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LNMGJPOQFIRTSYJPUT|~}�FIMGRYJ*��>�JPMZ\!C�RT|

_`|Ia,C�RYUTFIHbFIMcU=EGF W C�UYXZ|IH[C�UYJ]���ZF
d.h5k��ckDjD��� C�MZEG>�FI�GO�RTF~^]F�S g C�MZ\IVQm d RrC�MZ\�F

FIH[C�JP^poqODC�^P^]>�J]S�s=J]F�\IM3u � h M,C�MZ\IVQu ��R
��(Z�����:�N���.�*�

�[�����!���G�D�
e M�UYXGJ]S1a,C�a?FIR��:F�\�>�MZSYJ]EGFIR�vZRTSYU1RrC�MG�QF�UYJPHbF�S~ ��$JPUYX¡RrC�MZEG>�HKJ]SrF�E¡RrC�MG�QF^]FIOQFI^£¢?>��,C�^PJPMZF!C�R.E¤J¦¥?�ZSYJ]>�M§>�M

R.
e MZSTaGJPRTF�E~<cV`UYXZF�>�<ZSTFIRYODC�UYJ]>�M�UYX,C�U.UYXZF�F©¨ hal>�MZFIM�UYJnC�^P^PV§RrC�MZEG>�HKJ]STF�E�RrC�MG�QF�UYJPHbF�X,C�S�UYXZF�S�C�HbF1^nC!�ªC�SqC=SYJPHKJP^nC�RY^PV§RrC�M hEG>�HKJ]STF�E�vZRTSTU�F©¨¤JPU.UYJPHbF1�«RT>�H¬C�MAJPMcUTFIRYODC�^pmD�:F�SYUY�ZE¤V)C�^nC�RY�QF:�­C�HKJP^PV§>��ZMZ>�M hMZFI�cC�UYJPOQF ixh E¤JPHbFIMZSTJ]>�M,C�^�RrC�MZEG>�H�ODC�RYJnC�<G^]F�S

(X,X ′)
�$JPUYXzUYXGJ]S)aGRT>�a?FIRYU8VQu

® XZFAEGF©vZMGJPMG���«F!C�UY�GRTFK>���UYXZF§�pC�HKJP^PV&J]S
F c(x, y) = F c(x + y, 0), ∀x ≥

0, y ≥ 0,
�$XZFIRTF

F c(x, y) := P(X > x, X ′ > y).¯ F:C�^]ST>=F©¨�aG^nC�JPMAUYXZF W C�RYBQ>!O�JnC�MASTUYRY�Z\IUY�GRTF:>��GUYXZF1°�RT>%�$MGJnC�MA^]>�\!C�^cUYJPHbFaGRT>�\�F�STSf�$XZFIM¡SYUT>�aGalF�EKC�U1C�MbF©¨¤al>�MZFIM�UYJnC�^P^PV�RrC�MZEG>�HKJ]STF�E�vZRTSYUqRrC�MG�QF$UYJPHbFDu
e U�J]S~STF�FIM±UYX,C�U�ST���,C�RTF�E²°�F�STSrFI^�aGRT>�\�F�STSTF�S`�$JPUYX³E¤RYJ¦�«U�C�RTF�STFIRYO�JPMG�´XZFIRTFI<�VC�SNC W C�RYBQ>%O�JnC�MµFI^]FIHbFIMcU!u

¶´·Q¸�¹Aº ��».�D¼ °�F�STSTFI^=<GRYJ]E¤�QF�S!mN°�F�STSrFI^N�«�GMZ\IUYJ]>�MZS!m�°�RT>!�$MGJnC�M½Hb>�UYJ]>�M3m
h−
UYRrC�MZS¾�­>�RYHbS!m¤JPM¤vZH§�GH�ml¿=C!V h8À MGJP�DX�U�UYXZF�>�RTFIH�m,ST�GaGRTFIH§�GH�u
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����������� ��!#"%$��'&)(*�+(��-,.��&/"0�1�'��2-,%�3�+&%��4���5��-,%&6"0����5�����71��!#"%$��8���9"0�:,6(�;<�3=?>@�-"BA��:�-�
"%$��DC�,%&6"E,%����7F�G"0�����G���H5I"%$��DC�,%&6"J��KL�M"E"%�'�1�N!O,%�F� ���P���9"0�:,RQ+��;�!O�F,E�S;��'���:��,
5��MTU4H&%�'���1A)�M"0$V&R"W�+"%�X&6(*��2:�

R.
�Y4H,������'�1,%�-&%4�;M"Z����"%$��'&[5��',6�:2�"0�'������&Z\],%��(��F&6��"%�'�F�

^H_`^ A)$��'2W$87F�:�H�:,0�+;'�'a-�:&�b/$�c-�F,%d-���fe.�'�Yg[��;�;'�F��&ih ^9jlkm_ bn�o�pKL(�;<�����Y"0$��f,%�-&%4�;M"n&%$��F,R"0;M=Fq
2-�F��&%��5��:,.�srZ,6�tA)�H�<���
�1��"0���F� {Wt : t ≥ 0}, W0 = 0,

����5
5���C*���

St := sup
0≤s≤t

Ws and It := − inf
0≤s≤t

Ws.

u �9"0,6�L5H4�2:�v��;�&%���w,%����5����xQ+��,6�<��>�;��
U
A)$��'2W$
��&Z4����M!O�F,%�1;�=s5H�'&6"%,%��>�4H"0�-5?�F�

(0, a),
a > 0,

���H5D����5��-(��-��5��:�9"8��!["0$��1rZ,6�tA)�H�<���G�1��"0���F� _ b/$H�:�D��"v�'&X(�,%�yQF�-5z���{h ^9jlk
| &%�:�o��;�&%�Yg[��;';��F�'&Zh ^�^+k !O�F,]!O4�,6"%$��:,f5���QF�-;'�F(��1�:�9"%&W}i"0$��orZ,%�yA)���'���1����"%�'�F��&R"0�F(H(��-5
A)$��-�

St +It
��KL2:�-�:5�&

U
!O�F,	"0$��ZC�,%&6"]"%�'�1�Z��&i�'5��-�9"0�'2:��;H����;<�3A~A)��"%$w"0$��)rZ,6�yA)���<���

�1��"0���F��&R"0�F(�(@�:5EA)$��:�E��")�pKL��"0&/"%$��v�'�9"0�-,6Q+��;
(U, U − a).b/$H�1,6�:&64�;�"Y���G\],%�F(@�F&%�M"0���F� ^H_`^ >@�:;'�yA�&6"0�+"0�-&Y"0$*�+"X"0$��-,%����KL��&6"0&v��;'��,%7��w2:;'��&%&

��!n,%����5��F�xQ+��,%�'��>�;'�-&
(X,X ′)

A)$��'2W$
23�+�J>@�Y4�&%�-5J����&6"%�3��5
��!
(U, a− U)

&%��"0$*�l"
"%$����'5��-�9"0��"B=��'�G;<�3A�,%�-�V������&XQ+��;��'5 _ u ��(���,6"%�'2:4H;<��,-q�A������3=�"W�+���

X
����5

X ′
"0�

>@���'��5H�:(@�:��5��-�9"w���H5���5��:�9"0��23��;�;�=E��KL(@�F���-��"%�<��;�;�=J5��'&R"0,6�'>�4H"%�:5G,0�+��5��F��Q+��,6�<��>H;'�:& _
u ")��&)��;'&6�1&6�:�-�J"0$��+"/"0$��v,6�:&%4H;�".�'&�Q+��;��'5V!O�F,)�+;';�5��MTU4H&%�'����&/�F�

R.b/$H��&6"0��,6"%�'��78(��F���9"���!���4�,Z&R"04�5H=1AZ��&�����":qH$��yA��-Q��:,:q�"%$��X5H�:&%��,%�X"%��7F�-���:,%��;'��a:�
"%$��],%�-&%4�;M"��'�sh ^9jtk >H4H"�"0$��f�F>H&%�:,RQ+�+"0���F��"0$*�l"�"0$��i"BA��)&%�:�-������7F;M=X5��MTU�-,%�-��"�!O��,%�w4�;'���
���Pr��F,%��5��'���+��5��L��;'�1�'���-��h�� k ��,%�+qX�'��!���2�"3q���5��:�9"%�'23�+; _ u ��5H�:�:5Uq�"0$��D����(�;'��2:�
"%,0����&R!O�F,%�1&������o� _ g u _nÁ e
( _&Á¤Átj �+��5D�o� _ g u _�j�^ ( _&Á¤Áy� ���~h�� k | !O�F,o"0$���;'�+"%"%�:,
!O�F,6�w4�;'�Hq�&%�:�8�Z�F,6�F;';'��,6=se _ �8>@�:;��yAo}Z��,%�o"0$��Y&%�����oA)$��:�
�'��"0$���C*,6&6"/������AZ��"0�����
β = α.

b/$H�'&v23���G>@�s(�,%�yQF�-5z5���,%�-2-"0;M=Fq�>�4L"v��"Y��&v��;'&6�E&6�:�-�D"%�J>@�s���G�'�1���-5��<�l"0�
2-�F��&%�-��4��:��2-����!	�F4�,)�����'�?��5��:�9"%��"B=����
;<�3Avq�&%�-�8�L�:2�"0�'���Je _
b/$H��!O�F,6�w4�;<�+�i���-�9"0�'�����:58��>@�tQ���2-�F��2-�:,%��"0$����6�F����"�5H�'&6"%,%��>�4H"0���F�v��!�;��L2:��;�"%�'�1�:&

�F�V5���T��:,6�:�9"/;'��QF�-;'&Z�+!nrZ,%�yA)���'���?���+"0�'����&R"0�F(�(@�:5
�l"Z"0$H�XC*,%&R"/��KL�M"Z"0�����)!O,%�������
����"%�:,RQ��+;�����5
&R"0�F(�(@�:5J�+"�"%$��YC*,%&R"),0���H7F��"0�����+qL,6�:&%(@�:2�"0�MQF�:;M= _ b/$��Y,%�-&%4�;M"0&)�'�
�.� _
g u _£Á eG�+��5~�o� _ g u _�j�^ �+,%��5�4H��"0��rZ��,%��5��'��q#&%�:�Gh ^+k ����5Ih�e k q]A)$��-,%�+q[$H�tA��-Q��:,-q
"%$���,%�-&%4�;M"0&��+,%��(�,6�:&6�:�9"0�-5{����������"%$��:,8!O�F,%� _ b/$��-&%�?!O�F,6�w4�;<�+�V��,6��5��-,%��Q��:5�Q��<�
"%$��?�.�y=F�L Y����7F$9"w"0$H�:�F,6�:�1&w(�,%�-&%�-��"%�:5�q�� _ 7 _ q]�'�~�o� _ g _�� �+��5~�o� _ g _�¡ ����h�� k q
,6�:&%(@�:2�"0�MQF�:;M= _?¢ ��,6�-!O�:,���;'&6�E"%�Jg[��;�;'�F��&�h ^lÁ-k !O�F,Y!O4�,6"%$��:,�7F�-���:,%��;'��a3�+"%�'�F��&v��!�"0$��
�.�3=9�� v�H�'7F$9"/"0$H�:�F,6�:�1& _
b	�����'�H7N����(�;'��2:��"0,%����&R!O�F,%�1&v���:����&Y"0$*�l"8A��V,%����5��F�1�'&6��q�4�&6�'��7E��KL(@�F���:�9"%�<��;

Q+��,6�<��>�;��:&-q9�F�1"%$��.�F���)$*����5Uq�"%$��);'�:�H7�"0$1��!U"%$��.�'�9"0�-,6Q+��;£����5Uq����1"%$��o�+"0$��-,[$�����5�q
"%$���,%����7F�sA)�'5L"0$ _ b/$���&%����(�;��1����5z�H�'2:�1&6"%,%4�2�"04�,6�V��!¤q	�:&6(��-2:�<�+;';�=�q�"0$��1!O�F,%�w4H;<�
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�����.� _ g u _�j+^ ����5G"0$H��&64�,%(�,6�'&6�'��7E23���H2:�:;�;<�+"%�'�F�H&�A)$��:��5��:,6��Q��'��7E��"v����5��s4�&v"0�
&6�:�:�S�G7F�:�H�:,0�+;'�'&%�+"0���F����!o"0$��
!O�F,6�w4�;<�N>9=~;���! "0����7N�M"�"0�G"0$��E;'��QF�:;)��!X(�,%��2:�-&%&6�:& _
� &���,6�:&%4H;�"3q[��"w�'&�&%�-�:�S"0$*�+"�"%$��
;'��23��;["0�������+!Xr�,%�yA)���<�+�{�1��"0���F��&R"0�F(�(@�:5{�+"
,%����5��F�1�'&6�:5J,0����7���"0�����8����5N2-�F��&6�'5��-,%�:5D��&X�V(�,6�L2-�:&%&Y���N&%(���2:�w(���,0���1�-"%�:,o�'&��
� �+,%���yQs(�,6�L2-�:&6&Z��KL(�,6�:&6&%�:5?����"0�:,6��&f��!U&%��4*��,6�:5?r��:&%&6�:;@(�,%��2:�-&%&6�:&Z�+!�5������-��&%���F��&
j ����5�e?A)��"0$D5�,6��! " _ r[=�"0$��s�����'����5��:�9"0�M"B=��'�G;'�yAvqn\],%��(��F&6��"%�'�F� ^H_`^ q�"0$H��;��L2:��;
"%�'�1�8(�,6�L2-�:&6&���![rZ,6�tA)�H�<���N�1��"%�'�F�J&6"0��(�(��-5G�+"�,%����5�������&%�:5EC*,%&R"Y��KL�M"X"0������$*��&
"%$���&0�+����5H�:&%2-,%��(H"0���F� _	¢ �/,%�-�V�+,%�v"0$*�+"#"0$��/r�,%�yA)���<�+������"%�'�F��&6"0��(�(��-5s�+"i"%$��:&6�
,%����5��F�x"0�����-&/�'&/����" � ��,%�+�tQ��'��� _
�.����7��
����5�"0$��?C*,6&6"1,0�+��7F��"0�����V��!o�G&R"0��2W$*��&R"0�'2?(H,%��2:�:&6&V�+,%��A��:;';Z&6"04H5��'�-5

