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Abstract

The present paper investigates consequence relationarthéibth non-monotonic and paraconsistent. More
precisely, we put the focus on preferential consequenegiaak, i.e. those relations that can be defined by a
binary preference relation on states labelled by valuatide worked with a general notion of valuation that
covers e.g. the classical valuations as well as certairstofithany-valued valuations. Inthe many-valued cases,
preferential consequence relations are paraconsistaadiition to be non-monotonic), i.e. they are capable of
drawing reasonable conclusions which contain contraatisti The first purpose of this paper is to provide in
our general framework syntactic characterizations of séfamilies of preferential relations. The second and
main purpose is to provide, again in our general framewdréiracterizations of several families of preferential-
discriminative consequence relations. They are definectlgas the plain version, but any conclusion such that
its negation is also a conclusion is rejected (these relstiving something new essentially in the many-valued
cases).

*This is an updated version of the paper of the same title pludedi inThe Journal of Logic and Computatiofhis version
just contains a better presentation (so the numbering dfitefis and propositions is different).



1 Introduction

In many situations, we are confronted with incomplete anisMmonsistent information and the clas-
sical consequence relation proves to be insufficient. lddeecase of inconsistent information,
it leads to accept every formula as a conclusion, which artsotmnloose the whole information.
Therefore, we need other relations leading to non-trivaalatusions in spite of the presence of con-
tradictions. So, several paraconsistent consequend®nsdave been developed. In the present
paper, we will pay attention in particular to certain mamaed ones[[Bel7TH, Bel47h, DA¢70,
[CMdAOQ, [JACMOR,[AA9% [AA9[AA9B]. They are defined in framerks where valuations can
assign more than two different truth values to formulas.alet,fthey tolerate contradictions within
the conclusions, but reject the principle of explosion adiow to which a single contradiction entails
the deduction of every formula.

In case of incomplete information, the classical conseqgeeelation also shows its limits. In-
deed, no risk is taken, the conclusions are sure, but toofneed other relations leading to accept
as conclusions formulas that are not necessarily sure tibyilausible. Eventually, some “hasty”
conclusions will be rejected later, in the presence of &ftht information. So, a lot of plausible
(generally non-monotonic) consequence relations have Beeecloped.Choice functionsire cen-
tral tools to define plausible relatioris [Chgb4, Afrp9, SEWM81, |Leh02] Lehd1l, SchpP, Scho4].
Indeed, suppose we have at our disposal a fungtiocalled a choice function, which chooses in
any set of valuation¥’, those elements which are preferred, not necessarily ialtselute sense,
but when the valuations ili are the only ones under consideration. Then, we can defirsuaiple
consequence relation in the following natural way: a formufollows from a set of formula§' iff
every model fol® chosen by is a model foro.

In the present paper, we put the focus on a particular fanfighoice functions. Let us present
it. Suppose we are given a binary preference relatioan states labelled by valuations (in the
style of e.g. [KLM90,[Schd4]). This defines naturally a cteofanction. Indeed, choose in any
set of valuationd/, each element that labels a state whickipreferred among those states which
are labelled by the elements df. Those choice functions which can be defined in this manner
constitute the aforementioned family. The consequenaioek defined by this family will be
calledpreferential consequence relations

For a long time, research efforts on paraconsistent relsténd plausible relations were sep-
arated. However, in many applications, the informationathtincomplete and inconsistent. For
instance, the semantic web or big databases inevitablhairommconsistencies. This can be due to
human or material imperfections as well as contradictotyes of information. On the other hand,
neither the web nor big databases can contain “all” inforomatIndeed, there are rules of which
the exceptions cannot be enumerated. Also, some informatight be left voluntarily vague or in
concise form. Consequently, consequence relations tbab@h paraconsistent and plausible are
useful to reason in such applications.

