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This paper presents a three-dimensional computational model for nonlinear microwave heating problems. In order to reduce the
computational costs, a new finite element method adaptive time-stepping scheme is proposed. Numerical results are compared with ex-
perimental measurements on a problem of dielectric heating of water.
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I. INTRODUCTION

NUMERICAL schemes have been employed to solve the
coupled wave and thermal diffusion equations [1], [2]. In

order to increase the accuracy of the results, a coupled FEM
scheme was implemented and validated in [3]. Processing of
materials at microwave frequencies is made difficult by phys-
ical properties witch are strongly dependent on the tempera-
ture. As a consequence, small changes in the temperature of the
samples may cause large changes in the electric field distribu-
tion. Thus, the importance in reducing the computational costs
in these schemes is related with the nonlinear response of the
material properties with temperature.

The frequency domain solution of the electrical field may
be employed in weak coupled problems if the time of thermal
heating sample exposition is considered substantially larger than
the time necessary for the electromagnetic phenomena stabiliza-
tion [4]. The large difference between the two scales of time
allows the power distribution to be calculated according to the
initial dielectric property information. Thus, adapting the time-
stepping by knowing the temperature evolution in time may re-
duce the total time of simulation. An adaptive time-stepping
procedure was employed by [5] to minimize the total time for
reaching the steady-state solution in “batch” thermal problems.
In order to reduce the total time of simulation in the continuous
heating processes, the time step may be adapted to the limits
of electrical field variation. This work presents a finite element
model (FEM) adaptive time-stepping scheme for solving a cou-
pled thermoelectromagnetic heating problem within a three-di-
mensional (3-D) FEM. The dependence of its dielectric proper-
ties on temperature is considered and it is shown that number of
iterations is reduced without significant loss of accuracy.

II. FORMULATION OF THE PROBLEM

A. Electromagnetic Problem

To develop the numerical model, we consider a typical con-
figuration as shown in Fig. 1. It is comprised by a rectangular
waveguide with a lossy dielectric load [1]. The guide is of width
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Fig. 1. Analytical model (dimensions in millimeters).

in direction and height in direction and extends
in the axial direction. The domain of study is limited inside
the waveguide.

The incident mode is the transverse electric

(1)

(2)

where is the strength of the field,
is the wave number of the propagating mode, is the source
frequency, and are, respectively, the speed of light and
the magnetic permeability in the vacuum. The incident average
power is given by

(3)

where is the wave impedance defined as

(4)
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The time harmonic electromagnetic fields in the guide are
described by Maxwell’s equations

(5)

(6)

The material properties are the conductivity and the complex
permittivity defined by

(7)

In microwave heating problems, the magnetic permeability is
well approximated by its free space value. Additionally, the
models consider slow change of the properties relative to the
frequency. In principle, the conductivity response function and
dielectric response function contribute to both and . If one
measures and separately it is not possible to identify the
particular contribution of and without a theoretical model.
However, considering the experimental results of [6], the rela-
tive permittivity and loss factor of several dielectric materials
may be described as a parabolic function of temperature at
microwave frequencies

(8)

(9)

where , , , , , , are constants and is the elec-
trical field.

B. Thermal Problem

The heat diffusion equation is described by

(10)

where is the thermal conductivity, is the sample density,
is the specific heat capacity, and is the time. Using the Poynting
vector for harmonic fields the source in (10) is equal to the
power dissipated per unit volume

(11)

The initial and boundary conditions are

at (12)

on (13)

on (14)

where and represent the portions of the boundary
of the water layer at which its conditions are of essential and
natural type, respectively, is the specified heat flux at the
boundary, is the convective heat transfer coefficient,
is the ambient temperature, and is the direction of the unit
outward normal vector to .

In this work, the radiation effect can be considered negligible,
because of the low temperature profiles.

III. FEM FORMULATION

In order to solve (10), the volume V, bounded by the wave-
guide walls, was meshed with tetrahedral elements. The tem-
perature being a scalar, there is no discontinuity with the inter-
face between various media. Consequently, this domain is dis-
cretized by the nodal finite element method using the following
product solution approximation:

(15)

where and are, respectively, the basis function at the node
at instant and the temperature inside a finite element.
Then, the semidiscretized form of (10) may be expressed by

the following equations in the domain with volume and sur-
face of each element:

(16)

where

(17)

(18)

(19)

Considering the backward time integration scheme, the fully
discretized residual of (10) may be expressed by

(20)

The following algorithm is employed to consider the non-
linear dependence on temperature of (11):

(21)

(22)

(23)

The steps (21)–(23) are repeated until the residual is ap-
proximated to zero. So, is attributed to the corrected tem-
perature .

