régime permanent),
– Différences dues à la différence entre le modèle « backward » (Koala) et le modèle

« forward » (VEHLIB).

Cette première phase s'effectue en récupérant les résultats de répartition de couple de Koala et en
les injectant dans VEHLIB. Nous appellerons ce procédé boucle ouverte, puisqu'aucun retour sur la
vitesse effective du véhicule n'est utilisé pour coller au cycle.

En boucle ouverte, nous récupérons dans les résultats de Koala les valeurs suivantes :
– Couple moteur thermique,
– Couple moteur électrique,
– Couple de freinage (frein mécanique),
– Rapport de boîte engagé.

Ensuite, un modèle d'hybride parallèle avec un embrayage est adapté afin de pouvoir faire tourner le
modèle avec les valeurs énoncées ci dessus. Le modèle d'embrayage de VEHLIB est adapté afin de
correspondre au modèle de Koala.

Le modèle simulink es t exposé dans les figures suivantes.



Figure 1 : Modèle Simulink VEHLIB adapté pour récupérer les couples de Koala

Seul le modèle d'embrayage et le calculateur sont modifiés par rapport au modèle VEHLIB.

Figure 2 : Calculateur adapté pour récupérer les couples de Koala

Les « switchs » manuels permettent de passer de la boucle ouverte à la régulation.



Figure 3 : Modèle simplifié d'embrayage adapté pour Koala :

Il est à noter que ce modèle d'embrayage n'est pas celui qui était implémenté dans Koala au début.
En effet, le précédent modèle était un modèle avec un rendement fixe en puissance. Le modèle de la
figure 3 présente le net avantage d'être plus proche de la réalité et de donner de meilleurs résultats.
Il a été développé suite aux écarts trouvés dans le suivi de cycle entre VEHLIB et Koala.

Le modèle d'embrayage de Koala a été corrigé afin de correspondre à celui de la figure 3 et le suivi
de cycle s'est avéré bien meilleur.

Divers problèmes d'entrée/sortie ont aussi put être reglé lors de cette phase de validation (correction
sur le rayon des pneus du véhicule...).

On notera que pour avoir une uniformité avec Koala, le pas de calcul de VEHLIB est fixé à 1 s.



Rappel sur les interactions VEHLIB / Koala :

VEHLIB  étant   un  outil   dynamique  de  description  de  véhicule,   il   permet   de  dimensionner   les
chaînes de traction et  d'évaluer  leur performances.  Koala est  un outil  d'optimisation globale  de
consommation sur un cycle entier; il nécessite comme donnée d'entrée les couples et vitesses de
rotation à la roue pour le cycle et le véhicule à étudier. Ces valeurs lui sont founis par VEHLIB.

La façon dont VEHLIB est construit, impose à l'équation du mouvement d'être résolu au niveau de
la roue du véhicule. Ainsi, le couple à la roue dans VEHLIB tient compte :

– des forces de roulement,
– des forces aérodynamiques,
– de l'inertie du véhicule ramenée à la roue,
– de l'inertie des moteurs électrique et thermique ramenées à la roue.

En ce qui concerne la prise en compte de l'inertie des moteur électrique et thermique, le problème
s'avère insoluble puisqu'il faut connaitre quels vont être les rapports de boîte de vitesse choisis pour
connaitre l'influence de ces inerties sur le couple à la roue. Or, ces rapports sont choisis par Koala
pour optimiser la consommation.

La solution retenue pour ce problème est de donner à Koala le couple et la vitesse à la roue d'un
véhicule électrique surdimensionné  dont le moteur a une inertie équivalente à  celle des moteurs
thermique et électrique.

Le véhicule est  surdimensionné  afin d'assurer un suivi de cycle aussi fidèle que possible. Etant
électrique, il n'y a aucun changement de rapport de boîte et donc pas de discontinuité dans le suivi
de cycle. En outre,  l'inertie du moteur électrique ajustée (  J = JMT  + k2  JME  ) représente  l'inertie
moyenne des moteurs sur le cycle et permet une bonne approche énergétique.

Cependant, l'inertie des moteurs peut avoir un impact sur le comportement dynamique du véhicule,
notamment dans les phases d'accélération où les énergies en jeu sont faibles. L'énergie cinétique
emmagasinnée par le vilebrequin en première peut être du même ordre de grandeur que l'énergie
emmagasinnée par le véhicule dans le même temps.