Such relations first appear in e.¢. [P[i91, Ba{98, KILI92, AAKMO2Z]. The idea begins by taking
a many-valued framework to get paraconsistency. Then, tholse models that are most preferred
according to some particular binary preference relationadmations (in the style of [Sho88, Sh$87])
are relevant for making inference, which provides platigjbin [ALO1b| ALO14], A. Avron and I.
Lev generalized the study to families of binary prefereredations which compare two valuations
using, for each of them, this part of a certain set of formitlaatisfies. The present paper follows
this line of research by combining many-valued frameworig ehoice functions.

More explicitly, we will investigate preferential conseance relations in a general framework.
According to the different assumptions which will be madeuwttthe latter, it will cover various




kinds of frameworks, including e.g. the classical progosil one as well as certain many-valued
ones. Moreover, in the many-valued frameworks, prefeabreiations are paraconsistent (in addi-
tion to be plausible). However, they do not satisfy the Disfive Syllogism (fromx and—a Vv 3
we can concludg), whilst they satisfy it in classical framework.

In addition, we will investigat@referential-discriminative consequence relationtiey are de-
fined exactly as the plain version, but any conclusion suahith negation is also a conclusion is
rejected. In the classical framework, they do not bring shing really new. Indeed, instead of con-
cluding everything in the face of inconsistent informatias will simply conclude nothing. On the
other hand, in the many-valued frameworks, where the ceiais are non-trivial even from incon-
sistent information, the discriminative version will refjehe contradictions among them, rendering
them all the more rational.

The contribution of the present paper can now be summarizede sentence: we characterized,
in a general framework, several (sub)families of prefeéadfatiscriminative) consequence relations.
In many cases, our characterizations are purely syntathis. has a lot of advantages, let us quote
some important ones. Take some syntactic conditions tlaaacterize a family of those consequence
relations. This gives a syntactic point of view on this fandefined semantically, which enables us
to compare it to conditions known on the “market”, and thustteer consequence relations. This
can also give rise to questions like: if we modified the cdodi in such and such a natural-looking
way, what would happen on the semantic side? More genettaitycan open the door to questions
that would not easily come to mind otherwise or to technicafggroof that could not have been
employed in the semantic approach.

Several characterizations can be found in the literaturg@feferential relations (e.g[ [Gal}85,
Mak89, [Mak9p| KLM9D,| LM9P,| LehQ2, Leh(01, Sch92, SchP6, SEhBch0p@]). We will provide
some new ones, though to do so we have been strongly inspjréeichniques of K. Schlechta
[BchO}]. In fact, our innovation is rather related to thecdiminative version. To the author knowl-
edge, the present paper is the first systematic work of cteaization for preferential-discriminative
consequence relations.

The rest of the paper is organized as follows. In SemSZe]introduce our general framework
and the different assumptions which sometimes will be madeisit. We will see that it covers in
particular the many-valued frameworks of the well-knowrggansistent logic§ OUR andJs. In
Section[22, we present choice functions and some of thdiskmewn properties. In Sectioh 2.3,
we define preferential(-discriminative) consequencdimia and give examples in both the classical
and the many-valued frameworks. We will also recall a chtaraation which involves the well-
known systenP of Kraus, Lehmann, and Magidor. In sectiﬂn 3, we provide daracterizations.
Finally, we conclude in Sectidn 4.

2 Background

2.1 Semantic structures
2.1.1 Definitions and properties

We will work with general formulas, valuations, and satisifan. A similar approach has been taken

in two well-known paperd[Mak0$, Lehp1].

Definition 1 We say thatS is asemantic structurdff S = (F,V, =) whereF is a set,V is a set,
andj= is a relation orV x F.



Intuitively, F is a set of formulas) a set of valuations for these formulas, gada satisfaction
relation for these objects (i.@. = o means the formula is satisfied in the valuation, i.e. v is a
model fora).

Notation 2 Let (F,V, =) be a semantic structurB,C F, andV C V. Then,
Mr:={veV:Vael,v[Ea}l,

T(V)={aeF:V CM,},

D={VCV:ITCF,Mr=V}.

SupposeC is a language; a unary connective of, andF the set of all wifs ofL. Then,
Tg(V) ={ae F:VCM,andV < M_,},

T.(V)={a e F:V C M,andV C M_,},
C={VCV:VaeF,VZMyorVZM_,}.

