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A local stability estimate for an inverse heat
source problem
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Abstract

In this paper, we establish some local stability estimate for a problem of determining
a domain D appearing in the heat equation: % — Au+ xpu =0 from a Neumann
additional data on a part of the lateral boundary. This estimate is obtained by

taking advantage of some shape optimization tools.
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1 Introduction

Let Q be an open bounded domain of RY with smooth boundary 9 and T
be an arbitrary positive constant. Let Qr = Q x (0,T), 3y = Q x {0} and
Y = 0Q x (0,T). We consider the following initial boundary value problem
(IBVP)

%—AujoDu:O in Qr
U = Ug on X (1)
u=f on X,
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where xp denotes the characteristic function of a subdomain D of €2, and uqg
and f are given functions defined respectively on 2 and 7.

The IBVP (1) describes the heat conduction procedure in a given medium {2
and x pu(z, t) represents the discontinuous heat source. In the present paper we
are concerned with the inverse problem consisting in the determination of heat
conduction properties of the medium from additional information about the

solution. Mathematically speaking, we discuss the following inverse problem:

Determine D in the IBVP (1) from the additional data on the flur “42) |y,
where I'r = I' x (0,7"), I is a subset of 02 and w(D) is the solution of IBVP
(1) corresponding to D.

Here and henceforth a% denotes the derivative with respect to the outward

normal to 0f2.

In recent years, there are several works devoted to the study of uniqueness
and stability results for the inverse problem associated to steady state case
governed by elliptic equations (see for instance [1,3,5,6,9,11] and the references
therein). The main purpose of this paper is to extend the strategy from [5,6]
to the parabolic IBVP (1). More precisely we examine the local stability in
the inverse heat problem. That is to establish the following estimate:

du(Dv) 8u(D)> ‘
ov ov I'r

: (2)

meas(DyAD) < C ||(
x

where V' is an admissible vector field, Dy = (I4+V')(D), I denotes the identity
matrix of RY and X is a suitable Sobolev space. The proof of this estimate
relies on the Gateaux-differentiability of the mapping: V' — % at V=20
and the injectivity of its Gateaux derivative, by taking advantage of some
shape optimization tools.

Before closing this introduction, we notice that a problem of determining the
diffusivity of a parabolic equation arising in hydrology, where the diffusivi-
ties are of the form a(z) = A + Kxp(z) has been considered previously by
Bellout [2] where entirely different methods were used. The author obtains a
(weak) local stability result. In [4] Cannon and Pérez-Esteva obtain a loga-
rithmic stability estimate for a problem of finding a region D, where D have
a symmetic property, in the 3D heat equation: % — Au = f(t)xp(z). They
use a fundamental solution representation for the solution of this equation in
order to derive the stability estimate. More recently, Hettlich and Rundell [10]
considered a 2D heat equation of the form 2* — Au = yp(z), where D is an
unknown subdomain of a disc. They establish the uniqueness in determining
the subdomain D from the measures of the solution at two different points on
the boundary.
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2 DPosition of the problem and statement of the main result

Throughout this paper, we assume that € is of class C?> and D CcC Q is of
class C'. We suppose also that f € C*!(X7) and that ug € C'(Q2). In this case,
it is known (see, for example [8] or [12]) that the unique solution of IBVP
(1), u = u(D), associated to fixed D belongs to H>*(Qr) N C(Qr), where
H™(Qr) := L*(0,T; H"(Q)) N H*(0,T; L*()), (for r,s € RT).

For the study of the stability result, we will use shape optimization techniques
which are based on the computation of the shape derivative of u with respect
to D, in the direction of a vector field V. For this, we fixe ()5 an open subset
of Q with smooth boundary, such that D C Qy CC Q and we introduce the
closed subspace of vector fields:

X ={V e C"*"RY;RY) / supp V C O}

where CLY(RY; RY) is the Banach space of vector fields in C'(R™; RY) which
are bounded and having bounded first derivatives. We define the quotient
Banach space Y = X/F, where F = {V € X / V -n = 0}, where Y is
equipped with the usual quotient norm, denoted by || ||y, and n is the outward
normal to dD. Next, we choose U a neighborhood of 0 in Y in such way that
Dy = (I+V)D is contained in Qg, for all V' € U, where I denotes the identity
matrix of RY. The aim of this paper is to show a stability result of type (2),
for all V' € U. For this, the basic idea is to show that the operator

A veu—I i cx
ov

is Gateaux-differentiable at V' = 0 and its derivative is one to one, where X
is an appropriate space and uy = u(Dy) is the solution of IBVP (1) with
Dy in place of D. In order to state our main result, we need to introduce the
following Sobolev space H™*(I'r) := L*(0,T; H™(T')) N H*(0,T; L*(T")) (for all
s, r € R1) equiped with its natural norm and for r, s < 0 we define by duality
H™(Tp):= (H " *(p))".
Theorem 1. Let us assume

(H1) T is a closed subset of 022 with nonempty interior.