Finite element time domain solutions have the following time
step size stability requirement

(24)

where is the linear dimension of the element based on mesh
geometry [4].

In order to determine the electrical field and the source term
in (11), the Maxwell’s equations may be applied to the wave-
guide. Flexibility of the FE technique and right physical sense
of the edge elements make this method useful to discretize the
wave (25). The use of the finite element method for both thermal
and electromagnetic model allows using the same mesh. So, the
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Fig. 2. Flowchart of microwave heating analysis.

source term coming from the electromagnetic model is com-
puted on the nodes of the mesh and directly taking into account
in the thermal model

(25)

where defines the incident and outgoing surface of the
waveguide (see Fig. 1) where the ABC are introduced and
is the vector basis function associated with the edges of the ele-
ments [7]. First-order Engquist Majda absorbing boundary con-
ditions (ABC) are introduced at the ends of the waveguide.

IV. ADAPTIVE TIME STEPPING

This work attempts to model the heating profile using time
steps to estimate the material properties and thermal motion as
seen in the flowchart of Fig. 2.

The maximum change in the dielectric property will be the
most significant factor to control the nonlinear process. In [2],
this information was only employed to reduce the number of
calls of the electric field solution. However, analogous criterion
may be also employed to reduce the number of iterations of the
temperature solution loop in weak coupled microwave heating
problems.

The corrected and the predicted temperature in time step
may be used to evaluate the changes in the dielectric properties
into the loop of the temperature. Thus, the optimal next time
step at the end of iteration will be the maximum value
that does not yield significant changes in electric field profiles or
instabilities in solutions. The temperature values are estimated
in the barycenter of each element , and they are used to obtain

the dielectric properties considered homogeneous into the ele-
ment. The new adaptive time-stepping algorithm is summarized
as follows.

1) Estimate the maximum predicted time-stepping
adopted in each time step. The criterion (24) is used in
this work.

2) Obtain the rate of change of the temperature of the
previous time step using the following finite-difference
relation:

(26)

3) Obtain the derivate estimation of temperature for the
current time step using the trapezoid rule

(27)

4) Obtain the predicted the predicted temperature
values in each element using the Adams–Bashfort
predictor

(28)
5) Calculate the corrected and the predicted values of

the dielectric properties of the material for the next time
step

(29)

(30)

6) The maximum predicted time-stepping is decremented
and the steps 2 to 5 are repeated until the limit where
the following criteria based on the electrical properties
variation is fulfilled

(31)

In (31), is the total number of elements inside the water
layer and is the limit based on the maximum change
permitted. The same criterion is adopted for the imagi-
nary part.

V. RESULTS

The heating of a water layer was investigated numerically.
The electromagnetic and thermal properties used in the compu-
tations are shown in Tables I and II.

The incident power is applied to the guide
which yields equal 9570 Vm (3). Fig. 3 shows the pene-
tration of the electric field in water. The results of temperature
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TABLE I
DIELECTRIC CONSTANTS

TABLE II
THERMAL PROPERTIES

Fig. 3. Penetration depth of electric field in waveguide in YOZ plane,
mm.

profiles are compared with the previous results [1] as follow in
Fig. 4.

A PC 2.4 GHz was used to obtain the numerical results. The
domain was meshed with 188 832 elements and the total time of
processing was about 1380 min (23 h) without the time-stepping
adaptive algorithm. Table III shows the results of the simulation
by varying the proprieties in sample and the error considered.
The values of are sufficiently small in order to maintain the
relative error in the solution.

The number of iterations is significantly reduced in the adap-
tive time step loop when increases. In all cases the total pro-
cessing time is reduced compared to the fixed time step.

VI. CONCLUSION

A coupled magnetothermal model was presented. Because of
the differences in thermal and electromagnetic time-constants,
non linearities introduced by the changes of temperature and the
properties of the variables to the interfaces between mediums
the thermal model is discretized by nodal FE in time domain

Fig. 4. Comparison between temperature profiles in water after 30 s in YOZ
plane, mm. The adaptive time-stepping algorithm was included in
FEM solution for , , and .

TABLE III
NUMERICAL RESULTS—WATER SAMPLE

and the electromagnetic model is discretized by edge FE in fre-
quency domain. The computing time was considerably reduced
by using an algorithm of adaptive time-stepping that does not
generate a loss of precision of the result. So, this type of model
can be used for the design of complex industrial systems.
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