Intuitively, Mt is the set of all models far and7'(V') the set of all formulas satisfied . Every
element of7'(V') belongs either td;(V') or T.(V'), according to whether its negation is also in
T (V). D is the set of all those sets of valuations that are definabke 8t of formulas an@ the
set of all those sets of valuations that do not satisfy botrmila and its negation. As usudr .,
T'(V,v) stand for respectively/ry oy, T(V U {v}), etc.

Remark 3 The notationsVit, T'(V'), etc. should contain the semantic structure on which they ar
based. To increase readability, we will omit it. There widver be any ambiguity. We will omit
similar things with other notations in the sequel, for theeaeason.

A semantic structure defines a basic consequence relation:

Notation 4 We denote byP the power set operator.
Let (F,V, =) be a semantic structure.
We denote by- the relation orP(F) x F suchthaVT' C F,V«a € F,

'k aiff Mr C M,.

Let |~ be a relation ofP(F) x F. Then,

) :={aeF:T | a}l.

Suppos€C is a language; a unary connective of, F the set of all wffs ofZ, andI’ C F.
Then, we say thdf is consistentff Va € F,I' / a or T If —av.

The following trivial facts hold, we will use them implicitlin the sequel:

Remark 5 Let (F,V, ) be a semantic structure aldA C F. Then:
Mr. A = Mr N Ma;

HT) = T(Mr);

Mr = My (ry;

I CHA)Iff HT) CH(A) iff Ma C Mr.

Sometimes, we will need some of the following assumptiormaith semantic structure:

Definition 6 Suppos€F,V, |=) is a semantic structure.
Then, define the following assumptions about it:

(A1) Visfinite.



SupposeC is a language; a unary connective of, andF the set of all wifs ofL. Then, define:
(A2) VI C F,Va e F,if a ¢ T(Mr) and—«a € T(Mr), thenMr N M, € M_,,.
Suppose/ andA are binary connectives @. Then, define:

(A3) Yo, 8 € F, we have:
Mavﬁ =M,U Mﬁ;
Ma/\ﬁ =M,N Mﬁ;
M- = Ma;
Mﬁ(a\/ﬁ) = Mﬂa/\—\[};
Mﬁ(a/\ﬁ) = Mﬂav—\[}-

Clearly, those assumptions are satisfied by classical densainuctures, i.e. structures whefe V),
and= are classical. In addition, we will see, in Secti¢ns 2.1 @[a1.B, that they are satisfied also
by certain many-valued semantic structures.

2.1.2 The semantic structure defined byFOUR

The logicFOUR was introduced by N. Belnap ir] [Belq7a, Belf7b]. This logiauseful to deal
with inconsistent information. Several presentationspassible, depending on the language under

consideration. For the needs of the present paper, a @ddpsipositional language will be sufficient.
The logic has been investigated intensively in elg. [AA9A94, |AA94], where richer languages,
containing an implication connective (first introduced by A. Avron|[Avrd1]), were considered.

Notation 7 We denote by4 a set of propositional symbols (or atoms).

We denote by_. the classical propositional language containihgthe usual constantgulse and
true, and the usual connectives v, andA.

We denote byF, the set of all wffs of_...

We recall a possible meaning for the logiOUR (more details can be found ip [CLMIP, Bel}7a,
]). Consider a system in which there are, on the ond,lsmurces of information and, on the
other hand, a processor that listens to them. The sourceglprimformation about the atoms only,
not about the compound formulas. For each ajgrthere are exactly four possibilities: either the
processor is informed (by the sources, taken as a wholeptisatrue; or he is informed that is
false; or he is informed of both; or he has no information ahou

Notation 8 Denote by0 and1 the classical truth values and define:
f:={0}; t:={1}; T:={0,1}; L:=0.

The global information given by the sources to the procesanibe modelled by a functiorfrom A
to {f,t, T, L}. Intuitively, 1 € s(p) means the processor is informed thas true, whilst0 € s(p)
means he is informed thatis false.