(H2) [ is non negative and non identically null on Xr,.

(H3) wup >0 and suppug C Q\ Q.

Then A has the following properties
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(i) A is Gateauz-differentiable at V =0 and its derivative at V =0 is given
by

, L AsV)—A(0)  au(V)
N(0)(V) = lim - ==

(SIS

,—

L

€ H~ (FT)>

where u'(V') is the shape derivative of w in the direction V defined in (6).
(ii) Ker A'(0) = {0y }.

3 Proof of Theorem 1 and local stability result

We first begin by showing that the restriction of the normal derivative of uy

. . . 1 1 . . . .
on 'y is contained in the space H~2"1(I'r). This is stated in the following
lemma.

Lemma 1. The trace operator

: Z _A) — H 57 i(T
7 V(Wr, BT ) (I'r)

18 continuous, where

V(Wr, %—A) ={ve L*0,T; H(Q)NH"(0,T; H*(Q)) / g—:—Av c L*(Wrp)}

and Wr = Q\ Qo x (0,7)

0
P
A) ={ve H":(Wy) / ‘2—1’ —Av e L*(Wr)} to H-2~1(I'z). Accordingly, the
proof of the lemma follows from the continuous imbedding of L?(0, T; H*(Q))N
HY0,7; HY(Q)) in L*(0,T; H*(Q\ Q) NH (0, T; H1(Q2\Qy)) and the den-
sity result of L2(0,T: HY(Q\ Qo)) N HL(0, T; H(Q\ Q) in H 2 (Wr) (see
for example [7]). 0

Proof. From Costabel [7], the trace operator ~; is continuous from H Ly (Wr,

Now, the proof of the theorem is based on the following steps. The first step
consists in proving Gateaux-differentiability of A at V' = 0.

Proposition 1. A is Gateauz-differentiable at 0 and A'(0)(V) = a“(,;(uv)\pT,
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where u'(V) € L*(0,T; H{(Q)NH(0,T; H*(Q)) is the solution of the IBVP
/
A+ xou = (V) in Qr

u =0 on X,

where (V) € L*(0,T; H~1(Q)) is defined by

T

wV). o)== [ [(Vemyuy  for allv € L2(0,T; HY(),

0 oD

here n denotes the outward normal to 0D and (-,-) stands for the duality
pairing between L*(0,T; H=1(Q)) and L*(0,T; Hi(Q)).

Proof. Let Fy € C>'(Qy), be such that Fy|s, = f. We consider ¥ € C°(RY),
such that

U =1 on Z(090)
supp ¥ C Q\ Qo,

where Z(0€) is a neighborhood of I'. We denote by F' the function defined by
F =V Fy. Since xp F' =0 on Qr, it follows easily that v = u — F is solution
of the IBVP

%—AijxDv:G in Qr
v="U, on X (4)

where Up(z) = ug(z) — F(2,0) and G = AF — 9Z. In addition, from Re-
nardy [13], the unique solution v of (4) belongs to the space L?(0,T; H}(2)) N
HY0,T; H1(Q)).

Now, we will compute the shape derivative of v with respect to D. For this,
we fixe V' € X and we choose a small interval J. = (—¢,¢) in such way that
D, = (I+5sV)D C Qq, for all s € J.. Let us consider v, = u, — F' the solution
of IBVP (4) with Dy in place of D. As in [14], we define the material derivative
of v in the direction of the vector field V' by

b= lim ——,

§—> S
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where v* = vs0Ty, Ts = T5(V) = (I +sV), 1) and I, is the identity mapping
of R, and v = v(D) is the solution of IBVP (4). In order to determine the
material derivative © in the direction of a vector field V' it should be remarked
that v, satisfy the following integral identity

—//vs%—fda:dt—l—//Vvs~Vapd:cdt+//XDSvsgodxdt
Qr Qr Qr
://G¢Mﬁ+/%¢m,
Qr o

for all p € L*(0,T; HY(Q)) N HY(0,T; H'()), such that ¢(z,T) = 0.
Using the change of variable x = T,(X). It can be shown that v° = vg o Ty is
solution of the following integral identity