�F>��6�:2-"%& _�� ��,)CLKH�-5J"%�'�1�v����5J��&6=��1(H"0��"%�'2:��;�,%�-&%4�;M"0&.�'�
5���&%2:,6�-"%��"%�'�1�Y2:�F��2-�:,6���'��7
"%$��V,%����7F�+q#&%�-��qi!O�F,��'�H&6"W�+��2:�+q��oQ��F,%��"0&%�9=~�+��5��],%5
	F&?h�� k q � �:;';��:,1h Á�
lk q��F����������5
��,%��=�h Áy�lk q��F���'�~�+��5~\],%4��M"%"
h Á � k q��Z$��F&6�'5S����5 u &%�F��2Gh ¡lk q.h �+k q��v;M=L�H��h Átjtk q[����5
g[��;�;'�F��&Zh ^ e k _ b/$H�/5��'&R"0,%��>�4H"%�'�F�w�+!@"%$��/,0�+��7F����!�rZ,6�yA)���<�����1��"%�'�F��AZ��&]2-�F��(H4H"0�-5
>9= � �:;�;'�:,)h Á�
+k q�&%�-����;�&%� u ��$H��!]h Á��lk q��:&%(@�:2-�<��;�;�=�qF!O�F,]"0$��o����(�;<�+2:�/"0,%����&6!O��,%� ��!�"0$��
C*,6&6"�,0�+��7F��"0����� _ �X"0$��-,vA��F,6��&��'�G2-�F�9"0�'��4���4�&Y"0�'�1����,6��q�� _ 7 _ q��.&%4�����5 � ��,62W$
h Á � k q u �1$���!�h Áy¡lk q£\]�M"0�����?����5��[�F,vh j�^lk q£����5J�Z$��-��7�q��Z�yA��+�����H5��.�F;'&R"�h �lk _�� �F,
&6�F���1��(H(�;'��23�+"%�'�F��&-q�&%�:�1bn,%�F4H"%�V�+� h j � k q��.�L�F7�$��'�-��&R"0,0��h Á e k qi�+��5�b	��(����:,6�N����5
g[��;�;'�F��&�h j��lkm_
b/$H��(*��(@�:,��'&[�F,%79�+���'&6�:5�&6��"0$*�l"Z����"0$H������K�"Z&%�:2�"0���F�VA���(�,%�-&%�-��".�+��5?���*�+;�=�&%�

"%$��X2-;<��&6&���! j�� 5������-��&%���F�*��;H,0����5H�F� Q+��,%�'��>�;'�-&]A)$��'2W$?�+,%�.4�&%�-5�"0��,%����5�������&%�/"0$��
;��:��7�"%$���!."0$��
�'�9"%�:,6Q+��;���&%&6�L2-�<�+"%�:5�A)��"%$~"%$���C*,6&6"1��KL��"�"%�'�1� _ u � �L�-2-"%�'�F� ^ AZ�
5���&%2-4�&%&�"0$����V��������5��:�9"%��"B=G�'��;<�3A _ u �~�L�-2-"0���F�zeEAZ�V(�,%�-&%�:�9"���4�,��.�3=F�L Y���'7F$9"
"%$��:�F,6�:��!O��,8r�,%�yA)���<�+�D�1��"%�'�F��&R"0�F(�(@�:5z�+"v,0�+��5��F�1�'&6�:5D,0����7��w"0�'�1� _�� 4�,R"0$��-,:q
4�&6�'��7s"0$H�'&)"0$��-�F,%�-� AZ�87F��Q����1���-A (H,%����!i��!#"0$���,%�-&%4�;M"X�����.� _ g u _�j�^ ( _�Á¤Áy� �'�
h`� k qHA)$��'2W$E��KL(�;'���'�H&�AZ�-;';�"0$H��&R"0,64�2-"%4�,%����!n"0$��v,%�-&%4�;M" _

� � ��! ��"$#&%'% K �&({��#��


�&) *+#Y�#�$#-,."/!0%

u �
"0$���&)&%�:2�"0���F�EA��8���*��;M=L&6����2-;<��&6&o��! j�� 5��'�1�:��&6�'�F����;U,%����5��F� Q��+,%�<�+>�;'�-&/4�&%�-5��'�
"%$������pKL"[&6�:2-"%�'�F�w"%�Y,0���H5��F�1�'&%�["0$���C�,%&6"i,0����7��Z"0�����Z����5�"0$���C*,%&R"f��KL��"i"%�'�1��!O,6�F�
�����'�9"0�-,6Q+��;]!O�F,8�J5��MTU4H&%�'��� _ b/$��V>*�+&%�'21(�,6�F(��-,6"B=GA��?��,%���+! "%�:,����D"%$��'&�,%�-&%(@�:2�"
��&�"0$*�l"w"0$��-&%�?,%����5��F� "0�����-&w&%$H�F4�;'5�>@����5��:�9"0��23��;��'��;'�3A _ �)�F4�7�$�;�=�&%(@�3��������7�q
"%$��'&.2:;'��&%&.2:�F�H&%�'&R"0&��+!i�1�MK�"04�,6�:&o��!]4����M!O�F,%�1;�=V5��'&R"0,6�'>�4H"%�:5EQ��+,%�<�+>�;'�-& _ ��4�,o��KH��2-"
5���C*���M"0�'���?�'&)��&/!O�F;�;'�yA)&

1�243�57698�6;:<5>=@?;A K ��&D"%$�� &6�-"���! j�� 5������-��&%���F�*��;�(��F&6��"%��QF�~,%����5��F� Q+��,6�<��>�;��:&
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(X,X ′)
&%4�2W$E"0$*�l"

(X,X ′)
(d)
= (UV, (1 − U)V ),

A)$��-,%�w"%$���,0���H5��F� Q��+,%�<�+>�;'�
U
�'&X4�����!O��,%�1;�=
5���&6"0,6�'>�4L"0�:5����

[0, 1]
�+��5

V
�'&Y�+�

��,6>���"%,0��,R=V(@�F&6��"0�MQF�Y,%����5��F� Q��+,%�<�+>�;'�o�'��5��-(��-��5��-��"o��!
U.

� 2�������� = ? = �9}Zb/$��v2:;'��&%& K 2:���J��;'&6��>��v2:����&6"%,%4�2�"0�:5J>9=�"W��������7

(X,X ′)
(d)
= (Ũ , Ṽ − Ũ),

A)$��-,%�
Ũ
�'&14�����!O��,%�1;�=�5��'&R"0,%��>�4H"%�:5S�F�

[0, Ṽ ]
�+��5

Ṽ
�'&���� �+,%>��M"0,0�+,6=�(@�F&6��"0�MQF�

,%����5��F�xQ+��,%�'��>�;'� _
>£}]�.��"0��2:�/"0$*�l"Z�M!

(X,X ′) ∈ K "0$H�:� X+X ′
����5

X/(X+X ′)
��,%�)����5��:(@�:�H5��:�9" _

� ��,%�:�yQ��:,:q

X +X ′ (d)
= V, and

X

X +X ′

(d)
= U.

1�243�57698�6;:<5>=@?
	 M �'&�"%$��v&%�-".��!	�1�3��&64�,%�-& ν �F� R+

&%4�2W$E"0$*�l"
∫ ∞

0

v ν(dv) = 1.

r��:;'�yA�A��14H&%�w"0$H�w����"0�+"0���F�
FX

!O�F,X"0$H�w5��'&R"0,6�'>�4H"%�'�F�E!O4���2�"0�'������!���,0����5H�F�
Q+��,6�<��>�;��

X.
u !�"0$H��5��:,6��Q+�+"%��QF�

F ′
X

��KL�'&R"0&)��;����F&R"Z��QF�-,6=�A)$��:,6��A���&%�y=�"0$*�l"
X
$*��&

��5��-��&%�M"B=Fq£����5
"0$H��5H�:��&6��"B=
�'&�"%$��:�
"W�+���:�
"0�s>@�v�:��4*��;�"0�
F ′

X .u �Y"%$��f����K�"�(�,6�F(���&%��"%�'�F�oAZ�f7F�MQF�]�/2W$*��,%��2-"%�:,6�'a3�l"0�'������!�"0$��]2-;<��&6& K !O,%���IA)$���2W$�����9= 5H�'&6"%,%��>�4H"0���F�*��;.(�,6�F(��-,6"%�'�:&V23����>@��5��:,6��QF�-5 _ � ����"0$H�:,?2W$*��,%��2-"%�:,6�'a3�l"0�'����q
A)$���2W$J��&/4�&%�-5����E�L�:2�"0�'��� ^ qH�'&/(�,6�:&%�-�9"0�:5��'�E\],%�F(@�F&%�M"0���F� jL_ �H_

����:�
 :�� 698�6 :<5>= ?����������������������� �!�"$#��&%' (��)���*+#, �%�"- �.(/0�
(X,X ′)

"213"
� K "245 (��)
����/�67"
4

P(X ∈ da, X ′ ∈ db) = da π(a, db) = db π(b, da), a > 0, b > 0,
| Á }

8 ���9%:� π(a, ·) "
1;4$��%<��#=�'%>6 a > 0
 @?A�=1�"B!0"B#=�C (��)ED���"$!F��*G�: (1IHJ%:�@���

R+

%:�F?�%:�K�
1K�'��!B �.�/0�L4$��%M (/
/

a ≥ 0
"
�N!F�'%O*P1&��4Q R*7�K (1SH(%:�

ν ∈ M #="T 

π(a, B) = ν(a +B), a+B := {a+ b : b ∈ B},
8 ���9%:� B "21U 7VM��%K�'/W1K��!X"2�

R+,
"2����!0���'% 8 ��%:)Y1:Z π(a, db)

"
1;4$��%C��#=�'%F6
a ∈ R+!0���G"
*[ ��\�G��4

ν(dv), v ≥ a,
H(��)��'%]!����[*[ ,?�?^"2�\�

x 7→ x − a. _ ��%K�I�J#��9%:ZL"24

e
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(X,X ′) ∈ K !����9�
X

 (��)
X ′  (%K� " )��'��!�" �  (/ "
�P/T 8 Z !0���L)��'��1O"B! 6 ��4 X ���\"21I!�1KZ� (��)

"
1 �Y"B#=�'��.,6
F ′

X(x) = ν([x,∞)) =

∫

[x,∞)

v−1FV (dv),
| j }

8 ���9%:� FV (dv) = v ν(dv)
)���!>�'%O*P"
���'15!���� ) "
1S!0%�">.\H�!�" ���<��4

V = X+X ′  (1O1:� � "- \!F�I)
8 "$!�� (X,X ′).

�����	��
 � &6&%4��1�
(X,X ′) ∈ K, ����5
;'��" FV

5��:���+"0�Y"0$��Y5H�'&6"%,%��>�4H"0���F�V�+!
V.
b/$��-�

E(ϕ(X,X ′)) = E(ϕ(UV, (1 − U)V ))

=

∫

R2
+

ϕ(uv, (1− u)v)1{u≤1} duFV (dv).

u �9"0,6�L5H4�2:����7s���-A �'�9"0�-7F,0�+"%�'�F��Q+��,6�<��>H;'�:&
a = uv

����5
b = (1 − u)v

7F��Q��:&

E(ϕ(X,X ′)) =

∫

R2
+

ϕ(a, b) da π(a, db),

A)$��-,%�
π(a, db) := (a+ b)−1FV (a+ db).

b/$���&/,%�-;<�+"%�'�F�?5���C*���-&."%$��v���:��&%4�,6�

ν(dv) = v−1FV (dv),
| ^ }

���H5�q	2-�F�9QF�-,%&%�-;�=�q
FV (dv) = v ν(dv).

u "���&Y2:;'�:��,Y"0$*�l"
ν ∈ M >@�:2:��4�&%�

FV

��&8�
5���&6"%,%�'>H4H"0���F�V!O4���2�"0���F� _
����"

(X,X ′)
� j�� 5������-��&%���F�*��;],%����5���� Q+��,6�<��>�;���&%�+"0��&6! =��'�H7 | Á } _ u "���&��3�+&%�';M=

&6�:�:��"%$*�+"8"0$���;'�3A ��!/"0$�� j�� 5H�'�1�:��&6�'�F�*�+;],0����5H�F� Q+��,6�<��>H;'�
( X

X+X′ , X + X ′)
�'&

1{u≤1} v du ν(dv)
����5 "%$��:�Uq.(H4H"%"%�'��7 X

X+X′ = U
�+��5

X + X ′ = V
q/A���&%�-�

"%$*�+"�"%$��N,0�+��5��F� Q+��,%�'��>�;'�-&
U
����5

V
��,6�N�'��5H�:(@�:��5��-�9"E����5

U
�'&�4��H��!O�F,6��;M=

5���&6"%,%�'>H4H"0�-5E���
[0, 1]
_ � &.�s,6�:&64�;�":q

(X,X ′) ∈ K _b/$H��2:;<�+�'� | j }.2:�F��2-�:,6���'��7�"%$���5��-��&%�M"B=N��!
X
!O�F;�;'�yA)&X�����1�:5��'�+"0�-;�=�!O,6�F� | Á }

���H5
"%$��v�'5��-�9"0��C�23�+"%�'�F�?��!n"0$H���1�3�+&%4�,6�
ν
7F�MQF�-�J��� | ^ } _

�

u ".��&.(H,0��2�"0�'2:��;U"%��&6(��-2:��! =V"0$��v2:����"%�:�9"0&o��!#\f,6�F(@�F&%�M"0�'��� jL_ es"0��"%$��82:��&%�YA)$��-�
(X,X ′)

$*��&.�s5��:��&6��"B= _
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� : ��:���� ����� =@?��	�Q�=!
(X,X ′)

.��3 �
J�>) "2*G�'��1O"0���  (/�%9 (��)��=* #: (%�"T �.(/0���

 ����HS?�?W��1:�R!����9%:�U���\"
1S!�1L R*G�: (1IHJ%' �.�/0�M4FHJ� � !�" ��� (a, b) 7→ π(a, b)

1SH � � !��  �!

P(X ∈ da,X ′ ∈ db) = π(a, b) da db, a > 0, b > 0.

�����9�
(X,X ′) ∈ K "
4Q ���)E�=��/�6G"24 !����9%:�U���\"21I!�1L R4FHJ� � !�"0�=� ρ 1' \!�"21O4
6�"2���

∫ ∞

0

v ρ(v) dv = 1

1IH � � !0�  �!W4$��%M (/
*7�=1S!5�=#��'%>6 8 ���'%K�;"2�
R

2
+

π(a, b) = ρ(a+ b).


����^HS?�?A��1K�
(X,X ′) ∈ K � �����'�

(X,X ′)
�  (1[ )��9��1�"$! 6 "
4U (��) �=��/�6 "
4@!����

� ��%�%K�'1B?W����)Y"2���E#: (%�"T �.(/ � V �  (1L P)��'��1O"B! 6����>� !���"21 �  �1:�IZQ!0���L/- �!O!F�'% "21 �Y"$#��'��.:6

F ′
V (v) = vρ(v), v > 0. �

b/$H�Y����K�"),%�-&%4�;M"/7F�MQF�:&��w2:;'�:���
����5�Q��:,R=?4�&%��!O4�;�2W$*�+,0��2�"0�:,6�'a:�+"0���F����!�"%$��Y2:;'��&%&
K ����"0�-,%�1&.�+!	"%$��v5��'&R"0,%��>�4H"%�'�F�V!O4H��2-"%�'�F�
��! (X,X ′).

����:�
 :�� 698�6 :<5>= ?�� ���-"
(X,X ′)

>��.� j�� 5H�'�1�:��&6�'�F�*�+;��H�F� � �H�:79�+"%��Q��/,0����5H�F��Q+��,6� �
��>H;'� _ b/$H�:�

(X,X ′) ∈ K ⇔ F c(x, y) = F c(x+ y, 0),
A)$��-,%�v!O�F,

x > 0, y > 0

F c(x, y) := P(X > x, X ′ > y).

�����	��
 � &6&%4��1�Y"0$*�+"
(X,X ′) ∈ K. � ,%�F� | Á }�A��8��>H"W������!O�F, x, y > 0

P(X > x, X ′ > y) =

∫ ∞

x

da

∫

(y,∞)

π(a, db)

=

∫ ∞

x

da

∫

(a+y,∞)

ν(du)

=

∫

(x+y,∞)

ν(du)

∫ u−y

x

da

=

∫

(x+y,∞)

u ν(du) − (x + y)ν((x+ y,∞))
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(�,6�yQL����7J"%$*�+"
(x, y) 7→ F c(x, y)

�'&8�J!O4���2�"0�'���z��!�"%$��V&6�F;'�sQ+��,%�'��>�;��
x + y

�+��5
"%$��:�

F c(x, y) = F c(x + y, 0).bn�1(�,%�yQF�v"0$H����(�(���&%��"%�Y�'�1(�;'��23�+"%�'�F�Uq92:�F��&6�'5��-,/!O�F,
∆x > 0

0 ≤ P(x < X < x + ∆x, x < X ′ < x+ ∆x)

= F c(x, x) − F c(x+ ∆x, x) − F c(x, x + ∆x) + F c(x+ ∆x, x + ∆x)

= F c(2x, 0) − 2F c(2x+ ∆x, 0) + F c(2x+ 2∆x, 0).

�Z�F�H&%�:��4��-�9"0;�=�q

1

2

(

F c(2x, 0) + F c(2x + 2∆x, 0)
)

≥ F c(2x + ∆x, 0).
| e9}

u "[!O�F;';��yA)&[!O,6�F� | e�}i"0$��+"
x 7→ F c(x, 0)

��&�2-�F�9QF�pK _ b/$��-,%�-!O��,%��qL��"%&�&6�:2:����5?5��:,6��Q+� �
"%��QF����KL�'&R"0&���&Y�?�1�3��&64�,%� _ ���-"6"0����7

νF

5��-����"%�s"%$��'&X���:��&%4�,6�wAZ��$��yQ���!O,%�F� "0$��
5���C*���M"0�'���?��!

F c

P(X ∈ da, X ′ ∈ db) = da νF (a+ db), a > 0, b > 0

���H5�q*$��:�H2:��q£>9=
\],%��(��F&6��"%�'�F� jL_ e�q
(X,X ′) ∈ K. �

�Z��,%�F;�;<��,R= jL_ ���'�1(�;'���:&i"0$��+" K 2:�F�9"0���'��&["0$��X&%�-"���!���� K�"04�,6�:&Z�+!���KL(������:�9"0�'��;';M=5���&6"%,%�'>H4H"0�-5{Q+��,%�'��>�;��:& | >�4H"��'&�>��'7�7F�:,1>��-23��4H&%�N4��H��!O�F,6��;M=�5���&6"0,6�'>�4L"0�:5 ,0����5H�F�
Q+��,6�<��>�;��:&/�+,%�v����")�1�MK�"04H,%�:&/�+!#�pKH(@�F���-�9"0�<�+;';�=V5��'&R"0,6�'>�4H"%�:5?Q+��,%�'��>�;��:&W} _
����:�
 :�� 698�6 :<5>= ?����Q��!

ξ
 (��)

ξ′
.�� "2��)��>?A�9��)��9��!W (��)[� � ?W�����9��!�"- �/2/�6P" )��'��!0" �  �/2/�6

� 8 "B!�� *G�: (� 
�� ) "21I!�%�"B.�H�!>�I) %' (��)���* #: (%O"- �.(/ �'1 ��� HJ%S!0���'%KZ / ��!
Z

.��  7?W��1O"B!�"$#��
%9 (��)���* #: (%O"- �.�/0� "2��)��F?W�'��)��9��!5��4

ξ
 (��)

ξ′,
 (��) )��'D����

X = Z ξ
 (��)

X ′ = Z ξ′.�����9�
(X,X ′) ∈ K.

�����	��
 ���-"%"%�'��7
ϕ
>@�v�1>@�F4���5H�:5J����5
(���&%��"%��Q��vrZ�F,%�-;�!O4���2�"0�'���E2-�F��&6�'5��-,

E(ϕ(X,X ′)) = E(ϕ(Z ξ, Z ξ′))

=

∫

R3
+

ϕ(zu, zv) e−(u+v) du dv FZ(dz)

=

∫

R3
+

ϕ(a, b) z−2 e−(a+b)/z da db FZ(dz)

=

∫

R2
+

ϕ(a, b) ρ(a+ b) da db,

¡

ha
l-0

01
41

26
8,

 v
er

si
on

 1
 - 

13
 A

pr
 2

00
7



A)$��-,%�
ρ(s) := E

(

Z−2 exp(−s/Z)
)

, s > 0.
�Z�F�H&%�:��4��-�9"0;�=�qH4�&6�'��7��Z�F,6�F;';'��,6= jL_ ��q9��"[�'&]&6�:�:��"0$*�+"

(X,X ′) ∈ K qH��&f2-;<�������-5 _ �
��� � ��
 �;2 = ?�� u !

X
����5

X ′
��,%�E"BAZ������5��-(��-��5��:�9"
�+��5 ��KL(@�F���-��"%�<��;�;�= | A)��"0$

��5��:�9"0��23��;H���:����&:q
1/α
&0�3=H}f5H�'&6"%,%��>�4H"0�-5s,0����5H�F� Q+��,%�'��>�;��:&:qF"%$��:�

(X,X ′) ∈ K >9=\],%��(��F&6��"%�'�F� jL_�¡ | "W���+�
Z = 1/α

} _ u �z"0$���&v23��&6��q#"%$��1Q+��,6�<��>H;'�
V
��� �o�-C*���M"0���F�

jL_nÁ �'&
Γ(2, α)

� 5���&6"%,%�'>H4H"0�-5�qH� _ � _ q

FV (dv) = α2 v e−α v dv.

� �s�����	�
�:��
 # 
?�
�D�.%����8� #Y�x��#��


�&) �$%'!)

� ��%��x��#���
&! ��� ) !

u ��"0$���&n&6�:2�"0�'���8�M"	��&�&%�:�-��"0$��+"�"0$��[>*��&6�'2f,%�-&%4�;M"	����g[�+;';'���'&]h ^9jtk b/$�c-�F,%d-���[e.(�,%�yQF�-5
!O�F,XrZ,%�yA)���'�����1��"0���F�EA)$H�:�

(X,X ′) = (U, 1 − U)
��&oQ+��;'��5J!O�F,X��;';�Q+��,%�'��>�;��:&.�'�

K �+��5E��;';�5H��T�4�&%���F��&/�F� R.����"
Z
>@����;��'���:��,�5H��T�4�&%���F�V&R"W��,R"0�:5
�l" 
 ���H5�$*�3Q��'��7�"%$���&R"W�+"%�X&%(���2:�

R.
���-"

{Ft}
5��:�H��"0�Y"0$H�����+"04�,%��;�C*;M"0,0�l"0�'������!

Z.
�X��C*���

St := sup
0≤s≤t

Zs, It := − inf
0≤s≤t

Zs, Rt := St + It.

� 4�,R"0$��-,:q�����"%,%��5�4�2-�v"%$��v,%��7F$9")2:�F�9"0����4��F4�&)�'�9Q��:,%&6�8�+!
t 7→ Rt

θ(r) := inf{t : Rt > r}, r > 0.
| �F}

� �F,)�wCHKL�:5
r > 0

A��v23��;�;
θ(r)

!����LD�%O1S!A%' (�\���C!�"2*G�&��4 !����3/ ��#=�'/
r.
���-"

H(a, b) := inf{t : Zt 6∈ (−a, b)}, a, b > 0,
���H5

H(c) :=

{

inf{t : Zt > c}, c > 0
q

inf{t : Zt < c}, c < 0
_

�.��"0��2:��"0$��+"
H(a, b) = min(H(−a), H(b))

_
����:�
 :�� 698�6 :<5 	 ?;A��31O1SHJ*G�G!0�  �!

(X,X ′)
"21� ?A��1O"B!0"B#�� 
(�F) "
*7�9��1�" ���  (/ %' (��)���*

#: (%O"- �.(/ � "2��)��F?W�'��)��'��! ��4 !0���U) "�� HJ1O"0���
Z.

�����'�

(X,X ′) ∈ K ⇒ θ(X)
(d)
= H(X,X ′).

| � }
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�����	��
 ���-"/!O�F,
s, t > 0

F c(s, t) := P(X > s, X ′ > t).

rZ�-23��4H&%�
(X,X ′)

���H5
Z
��,6����&%&64����-5E"%�s>��v�'�H5��:(@�:��5H�:�9"oA��v$*�3QF�8� _ & _

P(θ(X) > t | F∞) = P(Rt < X | F∞) = F c(Rt, 0)

���H5

P(H(X,X ′) > t | F∞) = P(min{H(−X), H(X ′)} > t | F∞)

= P(H(−X) > t,H(X ′) > t | F∞)

= P(It < X, St < X ′ | F∞)

= F c(It, St).

� ,%��� \],%�F(@�F&6��"0���F� jL_ � AZ�v�����yA�"0$��+"

F c(s, t) = F c(s+ t, 0),

���H5�q*2:�F�H&%�:��4��-�9"0;�=�q@��&)2:;<�+�'�1�:5

P(θ(X) > t) = P(H(X,X ′) > t).

�

� 2�������� 	 ? = � ,%�F��"0$��f(�,6�L�+!H��!H\],%�F(@�F&6��"0���F� ^H_nÁ ��"���&�&%�-�:�8"%$*�+"�"%$��f�'5��-��"%��"B= | � }
$���;'5�&-qF�'�w!���2�"3q92-�F��5��M"0�'���*��;';M=Y7F�MQF�:��"%$���A)$��F;��Z"0,%�t�6�:2�"0�F,R=w��!

Z.
� ��,]��2:�F�9Q��:,%&6�o�+!

\],%��(��F&6��"%�'�F� ^H_nÁ q�����"%�'2-�)"%$*�+"���!@AZ�.$*�3QF�X��5H��T�4�&%���F�s�F�
R
����5���(����',f��!U,0����5H�F�

Q+��,6�<��>�;��:&
(X,X ′)

&64�2W$�"0$*�l"�"%$��o2-�F��5��M"0���F�*��;*;'�yA)&[��!
θ(X)

���H5
H(X,X ′)

7F�MQF�-�
F∞

�+,%��"0$H��&%���1��"0$��-�N� _ & _

F c(It, St) = F c(Rt, 0) = F c(It + St, 0).

u ")2:���J>@�v(�,%�yQ��:5J"%$*�+"/"%$��'&/����(�;��'�-&�"0$��+")!O�F,)��;';
x
���H5

y

F c(x, y) = F c(x+ y, 0),

"%$*�+")�'&-q
(X,X ′) ∈ K.
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����:�
 :�� 698�6 :<5 	 ?
	 �31O1SHJ*G� !��  �!<!0����
(�F) "
*7�9��1�" ���  (/A%9 (��)���* #: (%O"- �.(/ �
(X,X ′).��'/ �����Y1U!>� K,  (��)["
1X"2��)��>?A�9��)��9��! ��4 !�����)Y"�� HJ1�" ��� Z. �����9�

{Zs : s ≤ θ(X)} (d)
= {Zs : s ≤ H(X,X ′)}.

| ¡ }
�����	��
 � �F,�&6�'�1(�;'��2:�M"B=FqFA���(H,%�yQF��"%$��Y,%�-&%4�;M"/�'�V"%$��Y23�+&%�

(X,X ′)
$*��&)�w5��-��&%�M"B= _

� 2-2:�F,65��'��7�"%�V�Z��,%�F;�;<��,R= jL_ ��"0$��-,%����KL�'&R"0&.�w!O4���2�"0�'���
ρ
&%4H2W$J"0$��+"

P(X ∈ da, X ′ ∈ db) = ρ(a + b) da db.

� �F,��/���F� � ���-79�+"0�MQF�f�'�9"%�:7F�-,
n
;��-"

0 ≤ s1 < s2 < . . . < sn

����5
ϕ : R

n×R+ 7→ R>@���s>@�F4��H5��:5J����5E���:��&%4H,0��>�;���!O4���2�"0�'��� _ �Z�F��&6�'5��-,

∆+ :=

∫ ∞

0

∫ ∞

0

ϕ(Zs1, . . . , Zsn
, H(a, b))1{sn<H(a,b), ZH(a,b)=b}

× ρ(a+ b) da db

=

∫ ∞

0

∫ ∞

0

ϕ(Zs1, . . . , Zsn
, H(b))1{sn<H(b), IH(b)<a} ρ(a + b) da db

=

∫ ∞

0

∫ ∞

0

ϕ(Zs1, . . . , Zsn
, t)1{sn<t, It<a} ρ(a + St) da dSt,

A)$��-,%�����N"0$���;'��&6"X&6"0�-(DA���$*�3QF�s&64�>�&6"%��"%4H"0�-5
b = St.

u ��"%�:7F,%�+"0����7VA)�M"0$�,%�-&%(@�:2�"
"%�
a
7F��Q��:&

∆+ =

∫ ∞

0

ϕ(Zs1, . . . , Zsn
, t)1{sn<t}

(

∫ ∞

It

ρ(a + St) da
)

dSt

=

∫ ∞

0

ϕ(Zs1, . . . , Zsn
, t)1{sn<t} ρ1(It + St) dSt

=

∫ ∞

0

ϕ(Zs1, . . . , Zsn
, t) 1{sn<t} ρ1(Rt) dSt,

A)$��-,%�

ρ1(u) =

∫ ∞

0

ρ(a + u)da =

∫ ∞

u

ρ(s)ds

��&�"0$��s5��-��&%�M"B=���!
X.
rZ�-23��4�&6�

t 7→ St

2:���D�F��;�=��'��2-,%�:��&%��A)$��-�
Zt > 0

����5G���
"%$��'&/2:��&%����;�&%�

dSt = dRt

��"Z!O�F;';��tA)&�"0$*�+"

∆+ =

∫ ∞

0

ϕ(Zs1, . . . , Zsn
, t) 1{sn<t} 1{Zt>0} ρ1(Rt) dRt.
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�L4H>�&6"%��"04L"0�'�H7
r = Rt

����5J,%�:2:��;';��'��7�"%$������+"W�+"%�'�F�
r 7→ θ(r)

!O�F,/"0$��8,%��7F$9"X2-�F�9"0� �
����4�&)�'�9QF�-,%&%����!

t 7→ Rt

AZ���F>H"0���'�

∆+ =

∫ ∞

0

ϕ(Zs1, . . . , Zsn
, θ(r))1{sn<θ(r), Zθ(r)>0}ρ1(r) dr.

b/$���&/2:�F�1(�;��-"0�-&/"0$��v(�,6�L��!n���
"%$��v23��&6�
ZH(a,b) = b.u �
"0$H��&6�'�1�';'��,��������H�:,:q�!O��,�"0$��v23�+&%�
ZH(a,b) = −a, 2:����&%��5��:,6�'��7

∆− :=

∫ ∞

0

∫ ∞

0

φ(Zs1, . . . , Zsn
, H(a, b))1{sn<H(a,b),ZH(a,b)=−a} ρ(a+ b) da db

;��3��5�&�"%�

∆− =

∫ ∞

0

φ(Zs1, . . . , Zsn
, θ(r))1{sn<θ(r),Zθ(r)<0} ρ1(r) dr.

b/$��v(�,6�L�+!#��&/���yA�2:����(�;��-"%�:5
>9=E��5�5�����7w"0$��v�pKH(H,%�:&6&%���F��&.��!
∆+

����5
∆−
_

�

� � #������ �?� 
 ��� �7��!/�v��!0) (l��� � �	�
	��?� #�� ) �v���-�8�
%������	� !)
 #Y� �7��! ��#��

?� ) �$%@!)
 ��#���
&! ��� ) !

����
 �������
�����
u �G"0$���&Y&%�-2-"0���F��AZ�1&6"0�+"0��"%$��s�o�3=F�L Y����7F$9"Y"0$��-�F,%�-��!O�F,�"0$H�1,%����5�������&%�:5G,%����7F�
"%�'�1��q[��������4���2:�-5 ���~"%$��E�'�9"0,6�L5�4H2-"0���F� _ u "1�'&�&6�:�-� "0$*�l"�"0$��E,%�-&%4�;M"����Ih�� k �.� _
g u _�j�^ ( _ Á¤Áy� !O�F;';��yA)&.!O,6�F� "%$��'&o��&Y��2:�F,6�F;';'��,6= _ b/$���(�,%����!]��!]"%$��w�����'�J,%�-&%4�;M"3q
b/$��-�F,%�-� e _nÁ q	�M"0&Y7F�-���:,%��;'��a3�+"%�'�F�G�+��5�"%$��s2:�F,6�F;';'��,6=N��,%�s(@�F&6"%(��F�H�:5�"%�N���:2-"%�'�F�
e _�j q]e _`^ q[����5~e _ e�q],6�:&%(@�:2�"0�MQF�:;M= _ b/$H,%�F4�7�$��F4H"�"%$��'&w&6�:2�"0�'����qf��"���&���&%&64��1�:5�"0$��
4��H5��:,6;�=��'��7�rZ,6�tA)�H�<���{����"%�'�F�

W
��&�&R"W��,R"0�-5{!O,%��� 
 q����H5{A���;'��"

P0

�+��5
E05��-����"%�X"0$��X(�,%�F>���>��';���"B=��1�3�+&%4�,6�Y����5�"%$�����KL(@�:2�"W�+"%�'�F��qL,%�-&%(@�:2-"%��Q��:;�=�q*��&6&%��2:�<�l"0�:5

A)�M"0$
W.����" {L(t, y), t ≥ 0, y ∈ R} 5��-����"%�w"0$���>���2:�F�9"%�'��4��F4�&o!�������;�=
��!�rZ,6�yA)���<���;��L2:��;L"%�'�1�:& _n¢ �.4�&6�."%$��)���F,%����;��'&0�l"0�'���8A)��"%$�,6�:&6(��-2-"["0�v"0$��.���:>@�:&67F4��.���:��&%4�,6��q

"%$*�+")�'&-qHA���"0�����

L(t, y) = lim
ε↓0

1

2ε

∫ t

0

1(y−ε,y+ε)(Ws) ds a.s.
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b/$H�1&6��4*��,%�-5zr��:&%&6�:;f(�,6�L2-�:&%&6�:&v��!�5��'�1�:�H&%�'���
2
����5

4
(�;'�y=J�'�1(@�F,6"0���9"�,%��;'�:&

�����F4�,o&6"%4�5H= _o¢ �w4H&%�w���+"W�+"%�'�F�
SQBES δ

x,
A)�M"0$

δ = 2
����5

4,
,%�-&%(@�:2�"0��Q��:;M=Fq�!O��,

"%$��:&6�.(H,%��2:�:&6&%�-&�A)$��-��&R"W��,R"0�:5��+"
x.
¢ $��-��"%$��)�'���M"0�<�+;�(@�F����"f��&]��!����v�'�1(��F,R"W���H2:�

A��YA),%��"%�v&%�'�1(�;M=
SQBES δ.

b/$��87��:���-,0�+"%�F,/��!#�
SQBES δ �'&

Gδ = 2x
d2

dx2
+ δ

d

dx
, x > 0.

� �F,
δ = 2

�F,
4
"0$��v>@�F4���5���,6=?(@�F����"

0
��&/�:�9"0,%����2:� � ���+" � �pKL��".����5

+∞ �'&/�*�+"%4�,0�+;| �+"%"%,0��2�"0�'�H7�} | &6�:�{h�� k � ÁF_�j+^ ( _ Áy^ �F} _ u �I!���2-":qX"0$H��5��MTU4H&%�'����&E��(�(@�3��,6�'��7~�'�
b/$��-�F,%�-� e _£Á �+,%�w&6��4���,%�-5GrZ�:&6&%�:;#(�,%��2:�-&%&%�-&YA)��"0$J5��yA)�9A���,65G5�,%�M! " _o¢ �w4�&6��!O�F,
"%$��:&6�8(�,6�L2-�:&6&%�:&."0$�������"0�+"0���F�

SQBES δ,α↓
x ,
A)$��:,6�

α > 0
�'&/"%$��v5�,%�M! ")(*��,0�+����"0�:,

���H5 ↓ �'��5���23�+"%�:&#"%$*�+"i"%$���(�,6�L2-�:&6&[5H,%��! "%&	"%�tAZ��,65�& 
H_ � ���9=�(�,%��(��-,6"0���:&i�+!£&%��4*��,6�:5rZ�-&%&6�:;#(H,%��2:�:&6&%�-&�A)��"0$�5�,%�M! "X2:���N>@��&6"%4�5����:5N4�&6�'��7 | �F,65��'�*�+,6=H}.r��:&%&6�:;i(H,%��2:�:&6&%�-&
A)�M"0$~5�,%�M! " _ b/$��E;<�+"6"0�-,��F���:&s$*�3Q��J>@�:�-� �'�9Q��:&6"%�'79�l"0�:5UqZ� _ 7 _ qZ���~"%$��
(*��(@�:,6&�>9=
¢ �+"W�+�*��>@�sh ^ � k q*\]�M"0�����
����5��[�F,vh jtÁ:k q£����5?g[��;';��F�'&Xh ^ 
+k _
� �F,�"%$��J(H,%����!X�+!�b/$��-�F,%�-� e _£Á ��"1��&1����(@�F,R"W���9"w"%�������yA "%$*�+"

SQBES δ,α↓

2:���V>@�o2-�F��&R"0,%4H2-"0�-5
��&����
h
� "%,0���H&6!O�F,6� ��!

SQBES δ.
bn���pKH(H;<������"0$H�'&f,%�-23��;�;£"%$*�+"

"%$�������2:,6�3��&6�'��7�����5J5��:2-,%�3�+&%�'�H7V!O4���5*�+���-��"0��;n&%�F;�4H"0���F��&)��!i"%$��w�+� � Gδf = α f��&6&%��2:�'�+"0�-5
"%�
SQBES δ ��,6� | 2�! _ h`� k �.� _ � ÁF_�j�^ ( _~Áy^ �F}

ψα(x) = x−ν/2Iν(
√

2αx)

���H5
ϕα(x) = x−ν/2Kν(

√
2αx),

| � }
,6�:&%(@�:2�"0�MQF�:;M=Fq�A)$��-,%�

α > 0, ν = (δ − 2)/2,
���H5

Iν

����5
Kν

�+,%���1�L5H��C*�-5
rZ�:&6&%�:;
!O4��H2-"0���F��&)��!	�F,%5H�:,

ν
| &%�:� � >H,0���1�yA)��"0av�+��5N��"0�:7�4���h Á-k ( _�^9¡ e�} _ �Z�F��&%��5��:,.���yA

SQBES δ ����;';'�-5��l"]���w�pKL(��F�H�:�9"0�'��;L"%�'�1� T $*�3Q��'��7X(*��,0�+����"0�:, α;
"0$H�:&%�)�+,%�Z2:��;';��:5

���';�;'�-5
SQBES δ (�,%��2:�-&%&6�:& _ � &Y4�&%4���; q��M"���&v��&%&64����-5�"0$*�+" T ��&��'��5H�:(@�:��5��-�9"8�+!

SQBES δ.
b/$���!O4���2-"%�'�F�

ϕα

��&���KL2:�-&%&6��QF�1!O�F,����';�;'�-5
SQBES δ.

�o�yA
SQBES δ,α↓

��&/5��-C*�H�:5N�+&�"0$��
h
� "%,0����&R!O�F,%� | 2�! _ h`� k u6u _�^tÁ ( _�^�^ }Z��!	����;';��:5

SQBES δ A)$��:�EAZ�
"0�����

h = ϕα.
�Z�F��&6�:��4��-��"%;�=�q@"%$��v7F�:���-,0�+"%�F,)��!

SQBES δ,α↓ ��&/�F>H"W�+�'���-5J�+&

Gδ,α↓(f) =
1

ϕα

(G − α)(ϕαf).

= G(f)(x) + 4x
ϕ′

α(x)

ϕα(x)

d f

dx
(x)

= 2x
d2f

dx2
(x) +

(

2 + 2
√

2αx
K ′

ν(
√

2αx)

Kν(
√

2αx)

)d f

dx
(x).

| �9}
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u "X23����>@�8Q��:,%�MC*�:5 | 2-! _ h`� k u%u _ � ( _nÁ e�}/"0$*�+" 
 �'&X���N�pKH�M" � ����" � �:�9"0,%����2-��>@�F4���5*�+,6=
(@�F�'�9"�!O�F,

SQBES δ,α↓.
¢ ��,%�-�V�+,%�{��;'&6�z"0$*�l"

SQBES δ,α↓ 23�����'�9"%�:,%(H,%�-"%�:5���&
���';�;'�-5

SQBES δ 2-�F��5��M"0���F���:5?"%�1$H��" 
 | A)$��-,%�Y"0$H��(H,%��2:�:&6&o��& | ,6�3��;�;�=H}����';�;'�:5*} _

��� 2 : ��2\� �'?;A �Q��!
θ(r)

.��;!���� D�%�1I!Q%' (�\���;!0"2*G�  \!�/ ��#��9/
r > 0

� � 4 � ��� � �  (��) T (�[� � ?W�����9��!�"- �/2/�6 ) "21I!�%O">.�H�!>�I)�%9 (��)���* #, �%�"- �.(/0� 8 "$!���?  (%9 (*G��!F�9% α > 0.
�31�1IHJ*G�

!0�  �!
T
"
1X"2��)��>?A�9��)��9��! ��4 !����3V %K� 8 ��"- (�7*G��!�" ��� W. �Q��! {L(θ(T ), y) ; y ∈ R}.��C!����M/ � �  (/A!�"
*7� ?^%:� � �91�1;��4 W 1S!>�:?�?W�I)G �!

θ(T ).
�����9�E4$��%

l > 0

P0(L(θ(T ), 0) ∈ dl) = 2α
√

2αl K1(
√

2αl ) K0(
√

2αl ) dl.
| Á�
 }

� ����) "B!0"0���  �/2/�67�=�
Wθ(T ) > 0

 (��)
L(θ(T ), 0) = l

{L(θ(T ),−y) : y ≥ 0} (d)
= {SQBES 4,α↓

l (y) : y ≥ 0},

{L(θ(T ), y) : y ≥ 0} (d)
= {SQBES 2,α↓

l (y) : y ≥ 0},
8 ���9%:� SQBES 4,α↓

l

 (��)
SQBES 2,α↓

l

 (%:�@.���!��E1S!B �%S!F�,)E �!
l
.�H�!  (%:����!0���'% 8 "21:�"
��)��F?W�'��)��'��! �

� 2�������� �'? = r�=�"%$��v&%(*�+"%�<��;�$��F�1�F7F�-���:�M"B=���!#r � q

P0(Wθ(T ) > 0) = P0(Wθ(T ) < 0) =
1

2
���H5�q*$��:�H2:��q

P0(L(θ(T ), 0) ∈ dl, Wθ(T ) > 0) =
1

2
P0(L(θ(T ), 0) ∈ dl)

= α
√

2αl K1(
√

2αl ) K0(
√

2αl ) dl.

u "��'&[&6"0,6�'���'�H7�$��yA�"0$��o!���2-"%�F,
2α
��(H(��:��,%&��'� | Á�
 } _ b/$��'&�23���?>@�X�pKH(H;<�������:5�>9=

"%$��w&%2:��;'����7V(H,%�F(@�:,R"B=N��![r � _ � �F,6�:�yQF�-,:q�"%$��w(�$��-���F�1�:�����G��;';��tA)&o4�&X"%�?7F�:���-, �
��;��'a-��b/$��:��,%�:� e _£Á | >9=?,%����5�������&%�'�H7

α
}/��&�!O�F;�;'�yA)&

��� 2 : ��2\� �'?
	 �Q��!
T1

.��M (�E���J?W�����9��!0"- (/
/�6 ) "
1S!�%O">.�H�!F�I)@%' (��)���* #: (%O"- �.�/0� 8 "B!��?  �%' (*G��!>�'%
1,
 (��)

Z
 ��] �%=.("$!�%' �%F6 ?W��1O"B!�"$#�� %9 (��)��=* #: (%�"T �.(/0��� �L1�1SH(*7�R!��  \!

T1,
Z,

 (��) !����LV %K� 8 ��"- (� *G��!�" ��� W  (%:�L"2��)��F?W�'��)��'��! �3�����9�]4$��%
l > 0

P0(2Z L(θ(T1/Z), 0) ∈ dl) =
√
l K1(

√
l ) K0(

√
l ) dl.

| Á¤Á }
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� ����) "B!0"0���  �/2/�67�=�
Wθ(T1/Z) > 0

 (��)
Z L(θ(T1/Z), 0) = l

{Z L(θ(T1/Z),−y/Z) : y ≥ 0} (d)
= {SQBES 4,1↓

l (y) : y ≥ 0},

{Z L(θ(T1/Z), y/Z) : y ≥ 0}} (d)
= {SQBES 2,1↓

l (y) : y ≥ 0},
8 ���9%:� SQBES 4,1↓

l

 (��)
SQBES 2,1↓

l

 �%:�P.���!�� 1I!B (%I!F�,)] �!
l
.�H�!X (%K�R��!0���'% 8 "21:�"
��)��F?W�'��)��'��! �

� 2�������� �'?�� u ".�'&/(@�F&%&6�'>�;���"0�12W$��:2W�
>9=
�'�9"0�-7F,0�l"0�'���
"%$*�+"/"%$���!O4H��2-"%�'�F�
�F�
"0$��
,6�'7F$9"/$*�+��5J&6�'5��v��! | Á�Á } | ���H5J�+;'&%� | Á�
 }%}Z��&)��5��:��&6��"B= _ u �H5��:�-5�q*AZ��$*�3QF�

∫ ∞

0

√
l K1(

√
l)K0(

√
l) dl = 2

∫ ∞

0

x2 K1(x)K0(x) dx

= −2

∫ ∞

0

xK1(x) d(xK1(x))

= 1,

A)$��-,%�vAZ�v4�&6�:5E"0$��v,%�-;<�+"%�'�F�H&

d

dx
[xK1(x)] = −xK0(x) and K1(x) ∼x→0 1/x

| &%�:� � >�,0���1�yA)��"%av����5���"0�-7F4���q�!O�F,6�w4�;'���+� _ �H_�j�� ( _f^9¡ � ����5�� _ �H_ �s( _f^9¡ �F} _

� ,6�F� b/$H�:�F,6�:� e _nÁ AZ�Y��>H"W������"0$���!O��;';'�yA)����7�2-�F,%�F;�;<��,R=Fq�A)$��'2W$
��&���KH��2�"0;�=�"0$��
,6�:&%4H;�".�'��h�� k �o� _ g u _�j�^ ( _£Á¤Á3� q£����5�q£>9=E\],%�F(@�F&6��"0���F� ^H_`^ q@��;'&6��"0$���,%�-&%4�;M"o�����.� _
g u _£Á es( _�Á¤Áyj | A)$��:�
"0$H�:,%�-�'�

α = β
} _

� : ��:���� ����� �7?��	�Q�=!X!����M4FHJ� � !�" ��� f .��M����� �0���9�  �!�"$#��IZ � ����!�"
��H���HJ1KZ� (��) .���HJ��)��
�,) � �31�1IHJ*G�; �/21:� !0�  �!

f(0) = 0
 ���)E)��'D����

V (f, θ(r)) :=

∫ +∞

−∞

f(L(θ(r), y)) dy.

�����9�E4$�=%
T
 (1X"2� �����,��%:�9*�� � 
  ���)

h > 0

E0(exp(−V (f, θ(T ))); sup
y
L(θ(T ), y) < h)

= 2α

∫ h

0

l Ĝ(2,f)
α (0, l) Ĝ(4,f)

α (0, l) dl,

Á e
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8 ���9%:� Ĝ(2,f)
α

 ���)
Ĝ

(4,f)
α

 (%K���X%:�,�'��� �'%����'/21R (1�1K� � "- �!>�I) !F�
SQBES 2,

)��'����!F�,)
Z(2),

 ���)
SQBES 4,

)��'����!F�,)
Z(4),

%K�'1B?W� � !�"$#��'/ 6 Z 8 ���'� !����W?^%:� � �91�1K�'1X �%:��� "2/2/ �I)
 � � ��%K) "2�\�]!>� !����& )�)Y"B!�"$#��M4FHJ� � !�" ���  (/
1 � 4$�=%U!���"
1:Z 1K�I��� ��� � � � 
 
;? � 

	 �

A
(2)
t :=

∫ t

0

f(Z(2)
s ) ds, and A

(4)
t :=

∫ t

0

f(Z(4)
s ) ds,

%K�'1B?W� � !�"$#��'/ 6 Z^ (��)7 (/
1:�<"245!0��� ?^%:� � �91�1:�91U� �\"B! !����L"
��!>�'%I#, �/ (0, h).

b/$���&�2:�F,6�F;';'��,6=o7F��Q��:&�"0$H�[,6�:&64�;�"n�'�Yb/$H�:�F,6�:� e _nÁ �����/!O��,%���1�F,%�]&64���"0��>�;��i!O�F,�2:�F� �
(�4L"W�+"%�'�F��& _ u "	��&:ql� _ 7 _ q+(@�F&%&6�'>�;��i"0�.5��-"%�:,6�������i"0$��[5���&6"0,6�'>�4L"0�'������!

supy L(θ(T ), y),&6�:�1h�� k�ÁF_ � _£Á¤Á�_�j q ÁF_ � _£Á e�( _Zj e�� _
�)�:2:��;';*"%$*�+"["0$�� �v,6�:�:�����-,%���-;'&�2:���V>@�X�pKH(H,%�:&6&%�-5E���1"%�:,6��&���!U"%$��o!O4��H5*���1�:� �

"0��;f&%�F;�4H"0���F��&v��!Z"%$��V��,%5����*��,6=N5���T��:,6�:�9"0�'��;]�:��4*�+"%�'�F�z��&%&6�L2-�<�+"%�:5D"0�J"%$��1&6"04H5��'�-5
5��MTU4H&%�'��� | &6�:�+q�� _ 7 _ qih`� k �.� _ u%u _nÁ�
 ����5 Á¤Á ( _¡Áy� } _ � �F,o�pKH����(H;'��q£!O�F,."0$��8���:,6���:;
Ĝ

(2,f)
α
A���$*�3QF�v"0$��v,%�-(�,%�-&%�-��"0�+"0���F�

Ĝ(2,f)
α (x, y) = w−1

α ϕ(2,f)
α (x)ψ(2,f)

α (y), x ≥ y,

A)$��-,%�
wα

�'&�"0$�� ¢ ,6�F��&%���'��� _ b/$H�Z!O4���2�"0�'����&
ϕ

(2,f)
α
����5

ψ
(2,f)
α
��,%�["0$���4�������4H� | 4H(

"%���w4�;�"%�'(�;��'2:�+"0�MQF�/2:����&6"0���9"0&W}������ � ����2:,6�3��&6�'��7��+��5?���F� � 5��:2-,%�:��&%����7�q�,6�:&%(@�:2�"0�MQF�:;M=Fq
&6�F;'4H"%�'�F�H&���!n"0$��8�+� �

2x u′′(x) + 2 u′(x) − (f(x) + α) u(x) = 0, x > 0,

���H5
ϕ

(2,f)
α
�w4�&R".&0�+"%�'&6! =�"0$��v>@�F4���5���,6=?2-�F��5��M"0���F�

u(h) = 0.

����� 
���������������� ����� ��� �
��

¢ �V&R"W��,R"8A)�M"0$z>9=D,%�-23��;�;'����7?"0$��V�o�3=F�L Y���'7�$�"�"0$H�:�F,6�:�1&�!O,6�F� A)$��'2W$zb/$��:�F,6�:�
e _nÁ ��&f5��:5�4H2:�:5 _ b/$H�XC*,%&R"Z�����X��&[!O�F,]"%$��X;��L2:��;�"0�����)(�,6�L2-�:&%&�&6"%�F(�(@�:5?�+"

H(b) :=
inf{t : W (t) > b} A)��"%$ b > 0.

b/$���&6�:2-�F��5J�F�����'&/!O�F,�"0$H�8;��L2:��;U"0�����Y&R"0�F(H(��-5
�+"
θ(r).

��� 2 : ��2\� �'?�� �^��%
b > 0

 (��) � ����) "$!�"0�=�  (/2/ 6��=�
L(H(b), 0) = l

 (��)
IH(b) =

−m

{L(H(b),−y) : 0 ≤ y ≤ −m} (d)
= {SQBES 4,−m

l→0 (y) : 0 ≤ y ≤ −m},

{L(H(b), y) : 0 ≤ y < b} (d)
= {SQBES 2,b

l→0(y) : 0 ≤ y ≤ b},
Á �
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8 ���9%:� {SQBES δ,a
l→0(y) : 0 ≤ y ≤ a} )��9����!>�'1 !0���

δ
�F) "
*7�9��1�" ���  (/X1���HY (%:�,)

VM�91�1K�'/ ?�%:� � �'1O1&1S!$ (%S!>�I)E \! l  (��) � ����)Y"B!�" �����,)N!F�7.��U �!
0
 �!M!�"
*7�

a
Z  (/
1:� �  (/
/0�I)

δ
�F) "
*7�9��1�" ���  (/ 1���H  (%:�,) V �'1�1K�'/ .�%�"0) ���U4-%:�=*

l
!F�

0 8 "B!��]/0�'�\� !�� a. ����� .(%�" )Y���91
SQBES 4,−m

l→0

 (��)
SQBES 2,b

l→0

 (%:�P.���!0� 1S!B �%S!F�,)  �!
l
.\H�!  (%:�C��!����9% 8 "
1:��"2��)��K�?W�'��)��'��! �

� 2�������� �'?�� ��>�&%�-,6QF�v"0$��+"3qHA)$H�:�E2:�F�1(*��,6�:5?A)��"%$
"%$��v,%�-&%4�;M")�'�
b/$��:��,%�:��e _ �
"%�Jh`� k �.� _ g _ � ( _[� �LqHA��8$��yQ��v$��:,6�82W$*�+��7F�:5
"0$H�

y
� 5��',6�:2-"%�'�F�V�'�?"0$��v(�,6�L2-�:&6&

{L(H(b),−y) : 0 ≤ y ≤ −m}.
b/$��82W$*����7��w23���J>��85��F���8>9=E"%$��8"%�'�1�v,%�-Q��:,6&0��;	(�,%�F(@�:,R"B=
"0$��85���T�4�&%���F��>H,%�'5H7F�:&
$*�3Q�� | &%�:�8�H�+;'�1�'���-�Gh j �tk } _ u �J(*�+,6"0��2:4�;'��,:qL��"/$H�F;'5�&

{SQBES δ,a
l→0(y) : 0 ≤ y ≤ a} (d)

= {SQBES δ,a
0→l(l − y) : 0 ≤ y ≤ a}.

� 2�������� �'? � �L��4*��,6�:5IrZ�:&6&%�-;�>H,%�'5H7F�:&
SQBES δ,a

l→0

2:����>���5H�-C*���-5�q��F,?2-�F� �
&R"0,%4H2-"0�-5�q@��&0�X���F>���&

h
� "0,%����&6!O��,%�1& | �'�
&6(*��2:� � "%�'�1�y}���!

SQBES δ
l

"0�����'��7

h(t, x) = p(a− t; x, 0), 0 ≤ t < a
A)$��-,%�

p
�'&]"0$��)"0,%����&6��"0���F�s5��:�H&%��"B=s�+!

SQBES δ.
b/$��'&f2:����&6"%,%4�2�"0�'����2-�F,%,6�:&%(@�F��5H&

"%$��v�'�9"04��M"0���F����!	2:�F�H5���"%�'�F������7
SQBES δ

l

"0�s>����+"
0
�l"."%�'�1�

a.
�o��"%�'2-��"0$*�+")>@� �

2:��4�&%�
0
��&����v�:�9"0,%����2:�[>@�F4���5*�+,6=Y(@�F�'�9"�!O��,

SQBES δ
AZ�f$*�3Q��

SQBES δ,a
l→0(y) >

0
!O�F,o��;';

0 ≤ y < a.
� �F,)7F�:�H�:,0�+;n"%$��:�F,R=��+!

h
� "0,%����&R!O�F,%�1&:q£&%�-�s�L$*�+,%(@��h jF¡lk ����5

!O�F,/5H��T�4�&%���F��&.�H��;��������:�Nh j � k _
b/$H�V�.�3=9�� v�H�'7F$9"Y"0$H�:�F,6�:��!O�F,Y"%$��s;'��23��;n"0�'�1�w(�,6�L2-�:&6&8&R"0�F(�(@�:5z�+"Y"0$H�sC�,%&6"

,%����7F��"%�'�1�
θ(r) := inf{t : St + It > r} �'&w��>H"W�������:5�!O,6�F� b/$��-�F,%�-� e _ � >9=�F>H&%�:,RQ��'��7�"0$��+"3q*4��H5��:,

P0

q

Wθ(r) = z, r > z > 0 ⇔ IH(z) = r − z.
�.��"0��2:�.��;'&6�Y"0$*�+"���!

Wθ(r) = z
"%$��:�

θ(r) = H(z).
�o�yA A��X$��yQ�� | &%�:�)g[��;�;'�F��&/h ^tÁ:k

!O�F,/7��:���-,0��;��'a3�l"0�'����&W}
��� 2 : ��2\� �'?�� � ����) "$!�" ���  (/
/�67���

Wθ(r) = z, r > z > 0,
 (��)

L(θ(r), 0) = l

{L(θ(r),−y) : 0 ≤ y ≤ r − z} (d)
= {SQBES 4,r−z

l→0 (y) : 0 ≤ y ≤ r − z},

{L(θ(r), y) : 0 ≤ y < z} (d)
= {SQBES 2,z

l→0(y) : 0 ≤ y ≤ z},
8 ���9%:� SQBES 4,r−z

l→0

 (��)
SQBES 2,z

l→0

 �%:�C.���!��71S!$ (%S!>�I)G �!
l
.�H�!  �%:�;��!0���'% 8 "21:�"
��)��F?W�'��)��'��! �

Á��
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bn�?>@�s��>�;'��"0�
��(H(�;�=Eb/$��-�F,%�-� e _ ��AZ���H�:�:5�"%$���5��'&R"0,6�'>�4H"%�'�F�H&o��!
Wθ(r)

����5
L(θ(r), 0).

b/$��:&6���+,%�v7F��Q��:�
�'�?"%$��v����K�".(�,%��(��F&6��"%�'�F� _
����:�
 :�� 698�6 :<5 �'?;A��

P0(Wθ(r) ∈ dz) =
|z|
r2
dz, |z| ≤ r,

| Átj }

P0(L(θ(r), 0) ∈ dl |Wθ(r) = z) = η2l e−ηl dl, η := r/(2(r− |z|)|z|),
| Áy^ }

P0(L(θ(r), 0) ∈ dl) =
l

r2
e−l/r

(

K0 (l/r) +K1 (l/r)
)

dl.
| Á e�}

�����	��
 � ��, | Átj }/����5 | Áy^ }pq@&6�:�+qU� _ 7 _ q#h`� k g u _�jFj ( _bÁ¤Át¡ ����5�g _�¡ ( _.� � q£,%�-&%(@�:2 �
"%��QF�-;�= _ b	�s(�,6�tQ�� | Á e�}Z4�&6� | Átj }Z�+��5 | Áy^ }�"%�1��>H"W�����

P0(L(θ(r), 0) ∈ dl)/dl =

∫

|z|≤r

|z|η2l

r2
exp (−η l) dz

=
l

2

∫ r

0

1

(r − z)2z
exp

(

− lr

2(r − z)z

)

dz

=
l

2r2
e−

l
r

∫ +∞

0

(

1

u
+

1

u2

)

exp

(

− l

2r
(u+

1

u
)

)

du,

A)$��-,%�w���J"%$���;'��&6"o&6"%�:(NA��w$*�3QF�w&64�>�&R"0��"%4H"0�-5
z = r/(u+ 1).

b/$H�8!O�F,6�w4�;<� | Á e�}
!O�F;�;'�yA)&	!O,6�F��"0$��/����"%�:7F,%��;H,6�:(�,6�:&6�:�9"W�+"%�'�F� | &6�:� ¢ �+"0&6�F�Eh ^ �+k ( _�Áy�F^ ����51��;�&%� | Á �F}
���J\],6�F(���&%��"%�'�F�Ve _£Á�Á }

Kν(
√
l) =

l ν/2

2

∫ ∞

0

t−ν−1 exp

(

−1

2

(

t+
l

t

))

dt.

�

bn�s(�,%��2:�-�:5�qLAZ�v,%�-23��;�;�"%$���!O�F;';��yA)�'��7�,%�-&%4�;M" | &%�-�vr���,6��5��F,RT � �o�'�-;'&6�:��qHrZ;<���-&%��;'5
���H5.�X��;�7F,%�-�:��h jlk q*�H��;��������:��h j � k qH����5�g[��;�;'�F��&.h ^ 
lk }pqLA)$���2W$?23���
>@��(�,%�yQ��:5�q�� _ 7 _ q
4�&6�'��7s;'��&6")�pKH�M"/"0�����-& _
����:�
 :�� 698�6 :<5 �'?;A A �����&D�%�1S!A��"$!�!0"2���7!0"2*G�

Hδ,α↓
l (0) := inf{t : SQBESδ,α↓

l (t) = 0}

Át¡

ha
l-0

01
41

26
8,

 v
er

si
on

 1
 - 

13
 A

pr
 2

00
7



"
13) "21I!�%�"B.�H�!>�I)[ � � ��%:)Y"2���E!F� !0���M���'���9%' (/
"����I)P"2��#��9%�1K� �M �HJ1O1�"- �� /T 8 Z�!��  \!W"21:Z

P(Hδ,α↓
l (0) ∈ dt)

=
( l

2α

)ν/2 1

2Kν(
√

2αl)
t−ν−1 exp(−αt− l

2t
) dt

| Á �F}

=: n0(t, l) dt

8 ���9%:� δ = 2ν + 2.
�.��K�"�(H,%�F(@�F&%�M"0���F�J��&."%$������-=E"0��b/$��:��,%�:� e _nÁF_ ���-".!O�F,

δ ≥ 2 SQBES δ,α↓, a
l→05��-����"%�X"0$��

SQBES δ,α↓
&6"0��,6"%�:5
�+"

l
����5?2-�F��5��M"0���F���:5�"0��$��M"

0
�+"�"0�����

a
_ � ;'&6�

SQBES δ,α↓, a
l→0

2:���1>��)2:����&6"%,%4�2�"0�:5���&��X�L��>��`&
h
� "%,0����&R!O�F,%�EqF>�4L"Z$��-,%�/A��o2:��������"

4�&6��"0$��w"%,0����&6��"%�'�F�N5H�:��&6��"B=���!
SQBES δ,α↓

| ��&Y�'&X5��F����!O�F,
SQBES δ

>�,%��5�7F�-&:q
2�! _ �.�-�V�+,%��e _`� }]>��-23��4�&6�o"%$��'&[5��:�H&%��"B=1$*�+&�Q+��;'4H� 
 A)$��:�V�F�����+,%7F4��1�:�9"�$*��&f"0$��
Q+��;�4�� 
H_ u ��&R"0�3�+5EA���"0�����

h(t, x) := n0(a− t, x), 0 ≤ t < a,

A)$��-,%�
n0(·, l)

��&1"%$��N5��-��&%�M"B=S��!Y"0$��EC*,%&R"?$��M"%"0����7G"0�'�1�
Hδ,α↓

l (0),
��&�7F��Q��:� ���

\],%��(��F&6��"%�'�F�?e _nÁ¤ÁF_
����:�
 :�� 698�6 :<5 �'?;A = � �=%

δ ≥ 2
 (��)

α > 0
!����@.�%�"0) ���'1

SQBES δ,a
l→0

 (��)
SQBES δ,α↓, a

l→0

 (%:�L"0)��'��!�" �  (/�"2�7/- 8 �
�����	��
 ¢ ��(�,6�yQF��"0$H��2:;'���'� >9=�2W$��:2W���'�H7G"%$*�+"8"0$��?�.��5������L�o������5H=�� 5��:,6��Q+� �
"%��QF�-&v��!Z�1�3�+&%4�,6�:&8��&%&6�L2-�<�+"%�:5�"0�

SQBES δ,a
l→0

����5
SQBES δ,α↓, a

l→0

A)�M"0$G,%�-&%(@�:2�"
"%�J"0$H�����:��&%4H,%�V�+!

SQBES δ
l

��,%�1"0$���&0���1� _ � ��,�"%$��'&-q#AZ��AZ�F,6�G�'�z"%$��V4�&64*��;
2:�����F����23��;/&6�-"6"0�'�H7���!�2:�F�9"0����4��F4�&s!O4���2�"0�'����&

t 7→ ω(t), t ≥ 0,
����5{;'�-" Ft

>��
"%$���&%����;';��:&R"

σ
� ��;'7F�->�,0�{7F�:���-,0�+"%�:5�>9=

ω(s), s ≤ t.
����"%"0����7

Ft

>��~�+� Ft
�

�1�3��&64�,0�+>�;'�G���H5P>@�F4���5H�:5I,0����5H�F� Q+��,%�'��>�;�������5I4�&%����7~"0$��
h
� "%,0����&R!O�F,%� 5�� �

&62:,%��(H"0���F�?��!
SQBES δ,a

l→0

����5
SQBES δ,α↓, a

l→0

A��v�F>H"W�+�'�?!O�F,
t < a

E
δ,a
l→0(Ft) = E

δ
l

(p(a− t;ω(t), 0)

p(a; l, 0)
Ft ; t < H0

)

,
| Á�� }

���H5�q*>9=?4�&%����7�"0$��8�����1�:,6�F� � � ��,6"%�'��"%,0����&R!O�F,%�

E
δ,α↓, a
l→0 (Ft) = E

δ,α↓
l

(n0(a− t, ω(t))

n0(a, l)
Ft ; t < H0

)

= E
δ
l

( eα (a−t) n0(a− t, ω(t))ϕα(ω(t))

eα a n0(a, l)ϕα(l)
Ft ; t < H0

)

,
| Át¡ }

Áy�
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A)$��-,%�
p
�'&v"0$H��"0,%����&6��"0���F�D5��:��&6��"B=���!

SQBES δ
����5

n0

��&�"%$��V5��-��&%�M"B=z�+!�"0$��
C*,6&6".$��M"%"0����7�"%�'�1�

H0 := inf{t : ω(t) = 0}��!
SQBES δ,α↓,

�+&�7F��Q��:������\],%�F(@�F&%�M"0���F�Je _£Á�
L_ rZ�:2:��4�&%� | &%�-��q�� _ 7 _ q]h`� k ( _´Áy^ � }
!O�F,/&6�F�1�Y2:�F��&R"W���9"

C

p(a; l, 0) = p(a; 0, l) = C a−ν−1 exp(− l

2a
)

&R"0,0�+�'7F$9"%!O��,6AZ��,%5�2:�F�1(�4H"0�+"0���F��&v4�&%����7 | � }v����5 | Á �F}Y&%$��yA "0$��+"�"%$��V5��-,%�MQ��l"0��Q��:&
��� | Á�� }Z�+��5 | Át¡ }���,6�v�:��4*��; _

�

� 2�������� �'?;A�	 ¢ �N$��yQ��G&6"W�l"0�:5�����\],%�F(@�F&%�M"0���F� e _nÁtj ��(*�+,6"0��2:4�;'��,V2:��&%���+!��
7F�-���:,%��;],%�-&%4�;M"8A)$H�'2W$D�'�H!O�F,6�V�+;';�=E&%�y=�&�"0$*�+"��M!�"BA���5��MTU4H&%�'����&v��,%�

h
� "%,0���H&6!O�F,6��&

��!Z�3��2W$���"0$H�:,Y"0$��-��"%$��s>�,%��5�7F�:&v2-�F��&6"%,%4�2�"0�-5z!O,%�F� "0$��-&%�V(H,%��2:�:&6&%�-&w��,6�1��5��:�9"%� �
2:��;)�'�~;<�3A _ b/$���&1!��+2-"3q��'�{�D&6;'��7F$9"0;�=�AZ�:�����-,V!O�F,6� >��-23��4H&%�J"%$��E�:��5{(��F���9"��+!
�F4H,1>H,%�'5H7F�:&1�'&1����"1�'�~"0$H��&6"0�+"0�E&%(���2:�+q/�'&s�F>�&6�:,6Q��:5���� \]��"%�V�+�{�+��5 �[�F,Jh jtÁ:k
�)�:����,%� | ^H_�¡ }Y( _
^ 
 �H_�¢ ����;'&6�J,6�-!O�:,�"0��\f�M"0�����D����5 �[�F,Vh jFjlkm_ b/$���2:�F���H�:2 �
"%�'�F�1>���"BAZ�-�:� �X���F>���&�"%,0����&R!O�F,%�1&�����5V2-�F��5��M"0���F���'�H78��!�5���T�4�&%���F��&-qL�+;'&%�85���T�4�&6�'�F�
>�,6�'5�7��:&:q#��(�(@�3��,6& | (��-,%$*�+(�&8!O�F,Y"%$���C*,6&6"�"0�����3}Y��� � 23 Y�3��� h j 
lk ( _Ej�^ � A)$��:,6�
"%$��:&6�82-�F��2:�-(H"0&X��,%����(H(�;'���:5
�'�E��KL2:4H,%&%���F�J"%$��:��,6= _ b/$���&X��(H(�,%�9�+2W$J��&)!O4H,6"0$H�:,.5�� �
Q��:;'��(��-5z�'� ¢ �';�;'�<�+��&�h ^9¡tk _?¢ ����;�&%�E,%�-!O�-,8"%���H��;��������:�Sh j e k !O�F, ^ � 5H�'�1�:��&6�'�F�*�+;
rZ�-&%&6�:;�>�,%��5�7F�-&o�+��5?"0� � ��"%a:&6�'�1���F�H&�h Á¤Á:k !O�F,)���1�F,%�Y7F�-���:,%��;�!O,0�+����AZ�F,6� _
¢ ��23�+�I�H�tA (�4H"V"0$���(����:2-�:&�"0��7F�-"%$��:,?�+��5�2:�F�1(�;'��"0�E"0$���(�,6�L�+!8�+!vb/$��:� �

,6�:� e _£Á�_ ���-"
Φ+

���H5
Φ−

>��w��,%>��M"0,%��,6=E�1�3��&64�,0��>H;'�8!O4H��2-"%�'�F�*�+;'&.��!f2:�F�9"%�'��4��F4�&
!O4��H2-"0���F��&/�F�

R+.
¢ �YA)�'&6$E"%�s2:�F�1(�4H"%�

∆+ := E0

(

Φ+({L(θ(T ), y) ; y ≥ 0})

×Φ−({L(θ(T ),−y) ; y ≥ 0}) ;Wθ(T ) > 0)
)

.
bn�o�����+�f"%$��[����"W�l"0�'����&6$��F,R"0�:,-qlA��Z�����M"�"0$��[��,67F4��1�:�9"0&�!O�F,

Φ±

����5vA),%��"%�f&%�'�1(�;M=

Φ+ = Φ+({L(θ(T ), y) ; y ≥ 0}), Φ− = Φ−({L(θ(T ),−y) ; y ≥ 0}).
�Z;��3��,6;�=Fq

∆+ = E0

(

Φ+ Φ− ;Wθ(T ) > 0
)

=

∫

R3

α e−αr
E0

(

Φ+ Φ− |L(θ(r), 0) = l,Wθ(r) = z
)

1{r>0, 0<l, 0<z<r}

× P0(L(θ(r), 0) ∈ dl |Wθ(r) = z) P0(Wθ(r) ∈ dz) dr.

Á �
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� ,%����b/$��-�F,%�-� e _ �wA��v�F>H"W�+�'�

E0

(

Φ+ Φ− |L(θ(r), 0) = l,Wθ(r) = z
)

= F
(2)
+ (z, l)F

(4)
− (r − z, l),

A)$��-,%�
F

(2)
+ (z, l) := E

(

Φ+({SQBES 2,z
l→0(y) : 0 ≤ y ≤ z})

)

���H5
F

(4)
− (s, l) := E

(

Φ−({SQBES 4,s
l→0(y) : 0 ≤ y ≤ s})

)

.
�Z$*�+��7F�'�H7�Q+��,%�'��>�;'�-&��+��5�4�&%����7N"0$H����KL(�;��'2:�M"8!O��,%� ��!/"0$��v�6�F�'�9"w5H�'&6"%,%��>�4H"0���F�z�+!
L(θ(r), 0)

���H5
Wθ(r)

| &%�:��\],%��(��F&6��"%�'�F�?e _nÁ�
 }�=����:;'5H&

∆+ = α

∫

R3
+

F
(2)
+ (z, l)F

(4)
− (s, l) e−α(s+z) l

4s2z
exp

(

−s+ z

2sz
l
)

dl ds dz

= α

∫ ∞

0

(

∫ ∞

0

F
(2)
+ (z, l)

1

2z
exp

(

−αz − l

2z

)

dz
) | Áy� }

×
(

∫ ∞

0

F
(4)
− (s, l)

1

2s2
exp

(

−αs− l

2s

)

ds
)

l dl.

bn�N(�,6�L2-�:�:5Uq]2:�F��&6�'5��-,8"%$���C*,6&6"����9"0�:7�,0��;f�'�H&%�'5H��"0$H�V�'�9"%�:7F,%��;�����"%$��V�pKH(H,%�:&6&%���F�
!O�F,

∆+

7F��Q��:�
�'� | Áy� }���>@�yQF� _]¢ �v�F>H"W�+�'�?!O,%�F� | Á ��}
∫ ∞

0

F
(2)
+ (z, l)

1

2z
exp

(

−αz − l

2z

)

dz

= K0(
√

2αl)

∫ ∞

0

F
(2)
+ (z, l)P(H 2,α↓

l (0) ∈ dz).

r�=?\f,6�F(@�F&%�M"0�'���?e _£Áyj q

F
(2)
+ (z, l) = E

(

Φ+({SQBES 2,α↓,z
l→0 (y) : 0 ≤ y ≤ z})

)

.

�Z�F�H&%�:��4��-�9"0;�=�q�>��-23��4H&%�
SQBES 2,α↓

$H��"0& 
 A)��"%$�(�,%��>*��>���;'��"B= Á ����5�>@�:2:��4�&%� 

��&)���
��KL��".>@�F4���5*�+,6=�A��v�F>H"W�+�'�
>9=
��&6"W�+��5*��,65J�1�F����"%�F���Y2-;<��&6&o�+,%7F4��1�:�9"

∫ ∞

0

F
(2)
+ (z, l)P(H 2,α↓

l (0) ∈ dz)

=

∫ ∞

0

E

(

Φ+({SQBES 2,α↓,z
l→0 (y) : 0 ≤ y ≤ z})

)

P(H 2,α↓
l (0) ∈ dz)

= E

(

Φ+({SQBES 2,α↓
l (y) : y ≥ 0})

)
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7F�MQ��'��7
∫ ∞

0

F
(2)
+ (z, l)

1

2z
exp

(

−αz − l

2z

)

dz

= K0(
√

2αl)E

(

Φ+({SQBES 2,α↓
l (y) : y ≥ 0})

)

.

¢ �v2:�F�1(�4H"%��"0$��v&%�-2:�F�H5��'�9"%�:7F,%��;��'� | Áy� }Z&%������;<��,6;�= _ r[=
\],%�F(@�F&%�M"0���F�?e _nÁtj

F
(4)
− (s, l) = E

(

Φ−({SQBES 4,α↓,s
l→0 (y) : 0 ≤ y ≤ s})

)

,

���H5E&6��q*4�&6�'��71��79�+�'� | Á ��}�q
∫ ∞

0

F
(4)
− (s, l)

1

2s2
exp

(

−αs− l

2s

)

ds

=
(2α

l

)1/2

K1(
√

2αl )

∫ ∞

0

F
(4)
− (s, l)P(H 4,α↓

l (0) ∈ ds)

=
(2α

l

)1/2

K1(
√

2αl ) E

(

Φ−({SQBES 4,α↓
l (y) : y ≥ 0})

)

.

�Z$����F&6�'��7
Φ− ≡ 1

����5
Φ+({Xy : y ≥ 0}) = φ(X0)

A)$��-,%�
φ
��&Z���9=s�1�3��&64�,0�+>�;'�

!O4��H2-"0���F������5
y 7→ Xy

��&8�
2:����"%�'��4��F4H&�!O4��H2-"0���F��q�AZ�1�F>H"0���'�G�F���F���s$*���H5�q#>9=
| Áy� }

∆+ = α

∫ ∞

0

K0(
√

2αl)E

(

Φ+({SQBES 2,α↓
l (y) : y ≥ 0})

)

×
(

2α

l

)1/2

K1(
√

2αl)E

(

Φ−({SQBES 4,α↓
l (y) : y ≥ 0})

)

l dl

=
√

2α3/2

∫ ∞

0

K1(
√

2αl)K0(
√

2αl)
√
l φ(l) dl,

���H5�q*�F�?"0$��v��"%$��:,)$*�+��5�q

∆+ = E0

(

Φ+Φ− ; Wθ(T ) > 0
)

= E0

(

φ(L(θ(T ), 0)) ; Wθ(T ) > 0
)

=

∫ ∞

0

φ(l)P0(L(θ(T ), 0) ∈ dl,Wθ(T ) > 0)

jtÁ
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!O,6�F� A)$���2W$EA���5��:,6��QF�

P0(L(θ(T ), 0) ∈ dl, Wθ(T ) > 0) = α
√

2αl K1(
√

2αl ) K0(
√

2αl ) dl.

r�=�&6=����1�-"%,6=�qH"0$��v&%�����Y,6�:&64�;�"%&.$H�F;'5�A)$��-�J,6�:(�;'��2:����7
Wθ(T ) > 0

>9=
Wθ(T ) < 0A)$���2W$�(�,%�yQ��:& | Á 
 } _ �o�yAvq)2W$��L��&%�'�H7z!O�F,

Φ+

�z7F�:�H�:,0�+;o!O4���2�"0���F� ��!Y"%$���!O�F,6�
φ×Φ+

A)$��:,6�
φ
��&Z��!O4���2-"%�'�F����!

X0

��&Z��>��yQ�������5V2W$��L��&%�'�H7w��7F�-���:,%��;£!O4���2-"%�'�F�
Φ−

AZ�YC*,6&6".7F��"

∆+ =

∫ ∞

0

φ(l)E

(

Φ+({SQBES 2,α↓
l (y) : y ≥ 0})

)

×E

(

Φ−({SQBES 4,α↓
l (y) : y ≥ 0})

)

×P0(L(θ(T ), 0) ∈ dl,Wθ(T ) > 0)

���H5E&6�:2-�F��5

∆+ = E0

(

Φ+Φ−,Wθ(T ) > 0
)

=

∫ ∞

0

φ(l)E0

(

Φ+Φ−|Wθ(T ) > 0, L(θ(T ), 0) = l
)

×P0(L(θ(T ), 0) ∈ dl,Wθ(T ) > 0)

A)$���2W$J(H,%�yQF�-&o>9=
�'5H�:�9"0�MC*23�+"%�'�F�

E0

(

Φ+Φ−|Wθ(T ) > 0, L(θ(T ), 0) = l
)

= E

(

Φ+({SQBES 2,α↓
l (y) : y ≥ 0})

)

×E

(

Φ−({SQBES 4,α↓
l (y) : y ≥ 0})

)

.

b/$���&/2:�F�1(�;��-"0�-&/"0$��v(�,6�L��!n��!	b/$��-�F,%�-� e _£Á�_
� 2�������� �'?;AY� � &�(@�F�'�9"%�:5��F4H"�>�=J"0$���,6�-!O�-,%�:�+q���"X�'&�(@�F&%&6�'>�;��8"%�?2:�F�1(�4H"%��"0$��
5���&6"%,%�'>H4H"0���F����!

L(θ(T ), 0)
5��',6�:2�"0;�=�!O,%�F� | Á e�}[�'�E\],%�F(@�F&%�M"0���F�?e _nÁ�
H_ u ��5��-�:5�q

P0(L(θ(T ), 0) ∈ dl)/dl =

∫ +∞

0

dr α e−αr
P0(L(θ(r), 0) ∈ dl)/dl

=

∫ +∞

0

α l

r2
e−αr− l

r

(

K0 (l/r) +K1 (l/r)
)

dr

= α

∫ +∞

0

e−r−αl
r (K0(r) +K1(r)) dr.
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bn�v(�,%��2:�-�:5�A��)���:�-5�"%$��/!O�F,%�w4H;<�X��� _ �H_ � � ^ | j }#��� �v,%��5�&%$9"%�-=��V�+��5V�/=�a:$����?h Áy^+k
( _[¡�j �w5�4��Y"0� � ��2 �X�F�*��;�5 | &%�-� ¢ �+"%&%�F�Dh ^ �+k ( _ e ^ �9}��

∫ +∞

0

exp

(

−1

2

(

x +
a2 + b2

x

))

Kν

(

ab

x

)

dx

x
= 2Kν(a)Kν(b).

b	�����'��7s$��-,%�
a = b

����5
2W$*���H7F�'��7�Q+��,6�<��>�;��:&�7���QF�
∫ +∞

0

e−x−a2

2x Kν(x)
dx

x
= 2Kν(a)

2.
| Á �9}

���-"
γ =

√
2αl
�+��5J2-�F��&6�'5��-,

∫ +∞

0

e−r− γ2

2r r K0(r) dr = −
∫ +∞

0

e−r− γ2

2r
d

dr
(r K1(r)) dr

=

∫ +∞

0

(

−1 +
γ2

2r2

)

e−r− γ2

2r rK1(r) dr

A)$��-,%�vAZ�v$*�3Q��84�&6�:5 | 2-! _ �)�:����,6�Ve _ e�}

d

dx
[xK1(x)] = −xK0(x).

�Z�F�H&%�:��4��-�9"0;�=�q£>�= | Á �9}pq
∫ +∞

0

e−r− γ2

2r r (K0(r) +K1(r)) dr =
γ2

2

∫ +∞

0

e−r− γ2

2r K1(r)
dr

r

= γ2 K1(γ)
2.

�X�MTU�-,%�-��"%�<�+"%�'��7wA)�M"0$
,%�-&%(@�:2�"."%�
γ
7F�MQF�:&

∫ +∞

0

e−r− γ2

2r (K0(r) +K1(r)) dr =
1

−γ 2 γ K1(γ)
d

dγ
(γ K1(γ))

= −2K1(γ)
d

dγ
(γ K1(γ))

= 2 γ K0(γ)K1(γ)

(�,6�yQL����7�"0$��v2-;<����� _

j�^
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����� 
���������������� ����� ��� �
���
� �F,

α > 0
;'�-"

Tα := T1/α.
b/$��-�

Tα

��&/��KL(������:�9"0�'��;';M=V5H�'&6"%,%��>�4H"0�-5�A)��"%$E(���,0��� �
��"0�:,

α,
����5
AZ�v�F>L"W�����
!O,6�F� | Á�
 }Z>9=?2W$*�+��7F�'�H7sQ+��,6�<��>H;'�:&

P0(2αL(θ(Tα), 0) ∈ dl) =
√
l K1(

√
l ) K0(

√
l ) dl.

| j 
 }

b/$���&�7F�MQF�:&Y�����1�:5H�<�+"%�:;�= | Á¤Á }.>��-23��4�&6�
Z
�'&Y��&6&%4��1�:5�"%�?>�������5��:(@�:�H5��:�9"v��!

T1���H5
W.b/$H�X,%�-�V�+�'������7v2:;<�+�'� �+!�b/$��-�F,%�-� e _`^ !O�F;';��tA)&]!O,6�F� b/$��-�F,%�-�xe _£Á ��!UA��X&6$��yA

"%$*�+"
{αL(θ(Tα), y/α) : y ∈ R} (d)

= {L(θ(T1), y) : y ∈ R}.
| jtÁ }

bn�s(�,%�yQF�v"0$H�'&:qH,%�:2:��;';�"0$*�+".>9=�"%$��v&%23�+;'�'�H7�(�,%�F(@�:,R"B=
��!#r � q*4���5H�:,
P0

q

{(Wt, St, It) : t ≥ 0} (d)
= {α(Wt/α2 , St/α2 , It/α2) : t ≥ 0}.

| jFj }

u "/!O�F;�;'�yA)&�"0$��+"

θ(r) := inf{t : St + It > r}
(d)
= inf{t : St/α2 + It/α2 > r/α}
(d)
= α2 inf{t : St + It > r/α}
= α2 θ(r/α).

���-"
f
>@�v�1>@�F4���5H�:5J����5E���F� � ���:7F�+"0�MQF��!O4���2�"0���F�E����5E2:�F��&6�'5��-,

∫

f(x)L(θ(r), x) dx =

∫ θ(r)

0

f(Ws) ds

(d)
=

∫ α2 θ(r/α)

0

f(αWs/α2) ds

= α2

∫ θ(r/α)

0

f(αWs) ds

= α2

∫

f(αx)L(θ(r/α), x) dx

= α

∫

f(y)L(θ(r/α), y/α) dy,

���H5
"%$��'&)(�,6�yQF�:& | j,Á } _
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� 2�������� �'?;A � u "v�'&Y�3�+&%�';M=N5��-5�4�2-�:5�!O,6�F� "%$��s��KL(�;��'2:�M"�!O�F,6����!["0$���"%,0����&6��"%�'�F�
5��-��&%�M"B=���!

SQBES δ
7F��Q��:��qX� _ 7 _ qX�'��h�� k ( _ Á3^ �z"0$*�+"?"%$��G!O�F;';��tA)����7�&623��;��'��7

(�,6�F(@�:,6"B=�$��F;'5H&

{SQBES δ
x (t) : t ≥ 0} (d)

= {1

c
SQBES δ

c x(c t) : t ≥ 0}.
� &%�'�H7V"0$���&����H5�"0$��

h
� "0,%����&6!O��,%� 5��:&62:,6�'(H"%�'�F�N�+!

SQBES δ,α↓
�M"�23�+��>��8(�,%�yQF�-5

"%$*�+"
SQBES δ,α↓

| �+��5E��;'&6�
SQBES δ,α↑

}Z&0�l"0�'&RC*�:&

{SQBES δ,α↓
x (t) : t ≥ 0} (d)

= {1

c
SQBES δ, α/c↓

c x (c t) : t ≥ 0}.

��� � 
�������������� ��� � � ������� �����
� �F,)��� | ��,%>��M"0,%��,6=H}�(�,6�L2-�:&6&

X = {Xy : y ≥ 0} 5H�-C*���

Φ(X) := exp

(

−
∫ +∞

0

f(Xy) dy

)

1{supy≥0 Xy<h}.

r�=�b/$��:�F,6�:� e _nÁ q

E0

(

exp(−V (f, θ(T ))); sup
y
L(θ(T ), y) < h

)

=

∫ h

0

Ψ+(l) Ψ−(l) 2α
√

2αl K1(
√

2αl ) K0(
√

2αl ) dl,
| j�^ }

A)$��-,%�
Ψ+(l) := E

(

Φ(SQBES2,α↓
l )

)

���H5
Ψ−(l) := E

(

Φ(SQBES4,α↓
l )

)

.
� &.���?"0$��v(�,6�L��!n��!	b/$��-�F,%�-� e _£Á q�4�&%����7�\f,6�F(@�F&%�M"0�'����e _nÁ¤Á ����5Ee _£Áyj qHA�����>H"W�����

Ψ+(l) =

∫ +∞

0

E

(

Φ(SQBES2,α↓,z
l→0 )

)

P(H 2,α↓
l (0) ∈ dz)

=

∫ +∞

0

E
(

Φ(SQBES2,z
l→0)

)

× 1

2K0(
√

2αl)

1

z
exp

(

−αz − l

2z

)

dz,
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���H5E>9=?"%$��v&0���1��A��3=

Ψ−(l) =

∫ +∞

0

E
(

Φ(SQBES4,y
l→0)

)

× l

2
√

2αlK1(
√

2αl)

1

y2
exp

(

−αy − l

2y

)

dy.

�.��K�"/;'��"
Z(2)
����5

Z(4)
5��-����"%�

SQBES2
����5

SQBES4,
,%�:&6(��-2-"%��QF�-;�=�q*����5

p(2)

���H5
p(4)
"%$��:��,�"0,0�+��&%�M"0�'���?5��:��&6��"%�'�:&-q*,%�-&%(@�:2-"%��Q��:;�=�q*���F,6�V��;��'a-�:5�Q��<�

E

(

Z(2)
z ∈ du |Z(2)

0 = l
)

= p(2)(z; l, u)m(2)(du)
| j e�}

���H5
E

(

Z(4)
z ∈ du |Z(4)

0 = l
)

= p(4)(z; l, u)m(4)(du),
| j �F}

A)$��-,%�
m(2)(du) = du

���H5
m(4)(du) =

u

2
du
��,%�i"%$��]&%(@�:�-58�1�3�+&%4�,6�:&���!

SQBES2

���H5
SQBES4,

,6�:&6(��-2-"0�MQF�-;�= _ u �E(*��,6"%�'2-4�;<��,-q

p(2)(z; 0, l) = p(2)(z; l, 0) =
1

2z
exp

(

− l

2z

) | j � }

���H5

p(4)(z; 0, l) = p(4)(z; l, 0) =
1

2z2
exp

(

− l

2z

)

.
| jF¡ }

� ;'&%�15���C*���8"%$��8"%,0���H&%��"%�'�F�
5��-��&%�M"0���:&
p̂(2)
����5

p̂(4)
| A)$��'2W$�5��:(@�:��5��F�

h
���H5

f
}

Q��<�

E

(

exp(−
∫ z

0

f(Z
(2)
t ) dt) ; sup

0≤t≤z
Z

(2)
t < h, Z(2)

z ∈ du |Z(2)
0 = l

)

= p̂(2)(z; l, u)m(2)(du)
| j�� }

���H5

E

(

exp(−
∫ z

0

f(Z
(4)
t ) dt) ; sup

0≤t≤z
Z

(4)
t < h, Z(4)

z ∈ du |Z(4)
0 = l

)

= p̂(4)(z; l, u)m(4)(du).
| j �9}

rZ�-23��4H&%�
f
��&)��&%&64��1�:5
"0�1>��Y>@�F4��H5��:5�q*"%$��v>��F4H��5*��,R=�(@�F�'�9" 
 �'&/�-��"%,0���H2:� � ����" �

�pKH�M"/!O�F,�"0$H�:&%�����';�;'�:5
SQBES

(�,6�L2-�:&6&%�:& _ b/$��-,%��!O�F,%�+q�AZ��$*�3QF�v!O�F,)��;�;
l > 0

p̂(2)(z; l, 0) > 0 and p̂(4)(z; l, 0) > 0.
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�)�:;'�+"0���F��& | j e�}�q | j�� }pq*����5 | j � }�=��'�-;'5

E
(

Φ(SQBES2,z
l→0)

)

= E

(

exp(−
∫ z

0

f(Z
(2)
t ) dt) ; sup

0≤t≤z
Z

(2)
t < h |Z(2)

0 = l, Z(2)
z = 0

)

=
p̂(2)(z; l, 0)

p(2)(z; l, 0)

= 2z exp
( l

2z

)

p̂(2)(z; l, 0).

�L������;<��,6;�=�q9>�= | j �F}pq | j �F}�q*���H5 | jF¡ }pqHAZ���F>H"0���'�

E
(

Φ(SQBES4,y
l→0)

)

= E(exp(−
∫ y

0

f(Z
(4)
t ) dt) ; sup

0≤t≤y
Z

(4)
t < h |Z(4)

0 = l, Z(4)
y = 0)

=
p̂(4)(y; l, 0)

p(4)(y; l, 0)

= 2y2 exp
( l

2y

)

p̂(4)(y; l, 0).

\]4H"6"0�'�H7s"%$��:&6�v��KL(�,%�-&%&6�'�F��&o�'� | j+^ }[=��'�-;'5�&

E0

(

exp(−V (f, θ(T ))); sup
y
L(θ(T ), y) < h

)

= 2α

∫ h

0

(

∫ ∞

0

e−αzp̂(2)(z; l, 0)dz
)(

∫ ∞

0

e−αsp̂(4)(s; l, 0)ds
)

l dl

= 2α

∫ h

0

l Ĝ(2,f)
α (0, l) Ĝ(4,f)

α (0, l) dl

2-�F��(H;'�-"%�'��78"0$��v(�,6�L��! _
��� � 57:�� � 2���� 2�� 2 5 84? ¢ �s"0$*���H�N"0$��������F�9=��1�F4�&v,%��!O�:,%�-��!O�F,��?QF�-,6=D5��-"0���';��:5
,6�:(@�F,6"]A)$���2W$���4�2W$�����(H,%�yQF�-5s"%$��)(�,%�-&%�-��"0�+"0���F��q�����5V��;'��!U��"0�+TU����&i!O�F,](@�F�'�9"%�'��7
�F4L"/"0$��v,%��;'�Y��!	2:�F�9Q���KL��"B=?A)$��-�N������;�=�&%����7w"0$H��2-;<��&6& K.

� ! ( !���!)�
��!0%

h Á:k � _ � >�,%���1�tA)�M"0a�����5 u _ ��"0�-7F4�� _	��

����� �	��� ��
�� 

��������

��� �!

"$#&%��'����� � �)(+*
,
����- � ����������.�_ �X�yQ��:,.(�4�>�;��'23�l"0�'����&:q u ��2 _ q£�o��A �[�F,%�£q Á � ¡ 
H_
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h jlk � _ r���,6��5��F,RT � �o�'�-;'&6�:��qn\ _ rZ;'���:&6�';�5�q�����5�� _ �o��;'7�,%�:�-� _ � �',%&R"v$���"6"0����7?"0�'�1�
�1�L5H�:;'&n!O�F,#7��:���-,0��;��'a:�-5w�'�9Q��:,%&6� ����4H&%&%�'���w5���&6"%,%�'>H4H"0���F� _�� � � �+��� � ��� ����� -�-�"�� q
¡ ��e4�t�L�+e�q Á � ¡��H_

h ^+k � _ � _ rZ�F,6�L5���� _ �X��&6"%,%�'>H4H"0���F��&#�+!*!O4���2-"%�'�F����;'&	��!£"0$��)rZ,6�yA)���<����;��L2:��;9"0�����+q u _
� ��� ����� �	�
� -�-�"�� q ^ e | ^ }�� ^F� �y��e 
lÁ q Á � � � _

h e k � _ � _ rZ�F,%��5���� _ ����5���&6"0,6�'>�4L"0�'��� ��!�!O4���2-"%�'�F����;'&��+!��~rZ,6�yA)���<�����1��"0���F�
&R"0�F(�(@�:5��+"v"0$��1�������-��"�����Q��:,6&%��"%�E"%$��V,%����7F� _�� 
�-�� ( � ��
 

% �+������� ���������
��� ������� % (+(�� 

��� q j � 
 ��� 
 � ¡Fj q Á � � � _ �f�H7F;'��&%$V"%,0����&6; _ �'��� _ � �+"%$ _ �L2:���:��2-�:& _

h`� k � _ � _ rZ��,%��5��'�E����5�\ _ �H��;��������:� _ � 

����� �	��� ��
�� � ��� ��� 

� � � � � � � � # 
���� (


����# � � ��% " 
��+*"!���� �!�
����� � �*_ r��',%��$$#+4�&%�-,:q£r���&6�:;mq*rZ�F&R"0�F��q£r��:,%;��'��q j 
 
9j�_

h �+k   _ � _ �Z$��:��7HqH� _ �Z�tAZ����qL����5V� _ �o�F;�&6" _ b/$��X,64��'�1(�,6�F>�;'�-� ����5�2:�yQF�-,�"%�'�1�:&
��!#��&R=L�1�1�-"0,6�'2Y,%����5��F�xA��+;'��&X�+��5ErZ,%�yA)���'���
����"%�'�F�H& _%� ��&��'� -�-�"�� ����� �	� q
^9j | Á } � Át¡�¡ � Á � j q j 
 
 
H_

h ¡lk � _ �Z$��F&%��5����H5?� _ u &0����2 _ ����"%$��X,%����7F�o��!�,%�-2:4�,6,%�-��" � ��,%�+�yQ�2W$����'��& _(� �����
����� �	� q � � �F� 
 � ���9¡ q Á � ¡��H_

h �+k � _ �Z$��F&6�'58����5w� _ u &0����2 _ �Z�F,6,%�:2�"0���F�8"%�*)3���v"0$��[,0�+��7F�f��!�,6�:2-4�,%,6�:�9" � �+,%���yQ
2W$*�+�'��&+) _�� ����� ��� � �	� q � � Á 
 
 
 q Á � � 
H_

h�� k � _ �oQF��,%�-"%&%�9=D����5G\ _ �],%5 	�& _ �L�F�1�w(�,%��>�;'�-��&o�F��,0���H5��F� AZ��;��J���N&%(*�+2:� _
� �+� � ��� � � �+� ��" �-,.��, � -/� � 

� ���(� � 

�0� q*(���7F�:& ^ � ^ � ^ �F� q Á �9� ÁF_

h Á�
+kY¢�_ � �:;';��:, _ b/$�����&6=���"%��"0��285H�'&6"%,%��>�4H"0���F�
��!#"%$���,%����7F����!#&%4��1&o�+!]�'��5H�:(@�:� �
5��-�9"X,%����5��F�xQ+��,%�'��>�;'�-& _%� ����� � 

�����(� � 

�1� q jFj ��e jF¡ ��e ^9j q Á �9� Á�_

h Á¤Á:k \ _ � _<� �M"0a:&6�'�1������& _ � �+,%���yQ
(�,6�L2-�:&6&.A)�M"0$E�'5��-��"%�'2:��;�>�,%��5�7F�-& _32 " �+��� ��� ��� ��4��
����� �	� q ^ | Áyj }�q Á � � �H_

h Átjlk \ _ �Y;�=���� _ ���
"0$��v,%����7F�v��!#�1,6�:7F�-���:,%�+"0�MQF��&%�-��4H�:��2-� _�� � � �+��� ��� � ���'� -�-�"�� q
j 
 � Á�
 �y� Á¤Áy^ q Á � � � _

h Áy^+k u _ � _ �Y,0�+5�&%$9"0��=����+��5 u _ � _ �/=La-$��'� _ � 
�� " � ��
 ����� � . � 

" (+* (�� � � �+( 

��� - ��� �
% ����(�_
� 2:��5��:�1�'2�\],%�-&%&-q��.�-A �[�F,%�£q Á � � 
H_

h Á e k � _ �o���F7F$����:�1&6"%,0� _ ���1!O4��H2-"0���F�*��;�&]��!U"%$��o��5�4�&R"0�:5�,0���H7F�)(�,%��2:�-&%& _"4���� -�-�"��
����� �	� q j e | j }�� j � j � j � ¡ q Á � �9¡�_
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h Á � k \ _ �o&64�����5�\ _ � �+,%2W$ _ r�,%�yA)���<�+� ��KL2:4H,%&%���F��&V!O,6�F� ��K�"0,6�:�1�:& _ u ��\ _ � _
� ��=F�-, � _ � a-c:���
����5 � _ �[�F,:q��-5���"%�F,%&-q ����������

� � � ��� � ��� �+
�� ��" �����+(���� � � q
��4��w>@�:, Áy^9j,Á �����L(H,%�'�H7F�:,[���:2�"04�,6�X�.��"0�-&���� � �l"0$��-�V�+"%�'2-&:q�(*��7F�-&�� 
9j �H� 
F¡ q
rZ�-,%;��'��q �.�:��5��:;�>��-,%7�qH�o�-A �[�F,%�£q Á � �F�H_

h Á��+k � _ � \ _ u �1$���! _ ����"0$H�w,0���H7F�8�+![rZ,%�yA)���'�����1��"0���F�J����5N�M"0&.�'�9QF�-,%&%��(�,%��2:�-&%& _
� ����� ����� �	� q Áy^ | ^ }�� Á�
lÁ�Á � Á�
lÁy¡ q Á � � � _

h Át¡lk � _ � \ _ u ��$��+! _ � 2-�F��&6"%,%4�2�"0���F�J�+!	"%$���rZ,%�yA)���'���J�1��"%�'�F�?(*�l"0$
!O,%�F��r �[� | ^ }
(����:2-�:& _3� � � �+��� ��� � ���/� -�-�"�� q*e ^ � ^ e9�y� ^ � ^ q Á � � jL_

h Áy�+k � _ � _ �F���'������5N� _ ��,6�-= _ ���J"%$���,%����7F����!],%����5���� AZ��;�� _ � ( � 
���" 4�� � 

� ��� q
� � ^9¡�^ � ^F� 
 q Á � �F�L_

h Á � k � _ � _ �F���������H5 ¢�_ � _ \],64���"6" _ b/$���,%����7F�v��!#,0����5H�F��AZ��;'� _ � ��� ��� � � � � ��" �-,
��, � -/� � 

�����(� � 

�0� ����� �	� q ^ � ^lÁ �H� 
 q Á � ¡FjL_

h j 
+k � _ \ _ � 2: Y�3����q4��, _ �iKL2-4�,%&6�'�F��&	��!£�.���F� � &%�'�H7F4�;<�+,n5H��T�4�&%���F� _��(�	��
 � � (��+��������

" � �+� � ������(�� ��� � � � ��&
� � � �
� � � � ��� � q Á � j�^ 
 � j�^ �Hq Á � �F^L_

h jtÁ:k � _ \]��"%�V�+������5 � _ �[�F, _ rZ�-&%&%�-;/(�,%��2:�-&%&6�:&��+��5~�'�HC*�H��"0�-;�=D5��MQL��&%��>�;'��;'�3A)& _
u � � _/¢ �';';��<���1&:q/�-5���"%�F,:q � � � �+�)
 (�� � � � ��� � . � 

" ( qX��4��w>@�:, � � Á �����L(H,%�'�H7F�:,
���:2�"04�,6���.��"0�-&)�'� � �+"%$��:���+"%�'2:&-q�(*��7��:& j�� �y� ^9¡ 
 qHrZ�:,6;'�'�Uq �o�-�'5��-;'>@�:,67�q*�o��A
�[�F,6�£q Á � �lÁF_

h jFjlk � _ \]�M"0����� ����5 � _ �[�F, _ � 5��-2:�F�1(@�F&%�M"0�'������!�rZ�-&%&%�-;G>�,%��5�7F�:& _ �(�
��
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