Then, the processor naturally builds information aboutdbmpound formulas from. Before
he starts to do so, the situation can be be modelled by a dmetirom F. to {f,t, T, L} which
agrees withs about the atoms and which assighgo all compound formulas. Now, takeandgq in
A and supposé € v(p) or1 € v(q). Then, the processor naturally add® v(p V ¢). Similarly, if
0 € v(p) and0 € v(q), then he add8 in v(p V ¢). Of course, such rules hold ferandA too.

Suppose all those rules are applied recursively to all camgdormulas. Then, represents the
“full” (or developed) information given by the sources t@throcessor. Now, the valuations of the
logic FOUR can be defined as exactly those functions that can be bullisSmianner (i.e. like)
from some information sources. More formally,



Definition 9 We say that is afour-valued valuationiff v is a function fromZ, to {f,t, T, L} such
thatv(true) = t, v(false) = f andV o, 8 € F,

1 € v(—a)iff 0 € v();

0 € v(—a)iff 1 € v(a);

1ev(aVP)iff 1 ev(a)orl ev(f)

0 €v(aVp)iff 0 € v(a) ando € v(ﬂ)

1 ev(anp)iff 1 € v(a)andl € v(f);

0€v(anp)iff 0 €v(a)oroev(f).

We denote by, the set of all four-valued valuations.

The definition may become more accessible if we see the falued valuations as those functions
that satisfy Tables 1, 2, and 3 below:

v(B) v(B)

v(a)  v(-a) f t T 1 f t T 1
f t f | f ¢t T 1 f|f £ £ f
t f t|t t t ¢t t | f t T L
T SR O I I P NGO I IR S S
L L Lt t L L f L £ 1

Table 1. v(aVfF) v(a A f)
Table 2. Table 3.

In the logic FOUR, a formulax is considered to be satisfied iff the processor is informedlithis
true (it does not matter whether he is also informed thistfalse).

Notation 10 We denote by=, the relation orVy x F. such that/ v € V,,V a € F., we have
v g aiff 1 € v(a).

Proof systems for the consequence relatidrmased on the semantic structy®., V,, =) (i.e. the

semantic structure defined BJOUR) can be found in e.g[[AA94, AAYG, AADS].

Note that theFOUR semantic structure satisfi¢sl3). In addition, if A is finite, then(A1)
is also satisfied. HowevefA2) is not satisfied by this structure. In Sectipn 4.1.3, we torat
many-valued semantic structure which satisfidg).

2.1.3 The semantic structure defined by/;

The logicJ; was introduced inO] to answer a question posed in 1948.daskowski, who
was interested in systematizing theories capable of auintacontradictions, especially if they occur
in dialectical reasoning. The step from informal reasoninder contradictions and formal reasoning
with databases and information was dond in [CMdA00] (alsxilized for real database models in
[BACMOZ]), where another formulation of; calledLFI1 was introduced, and its first-order version,
semantics and proof theory were studied in detail. Invasbgs of.J; have also been made in e.g.
[_vrodl, where richer languages than ofir were considered.

The valuations of the logids; can be given the same meaning as those of the I6GE(R,
except that the consideration is restricted to those ssuntech always give some information
about an atom. More formally,

Definition 11 We say thav is athree-valued valuatiofff v is a function from#, to {f, t, T} such
thatv(true) = t, v(false) = fandvV «, 8 € F,



1 € v(—a)iff 0 € v(w);

0 € v(—a)iff 1 € v(w);
1ev(aVP)iff 1 ev(a)orl ev(f)

0 €v(aVp)iff 0 € v(a)ando € v(ﬁ)

1ev(anpP)iff 1 €v(a)andl € v(B);

0€v(anp)iff 0 €v(a)ordev().

We denote by/; the set of all three-valued valuations.