_// dxdt+//A 'V@dxdt//xpvsgodxdt
Qr
z/ithMﬁ+¥mex

for all ¢ € L*(0,T; H}(2)) N HY(0,T; H~*(2)), such that ¢(z,T) = 0. Here
v(s) = det(I + sDV), A(s) = v(s)DT;* {(DT 1), U5 = ~(s) Uy o Ty and
G* = y(s) G o Ty, with DV = (8;V})1<ij<n, DT, denotes the inverse of the
matrix DT, and (DT, ') denotes the transpose of the matrix DT, '. We note
that the small interval J. is also chosen such that v(s) > 0, for all s € J..
Arguing as in Sokolowski and Zolesio [14] and using the following relations

lim () =1 =div(V), lim Als) =1

s—0 S s—0 S

= A' =DV +' (DV) — div(V) I

and

tim B gy, g S

s—0 S s—0 S

we can prove that © exists in the space L*(0,7; H}(Q)) N HY(0,T; H'(Q))
and satisfies the following IBVP

gj Av+xp 0

=div(GV) — %le(V) +div(A’'Vv) — xpodiv(V) in Qr (5)
0 =div(Uy V) on Y
v=20 on Y.
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Now, since supp Uy C €2/Qq and supp V C €, we have that © |g,= 0. By
using the following known formula

div(A' Vo) = Avdiv(V) — A(Vv - V) + V(Av) - V

and the fact that v, the shape derivative of v, is given by
vV =0—-Vuv-V, (6)

we can show that v’ is solution of the IBVP

o’ , , .

o —Av' +xpv' = p(V) in Qr

v =0 on Xy (7)
v =0 on X,

where (V) = v Vxp-V € L*(0,T; H1(2)) is defined, for all ¢y € L*(0,T; H}(9)),
by

<pu(V), v >=<vVxp-V,ip >
:—//XDdiv(v@/)V)
Qr

T

:—//div(v@bV).

0

Since D is chosen enough regular, an application of the Green’s formula leads
to

<p(V), ¥ >= —/T/v¢(v~n)-

0 oD

We note that from Renardy [13], the solution v’ of (7) is in the space L?(0,T; H3(Q))N
HY(0,T; H Y(Q)). Since we have u® = v* + F* (with F* = Fo ((I +sV), 1)),

then the shape derivative of u is given by u' = v' + F’. Following Sokolowski

and Zolesio [14], we have that

Fs—F
F' = lim

s—0 S

—VF- V=0

and consequently v’ =o' € L*(0,T; H}(2)) N H'(0,T; H(Q)) is solution of
IBVP (7) with u(V) =uVxp -V (because F'Vxp -V =0).
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Next, since us = u(Dy) the solution of IBVP (1), with D; in place of D, is
in L2(0,7; HY(2)) N H'(0,T; H~*()) and satisfies the following equation in
Wr=Q\ Qo x (0,7)

Oug
ot

—Auy,=0 in Wy, (8)

we have that us € V(Wr, % — A) and consequently u® = wu, o Ty is also
in V(Wr, 2 — A). From equation (3) we have that v’ exists in the space
L*(0,T; HY () N HY(0,T; H(Q2)) and satisfies the equation

ou’ ,
E—Au =0 on Wry. (9)

Therefore, we have that u' exists in V(Wr, % — A). Hence, we have shown
that the mapping

S€J€:(—€,€)%USZUSOTSGV(WT,%—A)

is differentiable at s = 0 and its derivative at s = 0is equal to «’ |w,.. Moreover,
from Lemma 1, we have that the trace operator

B B L
w €V(Wr, 5 — &) — 8—°:|FT e H 3 1(T'y)

is continuous. This imply that the operator

8'& 11
A:bOecld — 8—;‘FT c H 2 1(I'p),

has directional derivative at 0 in the direction V' given by

MOV — tim MV =AO) _ 2w(V)

5—0 s ov

€ H™*71(y).

Finally, to show that A is Gateaux-differentiable at 0, it remains to prove that
the operator

ou' (V)
ov

,—

N
BN

N©O) : VeYy — € H 2 1(I'p)

is bounded. Indeed, let V' € X. On account of the continuity of the trace
1

operator from Hz(Wr, & — A) to H=2~1(I'7), due to Costabel [7] there
exists C7 > 0 such that,
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ou' (V)
IOV 540y =120y s
S Cl ||’UJ/(V)||H1,%(WT) .

On the other hand, since v’ € L*(0,T; H}(Q))NH'(0,T; H~'(2)) C L*(0,T; HY(Q\
Q) NHY 0, T; H(Q\ Qp)) and 2% — Au/ = 0, it follows from [7] that there
exists two constants Cy > 0 such that

1 13y < Coll 20,0103y < Co ' (V)20 -
Using an a priori estimate for the solution of IBVP (3) (see Renardy [13]), we

conclude that

||u,(v)||L2(O,T;H(}(Q)) < (s ||M(V)||L2(0,T;H*1(Q))>

where Cj is a positive constant. By elementary calculation we obtain

INOW, 4 40, <GV - il
§C4||(V —+ W) n”Loo(aD fOI' all W c f
<Cy|[Vly

where () is a positive constant independent of V. This ends the proof of the
proposition. O

Now, to prove that A’(0) is injective, we need the two following lemmas

Lemma 2. Assume that f and ug satisfy the hypotheses (H2)-(H3). Then the
solution of IBVP (1) satisfies u > 0 on 0D x (0,T).

Proof. Let Hy' (Qr) := {¢ € H>'(Qr) such that ¢ |x,= 0}. It is easily seen
that u is solution of the following integral identity:

/u(a:,T) o(z,7)dr — /uoapdx

Q
// dxdt+//Vu Vgpd:cdt+//xgug0dxdt—0

for a.e. 7 € (0,T) and for all ¢ € Hy'' (Qr). By Choosing ¢ = —u_ € Hy' (Qr)
together with the relations

vty =Vut - Vu =u"— =u"—— =0, fora.e.
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where u_ := —inf(u,0) and uy := sup(u,0), we obtain

1
—(u (z,7))%dz+ | |Vu |Pdzdt + [ xp( v )*dzdt = 0.
2
Q Qr Qr

It follows that u~ = 0 a.e. on Qr and therefore v = u* > 0 on Q7.

Now, we suppose by absurd that there exists (zg,%) € 9D x (0,T") such that
u(zo, to) = 0. By using Harnack inequality for weak solution (see [15]), we can
construct two small cubes Rt and R~ contained in Q7 such that (zg,ty) € R~
and

supu < C'infu
Rt R~

where C' is a constant independent of u. Thus u is identically null on R™.
According to the uniqueness of continuation property we can conclude that
u = 0 on @Qp. But this contradicts the fact that f = u |x, is non identically
null. a

Lemma 3. For allV € X, if A'(0)V =0 then u(V) = 0.

Proof. Let V in X such that A’(0)V = 0. Then from Proposition 1, we have
8u{;§j\/) Ir,= 0. We define u; := u/(V) |\ 5y (o,r)- By using the fact that u(V) is
supported on 0D x (0,7T), we conclude that u/ is solution of the problem

85;6 —Au.=0 in (Q\D)x (0,T)

u, =0 on X, (10)
oul,

o =0 on T x (0,7)

According to the uniqueness of the continuation for the heat equation, we
deduce that u/, = 0 on (Q2\ D) x (0,T).

Now, set wj := 4/ (V) |px(o,r). we verify that uj is solution of the following
IBVP
o’
(;’ —Au+u,=0 in Dx(0,T)
ui(z,0) =0 on D, (11)
u, =0 on 0D x (0,7T).

10
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It follows from the uniqueness of the solution that u; = 0 in D x (0,7") and
therefore u/(V) = 0 in © x (0,7"). This leads to desired conclusion. O

Proof of Theorem 1. The item (i) was established in Proposition 1. To prove
(i), let V be in Ker A’(0). According to Lemma 1, it follows that u(V) =0
and thus V-n u = 0on 0D x (0,T). But from Lemma 2, we known that u > 0
on 0D x (0,T). This leads to V' € F, namely V' = Oy. 0

As consequence of the theorem, we state the following local stability result:

Corollary 1. Let assumptions (H1) — (H3) hold. Then for all V € X \ F,
there ezists two constants € = (V') and k = k(V') such that:

8usv _ ou

meas (DovAD) < Kl 5= = 2ol st

forall s €] —¢,¢],

where u(sV') is the solution of IBVP (1) associated to Dy .

Proof. The proof of this result follows from the fact that

AV Z Ay a0y (V) > 0 forall Ve X\ F

lim ||
s—0

and the inequality (see for instance [6]):

meas (DsyAD) < ki (V)]s].
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