Résultats de suivi de cycle en boucle ouverte :

Figure 4 : Cycle NEDC en boucle ouverte ­ inertie des moteurs considérée

Comme expliqué au paragraphe précédent, il se peut que la différence de suivi de cycle soit due aux
inerties des moteurs   thermique et  électrique. Pour vérifier  cette hypothèse,  nous décidons donc
d'annuler les inerties dans VEHLIB aussi bien pour la génération de données pour Koala, que pour
la validation des résultats avec le modèle simplifié de VEHLIB. Les résultats obtenus sont visibles
en figure 5.

Figure 5 : Cycle NEDC en boucle ouverte – inertie des moteurs nulle



Etant   donnés   les   excellents   résultats   obtenus   en   figure   5,   nous   attribuons   la   cause   des   écarts
constatés figure 4 aux problèmes liés à la considération des inerties de moteurs dans Koala.

Nous avons maintenant montré  que les résultats de Koala sont cohérents en ce qui concerne les
répartitions de couple, étant donné les hypothèses suivantes :

– Embrayage simplifié,
– Changement de rapport instantané,
– Pas de calcul fixe à une seconde,
– Pas de prise en considération de l'inertie des moteurs,
– et toutes les hypothèses propres à VEHLIB.

Nous décidons de vérifier ces constats sur un cycle d'usage réel (figures 6 et 7).

Figure 6 – Cycle Hyzem Urbain en boucle ouverte – Inertie des moteurs considérée

Les   écarts   de   vitesse   sont   cette   fois­ci   encore   plus   marqués.   Ceci   est   probablement   du   aux
solicitations dynamiques plus importantes dans le cycle d'usage réel. Néanmoins, l'allure générale
du cycle est respectée.



Figure 7 – Cycle Hyzem Urbain en boucle ouverte – Inertie des moteurs nulle

On remarque que les résultats obtenus dans Koala permettent de suivre nettement mieux le cycle
avec une inertie des moteurs nulle. Néanmoins, il reste quelques endroits où l'on peut observer de
légers écarts entre la consigne et le résultat. La raison précise de ces écarts n'a pas été étudiée. On
peut  penser  que  le  passage d'un modèle  « backward » à  un modèle  « forward » peut  engendrer
quelques écarts, fonctions de l'algorithme de résolution utilisé. En effet, un léger décalage sur un
pas de calcul se ressent forcément sur tout le microcycle qui suit étant donné que nous sommes en
boucle ouverte.



Résultats en consommation de carburant et d'énergie électrique :

Dans un premier temps, nous étudions les consommations données par VEHLIB et Koala pour les
modèles où les inerties moteur sont nulles. Les résultats obtenus sont exposés dans le tableau 1.

Tableau 1 – Consommations sous VEHLIB simplifié et Koala.
Cycles en boucle ouverte et inertie moteurs nulle

Cycles Koala VEHLIB

NEDC 3,94 L/100 km 0,00 As 3,93 L/100km ­85 As

Hyzem Urbain 4,44 L/100km 0,00 As 4,43 L/100 km ­111 As

Les résultats nous semblent d'une précision satisfaisante. En effet, 111 As correspond à un écart de
SOC (State Of Charge) de la batterie de 0,47 % pour la batterie utilisée (Panasonic NiMH 6,5 Ah).
Il est à noter que le modèle de batterie de VEHLIB simplifié a une tension à vide constante afin de
correspondre au mieux au modèle Koala. Cette hypothèse est bonne puisque le chemin optimum
fournit par Koala sollicite peu la batterie en SOC (autour de 5 %).

Afin   de   mesurer   l'impact   des   inerties   des   moteurs   sur   la   consommation,   nous   proposons   de
reprendre la configuration des figure 4 et 6 (inerties considérées) et d'y ajouter une régulation du
couple sur le moteur thermique afin d'assurer le suivi de cycle. Le surplus de consommation obtenu
nous permettra de quantifier l'erreur due à ces inerties moteur. Il est à noter que le pas de calcul ne
peut plus être fixe à 1s dans le modèle de VEHLIB simplifié, sans quoi les boucles de régulations
sont de mauvaises qualité. Les figures 8 et 9 montrent que le suivi de cycle est bon cette fois­ci (à
comparer avec les figures respectives 4 et 6). Le tableau 2 permet de comparer les consommations.

Figure 8 – Cycle NEDC avec régulation du couple moteur thermique et du frein mécanique



Figure 9 – Cycle Hysem Urbain avec régulation du couple moteur thermique et du frein mécanique

Tableau 2 – Consommations sous VEHLIB simplifié et Koala.
Cycles en boucle ouverte

Avec régulation du couple moteur thermique et du frein mécanique
Inertie moteurs considérée

Cycles Koala VEHLIB

NEDC 3,97 L/100 km 0,00 As 3,99 L/100km ­50 As

Hyzem Urbain 4,53 L/100km 0,00 As 4,71 L/100 km ­69 As

Les écarts  de  consommation sont   faibles   (69 As  <=> 0,29 % SOC).  On peut  donc penser,  en
première approximation que les hypothèses de Koala sur les inerties des moteurs sont valables. On
notera toutefois que l'écart en consommation s'accentue lorsque l'on passe à un cycle d'usage réel,
plus représentatif du comportement dynamique du véhicule.



En s'intéressant de façon plus précise aux écarts des états de charge de la batterie, nous avons pu
observer la répartition suivante :

– 40 à 50 % de l'écart de SOC semble dû aux différences de régimes de rotation des
moteurs calculés par VEHLIB simplifié. Nous avons observé cela en imposant le
régime moteur à celui de Koala et en regardant l'effet sur la consommation et le
SOC. Ces différences de régime sont   le  fait  des  méthodes de calcul  différentes
entre Koala et VEHLIB : « backward » et « forward ».

– 40 % environ de l'écart de SOC semble du au décalage de courant batterie dans le
modèle   VEHLIB   simplifie.  En   effet,   le   modèle   de  batterie   purement   ohmique
nécessite  un  bloc   simulink « memory ».  Ce bloc  décale   le  courant  d'un pas  de
calcul (ici, une seconde) et aussi la tension batterie. Il s'en suit une différence de
SOC.

– Le  reste   (10  à  20  %)  est  probablement  du  aux  différences  dans   les  méthodes
numériques de résulutions des équations, ou bien au différences d'arrondis.

Par exemple, pour cycle Hyzem Urbain en boucle ouverte, en imposant les régimes de rotation des
moteurs, on garde une consommation identique (4,4353 L/100 km pour 4,4353 L/100 km) et l'écart
de SOC passe de ­111 à ­65 As. Ensuite, si en plus on impose le courant batterie aux valeurs de
Koala, on garde exactement la même consommation et on passe de ­65 As à 5As.

Modèle hybride parallèle à deux embrayages :

Le modèle simplifié de VEHLIB est semblable à celui à 1 embrayage. Seul un embrayage simplifié
vient s'ajouter entre le moteur thermique et le moteur électrique.

Les écarts en suivi de cycle et  en consommation de carburant sont du même ordre de grandeur
tandis que les écarts en état de charge batterie sont plus élevés. Ce dernier point provient de la plus
forte utilisation de la batterie dans les modèles à deux embrayage. En effet, le chemin optimum a
tendance a plus utiliser la batterie, même si cela reste toujours faible.

Le tableau 3 donne un exemple de résultats obtenus.

Tableau 3 – Consommations sous VEHLIB simplifié et Koala.
Cycle NEDC en boucle ouverte

Modèle à deux embrayages

Cycles Koala VEHLIB

NEDC 3,32 L/100 km 0,00 As 3,30 L/100km ­392 As

En imposant les régimes de rotations des moteurs, on passe de ­392 As à  ­199 As. Puis,  si  on
impose en plus le courant de la batterie, on tombe à ­27,2 As. Cette différence tient à la méthode
d'intégration du courant pour le calcul de la capacité batterie.



Conclusion :

Un premier travail de validation de Koala et de ses interactions avec VEHLIB a été effectué. Les
résultats sont encourageants. Néanmoins, la partie la plus importante reste à accomplir. Il s'agit de
se rapprocher à chaque fois un peu plus du modèle VEHLIB complexe, de mesurer les écarts de
gain de consommation, et de les interpréter.

Un   des   points   importants   sera   l'intégration   du   modèle   plus   complexe   d'embrayage   et   de   la
discontinuité de couple au changement de rapports.

En parallèle, et c'est tout le travail de la thèse de Julien SCORDIA, il s'agira d'interpréter la stratégie
utilisée par Koala pour la gestion de l'énergie et de la transcrire en stratégie « en ligne » dans le
calculateur du modèle VEHLIB, afin de reproduire le plus fidèlement possible les répartitions de
couple générées par Koala.
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