As previously, the definition may become more accessibleciee the three-valued valuations as
those functions that satisfy Tables 4, 5, and 6 below:

v(f) v(f)
v(a)  v(-a) f t T f t T
f t f|f t T f|f £ f
t f v@) |t |t t t]|ova) |t |f t T
T T T T t T TIf T 7T
Table 4. v(aVF) v(a A p)
Table 5. Table 6.

We turn to the satisfaction relation.

Notation 12 We denote by=3 the relation orV; x F. such that/ v € V3,V a € F., we have
v s aiff 1 €v(a).

Proof systems for the consequence relatidrased on the semantic structyse., Vs, |=3) (i.e. the
semantic structure defined k) have been provided in e.g[ JAvi9fL, Dd¢70] and chapter IX of
[Eps90]. TheJs structure satisfie43) and(A2). In addition, if A is finite, then it satisfiegA1)
too.

2.2 Choice functions
2.2.1 Definitions and properties

In many situations, an agent has some way to choose in anysguationsl/, those elements that
are preferred (the bests, the more normal, etc.), not nadlgsie the absolute sense, but when the
valuations inV are the only ones under consideration. In Social Choics,ishihodelled by choice
functions [Che54| Arr49, Sen7)0, AMd1, Lefn(2, Leh01].

Definition 13 LetV be asetV C P(V), W C P(V), andu a function fromV to W.
We say thaj is achoice functionff vV € V, u(V) C V.

Several properties for choice functions have been put idemge by researchers in Social Choice.
Let us present two important ones (a better presentatiofedound in 1]). Suppos#’ is

a set of valuationsl” is a subset oi//, andv € V is a preferred valuation df’. Then, a natural
requirement is that is a preferred valuation df'. Indeed, in many situations, the larger a set is,
the harder it is to be a preferred element of it, and he who catihé most can do the least. This
property appears iff [Chd54] and has been given the name @utesin [Mou8p].

We turn to the second property. SuppdBes a set of valuationd/ is a subset oft, and suppose
all the preferred valuations d¥ belong toV. Then, they are expected to include all the preferred
valuations of/’. The importance of this property has been put in evidenc¢\E8H, [AM8]] and
has been given the name Local Monotonicity in e[g. [LEh01].



Definition 14 LetV be asetV C P(V), W C P(V), andy a choice function fronV to W.
We say thaju is cohereniff VvV, W € V,

if VCW, thenu(W)nV C u(V).
We say thaju is locally monotonidLM) iff VV, W €V,
if u(W) CV CW, thenu(V) C p(W).

In addition to their intuitive meanings, these properties important because, as was shown by
K. Schlechta in 0], they characterize those choicetfans that can be defined by a binary
preference relation on states labelled by valuations @nstle of e.g. [[KLM9p]). We will take a
closer look at this in Sectidn 2.2.2.

When a semantic structure is under consideration, two nepwegties can be defined. Each of
them conveys a simple and natural meaning.

Definition 15 Let (F,V, =) be a semantic structurd/ C P(V), W C P(V), andp a choice
function fromV to W.
We say thay. is definability preservingDP) iff

YV evnD, u(V)eD.

SupposeC is a language; a unary connective of, andF the set of all wifs ofL.
We say thaj. is coherency preservingCP) iff

YV evnc, ulV)ecC.

Definability Preservation has been put in evidence fir§tanfg]. One of its advantages is that when
the choice functions under consideration satisfy it, wd pibvide characterizations with purely
syntactic conditions. To the author knowledge, the pregaper is the first to introduce Coherency
Preservation. An advantage of this property is that wherchwéce functions under consideration
satisfy it, we will not need to assunid2) to show our characterizations (in the discriminative case)

2.2.2 Preference structures

Binary preference relations on valuations have been iigatsed by e.g. B. Hansson to give se-
mantics for deontic logicq [Hanp9]. Y. Shoham rediscovehsin to give semantics for plausible
non-monotonic logics| [ShoB8, Sh¢87]. Then, it seems thalinski is one of the first persons to
introduce binary preference relations on states labejedahiations [Imi8Jf]. They have been used

to give more general semantics for plausible non-monoftogics, see e.g] [KLM9d, LM94, