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Abstract

In the present paper, we investigate consequence relatiahare both paraconsistent and plausible (but still
monotonic). More precisely, we put the focus on pivotal eauence relations, i.e. those relations that can
be defined by a pivot (in the style of e.g. D. Makinson). A pii@t fixed subset of valuations which are
considered to be the important ones in the absolute sensevofed with a general notion of valuation that
covers e.g. the classical valuations as well as certairstofithany-valued valuations. Inthe many-valued cases,
pivotal consequence relations are paraconsistant (iiaddo be plausible), i.e. they are capable of drawing
reasonable conclusions which contain contradictions. Wepnovide in our general framework syntactic
characterizations of several families of pivotal relaiorin addition, we will provide, again in our general
framework, characterizations of several families of pakatiscriminative consequence relations. The latter are
defined exactly as the plain version, but contradictory hesians are rejected. We will also answer negatively
a representation problem that was left open by Makinsonalljinve will put in evidence a connexion with
X-logics from Forget, Risch, and Siegel. The motivations #relframework of the present paper are very
close to those of a previous paper of the author which is g@fierential consequence relations.
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*This is an updated version of the paper of the same title pludedi inThe Journal of Logic and Computatiofhis version
just contains a better presentation (so the numbering dfitefis and propositions is different).



1 Introduction

One of the main motivations of this paper is to combine soméstased in Paraconsistent Reason-
ing on the one hand and Plausible Reasoning on the other baheht with both incomplete and
inconsistent information. Actually, the motivations oétpresent paper are very close to those of a
previous paper of the author which is about preferentiakegnence relation5].

Many-valued consequence relations have been developkdheitiim of dealing with inconsis-
tent information. These relations are defined in framewarkare valuations can assign more than
two different truth values to formulas. In fact, they toleraontradictions within the conclusions,
but reject the principle of explosion according to whichragée contradiction entails the deduction
of every formula.

Independently, plausible (generally non-monotonic) eguence relations have been developed
with the aim of dealing with incomplete informatioi©hoice functionsre central tools to define
plausible relations. Indeed, suppose we have at our dispdaactiony, called a choice function,
which chooses in any set of valuatioristhose elements which are preferred, not necessarily in the
absolute sense, but when the valuation¥’iare the only ones under consideration. Then, we can
define a plausible consequence relation in the followingnadtvay: a formulax follows from a set
of formulasl iff every model forl" chosen by is a model fora.

In the present paper, we put the focus on a particular fanfibhoice functions. Let us present
it. Suppose some valuations are considered to be the inmporias in the absolute sense and collect
themin a sef, called a pivot. This defines naturally a choice functionlded, simply choose in any
set of valuations, those elements that belong.td hose choice functions which can be defined in
this manner constitute the aforementioned family. The equence relations defined by this family
are callepivotal consequence relation§heir importance has been put in evidence by D. Makinson
in [Mak03,[Mak0k] where it is shown that they constitute asyezonceptual passage between classi-
cal and plausible non-monotonic relations. Indeed, theyparfectly monotonic but already display
some of the distinctive features (i.e. the choice funcliaiplausible non-monotonic relations.

For a long time, research efforts on paraconsistent relatamd plausible relations were sep-
arated. However, in many applications, the informationathtincomplete and inconsistent. For
instance, the semantic web or big databases inevitablhairommconsistencies. This can be due to
human or material imperfections as well as contradictotyaes of information. On the other hand,
neither the web nor big databases can contain “all” inforomatIndeed, there are rules of which
the exceptions cannot be enumerated. Also, some informatight be left voluntarily vague or in
concise form. Consequently, consequence relations thab@th paraconsistent and plausible are
useful to reason in such applications.

Such relations first appear in e.§. [P}if1, Ba{98, K92, AAKBIOZ)]. The idea begins by taking
a many-valued framework to get paraconsistency. Then, tholse models that are most preferred
according to some particular binary preference relatiomedmations (in the style of [ShoB8, Sh¢87])
are relevant for making inference, which provides pladisibfand in fact also non-monotonicity).
In [ALO1H, [ALO13], A. Avron and I. Lev generalized the study families of binary preference
relations which compare two valuations using, for each effrththis part of a certain set of formulas
it satisfies. The present paper follows this line of reseéschombining many-valued frameworks
and choice functions.

More explicitly, we will investigate pivotal consequenegations in a general framework. Ac-
cording to the different assumptions which will be made dlibe latter, it will cover various kinds
of frameworks, including e.g. the classical propositioma¢ as well as some many-valued ones.
Moreover, in the many-valued frameworks, pivotal relasitead to non-trivial conclusions is spite




of the presence of contradictions and are thus useful towi¢faboth incomplete and inconsistent
information. However, they will not satisfy the DisjunaiByllogism (froma and—« vV 5 we can
concludes), whilst they satisfy it in classical frameworks.

In addition, we will investigatgivotal-discriminative consequence relatiorighey are defined
exactly as the plain version, but any conclusion such thattdgyation is also a conclusion is rejected.
In the classical framework, they do not bring somethinglyeaw. Indeed, instead of concluding
everything in the face of inconsistent information, we gillnply conclude nothing. On the other
hand, in the many-valued frameworks, where the conclusimagational even from inconsistent
information, the discriminative version will reject thergoadictions among them, rendering them
all the more rational.

As a first contribution, we will characterize, in our genefi@mework, several families of
pivotal(-discriminative) consequence relations. To dpwe will use techniques very similar to
those of a previous paper of the auth05]. The lattebisud another family of choice func-
tions. Let us present it. Suppose we are given a binary pmederrelation< on states labelled by
valuations (in the style of e.g| [KLM90, LMP2, Sch04]). Thisfines naturally a choice function.
Indeed, choose in any set of valuatidriseach element which labels a state whickipreferred
among those states which are labelled by the elements. oThose choice functions which can
be defined in this manner constitute the aforementionedyaifine consequence relations defined
by this family of choice functions are callguieferential(-discriminative) consequence relatiohs
fact, the present paper provides an example of how the tgabsideveloped i5] (especially,
in the discriminative case) can be adapted to new familieshofce functions. Note that, in the
non-discriminative case, the techniquesOS] are thedures strongly inspired by the work of
K. Schlechta[[Sch(4].

In many cases, our characterizations will be purely syitachis has a lot of advantages, let us
quote some important ones. Take a set of syntactic conditltat characterizes a family of pivotal
consequence relations. This gives a syntactic point of aavthis family defined semantically,
which enables us to compare it to conditions known on the ketérand thus to other consequence
relations. This can also give rise to questions like: if wedified the conditions in such and such
a natural-looking way, what would happen on the semantie?sidore generally, this can open the
door to questions that would not easily come to mind othexwisto techniques of proof that could
not have been employed in the semantic approach.

Some characterizations of pivotal consequence relatiali| in classical frameworks, can be
found in the literature, e.g| [Rot0fL, MakQ3, MakO05]. Butthie author knowledge, the present paper
contains the first systematic work of characterization femt in non-classical frameworks. Simi-
larly, it seems that the author is the first to investigatefal+discriminative consequence relations.

As a second contribution, we will answer negatively a repméation problem that was left open
by Makinson, namely, in an infinite classical framework,réhdoes not exist a “normal” charac-
terization for the family of all pivotal consequence ratats. Approximatively, a characterization
is called normal iff it contains only conditions univergatjuantified and of limited size. This con-
stitutes the more innovative part of the paper. A last cbatibn is that a certain family of pivotal
consequence relations will be shown to be precisely a ofdaiily of X -logics, which were intro-
duced by Forget, Risch, and Siedel [FRIS01].

The rest of the paper is organized as follows. In SemSZe]introduce our general framework
and the different assumptions which will sometimes be madeiait. We will see that it covers in
particular the many-valued frameworks of the well-knowrnggansistent logic§ OUR andJs. In
Sectior{2]2, we present choice functions and some of thdiikmewn properties. We will see which
properties characterize those choice functions that camefiaed by a pivot. In Sectio@.?;, we




define pivotal(-discriminative) consequence relatiordsgine examples of them in both the classical
and the many-valued frameworks. In Sectjpn 3, we providecharacterizations. In Secti¢h 4, we
answer negatively the problem that was left open by Makinsoisectior[p, we put in evidence a
connexion withX -logics. Finally, we conclude in Secti¢h 6.

2 Background

2.1 Semantic structures
2.1.1 Definitions and properties

The framework is exactly the one presentedin [BNO5]. We widkk with general formulas, val-
uations, and satisfaction. A similar approach has beemtakéwo well-known papers[[Makps,
Leho}.

Definition 1 We say thatS is asemantic structuréff S = (F,V, =) whereF is a set,) is a set,
andf= is a relation orV x F.

