hal-00141016, version 1 - 11 Apr 2007

Upwind discretisation of a time-dependent two dimensional
grade-two fluid model

Hyam ABBOUD"* and Toni SAYAH*

T Faculté des Sciences et d’Ingénierie
Université Saint-Esprit de Kaslik
B.P. 446 Jounieh, Liban

* Faculté des Sciences
Université Saint-Joseph
B.P. 11-514 Riad El Solh
Beyrouth 1107 2050, Liban

E-mail: hyamabboud@usek.edu.lb, tsayah@fs.usj.edu.lb

9th April 2007

Abstract

In this paper, we propose a finite-element scheme for solving numerically the equations of
a transient two dimensional grade-two fluid non-Newtonian Rivlin-Ericksen fluid model. This
system of equations is considered an appropriate model for the motion of a water solution
of polymers. As expected, the difficulties of this problem arise from the transport equation.
As one of our aims is to derive unconditional a priori estimates from the discrete analogue of
the transport equation, we stabilize our scheme by adding a consistent stabilizing term. We
use the IP5 — IP; Taylor-Hood finite-element scheme for the velocity v and the pressure p,
and the discontinuous IP; finite element for an auxiliary variable z. The error is of the order
of h3/2 + k, considering that the discretization of the transport equation loses inevitably a
factor h'/2.

Keywords Grade-two fluid, non-linear problem, incompressible flow, time and space dis-
cretizations.

1 Introduction
This article is devoted to the numerical solution of the equation of a grade two fluid non-
Newtonian Rivlin-Ericksen fluid ([16]) :

%(u — alAu) — vAu + curl(u — aAu) x u+ Vp = £ in |0, T[x 2, (1)

with the incompressibility condition :

divu = 01in |0, T[x€, (2)
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where the velocity u = (ug,u2,0),

0 0 0 0
divu = a—Zi a—zz, curlu = (0,0, curlu), curlu= a—Zi — a—;;,

here f denotes an external force, v the viscosity and « is a constant normal stress modulus.

This model is considered an appropriate one for the motion of water solutions of polymers ([7]).
The case o = 0 represents the transient Navier-Stokes problem. Here, p is not the pressure, but
the formula which gives the pressure from u and p is complex. To simplify, we refer to p as the
“pressure” in the sequel. According to Dunn and Fosdick’s work [8], in order to be consistent
with thermodynamics, a grade-two fluid must satisfy « > 0 and v > 0. The reader can refer to
[7] for a discussion on the sign of a.

The equations of a grade two fluid model have been studied by many authors (Videmann gives
in [17] a very extensive list of references), but the best construction of solutions for the problem,
with homogeneous Dirichlet boundary conditions and mildly smooth data, is given by Ouazar
[15] and by Cioranescu and Ouazar [3], [4]. They prove existence of solutions, with H? regularity
in space, by looking for a velocity u such that

z = curl(u — aAu)

has L? regularity in space, introducing z as an auxiliary variable and discretizing the equations
of motion by Galerkin’s method in the basis of the eigenfunctions of the operator curl curl(u —
aAu). This choice allows one to recover estimates from the transport equation in two dimensions

a—z—|—yz+au-Vz:chrlu+acurlf, (3)

ot
whenever curl f belongs to L?(2)3. In this case, z = (0,0, 2) with z = curl(u — aAu). Hence,

z is necessarily orthogonal to u.

In this article, we propose finite-element schemes for solving numerically the equation of a two
dimensional grade-two fluid model. Defining z as above, the equations of motion becomes :

;(u—aAu)—uAu+zxu+Vp:f7 (4)
and
aa—i +vz+au-Vz =v curlu + a curlf, (5)
the Dirichlet boundary condition :
u=0 on]0,7[x0Q, (6)
and the initial conditions :
u(z,t) =0, and z(z,t)=0. (7)

This problem is analyzed by Girault and Saadouni [10]. If we want to derive an unconditional a
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priori estimate for the discrete analogue of (3), we add to the left-hand side of this last equation
a stabilizing, consistent term, so it becomes

9z

“ot

+yz+04u-Vz+%(divu)z:ycurlu—l—acurlf. (8)
In this work, we propose to discretize this last equation, as Girault and Scott did in [11], by
an upwind scheme based on the discontinuous Galerkin method of degree one introduced by
Lesaint and Raviart in [12]. Let X3, M}, and Z;, be the discrete spaces for the velocity and the
pressure. We approximate the velocity and the pressure by the standard IPo — Py Taylor-Hood
scheme, where P, denotes the space of polynomials of degree k in two variables. Also, in each
element of the triangulation, 2}’ is a polynomial of degree one, without continuity requirement
on interelement boundaries. Our discrete system corresponding to (4) and (8) is :

Find uzﬂ € Xh,pz+1 € My, and ZZH € Zy, such that

1 «o
Vv, € Xp, E(uZH —up,vp) + E(V(uzﬂL —u}), Vvy) + v(Vu) 't Vvy,)
(9)
+(Zg X uZ+1avh) - (pZJrl’div Vh) = (fn+1avh)a

Q

vgh € Zh’ E(Z;LLJrl - Z}rzl? eh) + V(Z}TLLJrl? 9/1) + C(uZJrl; Z}TLLJFI’ 9/1)
(10)

= v(curlu}™, 0),) + a(curlf"*1,6,),

where c(uZ“; zZH,Gh) is the discrete non-linear part of the transport equation and the func-

tions of X}, vanish on 0. This system is linearized in the sense that in (9), knowing 2z}, we

calculate uZH and pZH with a linear equation. Then, we calculate z,’f“ with the second linear

equation (10). For both the velocity and pressure discretizations, the error is of order h3/2 and

k. This is the best that can be achieved, considering that the discretization of the transport

equation loses inevitably a factor h'/2. Other finite elements can be used, ¢f. Crouzeix and

Raviart [6], Brezzi and Fortin [2] and Girault and Raviart [9].

Now, we recall some notation and basic functional results. As usual, for handling time-dependent
problems, it is convenient to consider functions defined on a time interval |a, b[ with values in
a functional space, say X (cf. Lions and Magenes [13]). More precisely, let || . ||x denote the
norm of X; then for any r, 1 <r < 0o, we define

b
I (a,b: X) = {f mesurable in ]a, b[;/ | £ % dt < oo}

equipped with the norm
b
| £ lortasy=( / | £ % doy'rr,

with the usual modifications if r = co. It is a Banach space if X is a Banach space.
Let (ki,k2) denote a pair of non-negative integers, set |k| = ki + ko and define the partial
derivative 0* by
k 5‘k‘v
O oxb o
X1 OXg
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We denote by :
W™ (Q) = {v e L"(Q); d%v € L"(Q) V|k| < m},

This space is equipped with the seminorm
] yprm.r( Z / |8 | dx]'/",
|k|=m
and is a Banach space for the norm
1
lv lwmr@=1 D [olprr@dx]""
0<|k|<m

When r = 2, this space is the Hilbert space H™(Q2). In particular, the scalar product of L?(Q)
is denoted by (., .).

Similarly, L?(a,b; H™(f2)) is a Hilbert space and in particular L?(a,b; L?(f2)) coincides with
L?(Q2x]a, b[). The definitions of these spaces are extended straightforwardly to vectors, with the
same notation, but with the following modification for the norms in the non-Hilbert case. Let

u = (u1,us); then we set
Il 1o I ax'

where || . || denotes the Euclidean vector norm.

For functions that vanish on the boundary, we define for any r > 1
Wy () = {v € W (9);0]on = 0}

and recall Sobolev’s imbeddings in two dimensions: for each r € [2,00[, there exits a constant
S, such that
Vv e Hy(Q), | v lLr@)< Selvlmo), (11)

where
Vg =l Vv 2 - (12)

When r = 2, (11) reduces to Poincaré’s inequality and Ss is Poincaré’s constant.

The case r = oo is excluded and is replaced by: for any r > 2, there exists a constant M, such
that

Yo € Wy (Q), || vl pe)< Mylvlwiroy- (13)
We have also in dimension 2,
1 2 1/2
9l sy < 24 1l g 1 550yl Vo 11550, - (14)

Owing to Poincaré’s inequality, the seminorm |.| H1(q) 1S a norm on H} () and we use it to define
the dual norm: T >
| f lz-1@)= sup SULLVAN
vEHL(R) |U|H1

where (.,.) denotes the duality pairing between H~!(Q) and H0 Q).
Also, we introduce the space:

L3(9) = {g € LX(9); /Q g dx = 0},
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2 The exact problem

Let Q be a bounded polygon in two dimensions with boundary 9 and let |0,7[ be a given
time-interval. We want to find a vector velocity u, a scalar pressure p and an auxiliary scalar
function z solution of

gt(u—aAu)—VAu—i—zxu—i—Vp:fin]O,T[xQ, (15)
a% +vz+au-Vz =v curlu+ a curlf in |0, T[x, (16)
u =0 on |0,T[x09, (17)

u(x,t) =0 and z(z,t) =0, (18)

where z X u = (—zug, zu1). Here v > 0 and a > 0 are given constants.

A straightforward formulation of (15)—(18) is :
Find (u(t), p(t), 2(1)) € L°(0, T HL(Q)2)x L*(0, T; L3(9) x L(0, T; I(Q), u € L*(0,T; HL(Q)?)
such that

Vv e HYQ), (W (t),v)+a(VU'(t),VVv)+rv(Vu(t), Vv)

(19)
F(2(t) x u(t),v) — (p(t), div v) = (£(t),v) in Qx]0, T,
Vg€ L3(Q), (q(t),divu(t)) =0, (20)
a% +vz+au-Vz=vcurlu+ a curlf in |0, T[xQ, (21)
u(0)=0  and 2(0) =0 in Q. (22)

The following theorem is established in [10]:

Theorem 2.1. Let ) be a lipschitz polygon. For all v > 0 and £ € L?(0,T; L*(Q)?) such that
curlf € L2(0,T; L*(Q)), (15)—(18) has at least one solution (u,z,p) that satisfies the following
estimates :

S «
|12]| Loe (0,1322(0)) < \/572|\f|!L2(0,T;L2(Q)2) + |V||| curl f[| 20, 7,22(0))

S
[aflpee 0,111 (0)2) < 72”f||L2(0,T;L2(Q)2)7

(SalIfl| 220, 22(00)2) + Stllall Lo 0,181 )2) 12l L 0,722 (02)))-

R

Pl 220,102 (0) <

3 A discontinuous upwind scheme

Let h > 0 be a discretization parameter and let 7;, be a regular family of triangulation of (,
consisting of triangles x with maximum mesh size h: There exists a constant oy, independent
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h
of h, such that V& € 7j,, — < 09, where h,, is the diameter and p, is the diameter of the ball

K
inscribed in k. We introduce pp;, = min pg. As usual, the triangulation is such that any two
K

triangles are either disjoint or share a vertex or a complete side.
We first recall how upwinding can be achieved by the discontinuous Galerkin approximation
introduced in [12]. Let Z;, be the discontinuous finite-element space :

Z, = {0, € L*(Q);Vk € Ty, 04|, € P1}.

There exists an approximation operator, [5], R}, € E(Wl’p(ﬂ); Zy 0 Co(ﬁ)) such that for any
p>1,form=0,1and0<1<1

Vz € WlJrl’p(Q), |Rh(2) - Z’Wm,p(g) § Chl+1fm’2‘wl+17p(9).

Let uy, be a discrete velocity in H} ()2, and for each triangle &, let
Ok_ = {x € Or; auy -n < 0},

where n denotes the unit exterior normal to 0k. Note that, for all triangles x of 73, dk_ only
involves interior segments of 75 because up = 0 on 9. Then, the non-linear term af(u-Vz, 6)+

1
i(divu z,0)] is approximated by

c(uZ'H n+l 0"“) g/divuzﬂzﬁﬂezﬂdx—k Z (/ "H Vz”+1)0"+1dx
Q

KETH K
n+1 n+1 n+1 n+1
+ /8 ‘Cﬂl ’(Zh int zh ext)eh 1ntds)
K—

The subscript int (resp. ext) refers to the trace on the segment Ok of the function taken inside
(resp. outside) k. Note that in the above sum, the boundary integrations act in fact over com-
plete interior segments.

On the other hand, let us recall the standard Taylor-Hood discretization of the velocity and
pressure. The discrete space of the pressure is :

My, = {qn € H'(Q) N L§(Q); V& € T, qn € P1}.
There exists an operator rj, € £(L3(); M},) such that for 0 <1 < 2,

Vg € H'(Q) N L§(Q), [Irn(a) — allzz ) < Cllalle)-
The discrete velocity space is :
Xh = {Vh S Co(ﬁ), VK € %,Vh’,.; c ]PQ,Vh’@Q = 0},

and let
Vi = {vh € Xp; (qn,divvy) =0 Vg€ My}
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There exists an operator P, € L(H}(2)?; X},), such that

;

Vv e HYQ)?, Ve €T, Vg, € My, /qh div(Pp(v) — v)dx = 0,

for all number p > 2; Vv € Hj(Q)?, [|Pu(v) — v|1r) < ChQ/p|v]H1 (23)
for all number p >2,1<s<3,m=0or1, Vve[W$P(Q)NHQ)]?,

1Pu(v) = Viiwms(ey < Ch ™ [V]ypsno)-

\

1 tn+1
We take f"F1(x) = — / f(t,x)dt. Then the discrete system corresponding to the formulation
t

(19)-(22) is : '

Given (uf,29) = (0,0) and 2! € Zj,, find (u}™, p}*!) € X, x M}, such that :

1 n n o n n n
Vi, € Xp, k(uhH —up, i) + k(V(uh“ —up), Vvi) + v(Vaptt, Vivy) 24)
24
+ (2 x uZ'H,Vh) — (p’,zJrl divvy) = (£ vy),
Van € My, (qn, divup*h) = 0. (25)
+1

Once we have u; ™", we compute z,’f“ by solving the system :

1
Yo, € Zy, k(zZH — 2, 0n) + zx(zh+1 On) + c(u, ntl, ZZH, 0r) (26)

= v(curlu} ™, 6)) + a(curlf"*1,6,,).

In order to prove the existence of solutions of (24)—(26), let us recall the following identity
established by Lesaint and Raviart [12] :
Lemma 3.1. For all vy € Xy, 250 and 0} in Z},, we have

(i) = 3 (= [ avi - Vo)eRax+ [ iV nlzf b en— O

KETH
- 3 n n . n
—2/Q(dlvvh)0hzhdx.

For 0% € H'(Q), we have
c(vis 2, 0p) = —/ a(vy - Vo) zpdx — % / (div vy)8p 2y dx.
Q Q
For 0}y = z;y € Z;, we have

RALEIEEDS /8 V] 1l (!t — 2 ) 2.
K—

HETh

Theorem 3.2. Given f"™! € L?(Q)? with curl f*1 € L%(Q), for all (u}, z}) € Xp, X Zy, there
exists a unique solution (u "H,pzﬂ Z'H) of problem (24)—(26) that belongs to Xp, X My, X Zy,.
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Proof. On the one hand, for z}! € Z, it is clear that problem (24)—(25) has a unique solution

(u n“, pZH) as a consequence of the coerciveness of the corresponding bilinear form on X, x Xj,.

On the other hand, the last lemma proves that the bilinear form corresponding to the equation
(26) is also coercive on Zp, x Zp,. Then (26) has a unique solution. O

Theorem 3.3. We assume that £ € L?(0,T; L?(Q)?) with curl £ € L?(0,T;L?(Q)). The solu-
tion of the problem (24)—(26) satisfies :

[an||poe 07511 (2)2) < CrllfllL20,:22(02)2)
12 llZoe 0,522y < CollflZao,riz2pz) + Osll cwrl fll7ao 1,2y
1PRl1Z200 7220y < CallflF20 1r2()2) + CsllUalIZ o (o 1 (ey2y T Coll2nl o 0 72200y 1A Fow (0.1, r1 (02

where C;,i =1,...,6 are positive constants that depend on € and T.

Proof. On the one hand, we take vj, = u""! in (24) and we obtain :

1 o
*II w2 §Humli2(9 IU"“I%n @) 5\112%1 +vklup 3 g
ke kS
S ?an-i-l”%Z( 2| n+1|fql
82
We choose € = 2—2 and sum over n = 0,...7. We obtain :
v

) N
L e Qi “kS2. o kS2 . o
S Ihllz2 () + 5 Wkl (g) < > LI ZIRS > LLIZI)
n=1 n=1
This implies the first estimate :

S2
Huh”%oo(o,T;Hl(Q)Z) = OSUEN‘uh’Hl < 2 Hf||L2 (0,T5L2(2)2)"
<3

On the other hand, we choose 6, = 2} in (26), use the third relation in Lemma 3.1 and we
obtain :

kv
*HanHLz(Q) ||ZhHL2 +Vk”'zn+1”L2(Q) =0 %, 5| curl uhHHL2

kusl ka@

121122

||z +1||L2(Q)+g|| curl f +1||%2( Q)

v
taking e; = 1, eg = — and summing over n =0, ..., ¢, this becomes :
o
ol 241 Z2(ey < VTNl oz ey + Il eurl £l 7oz ay)-
( )_ (7 ) ( )) v (7 ) ( ))
Then we obtain the second estimate :

2 VT 2 o 2
lenl2 0,220 = j”“h”Lw(o,T;Hl(Q)% T ;” curl £|{72( 7. 12(q))-
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u T —u
The third estimate is obtained in two steps: First, we take the function test VZH = _h B h
n (24). We obtain :
1 2 @ 12 1 2
kQHUnJr —uill72(0) +@Iu}§ uh|H1 @ T35 |1anr 210 +2—k2|u"+ — Wyl (q)
2
[ S — w20y + 5178 Fa g0 1117 T g
2 L2(Q 2k2 hILL2(Q) T 9g, IPRIL2(Q LAQ) T 92 M RIHL(Q)"

o .
~oz we obtain :

Then by choosing €1 = 2 and €2 =
257

n+1
u, " —uy

252
’T‘HlQ)—2 ’anHmQ)JF 4thHL2(Q)HuZ+1HL4 +72 n—H‘Hl Q)

Next, owing that the pair (X}, M},) satisfies a uniform discrete inf-sup condition, we associate
with p"+1 € M, the function vy, € X}, defined by

VYwy, € Vy, (Vvh, VWh) =0,
vq}z € Mha (le Vh, qh) (pz+1a Qh)’ (27)

Vil (o) < BszJrl”LQ(Q)a

we substitute this vj into (24) and we obtain :

P+aurtt—u? P+« v
n+1 h h n+1 +12
||ph HL2(Q)< %, | k |H1 + 232 1th ||L2 )JFEIUZ |H1(Q)
veg
262Hpn+1||L2(Q)) + f”zﬁl”%? ||uh+1”L4(Q)
8453 1 P2E4 1
2ﬂ2 Py HL2(Q nt 7an+1HL2 @ T 252 P " HL2(Q
3 3 3 3
By choosing €1 = m, €9 = Y €3 = 1 and g4 = 12 and summing over n from 0 to
@ v b
N — 1, we obtain the third estimate. O

4 Error estimates

Theorem 4.1. Under the assumptionsu € L*(0,T; WH4(Q)?)NL2(0,T; H3(Q)?), v’ € L*(0,T; H3(Q2)?),
p € L?(0,T; H2(Q)), z € L>(0,T; L*(Q)) and 2’ € L*(0,T; L?(5Y)), there exist positive constants
C and C' that depend on u, z,Q and T such that :

1 a n n
§HuhN —u(t™)|[F20) + §Hvuh Vu(t™)|[f2) + 5 Z kKuptt — a3 g

(28)
N—-1
4 2 ! n+1l n+1y\(12
<O +E)+C Y K2 2" D72
n=0
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Proof. We consider (19), choose the function test vj't! = u}*! — P,u(t"*!), integrate from ¢"
to "1 and take the difference between this and (24) multiplied by k. We obtain :

(0™ =) = (= (), Vi) + o (VO () = V(ug —u(r), 9vi )

o (Rt - /t vu(tydt, Vi) = (ke - /

tn

tn+1

p(t)dt,div vZH)

tn+1

—i—(kzh x uptt — / z(t) x u(t)dt,vZH) =0.
tn

Let us treat the terms in the left-hand side of this equation that we denote (a;),7 =1,...,5.

For the first term, we insert P,u(t"*!) and P,u(t") and we split (a;) into two terms that
we treat separately. The first part is as follows :

n+1

(a11) = *thHIILz I\Vhl\Lz(Q>+ IIV = VillZe ()

and the second part is as follows :

tn+1

[(a1,2)] = ‘(/ (Pyu/(7) — u/(7))dr, Vn+1>‘

5251

1 4 2 112
< 5o OW I IZ2n i ey + =5 RV i)

We treat the second term (ag) as the first one and we obtain :

n+1

1 [0
(az1) = |V e ’Hl Q) §|VZ‘%{1() *’V _VZ@{l(Q)a

and

Ca Eox
(az,2)] < Ehﬂ\u,\\%2(tn,tn+1;H3(Q)2) 5 klv Vi 3 )

For the third term (a3), we insert VP,u(t"*1) and VP,u(t) and we split it into three parts that
are treated successively as follows :
(az1) = vklup™ — Pou(t™* )3 o),

tn+1

[(az2)| = y‘ (/tn VPh(u(t”+1) —u(t))dt, VvZJrl)‘ — I/)(/t

VES 1t vC?k?
2\/>k| h ’Hl + \/>H ||L2 tn tn+1 H2(Q)2)7

tn+1
VP (7)(7 — ")dr, TV )|

and
tn+1

|(az3)| = u‘ (V /t" (Pru(t) — u(t))dt, VVZJrl)‘
Z/CQ
- 254

VEY
h4||u]|L2 g 1 3(0)2) T —k| n+1|§{1 @

To study the fourth term, we use the fact that / " div(Pyu (™) — u (")) =0,

10
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divu(t"*!) = 0 and / P divu} ™ = 0 and we obtain :

tn+1

@l =[( [ tu®) =t vy )

Cl
< 25 WPl 2 (im gms1,pr2 )y + k| Vit )

Finally, for the last term (as), we have (2 x up ™, vit!) = (21 x Pu(t"1), v, because
(a x b,b) = 0. But

2 x Ppa(t™th) — 2(t) x u(t) = (27 — 2(t")) x Pyu(t™™) 4+ 2(t") x P,(u(t") —u(t))

+2(t") x (Ppu(t) —u(t)) + (2(") — 2(8)) x (u(t) — (")) + (2(t") — 2(¢)) x u(t"),

than (as) is split into five parts that we treat successively.

The first part is as follows :

tn+1

sl =] [ (e = =) x Pruge ). v

tn
5256 n S -
< 4 || Pra ||L<>°0TH1 kth*Z(t )||L2+7k| +1| 1
< 00 i s BIzE — 20l + S kv

The second part is as follows :

tn+1

(as2)l = ="y x [ (Pau(e™) = Pya()dt, vi )

n

t tn+l

- ’(Z(tn) % / Py (1) (1 — t")dr, vzﬂ)‘
S22 o )
= 2f(*” 10,2320 10 o g1, 12 gy 62 + et 197 )

For the third part, we have

tn+1

sl =| [ G x (Prute) = ule)). vy i
i tn+1
< SV ey [ 1Pau(®) ~ ) orde
tn
CQS CQS £ n
S74”z‘|L°°(0,T;L2(Q))‘|uH%2(t",t”+1;H3(Q)2)h4 4 — kv —H‘Hl(Q)‘

11
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The fourth part is treated as follows :

tn+1

el = ([ () ==0) x (a(t) (). vy )

_‘/t : /t /tt o (7)dr), vi )t

tn+1
5459 n 12 52 K 2
2\[ * H(Q) T WHU HL2(OTH1 2121120 7.02(0))-

Finally, for the last part, we have

tn+1

o)l = ([ ) = 20) s u).vi )
- )((/t: 2 ()t — ") dt) x u(t”),vﬁ“)(
54610 2

152 L2002 2
k| P e + 2\/§Emk 212 m gnt1; 2y 10l Lo (0,1 11 (2)2)

At the end, (28) follows easily after the decomposition

(a1,1) + (az;1) + (az;1) < |[(a1,2)] + [(az2,2)| + [(as2)| + [(a3,3)| + [(as)] + [(a5)],

the sum over n =1,..., N — 1, a suitable choice of ¢;, ¢ = 1,...,10 and by using the properties
of Py in :

[y ™ = a1 g) < U™ = Poa(t™) i) + [Paa(t™t) — ™) )

We define pj, as the L? projection of z onto IP; in each triangle  : for z € L?(Q),

Vg € Py, /(ph(z) — 2)qdx = 0.

This operator has locally the same accuracy as Rp,.

Theorem 4.2. We suppose that there exists a constant v > 0 such that k < vh. In addition to
the assumptions of Theorem 4.1, we assume that u € L>(0,T; W1H>(Q)?),

z € L0, T; WH4(Q)) and 2’ € L>(0,T; L*(Q)) N L*(0, T; WH4(Q)). Denoting 0} = 2 —
prz(t" ) we have :

¢n+1 N—-1
Z / (it pnz (") = 2(t), 65 )dt < Li (b + k%) + Ly Z kIO 220
tn
tn+1
+Ly Z Eluptt — a2, Z Z / / a0, — 61 ) A dsdt
HET n=0
(29)
where L; are constants that only depend on u, z,Q, T and arbitrary coefficients e;(i = 1,...,8)

12
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Proof. Owing to Lemma 3.1 and denoting &, = px(2(t"*1)), we have :

tn+1 tn+1
[ et s a=a X [ [ [t vore - o)
tn I’CETh
tn+1
/t /8 (&, — () O, — O]

tn+1

4

In the left-hand side, we denote the terms by (d;),i = 1...,3. as V(z, — pnp(2)) is a constant
vector, the first term (d;), for any constant vector ¢, can be treated as :

.

/ div(utt —u(t))(&, — 2(t))07  dadt

tn+1

tntl
/ vt (g, dmdt‘<a / / nl () VeRTH (&, — 2(t))dadt
tm

tn+1
/1

/ thrl 9n+1(§h _ Z(tn+1))dxdt

tn+1
/t\

/ w( VO () — 2(1))dad|.

With

1.

aS n n n n c k
< S = a1 o {erklien = 2 Dl + 1 e orizsn |

tn+1

/ mH () vertl(g, — #(1)) dxdt)

k n e1k n n
< ac3Si(o0l]2]] Lo (0w () +7||Z'||Loo(o,T;L4(n)))(TEIH%HH%z( + 5l (e +1)|§{1(H)>,

and

{.
—a /
tn

akS/Q

n ac3 n n
< ||9h+1\|L2(n { o kh3/2|| (t +1)|‘W174(n)||u(t +1) - CHL"O(H) + ||u|’LOO(O,T;H)WH'Z,HLQ(t",t"‘H;Hl(n))}

tn+l tn+1

/ (E7+) — &) VO (€, — 2(t"))dadt + / / w(E VO ({17 ) — (1)) dind]

tntl tn+1

/ (") — ) Vot (&, — 2(t"T))dadt — / / ortt a(t" v (2 (") —z(t))dxdt‘
tm K

< ac (Uokhg/QHQ;zH_l‘|L2(r~c)Hu(tn+1)‘|le°°(n)Hz‘ | Lo (0,734 )

k3/2 n+1 /
+W||9h ||L2(n)”z||L2(t",t”+1;H1(n))||u||L°°(O,T;n))

k: mn
< acs|[u|poo (0,710 ()2) (TQH%HHQL?(N) + ?(k2|’Z/H%Q(t”,t"-H;Hl(n)) + khs‘|Z"%Oo(t”,t"-*-l;wlv‘l(n))))‘

13
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For the second part (da), we write :

.
<3,

We keep the first term in the right-hand side of this inequality. The second term can be written
as follows :

2.
<o

with

/t /aK il (& z(t”“))e"t>2dsdt‘

< acgk([1én = 2™ ) 2 I3 =0t )20y + 166 = 2] oo | E )z )

tn+1
/8 (6 — 2(6) (01, — 0t )dsdt

tn+1

tntl
|ttt —opasae+ 5 [ [ (6 20 dsa
Ok_ tn

tn+1

/d,.; i+ nl (6 — =0 ))ext) dsdt

tn+1
/ ‘un—i-l ( (tn+1))ext) dsdt—i—a/
Ok — tn

tn+1

[t en (e = o)) dsar
OKk_

tn+1

< ek (1972 [5() Ryra oy 105 = ™) g 0y + B2 By | ) )

) 1
< a2k (1l o gy 1=00) + G el marnacony) + R =0 Dl

where wy denotes the union of triangles adjacent to x and

",

tn+1 9
/ . n| (2 (t”“)—z(t))ext) dsdt‘
Ok _

tn+l tn+1

ext
<a / ) (G / 12(r)Par) ™ atds
Ok — tn t
gl ext ¢t
<a / |u;;+1.n|( / |z’(7-)|2d7-) / ("1 ) dtds
Ok — tn tm
ak? gt ext
< 2 n+1 n+1yy . / 2
< {/(%\(uh () n[(/t 12 (r)Par) s
gt ext
+/ |u(t"+1)-n|(/ |z’(7’)]2d7> ds}
8%, tm
koon n eak
< acsg (2—&1|uh+1 —u(t H)ﬁ[l(wk)) + 7|‘Z HL?(tn LW LA (wy,)

k| Lo .71 )2 1212 (1 g1, 4(wk)))

14
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For the third part (ds), we insert respectively in the divergence term and the term in z, +u(¢"*1)
and +2(t"*1). We get four parts that we treat as follow :

@l = |5 [
k

< EUOCQHzHLW(O ;W4 () (T

€5
@l =[5 [

tn+1

/ le n+1 (thrl))(fh _ Z(tn+1))92+1d$dt‘

n+1 (tn+1)‘§{1

)59 n
h @t gkaehHH%?(Q))?

tn+1

/Q div(u(t™ ) — (b)) (€ — ()05 |

< §C1000k3/2||ZHL°°(0,T;W1«4 o0 2o [0 | 22 gn gn1, 11 ()2
« k2 56
< SCuanllellzormnaion (5o 101 ooy + SR ey )
tn+1
@l =[5 [ / div(u(t1) — u(t)(2(") — 2(8))00 Lt
t’ﬂ
< *Cll 2" p2gm gn+1; a0 107 | 2 0| 2o i1 11 )2y
2
min
o k2 €7
< 5011007!\u/HLoo(o,T;Hl(Qy) (2 12122 (gm gn1, 1002y + ng@ZHH%%Q))’
and
o tn+1
)l = |5 [ ] A —a ) () - 2(0)6 drd
a ., K2 ntl o rntl /
< 50— 07 Iz (o) vy u(t" ") gy oyll2 2 @n emr1s20(0))
mwn
< Lol 0 gy + SR — (e[
s by Lo°(0,T;L4(2)) 2eg I h L@ HY(Q) )"
We deduce the result after summing over n =0,..., N — 1
O
Theorem 4.3. With the same assumptions of Theorem 4.2, we have :
N-1
Z kHZn—H thrl)H%Q(Q) < B (h3 + k2 + F Z k|un+l (thrl)‘%—[l(Q)v (30)
n=0
where F; are constants that only depend on u, z,€) and T'.
Proof. We consider (21), take the test function 6), = 67! = 2 = prz t"*+1), integrate from t"
h

15
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to "1 and subtract (26) multiplied by k. We obtain :

tn+1

a(( p - (t”+1)>—(zﬁ—2(t”)),9,’:“) +y(/ (20! — (t))dt,9§+1>

t’ﬂ
{kc( n+1 +1702+1) _a/

tn

tn+1

(u(t)Vz(t) + % divu(t)z(t), 0,’}“)dt} (31)

tn+l

= 1/(/ (curlu} ™ — curlu(t))dt, GZH)
t

n

Let us treat each term of this equation that we denote by (b;),i = 1,...,4.
For the first term, we follow the same steps as for the term (a;) in the Theorem 4.1. We obtain :

(b11) = *HG”“IILz H9 [Z2(0) + 5 SN0 = 07132

and
tn+1

I(bi2)| = oz‘ (/t (on?' (1) — (7)) dr, QZH)’

Chyhg 112 Qg n—+1
< %0 ||Z ||L2(tn’t’n+1;W1 1(Q)) + 7]?“9 ||L2

For the second term (bs), we write :
= 2(t) = 2 = pnz (") + (") — pnz(t) + prz(t) — 2 (1),

and we obtain three parts that we treat successively.

The first one gives : (by1) = I/k||92'+1”%2(9).
The second part is bounded as follows :

tn+1

(b)) = v /5 (on e = ()it 00)| = | (

tn+1

pn? (£)(t — t™)dt, 07 FY) )

l/k' €10 1112
< = Z/ 2 n 4n . + 7k‘ 9?’L+
= 2\/§€10|| ||L2(t At H(Q)) 2v3 1167, ||L2(Q)
and the last part is bounded as follows :
tn+l

o)l =|( [ (onat) — 2(0)it. 1)

< I/h3 Uk‘&n
- H'|Z||L2(t",tn+1;vv1’4<m> +

165720

The third term can be written as follows :

tn+1 tn+1
1
(b3) = / c(uzﬂ, ;H-l 9n+1)dt - a/ u(t)Vz(t) + 3 divu(t)z(t), GZH)dt
i i
= C( n+1, 9n+1 9n+1)dt + C( n+1,phz(tn+1) - Z(t),ez—i_l)dt
t’ﬂ t’n

tn+1

* /t (™ 2(0), 0 )t — o /t (w(t) V() + 5 divu(n)=(e), 6 )t

16
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Owing to Lemma 3.1 and denoting &, = pp(2(t"*1)), (b3) becomes :

tn+l

52

HET

‘F@L/ﬁ ]/ n+l
tm

We divide (b3) into four terms (bs;),i =1,...

tn+1

/6 juptton egg;t —egjnlt) dsdt + /t
K_—

£))Vz(t)0;  dodt + — /
tr

tn+1

c(up ™ oz (") — 2(1), 03 )dt

n

tn+1

/ div(u — u(t)=()07 dedt.

,4. We keep the term (bs 1) in the left-hand side

of (31). The second term (b3 2) is bounded as in the previous theorem.

For the third part (b3 3), we have :

o = Jo [ [t

oCual 2z o w1 >>(25

tn+1

IN

))Vz(t)0; dodt

n n €12 n
uy 1 u(t +1)|%[1(Q) + 7I{:]|¢9h+1”%2(m>

€13 n
+aCisl |l o 7000 (e 0 B sy + 2O )

281

and the last part of the third term (bs) is

aal = |5 [

tn+1

/ div(ul — u(t))2()07 dedt

ko, €14, 190
< GOullalli= o=y (5o Mo = ™Dl + BRI e o)

26‘22

(e}
+§Cl7HZHL°°(O,T;L°°(Q)) (T

For the last term (by), we split it into two parts,

we have
tn+1

(ba)| = \u(/w

< 447‘ n+l

(tnﬂ)ﬁ{l(g

and
tn+1

|(ba,2)| = ’V(2/tn

S ViHu/H%Q(tn tn+1.H1(Q)
V3err o

Collecting all these results, we obtain :

(curl u(t"*) —

\|u||L2tntn+1H1(Q)2)+ kH9n+1HL2 )

as follows : Using || curl uhHLQ < 2|uh|H1(Q),

(curl u™! — curl u(t"+1))dt, eg“))

VEle
l2h = oz (" )72 (0,

curl u(t))dt, QZH)‘

V€17k" n+1

Y

" 122

— pnz(

4

(bra) + (b21) + (b31) < |(br2)| + [(b22)] + |(b2,a)| + [ D (b3i)| + [(ba)]-

=2

17
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Then (30) follows easily after the sum over n =1,..., N —1, a suitable choice of ¢;,i = 1,...,17
and by applying a triangular inequality to ||Z”Jrl (tn+1)||L2(Q)

1z = 2" Dl2) < M1z = nz(E" D) 20y + lonz (") = 23|12
and properties of Py,. O

Corollary 4.4. Under the assumptions of Theorem 4.1 and Theorem 4.3, and for k sufficiently
small, there exist constants C1,Cy and Cs independent of h and k such that :

Z Kt —ut™ o) < Cih’ + ), (32)
Z B = () By < Calh® + 42), (33)

and
sup |uj — u(t”)ﬁ{l(ﬂ) < C3(h® 4+ k2). (34)

Proof. On one hand, we consider (30). On the other hand, the only difference between this
proof and that of Theorem 4.1 is the upper bound of the term (a5 ;). Here, using the inequality

lall740 < Clulgolull L2

we have :
5456 54
(@)l < == lP0ulFoe o a1 2y Kl 21— 28" 20) T k||un+1 Pru(t™)[[72q)
= Pou(t"™) 3 q)-
Then, using this result with (30) and after a suitable choice of €;,4 = 1,...,10 and &g, we obtain :
) = Poa(t™)[[72q) + Z 1y ™ = Py(u(™™))) — (uf — Bu(a))II2(q)
+aluy = Pou(th) [ ) + o Z (™ = Pyu(t"™)) — (uft — Pou(t") 7 o
N-1
+v Z lup™ — Poa(t™ ) [ q) S ChP + 1)+ C ) kl[up ! — Pou(t™™)]172q
n=0

Then by applying the discrete Gronwall lemma, we obtain, for k£ sufficiently small :

N-1
luf = u(t™)]|2: o TV Z kluptt — (tnﬂ)\%{l(ﬂ) < Ce“MN (R 4 k),
n=0

and the results follow easily. O

18
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Remark 4.5. If we have, for example,

— m—1
| v ||%2 + Z | vith =i ||L2(Q) tv Z k|Vn+1|?ql <Cr1+Cy Z kvt HL2
n=0 n=0
by writing,
Vit ez <l vit = vt ez + v ez,
we obtain

Cok || Vil 172y < 20k || Vi = Vit ™t (720 +2C2k [ Vi 1720

By assuming k sufficiently small such that 2Cok < 1, we obtain :

m—1 m—1
v 172 + Z IVt = Vi Fa) +v Y IV ) S CL+3C Y k|| Vi [l720
n=0 n=1

then we can apply the discrete classic Gronwall lemma.

Theorem 4.6. Under the assumptions of Corollary 4.4, we suppose that p' € L*(0,T; L*(£2)).
Then the pressure satisfies the following estimate :

Zkup”“ Pt D)2y < {c<h3+k2>

ﬂ*

wrt — u( ) — (up — u() %
+(a+ 52) Zk" ; h ‘3{1(9)}’

where the coefficients C and Sy are respectively the inf-sup constant and Poincaré’s constant
and are independent of h and k.

Proof. We consider again the first equation of the proof of Theorem 4.1, insert +kr,p(t" 1) in
the terms of the pression and we get :

tn+1

/tn (P = rap ), div vyt dt = (it —u@) - (af = u@), v
—i—a(V( ntl _ (t"“))—V(uZ—u(t”)LVvZ“) +u( /:MV( ntl _ (t))dt,vVg“)

tn+1

+ /t” ((Z}? A uZ‘H —z(t) A u(t))dt7vz+1> _ /

tn

tn+1
(Thp(t"+l) —p(t), div vZ“)dt.
Owing to the inf-sup condition, Vg, € My,
Iwn € Vi's (divwa, an) = [lanl|Z2(q) and |[VwallL2() < llanllz2@),
and summing over n = 0,..., N — 1, the left-hand side of this equation becomes

Z k|lpp Tt — Thp(t”H)H%Q(Q). Let us treat the terms in the right-hand side of the equation.

19
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For the first term, we have

}Z( = uE ) - (g - (), vit))|

N-1 n+1 ) ( (tn—H) (t") ‘

<o S (S )
( Z k:‘ uZ+1 —uf) (k (tnﬂ) — u(t”))‘ ) ( Z k:| n+1 )1/2’

and for the second,

1/2

N-1

o3 (VO™ ue ) — (o — i), Vi)
n=0
( Z k:‘ uZJrl — uh (k; (tn+1) —u(t")) } ) ( Z k|v"+1|§{1(Q )1/2‘

For the third term, we have :

tn+1

] Z /t ul = u(t)), VVZH)dt‘
N—

1 ¢n+1 tn+l
<vy / ‘(V( prl_q@vth), vvitt) ’dt +v Z / vu'(7)dr, vVg“)dt’
n—0 tn tn+1

<V(Cl(h3+k2)1/2+02k||u||L2 OTHl )(Zk| n+1|?_[1 > /2.

The fourth term is treated as the fifth term in the proof of Theorem 4.1 and by using the result
of Theorem 4.3, the result is the following :

n+1 N-1
¢ /

‘ Z/ Zh /\un+1 (t) ( ))dt VVZJrl)‘ < C(h3+k2 1/2(2 k:| n+1‘§{1 ))1 2
tn

n=0

Finally, the last term is treated as follows :

t"+1
/ (Thp(t”+1) —p(t), divaH)dt
tn N—1 t’n+l tn+1
< Z/ ((Thp(tn+ ) Thp( ))dt leV;;H_l } + ‘ 2/ Thp(t) _p(t))dt, diVVZ+1)‘
n=0 7t" e
gt N-1
<CZ/ (r —t")|p' (7 )HL2 |Vh+1’H1 dT+OZZh2k1/2HpHL2 tn g+, H2(Q )‘Vh |H1(Q)
Cik N 1/2
( /3 1P| 22(0.7:22(0)) + C2h?I1Pl| 20,720 )( Z klv +1|H1(Q)> .
Then (35) follows easily from these inequalities. 0
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n+l n+1 n n
t — (u} — u(t 1/2
We still have to estimate ( Z k:’ (u u )k) (uh ~ u(t") ‘?{1 )> .

n=0
We introduce a variant of Stokes projection as follows : V(u,p) € V x L&(Q), Spu € V}, is defined

by
vVh € Vh’ V(V(Shu - 11), vvh) = _(p7 div Vh)’ (36)
Lemma 4.7. Let (u,p) € V x L3(Q). Then Spu defined by (36) satisfies :
1
[Shu —ulgi(q) < 2[Ppu —ulgiq) + - llrnp = pllcz ) (37)
If, in addition, Q) is convex, there exists a constant C independent of h such that:

HShu — uHL2(Q) < Ch(’Shu — u‘Hl(Q) + Hrhp _pHLQ(Q))- (38)

Theorem 4.8. Under the assumptions of Theorem 4.6 and assuming p' € L%(0,T; H?(R)), we
have :
n+l n+1 n n
u(t —(u? —u(th))2
Z k:‘ (uj, ) — (u —u(@")) < O(h® + k?). (39)
k H(Q)

Proof. We consider, once more, the first equation in the proof of Theorem 4.6, choose VZH € Vy,
insert 7,p(s) and Spu’ = (Spu)’ and we set e} = uj’ — Spu(t"). We obtain :

((wp = Spu(e+h)) = (uf = Spu(tm)), vit!) - / (w(5) = Spul(s), vy ) ds

tn+1

+a (V( 2 Spu(ttl)) — V(ul — Spu(th)), VvZ“) - a/

tTL

(V(u’(s) — Spu'(s)), vv;’;“)ds

tn+1 tn+1

+u(/tn V(uptt — Syu(s))ds, VVZ“) + V(/t V(Shu(s) — u(s))ds, VvZ“)

n

tn+1

+/t ((zh At — 2(s) /\u(s))ds’VZJrl) +/t

n n

t"+1

(p(s), div V"+1> ds = 0.

We sum this above equation over n = 0,...,N — 1 and we treat the terms denoted again
entl —en
(a;),i =1,...,6 in the left-hand side. We take VZH hTh
The first term is composed of two parts as follows :
N-1 tn+1
(a) =Y (et —efr,vith) - Z/ — Spu'(s), "“)ds = (a1,1) + (a1,2),
n=0 e
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where

en+1 el
(a11) = ZkH L hHL2(Q)a

N-1 n+1

e —e 1/2
@)l < 3 I = Sul o gz (M
n=0
1 51 Z+1 eh
< 9 S|’ —ShuHL2(0TL2(Q ZkH HL2
C en—l—l - eh
< £h4(||u/||%2(o,T;H2(Q)2) + Hp/H%Q(O,T;Hl Z e ||L2

The second term (ag) is treated as the first one. We have :

N—1 tn+1
=a Z (Veptl—vep, Vvith—a Z / —VSpu'(s ),VVZH)ds = (az,1)+(az,2),
n=0
with
N-1 n+1 n
e —e
(a21) = a) k’hThﬁql(Q)a
n=0
Ca a52 ertl _en
(az2)] < gh4(\|u/||%2(o,nm(g)2) ' 20,0, 1200) + Z thihHHl(Q
n=0
The third term is treated as :
tn+1
(as)] = ] Z / Wt Si(s)), Vi)
tn
N-1 N—-1 yn+l
= Ve v 4 Y /t (VSh(u(@™*) — u(s)), Vvi+)ds
n=0 n=0

= |(az1) + (as2)].
. . 1 1 1
Using the relation (a"*! —a", a"*1) = §||“n+1”%2(ﬂ) — §||a"|]2L2(Q) + §||a”Jrl — a”||%2(9) and by
defining Spu’ with p = 0, we obtain :

GZH €n 2 v = GZH 2 €, 2
[(az1)| = Zk‘! e +§Zk(|7k |H1(Q)_|?|H1(Q))
n=0

e”“—e v el
= *Zk’ AR g+ 5’?\?}1@{1(9)
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and

-1 tn+1
(w2l = |3 [ (Vs = u), Vi
n=0 ’t"
N—-1  yn+1
— y’ / (VSR (t)(t — "), Vvith) dt’
n=0 vt"
N—-1 tntl
< v W [ = ISk Ol o
n=0
N-1

< v PV oy 1Sad || 2 g oy
:N 1 n+1
14 e - eh I/€3
< 22, - At k2|\5hu 220,75 (02)-

Using the definition of Sy, we have

tn+1 tn+l

V(Spu(s) —u(s))ds, VVZH) + /t (p(s),div Vzﬂ)ds =0

n

(as) + (ag) = V</t

n

Finally, the last term (as) is bounded as previously in Theorem 4.6 :

N-1 n+1 n
054 C e e
|(a5)] < == (h* + k%) + o Eo b|—— A "o

Collecting these results, writing
(a1,1) + (az21) + (as,1) < [(a1,2)| + [(az,2)| + [(as2)| + [(as)],
choosing suitably ¢;,7 = 1,...,4 and by applying the following triangular inequality
it —u(t ) ) < Juptt = Sput ) g ) + 1SR —u(™ ) g o),
(39) follows easily. O

Theorem 4.9. Under the assumptions of Theorem 4.6, there exists a constant C that does not
depend on h and k such that

Z kllop ™ = p" )|[F2) < C(0° +#2). (40)
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