Intuitively, F is a set of formulasy a set of valuations for these formulas, gada satisfaction
relation for these objects (i.e. = o means the formula is satisfied in the valuation, i.e. v is a
model fora).

Notation 2 Let (F,V, =) be a semantic structurg,C F, andV C V. Then,
Mr:={veV:Vael,vEa},

T(V)={aeF:V CM,},

D:={VCV:3TCF,Mr=V}

SupposeC is a language; a unary connective of, andF the set of all wifs ofL. Then,
Ta(V):={ae F:VCM,andV  M_,},
C={VCV:VaeF,VZMyorVZM_,}.

Intuitively, Mr is the set of all models fdr and7(V') the set of all formulas satisfied Iri. Roughly
speaking, 7y (V) is this part of 7'(V') that is not contradictoryD is the set of all those sets of
valuations that are definable by a set of formulas @rttie set of all those sets of valuations that do
not satisfy both a formula and its negation. As usiéd, ., T'(V, v) stand for respectivelf/ry (a3,
T(V U {v}), etc.

Remark 3 The notations\ip, T'(V'), etc. should contain the semantic structure on which they ar
based. To increase readability, we will omit it. There wilver be any ambiguity. We will omit
similar things with other notations in the sequel, for themeaeason.

A semantic structure defines a basic consequence relation:

Notation 4 We denote byP the power set operator.
Let (F,V, =) be a semantic structure.
We denote by- the relation orP(F) x F suchthavVT' C F,Va € F,

T+ «iff Mp C M,.

Let |~ be arelation orP(F) x F. Then,

) :={aeF:T | a}l.

SupposeC is a language;y a unary connective of, F the set of all wffs ofC, andI” C F.
Then, we say thdf is consistentff Va € F,I' / a or I If —av.



The following trivial facts hold, we will use them implicitlin the sequel:

Remark 5 Let (F,V, ) be a semantic structure aldA C F. Then:
Mr.a = Mr N Ma;

HT) = T(Mr);

Mr = M (ry;

I CHA)Iiff HT) CH(A) iff Ma C Mr.

Sometimes, we will need to make some of the following assionptabout a semantic structure:

Definition 6 Let (F,V, =) be a semantic structure.
The define the following assumptions:

(A0) Mr=0;

(A1) Visfinite.

Suppos€C is a language; a unary connective of, andF the set of all wffs ofL. Then, define:
(A2) VI C F,Va e F,if a ¢ T(Mr) and—«a ¢ T(Mr), thenMr N M, € M_,,.

Suppose/ andA are binary connectives @. Then, define:

(A3) Yo, 8 € F, we have:
Ma\/@ =M,U Mﬁ;
Ma/\@ =M,N Mﬁ;
M- = Ma;
Mﬁ(a\/ﬁ) = Mﬂa/\—\[};
Mﬁ(a/\ﬁ) = Mﬂav—\[}-

Clearly, those assumptions are satisfied by classical dansainuctures, i.e. structures whefe V),
and= are classical. In addition, we will see, in Sectigns 2.1.@[2r1.B, that they are also satisfied
by certain many-valued semantic structures.

2.1.2 The semantic structure defined byFOUR

The logic FOUR was introduced by N. Belnap irf [Bel{7a, Bely7b]. This logiauseful to deal
with inconsistent information. Several presentationspassible, depending on the language under
consideration. For the needs of the present paper, a dhpsipositional language will be sufficient.

The logic has been investigated intensively in e[g. [AA9A98, here richer languages,

containing an implication connective (first introduced by A. Avron|[Avr91]), were considered.

Notation 7 We denote by4 a set of propositional symbols (or atoms).

We denote by_. the classical propositional language containihgthe usual constantgulse and
true, and the usual connectives v, andA.

We denote byF, the set of all wffs ofZ...

We briefly recall a meaning for the logiEOUR (more details can be found i [CLMPP, Belj7a,
Bel778]). Consider a system in which there are, on the ond fsmurces of information and, on the
other hand, a processor that listens to them. The sourceglprioformation about the atoms only,
not about the compound formulas. For each atgrthere are exactly four possibilities: either the
processor is informed (by the sources, taken as a wholeptizatrue; or he is informed that is
false; or he is informed of both; or he has no information dkou



Notation 8 Denote by0 and1 the classical truth values and define:
f:={0}; t:={1}; T:={0,1}; L:=0.

The global information given by the sources to the procesanibe modelled by a functiorfrom A
to {f,t, T, L}. Intuitively, 1 € s(p) means the processor is informed thas true, whilst0 € s(p)
means he is informed thatis false.

Then, the processor naturally builds information aboutatvpound formulas from. Before
he starts to do so, the situation can be be modelled by a dmetirom F. to {f,t, T, L} which
agrees withs about the atoms and which assighgo all compound formulas. Now, takeandgq in
A and supposeé € v(p) or1 € v(g). Then, the processor naturally add® v(p V ¢). Similarly, if
0 € v(p) and0 € v(q), then he add8 in v(p V q). Of course, such rules hold ferandA too.

Suppose all those rules are applied recursively to all camgdormulas. Then, represents the
“full” (or developed) information given by the sources tethrocessor. Now, the valuations of the
logic FOUR can be defined as exactly those functions that can be buliisSranner (i.e. like)
from some information sources. More formally,

Definition 9 We say that is afour-valued valuatioiiff v is a function fromf. to {f,t, T, L} such
thatv(true) = t, v(false) = f andV o, 8 € F,

1 € v(—a) iff 0 € v(w);

0 € v(—a)iff 1 € v(a);

1ev(aVvP)iff 1 ev(a)orl ev(f)

0 €v(aVp)iff 0 € v(a)ando € v(ﬁ)

1ev(anpP)iff 1 €v(a)andl € v(B);

0€v(anp)iff 0 €v(a)ord e v(f).

We denote by, the set of all four-valued valuations.

The definition may become more accessible if we see the falued valuations as those functions
that satisfy Tables 1, 2, and 3 below:

v(B) v(B)

v(a)  v(-a) f t T L f ¢t T L
f t f|f t T 1 f|f £ £ f
t f t|t t t ¢t t | f t T L
T S B I I P P LGOI I S
1 1 r]L ¢t t L L|f L f 1

Table 1. v(aV f) v(a A B)
Table 2. Table 3.

In the logic FOUR, a formulax is considered to be satisfied iff the processor is informadliths
true (it does not matter whether he is also informed thistfalse).

Notation 10 We denote by=, the relation orV, x F. such that’ v € V4,V a € F., we have
v g aiff 1 €v(a).

Proof systems for the consequence relatidrased on the semantic structyse., V4, =) (i.e. the
semantic structure defined BYOUR) can be found in e.g| [AA94, AADG, AADS].

Note that theF OUR semantic structure satisfied0) and(A3). In addition, if A is finite, then
(A1) is also satisfied. HowevefA2) is not satisfied by this structure. In Sectfon 3.1.3, we tara t
many-valued semantic structure which satisfidg).




2.1.3 The semantic structure defined by/s

The logicJ; was introduced inO] to answer a question posed in 1948.daskowski, who
was interested in systematizing theories capable of auingacontradictions, especially if they occur
in dialectical reasoning. The step from informal reasoninder contradictions and formal reasoning
with databases and information was dondin [CMdAQO] (alsiized for real database models in
[BACMOZ])), where another formulation of; calledLFI1 was introduced, and its first-order version,
semantics and proof theory were studied in detail. Invasbgs of.J; have also been made in e.g.
[Bvro1]], where richer languages than ofy were considered.

The valuations of the logids can be given the same meaning as those of the BYRE/R,
except that the consideration is restricted to those ssuntech always give some information
about an atom. More formally,

Definition 11 We say thav is athree-valued valuatiofff v is a function fromZ, to {f,t, T} such
thatv(true) = t, v(false) = f andV o, 8 € F,

1 € v(—a)iff 0 € v(«);

0e U(ﬁa) iff 1 €v(a);

1ev(aVP)iff 1 ev(a)orl ev(f)

0 €v(aVp)iff 0 € v(a)ando € v(ﬁ)

1 ev(anp)iff 1 €v(a)andl € v(f);

0€v(anp)iff 0 €v(a)ordev().

We denote by/; the set of all three-valued valuations.

As previously, the definition may become more accessiblesifee the three-valued valuations as
those functions that satisfy Tables 4, 5, and 6 below:

v(B) v(p)
v(a) v(-a) f t T f t T
f t fl|f t 7T f|f £ f
t f ve) |t |t t t] o) |t |f t T
T T T T t T TIf T 7T
Table 4. v(aV fB) v(a A f)
Table 5. Table 6.

We turn to the satisfaction relation.

Notation 12 We denote by=3 the relation orV; x F. such that/ v € V3,V a € F., we have
v s aiff 1 €v(a).

Proof systems for the consequence relatidrased on the semantic structys®., Vs, =5) (i.e. the
semantic structure defined bi) have been provided in e.g[ [AviofL, Dd¢70] and chapter IX of
[Eps90]. TheJ; structure satisfieA0), (A3) and(A2). In addition, if A is finite, then it satisfies
(A1) too.

2.2 Choice functions

2.2.1 Definitions and properties

In many situations, an agent has some way to choose in any&guationsl/, those elements that
are preferred (the bests, the more normal, etc.), not nadlgsie the absolute sense, but when the



valuations inV are the only ones under consideration. In Social Choics,ishinodelled by choice

functions [CheB34] Arr§d, Sen7p0, AMSL, Leh(2, Leho1].

Definition 13 LetV be asetV C P(V), W C P(V), andyu a function fromV to W.
We say thaj. is achoice functionff vV € V, u(V) C V.

Several properties for choice functions have been put idemge by researchers in Social Choice.
For the sake of completeness, we present two important boagh we will not investigate them in
the present paper (a better presentation can be foupd i®fijeh

SupposéV is a set of valuationd; is a subset of/, andv € V is a preferred valuation df/.
Then, a natural requirement is thats a preferred valuation df . Indeed, in many situations, the
larger a set is, the harder it is to be a preferred element afid he who can do the most can do the
least. This property appears {n [Chp54] and has been gieenaime Coherence ifi [Moy85].

We turn to the second property. SuppdBes a set of valuationd/ is a subset oft, and suppose
all the preferred valuations 6 belong toV. Then, they are expected to include all the preferred
valuations of/’. The importance of this property has been put in evidenc¢\s8H, [AM81] and
has been given the name Local Monotonicity in e[g. [LEh01].

In [Bch0], Schlechta showed that Coherence and Local Moty characterize those choice
functions that can be defined by a binary preference relatiostates labelled by valuations (in the
style of e.g. [KLM99]).

Now, we turn to properties relevant for the paper, i.e. priggwhich characterize those choice
functions that can be defined by a pivot (in the style of e.gMBkinson [Mak0OB[Makds]). A pivot
is a fixed subset of valuations which are considered to bentpeitant ones in the absolute sense.
Details will be given in Sectiop 2.3.2.

Definition 14 LetV be asetV C P(V), W C P(V), andyu a choice function fronV to W.
We say thaju is strongly coherenSC) iff YV, W € V,

p(W)nv C u(v).
SupposéF,V, =) is a semantic structure.
We say thay. is definability preservingDP) iff
VvV evnD, u(V)eD.

In addition, suppos¥® € V.
We say thaju is universe-codefinabl@JC) iff

V\ u(V) € D.

Definability Preservation has been putin evidence fir]. One of its advantages is that when
the choice functions under consideration satisfy it, wd pibvide characterizations with purely
syntactic conditions. To the author knowledge, Strong Gaiee and Universe-codefinability are
first introduced in the present paper. An advantage of Useseodefinability is that it provides a
link with X -logics [FRSOJL]. We will see it in Sectidi 5.

Now, we turn to a last property:

Definition 15 Supposecl is a language;- a unary connective of, F the set of all wffs ofZ,
(F,V, =) a semantic structurd] C P(V), W C P(V), andy be a choice function fronv to W.
We say thal: is coherency preservingCP) iff

VVevVncC, uV)ecC.



To the author knowledge, Coherency Preservation has beeimfioduced in[[BNO5]. An advantage
of itis that when the choice functions under considerataiis§ it, we will not need to assuniel2)
to show our characterizations (in the discriminative case)

2.2.2 Pivots

Suppose some valuations are considered to be the importastio the absolute sense and collect
them in a sef, called a pivot. Ther] defines naturally a choice functigr which chooses in any
set of valuations, simply those elements which belorg.tMore formally,

Definition 16 LetV be a set.

We say thaf is a pivotonV iff Z C V.

LetZ be a pivot ony.

We denote by:7 the function fromP (V) to P(V) such that’ V. C V),

,UI(V) =VnZ.

Pivots have been investigated extensively by D. Makinsdiviak03,[Mak05]. In the present sec-
tion, we show that the properties of Strong Coherence, DfihaPreservation, and Universe-
codefinability characterize those choice functions thatlmadefined by a pivot. More precisely:

Proposition 17 Let V be a setV, W C P(V), andu a choice function fronV to W. Then:

(0) wis SCiff there exists a pivdf onV such that’ V € V, u(V) = pz(V).

Suppos€F,V, =) is a semantic structure adde V. Then:

(1) wis SC and DP iff there exists a pivdton ) such thaZ € D andvV € V, u(V) = uz(V);
(2) pis SCand UC iff there exists a pivBtonV such tha’\Z € D andvV € V, u(V) = pz(V).

Proof Proof of(0). Direction: “—".
LetZ={veV:3V eV,ve puV)}andsuppos¥ € V.
If v € u(V), thenv € V and, by definition off, v € Z. Consequently(V) C V N Z.
If v e VNZ, then3W € V,v e u(W), thus, by SCp € u(W)NV C u(V).
Consequentlyy’ N Z C u(V).
Direction: “—".
There exist€ C Vsuchthav V e V, u(V) =V NZ.
We show thaj: satisfies SC.
LetV,W € V. Thenu(W)NV =WNINV CINV = uV).

Proof of (1). Direction: “—".
Take the samé& as for(0). Then, by verbatim the same pro®f}) € V, u(V) =V nZ.
It remains to show thaf € D.
As My =V,V € D. Thus, agiis DP,u(V) € D. But, u(V) = VNI =1.
Direction: “~".
Verbatim the proof of0), except that in additioff € D.
We show thaj: is DP. LetV € VN D.
Then 3T C F, Mpr = V. Similarly,as7 ¢ D,3A C F, Ma = 7.
Thereforep(V) =V NZ = Mr N Ma = Mrua € D.



Proof of (2). Direction: “—".

Take the samé& as for(0). Then, by verbatim the same prodf}) € V, u(V) =V nZ.

Itremainsto show \Z € D. AspisUC,V \ (V) € D. But, V\ u(V) =V\ (VNI)=V\ I
Direction: “~".

Verbatim the proof of0), except that in additiow \ Z € D.

We show thaj is UC: V \ u(V) =V\ (VNZ)=V\ZeD. |

2.3 Pivotal(-discriminative) consequence relations
2.3.1 Definitions

Suppose we are given a semantic structure and a choicedanctin the valuations. Then, it is
natural to conclude a formula from a set of formulag® iff every model forI" chosen byu is a
model fora.. More formally:

Definition 18 Let (F,V, =) be a semantic structure apda relation orP(F) x F.
We say that~ is apivotal consequence relatidff there exists a SC choice functignfrom D to
P(V)suchthavVI' C F,Va € F,

I~ «iff w(Mr) C M,
In addition, if .« is DP, CP, etc., then so |s.

We called these relations “pivotal” because, in the Iigfﬁ’ufpositior@?, they can be defined equiv-
alently with pivots, instead of SC choice functions. Thenpbrtance has been put in evidence
by D. Makinson in e.g. [[Mak§d, Makp5], where he showed thaythonstitute easy conceptual
passage from basic to plausible nhon-monotonic consequetat®ns. Indeed, they are perfectly
monotonic but already display some of the distinctive fezd\(i.e. the choice functions) of plausi-
ble non-monotonic relations. Note that pivotal (resp. DRfEl) consequence relations correspond
to Makinson’s pivotal-valuation (resp. pivotal-assuropjirelations. We will give an example of
how they can be used to draw plausible conclusions from imbei®information in Sectiop 2.3.2.

Moreover, if a many-valued semantic structure is consifléhey lead to rational and non-trivial
conclusions is spite of the presence of contradictions amthas useful to treat both incomplete and
inconsistent information. However, they will not satishetDisjunctive Syllogism. We will give an
example with theFOU'R semantic structure in Sectin 2]3.3.

Characterizations of pivotal consequence relationsgalclassical frameworks, can be found
in the literature. For instance, the following result appea be part of folklore for decades: DP
pivotal consequence relations correspond precisely &ethopraclassical closure operations that are
compact and satisfy Disjunction in the premisses. For metails see e.g| [RotDlL, MaK(J3, MakO05].

Now, we turn to a qualified version of pivotal consequenceatitures the idea that the contra-
dictions in the conclusions should be rejected.

Definition 19 Let £ be a language; a unary connective of, F the set of all wffs ofZ, (F,V, =)

a semantic structure, and a relation orfP(F) x F.

We say that~ is apivotal-discriminative consequence relatifithere exists a SC choice function
pwfromDtoP(V)suchthaVI' C F,Va € F,

r |’\‘ a iff M(MF) g Ma andIU/(MF) g Mﬁa
In addition, if . is DP, CP, etc., then so |s.

10



If a classical semantic structure is considered, the digngtive version does not bring something
really new. Indeed, the only difference will be to concludghing instead of everything in the
face of inconsistent information. On the other hand, withanyavalued structure, the conclusions
are rational even from inconsistent information. The disgrative version will then reject the
contradictions in the conclusions, rendering the lattethal more rational.

2.3.2 Example in the classical framework

Let £ be a classical propositional language of which the atoms,areandp. Intuitively, r means
Nixon is a republicang means Nixon is a quaker, apdneans Nixon is a pacifist. L&t be the set
of all wffs of £, V the set of all classical two-valued valuationsthfand}= the classical satisfaction
relation for these objects. TheM,is the set of the 8 following valuationsy, vy, va, vs, v4, U5, Vs,
andvz, which are defined in the obvious way by the following table:

r{q|p
v {|0]0]0
U1 0101
V2 0(1]0
V3 011
V4 1{0|0
Vs 1101
Ve 1 110
vr 111

Now, consider the class of all republicans and the classl afuakers. Consider that a republican
is normal iff he is not a pacifist and that a quaker is normdiéfis a pacifist. And, consider that a
valuation is negligible iff (in it) Nixon is a non-normal inddual of some class. Then, collect the
non-negligible valuations in a pivat More formally:

I={veV:ifvlr thenv |=-p; andifv = q, thenv |= p}.

Finally, let|~ be the pivotal consequence relation defined by the SC chorm®ion 7.

Then, |~ leads to “jump” to plausible conclusions from incompletéoimation. For instance,
r |~ —p andq |~ p. But, we fall into triviality if we face new information thaiontradict previous
“hasty” conclusions. For instancér,p} ~ o, Vo € £, and{q, -p} I o,V a € L. Thisis the
price to pay for being monotonic, whereas conclusions treabaly plausible are accepted.

In addition, |~ is not paraconsistent and some sets of formulas are rendesdelss because
there is no model in the pivot for them, though there are nmoftelthem. For instancdg, r} |~ «,
VaeL.

2.3.3 Example in theFOUR framework

Consider theFOUR semantic structuréF., V,, =4) and supposel = {r, ¢, p} (these objects have
been defined in Sectidn 2.]1.2). In addition, make the samsi@gerations about Nixon, the classes,
normality, etc., as in Sectic@.z, except that this timalaation is considered to be negligible iff
(init) the processor is informed that Nixon is an individodsome class, but he is not informed that
Nixon is a normal individual of that class. See Secfion fdr2ecalls about the sources-processor
systems. Again, collect the non-negligible valuations pivat Z. More formally:

I={veV,:ifvEr thenv = -p; andifv [= ¢, thenv |= p}.

11



Let |~ be the pivotal consequence relation defined by the SC choitgidn ..

Then, agair~ leads to “jump” to plausible conclusions from incomplet®oimation. For in-
stancey |~ —p andq |~ p. Moreover, though “hasty” conclusions are never withdrawe do not
fall into triviality when we face new information that coatfict them. For instancéy, p} |~ p and

{r,p} i —p and{r,p} ~ r and{r,p} ¥ .
In addition, |~ is paraconsistent. For instancgy, —p,¢} I~ p and{p,-p,q¢} ~ —p and

{p,—»,q} I~ q and{p,—p,q} |~ —q. And, less sets of formulas are rendered useless because
there is no model in the pivot for them, though there are moftglthem. For instance, this time,

{a.r} ~pand{g,r}  —pand{q,r} |~ g and{q, r} |* ~g and{q,r} p~ rand{q,r} j© —r.
However,~ does not satisfy the Disjunctive Syllogism. Indeed, fotanse {—r,r V ¢} [~ q.

3 Characterizations

The first contributions of the paper are characterizationm@ny cases, with purely syntactic con-
ditions) of several families of pivotal and pivotal-disoinative consequence relations. Sometimes,
we will need to make some assumptions about the semantatistelunder consideration. However,
no assumption will be needed for the two following families:

« the pivotal consequence relations (Secfioh 3.2);

o the DP pivotal consequence relations (Se 3.1).
We will assume A0) for:

e the UC pivotal consequence relations (Se 3.2).
We will need(A3) and(A1) for:

¢ the CP pivotal-discriminative consequence reIationst(Sne@);

¢ the CP DP pivotal-discriminative consequence reIationstQSn).
We will assume A3), (A1), and(A2) for:

¢ the pivotal-discriminative consequence relations (Se@);

« the DP pivotal-discriminative consequence relations ({6e@.3).
We will assumg A0), (A43), and(A1) for:

e the CP UC pivotal-discriminative consequence relatiomﬁﬁn).
We will need(A0), (A3), (A1), and(A2) for:

¢ the UC pivotal-discriminative consequence relations ﬁﬁa@).

3.1 The non-discriminative and definability preserving cas

In the present section, we provide, in a general framewazkaaacterization for the family of all DP
pivotal consequence relations. We will use techniques sinjlar to those of5] (see the DP
and non-discriminative case). The latter are themselveagly inspired by the work, in a classical
propositional framework, of K. Schlechta (see Proposi8dhof ]). The idea is to get to the
remarkable equalityu(Mr) = M. Thanks to it, properties like Strong Coherence can beyeasil
translated in syntactic terms (i.e. using only the langulagg-, etc.).
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Definition 20 Let (F,V, =) be a semantic structure apdbe a relation oP(F) x F.
Then, consider the following conditiong.I’, A C F,

(I0) i H(IT) = H(A), thenf~(T) = f(A);
(1) (D) = H((D);
(2) T C ho(D);

(3) (D) € H((A), D).

Note that those conditions are purely syntactic when threeegroof system available fer (which
is the case with e.g. the classic&OUR, and.J; semantic structures).

Proposition 21 Let (F,V, =) be a semantic structure apdbe a relation orP(F) x F.
Then,}~ is an DP pivotal consequence relationjiffsatisfieq |~0), (~1), (~2), and(~3).

Proof Direction: “—".

There exists an DP SC choice functiefirom D to P(V) such thatv T" C F, |~(T') = T'(u(Mr)).

We will show:

) VI CF, w(Mr) =My r);

1) |~ satisfies(|~0);

2) |~ satisfieq(j~1);

3) |~ satisfieq|~2);

4) P SatISerS(}'v.?)
Direction: “~".

Supposé~ satisfies(|~0), (1), (~2), and(p3).

Let i be the function fronD to P(V) such that/' I' C F, u(Mr) = M (r).

We will show:

(5) wis well-defined;

(6) wis aDP choice function;

(7) wis SC;

(8) VI CF, o(I) = T(u(Mr)).

(0
(
(
(
(

— =

Proof of (0). LetT’ C F. As 1 is DP,u(Mr) € D. Thus,3A C F, u(Mr) = MAa.
Thereforeu(MF) = Ma = MT(]MA) = MT(M(MF)) = M|N(F)-

Proof of (1). LetI', A C F and suppose(I") = F(A).
Then,Mr = Ma. Thus,~(T) = T'(u(Mr)) = T(u(Ma)) = (A).

Proof of (2). LetT" C F. Then,(T) = T(u(Mr)) = T(Mruary)) = T (M) = H((T)).
Proof of (3). LetI" C F. Then,I' C T'(My) C T'(u(Mr)) = p~(I).

Proof of (4). LetT', A C F. Then, by(0) and SC,

M|~(A),F = M\N(A) N Mp = /L(MA) N Mr C /L(MF) = M|~(p).

Therefore, by(~1), we get~(T') = H((T)) = T(M|wr)) € T (M (a),r) = FH((A),T).

Proof of (5). LetI', A C F and suppos@/r = Ma.

13



Then,F(F) = F(A) Thus, by(INO), M\N(F) = M|N(A)-

Proof of (6). LetT" C F. Then, by(~2), u(Mr) = M.y € Mr.
Consequentlyy is a choice function. In addition, is obviously DP.

Proof of (7). LetI", A C F.
Then, by(l’\/g), we getu(MA) N Mr = M\N(A) N Mr = M\N(A),F - M|N(p) = M(MF)-

Proof of (8). LetT" C F. Then, by(j~1), (T') = H(~(T)) = T'(Mry) = T(u(Mr)). |

3.2 The non-discriminative and not necessarily definabilif preserving case

In the present section, we will investigate in particulag family of all pivotal consequence rela-
tions. Unlike in Sectiol, the choice functions consideinere are not necessarily definability
preserving. As a consequence, we will no longer have at @podal the remarkable equality:
w(Mr) = M, ). Therefore, we cannot translate properties like Stronge@atce in syntactic
terms. Moreover, we will put in evidence, in Sectidn 4, soimgts of what can be done in this
area. Approximatively, we will show, in an infinite clasdi@mework, that there does not exist a
characterization (of the aforementioned family) made ofdittons which are universally quantified
and of limited size.

We provide a solution with semi-syntactic conditions. Tosio we will use techniques very
similar to those of [BNG5] (see the non-DP and non-discratiire case). The latter are themselves
strongly inspired by the work of K. Schlechta (see Proposi.2.5 of [Schd4]). Technically, the
idea begins by building from any functigh a SC choice functiop; such that whenevef “covers”
some SC choice function, it necessarily covefs

Definition 22 LetV be asetV C P(V), W C P(V) and f a function fromV to W.
We denote by the function fromV to P(V) such that’ V € V,

ur(V)y={veV: YW eV, ifveW, thenv e f(W)}.

Lemma 23 LetV be asetV C P(V), W C P(V) andf a function fromV to W.
Then,u ¢ is a SC choice function.

Proof .y is obviously a choice function. We show that it satisfies @jrGoherence.
Suppose the contrary, i.e. supp@se, W € V and3 v € uy(W) NV such thaw & us (V).
Then,am € Vandv & us(V),wehaved Z € V,v € Z, andv ¢ f(Z).

Therefore, simply by definition gi s, v & s (W), which is impossible. [

Lemma 24 LetV be a setV, W, andX subsets oP(V), f a function fromV to W, andy a SC
choice function fronV to X such that/ V € 'V, f(V') = My, (v)). Then:

(0) VYV eV, f(V) = MT(,uf(V))-
Suppos€.F, V, =) is a semantic structure satisfyifg0), D C V, andu is UC. Then:
(1) pr(V) = pV).
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Proof Proof of(0). Supposé” € V. We showf (V) = Mz, (v))-

Case 13w e u(V),v & ps(V).

As (V) CV,we havev € V.

Thus, by definition ofiy, 3W € V,v € W, andv ¢ f(W) = Mpuwy) 2 p(W).

On the other hand, asis SC,u(V) N W C u(W). Thus,v € u(W), which is impossible.
Case 2u(V) C us(V).

Case 2.13v e us(V), v & f(V).

Then,3W € V,v € W, andv ¢ f(W). Indeed, just tak& itself for the choice ofV.
Therefore, by definition of.s, v & 1 (V'), which is impossible.

Case 2.2us (V) C f(V).

Then, f(V) = Mruwvy) S Mriyv)) © Mrigvy) = Mraarg) = Mrwey) = f(V).

Proof of (1). Direction: “C".
Suppose the contrary, i.e. suppase € u¢(V), v & u(V).
Then,w € V\ u(V). But, aspis UC,V\ u(V) e D C V.
On the other hand, asc pf(V), we getV W € V, if v € W, thenv € f(W).
Thereforep € f(V \ /L(V)) = MT(M(V\H(V)))'
But, we will show:
(1.0) u(V\u(yV))=0.
Therefore,MT(#(V\#(v))) = MT((D) = Mg.
But, by (40), Mz = 0. Thereforep € @, which is impossible.
Direction: “2".
Suppose the contrary, i.e. supp@se € u(V), v & pus(V).
Asv e Vandv & us(V),wegeBW € V,v € Wandv € f(W) = Mpg,awy 2 p(W).
But, asy is SC,u(V) N W C u(W). Thereforep € (W), which is impossible.

Proof of (1.0). Suppose the contrary, i.e. suppase € u(V \ u(V)).
As 1is SC,u(V\ u(V)) NV C u(V). Thus,w € u(V). Thereforep & V \ p(V).
But, u(V\ u(V)) CV\ u(V). Thus,w & u(V \ u(V)), which is impossible. |

Definition 25 Let (F,V, =) be a semantic structure apdbe a relation oP(F) x F.
Then, consider the following conditiong.I" C F,

(4) @) =TH{ve Mr:VACF, if ve Ma, thenv € My (a)});

(5) VN{veV:VACF, ifve Ma, thenv € M a)} € D.

Proposition 26 Let (F,V, =) be a semantic structure apda relation oriP(F) x F. Then:
(0) b~ is a pivotal consequence relation [iff satisfieg(|~4).

Suppose.F, V, |=) satisfieg A0). Then:

(1) p~is a UC pivotal consequence relationiff satisfies(j~4) and(|~5).

Proof Proof of(0). Direction: “—"

There exists a SC choice functiprfrom D to P(V) such that T' C F, (') = T'(u(Mr)).
Let f be the function fronD to D such that/ V' € D, we havef (V) = Mp(,v)).

By Lemma[2}y V € D, we havef (V) = Mz, (v))-

Note thatv I" C F, f(MF) = MT(H(MF)) = M|~(p).
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We show that|~4) holds. Letl’ C F.

Then,(~(T) = T'(u(Mr)) = T(Mrgumey) = T(f
T({ve Mr:VW eD,ifveW,thenv e f(W)}
T({ve Mr:VACF,ifve Ma,thenv € f(Ma

T({’U e Mr:VACF,ifve Ma,thenv € M|~(A

Direction: “—".

Supposé~ satisfieg |~4).

Let f be the function fronD to D such that/ I C F, we havef (Mr) = M. ().

Note thatf is well-defined. Indeed, I, A C F andMr = Ma, then, by(j~4), ~(T') = ~(A).

In addition, by(~4), we clearly have/ T C F, ~(T') = T'(p s (Mr)).

And finally, by Lemm@w is a SC choice function.

gf\fr)) T(Mr(upmry)) = T(pp(Mr)) =
)} =
)}

Proof of (1). Direction: “—".
Verbatim the proof of0), except that in additiofA0) holds andu is UC.
We show that~ satisfies(~5). As 1 is UC,V \ u(V) € D. But, by Lemmd 24u(V) = s (V) =
{veV: VW eD,ifveW,thenv e f(W)} =
{veV:VACF, ifve Ma,thenv e f(Ma)} =
{veV:VACF,ifve Ma,thenv € M|N(A)}.
Direction: “~".
Verbatim the proof 0f0), except that in additio40) holds and~ satisfies(|~5).
But, because off~5), V \ (V) € D. Thereforeuy is UC.
Note that in this directiotA0) is not used. |

3.3 The discriminative and definability preserving case

Inthe present section, we will characterize certain fasitif DP pivotal-discriminative consequence
relations. We need an inductive construction introduce@h0g]:

Notation 27 N denotes the natural numbef$;, 1,2, ...} and
N the positive natural number$i, 2, .. .}.

Definition 28 Let £ be a language; a unary connective of, F the set of all wffs ofZ, (F,V, =)
a semantic structuréy a relation oriP(F) x F, andl’ C F. Then,

Hy (D) :={=peF: 5T, MI)\ ~T)and-f & (I, (1)}

Let: € Nwith: > 2. Then,

_ [ B ERI D), Hy (D), .. Hia () \ (T) and
Hl(F>{ﬁ5€f{ ﬁeﬁl(—( hi(%‘ (()F Hz—(l(%?);',\‘( "
H(I):= | H(T)
ieNT

We turn to the representation result:

Definition 29 SupposeL is a language; a unary connective of, v a binary connective of, F
the set of all wffs ofZ, (F, V, =) a semantic structure, aid a relation orP(F) x F.
Then, consider the following conditiong.I', A C F,V «a, 8 € F,
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(r6) if § € H(T', () \ (I') and—a € =(T, +(T), =5), thenar & ~(I);

(7)) if a e H(T, () \ () and € E(I, (1), —a) \ (), thenar v § & |~(T);
(R8) if a € (I, then—a ¢ H(T', ~(I);

(h9) T UHT) CHA, (A), H(A),T);

(k-10) if T is consistent, thep-(T") is consistent]” C |~(T"), and-(~(T")) = ~(I).

Note that those conditions are purely syntactic when treagaroof system available for

Proposition 30 SupposeL is a language; a unary connective of, v and A binary connectives
of £, F the set of all wffs ofZ, (F,V, ) a semantic structure satisfyirigl3) and(A1), andj~ a
relation onP(F) x F. Then:

(0) |~ is a CP DP pivotal-discriminative consequence relation~ifsatisfies(j~0), (~6), (j~7),
(r8), (r9), and(~10).

SupposeF, V, |=) satisfieg(A2). Then:

(1) |~ is a DP pivotal-discriminative consequence relatior~fsatisfies |~0), (~6), (~7), ()~8)
and(j~9).

Before we show Propositidn30, we need to introduce Lenjnj@n@B} below, taken fronf [BNP5]:

Lemma 31 From [BNO}].

Suppos€ is a language;, a unary connective of, vV andA binary connectives of, F the set of all
wifs of £, (F,V, =) a semantic structure satisfyitig3) and(A1), andj~ a relation orP(F) x F
satisfying(p~6), (~7), and(p-8).

ThenVTI C F, I’V(F) = Td(MF,|~(F),H(F)>-

Lemma 32 From [BNO}].

SupposeC is a language; a unary connective of, v andA binary connectives of, F the set of
all wffs of £, (F,V, |=) a semantic structure satisfyifg3) and(A1), V C P(V) 1 a DP choice
function fromD to V, |~ the relation orP(F) x F such thavT' C F, |~(T") = Ty(u(Mr)), and
I' C F. Then:

(0) |~ satisfieq|~6), (~7), and(p~8);

(1) if (F,V, ) satisfies(A2) too, thenu(Mr) = Mrp oy, m(r):
(2) if pis coherency preserving, thefiMr) = Mr (), 5 (r)-
We come to the proof dProposition

Proof Proof of(0). Direction: “—".

There exists a CP DP SC choice functjpfrom D to P(V) such that
VI C F, jo(T) = Ta(u(Mr)).

We will show:

(0.0) |~ satisfieg~0).

By Lemma[3R(0), |~ satisfies6), (f7), and(|~8).

17



By Lemma[3P(2) and Strong Coherence pf |~ satisfies(~9).
We will show:
(0.1) |~ satisfies(|~10).
Direction: “~".
Supposé~ satisfies(|~0), (~6), (~7), (~8), (+9), and(|~10).
Then, letu be the function fronD to P(V) such that/ T' C F, u(Mr) = Mrp (1), 5 (r)-
We will show:
(0.2) wis well-defined.
Clearly, . is a DP choice function.
In addition, ag~ satisfieg|~9), p is strongly coherent.
We will show:
(0.3) pis CP.
And finally, by Lemmd 31y T’ C F, (1) = Tu(u(Mr)).

Proof of (0.0). LetT", A C F and suppose(I") = F(A). Then, Mt = Ma.
Therefore~(I') = Ty(u(Mr)) = Ta(p(Ma)) = p(A).

Proof of (0.1). LetT" C F and supposE is consistent.

Then,Mr € DN C. Thus, ag: is CP,u(Mr) € C. ThereforeTy(u(Mr)) = T (u(Mr)).
Consequentyl' C T'(Mr) C T(u(Mr)) = Ta(u(Mr)) = p(T).

In addition,M‘N(F) = MTd(H(MF)) = MT(,LL(ILIF))- BUt,,u(MF) e C. ThUS,MT(#(IWF)) e C.
Consequently~(T") is consistent.

And finally, )~ (I') = Ta(u(Mr)) = T(u(Mr)) = T(Mr(uany) = T(Mpqry) = F(R(D)).

Proof of (0.2). LetT", A C F and suppos&/r = Ma.
Then,-(I") = H(A). Thus, by(~0), () = (A).
Consequentlyl (T') = H(A). Therefore Mr .0y, m(r) = Ma,v(a),H(A)-

Proof of (0.3). Supposd” ¢ DN C. Then 3T C F,V = Mr.

Case 1:H,(T") # 0.

Thus 33 € F, 3 ¢ ~(T') andMrp .1y C Mp.

By (}'\/10), rc }N(F) andk(}'\/(F» = |’V(F) ThUS,MF7|N(F) = M|N(F)- ThUS,M|N(F) - Mg.
Therefore 3 € T (M (ry) = H(~(T")) = ~(I'), which is impossible.

Case2.H (') =0

Then,H(F) = (Z) ThUS,,u(V) = ,u(Mp) = Mp_"w(p) H() = M|~(p).

But, by (~10), r~(I') is consistent. Thereford/,.ry € C.

Proof of (1). Direction: “—".
Verbatim the proof of0), except tha: is no longer CP, whilsfA2) now holds.
Note that, in(0), CP was used only to sho{#~9) and(j~10).
But, (~10) is no longer required to hold and we are going to@e$) by another mean.
Indeed, by Lemmp 321) and Strong Coherence pf (|~9) holds.

Direction: “~".
Verbatim the proof of0), except that~10) does no longer hold, whil§t42) now holds.
However, in(0), (~10) was used only to show thatis CP, which is no longer required.
Note that we do not need to ugd2) in this direction. |
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3.4 The discriminative and not necessarily definability preerving case

Unlike in Sectio, the conditions of the present sectidhnot be purely syntactic. The trans-
lation of properties like Strong Coherence in syntactioneis blocked because we do no longer
have the following useful equalityi(Mr) = Mr (), a(r), which hold when the choice functions
under consideration are definability preserving (but thisat the case here). Thanks to Lemr@s 23
and[2} (stated in Sectidn B.2), we will provide a solutiortveiemi-syntactic conditions.

Definition 33 Let £ be alanguage; a unary connective of, F the set of all wifs ofZ, (F,V, &)
a semantic structure, and a relation orfP(F) x F.
Then, consider the following conditiong.I’ C F,

(|~11) I—(F, |~(F),H(F)) = T({’U € Mr:VACUF, if ve Mn, thenv € M\N(A),H(A)});
(F12) V\{v eV : VA CF, if v e Ma, thenv € M\N(A),H(A)} € D.

Proposition 34 SupposeL is a language; a unary connective of, Vv and A binary connectives
of £, F the set of all wffs ofZ, (F,V, ) a semantic structure satisfyirigl3) and(A1), andj~ a
relation onP(F) x F. Then:

(0) |~ is a CP pivotal-discriminative consequence relatiofpifsatisfies ~0), (~6), (~7), (~8),
(P10), and(j~11).

If (F,V, =) satisfies A0) too, then:

(1) |~ is a CP UC pivotal-discriminative consequence relatiorhifatisfies(~0), (~6), (j~7),
(~8), (I~10), (11), and(~12).

If (F,V, =) satisfies A2) too, then:

(2) |~ is a pivotal-discriminative consequence relatiorhfsatisfieg |~0), (~6), (~7), (8), and
(p11).

If (F,V, =) satisfies A0) and(A2) too, then:

(3) p is a UC pivotal-discriminative consequence relatiorfsatisfies |~0), (~6), (~7), (F8),
(P11), and(fo12).

Proof Proof of(2). Direction: “—".

There exists a SC choice functiprfrom D to P(V) such that' ' C F, (T') = Ty((Mr)).
Then, |~ satisfies obviously~0).

Let f be the function fronD to D such that/ V € D, f(V) = My, v)-

Then, by Lemm@ 34y V € D, (V) = My, (v))-

Moreovery T C F, f(MF> = MT(M(MF)) - MT(MF) = Mr.

Therefore,f is a choice function.

Obviously, f is DP.

In addition,VF C F, |~(F) = Td(,u(Mp)) = Td(MT(;L(IWF))) = Td(f(Mp))

Consequently, by Lemnfa]3®), |~ satisfies~6), (~7), and(~8).

In addition, by Lemm# 321), VI C F, f(Mr) = Mr pury, 1 (r)-

We show that~ satisfiegj~11). LetI" C F.

Then,b(I', (L), H(I')) = T(Mr,j~(ry,m(ry) = T'(f(Mr)) = T(Mr(u; (ary)) = T(pg(Mr)) =
T({ve Mr:VW eD,ifveW,thenv e f(W)}) =
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T({ve Mr:YVACF,ifve Ma,thenv € f(Ma)}) =
T({U € Mpr:VACF,ifve Ma,thenv € MA,\N(A),H(A)}) =
T({’U EMr:VACUF, ifve Ma, thenv € M|~(A)H(A)})
Direction: “~".
Supposé~0), (6), (;7), (~8), and(j~11) hold.
Let f be the function fronD to D such that/ I C F, f(Mr) = Mt (r),a(r)-
By (I~0), f is well-defined.
By Lemma[3lLy I C F, (') = Tu(Mr (v mu(ry) = Ta(f(Mr)).
By (1), VI C 7, f(Mr) = Mz, (b))
Thereforey I" C F, 'N(F) = Td(f(MF)) = Td(MT(,uf(IWF))) = Td(Mf(MF))-
But, by Lemmd 231 is a SC choice function.

Proof of (3). Direction: “—".
Verbatim the proof of2), except that in additiofA0) holds andu is UC.
We show that~12) holds. Asy is UC,V \ (V) € D. But, by Lemmd 241), u(V) = pp(V) =
{veV: VW eD,ifveW,thenv e f(W)} =
{veV:VACF, ifve Ma,thenv e f(Ma)} =
{’U EV:VACUF, ifve Ma, thenv € MA,\N(A),H(A)} =
{U eV:VACUF, ifve Ma, thenv e M|~(A),H(A)}-
Direction: “~".
Verbatim the proof of2), except that in additioA0) holds and~ satisfies(|~12).
But, because off~12), V \ (V) € D. Thereforeuy is UC.
Note that(A0) is not used in this direction.

Proof of (0). Direction: “—".
Verbatim the proof of2), except that A2) does no longer hold, whilgt is now CP.
Note that{ A2) was used, iff2), only to apply Lemmf 321) to getvl’ C F, f(Mr) = Mr (1), 1 (r)-
But, we will get this equality by another mean.
Indeed, ift” € DN C, then, ag.is CP,u(V) € C, thusMr(,vy) € C, thusf(V) € C.
Thereforef is CP.
Consequently, by LemrTElfQ), we getvI' C F, f(Mr) = My jo(r),a(r)-
In addition, by verbatim the proof @f.1) of Propositior] 30 satisfies(|~10).
Direction: “—".
Verbatim the proof of2), except that A2) does no longer hold, whilgt- satisfies now|~10).
But, in this direction{A2) was not used ili2).
It remains to show thai is CP.
By verbatim the proof of0.3) of Propositior] 30, we get thatis CP.
LetV € DN C. Then,f(V) € C. Thus,Mr(,,(v)) € C. Thus,us (V') € C and we are done.

Proof of (1). Direction: “—".
Verbatim the proof 0f2), except tha{ A2) does no longer hold, whilgt40) now holds and. is
now UC and CP.
Note that(A2) was used, itf2), only to apply Lemmf 321) to getvl’ C F, f(Mr) = Mr o(ry,m(T)-
But, by verbatim the proof of0), we get anyway' I C F, f(Mr) = Mr (), a(r)-
In addition, by verbatim the proof @f).1) of Propositior] 30~ satisfies(10).
And, by verbatim the proof of3), |~ satisfieg|~12).
Direction: “~".
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Verbatim the proof of(2), except that A2) does no longer hold, whilgt40) now holds and~
satisfies now|~~10) and(j~12).

But, in this direction{A2) was not used iti2).

In addition, by verbatim the proof @f), . is CP.

And, because off~12), V' \ us(V) € D. Thereforeu, is UC.

Note that(A0) is not used in this direction. ||

4 Nonexistence of normal characterizations

4.1 Definition

Let F be a setR a set of relations o®(F) x F, andj~ a relation orP(F) x F.
Approximatively, a characterization & will be called “normal” iff it contains only conditions
which are universally quantified and “appli®® at most|.7| times. More formally,

Definition 35 Let F be a set an® a set of relations o®(F) x F.
We say that thaf is anormal characterizatiorof R iff C = (\, @), where) < |F| is a (finite or
infinite) cardinal andp is a relation orP(F)2* such that for every relatiop onP(F) x F,

~eR ff VIy,...,Tx CF, (T1,...,Tx, ;o(T1), ..., (Ty)) € ®.

Now, suppose there is no normal characterizatio®ofHere are examples (i.€C1), (C2), and
(C3) below) that will give the reader (we hope) a good idea whialditions cannot characterize.
This will thus make clearer the range of our impossibilitguk (Propositior@? below). To begin,
consider the following condition:

(C1) YT,A € F CP(F), (I U (A)) = 0.

Then,(C1) cannot characterizR. Indeed, suppose the contrary, i.e.

supposé~ € Riff VI, A € F, ~(T'U ~(A)) = 0.

Then, take\ = 3 and the relatior® such tha{T';,T'3, '3, T4, ['5,T'g) € P iff

(I'1,T2 € Fandl's = I'; UT;) entailslg = 0.

Then,(3, ®) is a normal characterization &. We give the easy proof of this, so that the reader can
check that a convenient relatidncan be found quickly for all simple conditions liKE'1).

Proof Direction: “—".

Supposé~ € R.

ThenVI,A€F,~TURA)) =0.

Letl';,I'5,I's C F.

We ShOW(Fl,FQ,Fg, }v(l"l), |f\‘(1—‘2), |f\‘(1—‘3)) c .

Supposd’y,T's € Fandl's =T'; U ~(T'2).

Then, ad';,T's € F, we get~(I'; U ~(T2)) = 0.

But, (T, U ~(T'2)) = ~(T's). Thereforep~(T's) = 0.
Direction: “«~".

Supposefl"l,l"g,l"g, C F, (1"1,1"2,1"3, 'I\J(Fl), "\J(F2)7 |~(1"3)) € .

We showj~ € R. LetI', A € F.

TakeF1 =I'Ty = A, I's=I1U l’V(F2>

Then, we hav&; € F,T'; € F,andl's = T'; U |~(T'2).

But, (Fl, I's, s, }v(l"l), |f\‘(1—‘2), |f\‘(1—‘3)) c P,
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Therefore, by definition ob, |~(I'3) = 0.
BUL o (Ts) = (T U p(T2)) = (T U (A)).

But actually, we are not limited to simple operations (likg.eJ, N, \). More complex conditions
than(C1) are also excluded. For instance, febe any function fronP (F) to P(F) and consider
the following condition:

(C2) YT,A € F, ~(f(I) U (A)) = 0.

Then,(C2) cannot characterizR. Indeed, suppose it characterizes

Then, take the relatio® such tha{I'y, ', I's, T'4,T'5,Tg) € @ iff

(I',T2 € Fandl's = f(T'1) UT;) entailsT'g = 0.

It can be checked thd8, ®) is a normal characterization &. We leave the easy proof to the reader.
We can even go further combining universal (not existentjahntifiers and functions liké.

For instance, leg be a set of functions frorf?(F) to P(F) and consider the following condition:

(C3) VI,A€F,Vfeq fI)UR(A)) =0.

Then,(C3) cannot characterizR. Indeed, suppose it characterizes

Then, take the relatio® such tha{Tl'y, 2, '3, T4, T'5,T's) € @ iff

Vf eg,if (1"1,1"2 cF andI‘3 = f(l"l) U F5), thenl"s = 0.

It can be checked thd8, ®) is a normal characterization &. The easy proof is left to the reader.
Finally, a good example of a condition which is not excludeg+4). We have seen in Proposi-

tion @ that it characterizes the family of all pivotal coggence relations.

4.2 Impossibility results

In the present section, we will show, in an infinite classitamework, that there is no normal
characterization for the family of all pivotal consequemekations (in other words(~4) cannot
be replaced by a simpler condition in Proposit@'\ 26). Inghme vein, in Proposition 5.2.15 of
[Bcho}], K. Schlechta showed that there does not exist a alarharacterization for the family of
all preferential consequence relations.

Note that he used the word “normal” in a more restrictive sgsse Section 1.6.2.1 df [Scho4]).
Approximatively, a characterization & is called normal by Schlechta iff it contains only conditon
like (C1), i.e. conditions which are universally quantified, “apply’at most|F| times, and use
only elementary operations like elg, N, \ (complex structures, functions, etc are not allowed). We
have been inspired by the techniques of Schlechta. We velfihemma 5.2.14 of [Schp4]:

Lemma 36 From [SchOy4].

Supposea is infinite and(F., V, k=) is a classical propositional semantic structure.
LetV C{V CV:|V]| < |A|} satisfying the two following conditions:

first,if V€ VandWW C V, thenW €V,

and secondy V,W € V,if [V UW| < |A|,thenV UV € V.

ThenVvVT C F.,3Vr €V,

0) T(Nvev Mrour\vy) = T(Mr \ Vr);

Recall that4 andF, have been introduced in Sectipn 21.2. Note that the syfserit is written
just to keep in mind thatT- depends o

22



Proposition 37 Supposed is infinite and(F., V, |=) is a classical propositional semantic structure.
Then, there doesn’t exist a normal characterization fofatmly of all pivotal consequence relations.

Proof Suppose the contrary, i.e. suppose there exist a cardlinal|F.| and a relation® over
P(F.)** such that for every relatiop- on P(F.) x F., |~ is a pivotal consequence relation iff
VI,..., Ty CF., (T1,..., T, (1), ..., ~(T2)) € ®. Then, define:

V. ={VCV:|V|<|A]}.

In addition, letj~ be the relation ofP(F..) x F. suchthav T C F,,

~T) =T(Nyev Mru\v))-

We will show:

(0) YV CV,if V| <|A|, thenT(V)=T(V\V);

(1) 3T4,...,T\ C Fesuchtha(Ty, ..., Ty, (T1),...,~(T)) € D.

Now, by lemmd 36, we get:

(2) VI CF,3Vr eV, @) =TMr\Vr)andvVV e V,T(Myr\ V) CT(Mr\ V7).
Then, define:

X = Ure{rl ,,,,, ryy V-

Then, we will show:

(3) VI e{ly,....,I\} ) =T(Mr\ X).

Let i« be the function fronD to P(V) such that/ V € D, u(V) =V \ X.

We will show:

(4) pis a SC choice function.

Let ' be the pivotal consequence relation defined:by

We will show the following, which entails a contradiction:

(5) p'is nota pivotal consequence relation.

Proof of (0). Let V' C V and supposg/| < |A|.

Obviously,T(V) C T(V\ V).

We showI'(V\ V) C T(V).

Suppose the contrary, i.e. suppase € T(V\ V), a & T(V).
Thendv e V,v € M,,.

Now, define:

W = {w € V : for all atomgq occurring inc, w(g) = v(q)}.
Then,Y w € W, we havew(a) = v(«) and thusw & M,,.

As the number of atoms occurring dnis finite andA is infinite, we getiv| = 24!,
Therefore|V| < |A| < [W|. Thus3w e W\V CV\ V.
Thus,V\'V € M,. Thereforeo ¢ T(V \ V), which is impossible.

Proof of (1). It suffices to show that- is not a pivotal consequence relation.

Suppose the contrary, i.e. suppose there exists a SC clupsicédn from D to P(V) such that
¥ C F,, po(T) = T(u(Mr)).

As A is infinite,3 p € A. We show that all cases are impossible.

Case 13 v e u(V), v &€ M,.

LetI' = T'(v). Then,Mp = {v}.

By SC ofu, we haveu(Mr) = p(Mr) NV C w(V). Thus,u(Mr) C u(V) N Mr.

On the other hand, again by S@V) N My C p(Mr). Consequently(V) N Mr = u(Mr).
Therefore(I') = T'(u(Mr)) = T(u(V) N Mr) = T(u(V) N {v}) = T(v).

But,p & T'(v). Thus,p & p(T).

However,Mr € V. Therefore(\,, oy Mrai\vy € Mra\mr) = Moy = Mz, = 0.
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Therefore, by definition of-, we have~(I") = T'(0) = F..

Thus,p € |~(T'), which is impossible.

Case 2u(V) C M,,.

Then, by(0), M(D) (ﬂva Mronwvy) =T(Nyev Mroy) = T(Mppy) = T(V).

v
But,V ¢ M,. Thus,p &€ T(V) |~E(Z))
On the other handy- (@) = T'(u(Mp)) = T(u(V)).
But, (V) € M,,. Thus,p € T(u(V)) = p~(0), which is impossible.
Proof of (3). LetT" € {T',...,T'»}. Direction: “C".
We havelr C X. Thus,Mtr \ X C Mr \ Vr.
Therefore, by(2), (T') = T(Mp \ Vi) C T (Mr \ X).
Direction: “2".
As A is infinite, | A| = | F.|. Therefore\ < | A|. Thus,|X| < |A|]> = |A|.
Thus,X € V. Thus, by(2), T(Mr \ X) C T(Mr \ Vr) = p~(T).

Proof of (4). p is clearly a choice function. We show thasatisfies SC. Let, W C V.
Thenu(W)NV =W\X)NV =WnNV)\X CV\X=puV).

Proof of (5). By (3), VI € {T'1,...,[x\}, M(T) = T(u(My)) = T(Mp \ X) = (D).
But, (T'1,...,Tx, ~(T1),..., ~(Ta)) € ®@. Therefore(T'y,...,Tx, M (T1),..., M (Ty)) € @.
Consequently, a6\, @) is a normal characterizatiop;’ is not a pivotal consequence relation.|j

5 Alink with X-logics

In this section, we investigate a link between pivotal copsace relations and pertinence conse-
quence relations (aliak -logics) which were first introduced by Forget, Risch, aneg8i 1].
Suppose some formulas are considered to be the pertinesitioniee absolute sense and collect
them in a se€. Then, it is natural to conclude a formulafrom a set of formula$® iff every per-
tinent basic consequence BfU {«} is a basic consequence DBf(i.e. the addition ofx to " does

not yield more pertinent formulas than withalone). This constitutes a pertinence consequence
relation. More formally,

Definition 38 Let (F,V, =) be a semantic structure apda relation orP(F) x F.
We say that~ is apertinence consequence relati(alias X -logic) iff there exists€ C F such that
VI CF,VaeF,

' aiff HT,a)NE CH(T).

In addition, if-(£) = &£, we say that~ is closed
We introduce a new assumption about semantic structuréaafinsimply a weak version gf43)):

Definition 39 SupposeC is a languagey a binary connective of, F the set of all wffs ofZ, and
(F,V, =) a semantic structure. Then, define the following condition:

(A4) Va,ﬁgf, Mavﬁ:MauMﬁ

We will show that wherf A4) is assumed, then UC pivotal consequence relations aresphgciosed
pertinence consequence relations. We need before No@tzmd the very easy Propositi@ 41
(which we will use implicitly in the sequel).
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Notation 40 Suppose is a languagey a binary connective of, F the set of all wifs ofC, I' C F
andA C F. Then:
F'vA:={aVvp:acTandse A}.

Proposition 41 SupposeL is a languagey a binary connective of, F the set of all wffs ofZ,
(F,V, ) a semantic structure satisfyirig4), I' C F, andA C F.
Then,Mr U M = Mrya.

Proof Direction: “C”.

Suppose the contrary, i.e. supp@se e Mr U Ma, v & Mpya.

Then3dael, 38 € A v¢E Myvg.

But, by (44), v € Mpr U Ma C M, U Mg = M.y, Which is impossible.
Direction: “2>".

Suppose the contrary, i.e. suppase € Mrya, v & Mt U MAa.

Thendael,v¢g M,and3 e A, v ¢ Mpg.

Therefore, by(A44), v & M, U Mg = Myvg.

Howevera vV 3 € T'V A. Thus,w € Mpya which is impossible. |}

Proposition 42 SupposeC is a languagey a binary connective of, F the set of all wffs ofC, and
(F,V, E) a semantic structure satisfyiig4).
Then, UC pivotal consequence relations are precisely dlpséinence consequence relations.

Proof Direction: “C".
Let |~ be an UC pivotal consequence relation.
Then, there is an UC SC choice function fr@nto P (V) such thav T' C F, ~(T') = T'(u(Mr)).
Thus, by Propositiop 17, there exigtsC V suchthat’\Z € D andvT C F, ~(T) = T(MrNZ).
Define:£ :=T(V\ I).
In addition, asV \ 7 € D, we haveMg = Mponz) = V\ T.
We show:
(0) VI CF VaeF,Tpraiff H{T,a)NnE CHT).
Consequently;~ is a closed pertinence consequence relation.
Direction: “2".
Let |~ be a closed pertinence consequence relation.
Then, there i€ C Fsuchtha€ =F(&)andvl C F,Va e F,T |~ aiff H(T,a) NE C H(T).
Define:Z :=V \ Ms.
Then,V\Z = M¢ € D.
We will show:
(1) VI CF, ) =TMrNI).
Let 1. be the choice function fro to P(V) suchthat/ V e D, u(V) =V NZ.
ThenVvT C F, ~(T) = T(u(Mr)).
In addition, by Propositioﬂ?u is a UC SC choice function.
Consequently;~ is an UC pivotal consequence relation.

Proof of (0). LetI" C F anda € F. Then:
I «iff

MrNZC M, iff

My C M, U (V\ ) iff
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Mr € M, U Mg iff

Mr C Mr‘u{a} U Mg iff

Mrp C M(Fu{a})vé' iff
T(Mru{ayve) € T(Mr) iff
(MFU{Q} UMe) C T(MF) iff
(Mru{a}) NT(Mg) C T(My) iff
(T, ) N H(E) C H(T) i

(T,a) NE CH(D).

T T

Proof of(1). LetI' C F anda € F. Then:
I aiff

H(I, ) N E C HT) iff
(T, ) NH(E) C F(T) iff
T(Mray) N T(Me) € T(M
T(Mrygay U Me) CT(M )
T(Mrugayyve)) € T(Mr) iff
Mr C M(rugay)ve) iff
Mr C Mr‘u{a} U Mg iff
Myp C M, U Mg iff
Mr 0 (V\ Mg) C M, iff
MrNIC M, |

6 Conclusion

We provided, in a general framework, characterizationgdonilies of pivotal(-discriminative) con-
sequence relations. We showed, in an infinite classicaldveark, that there is no normal char-
acterization for the family of all pivotal consequence tielas. And, we showed that UC pivotal
consequence relations are precisely th&skogics such thak is closed under the basic entailment.
Beyond the contributions, an interest of the present pagergive an example of how the techniques
developed in5] (in particular in the discriminativesed can be adapted to new properties (here
Strong Coherence in the place of Coherence). So naturadlyum now to conclusions similar to
those of ]. In many cases, our conditions are purelyasytic. In fact, when the choice func-
tions under consideration are not necessarily definahligserving, we provided solutions with
semi-syntactic conditions. We managed to do so thanks tanasi2B andl 24. An interesting thing
is that we used them both in the plain and the discriminatemsions. This suggests that they can
be used in yet other versions. In addition, Lemr@s 31@1d 88 haen applied both here and
previously in ] to characterize families of conseqerrelations defined in the discriminative
manner by DP choice functions. Buf, [BNO5] is about cohechwice functions, whilst the present
paper is about strongly coherent choice functions. Thigesty that these lemmas can be applied
with yet other properties.
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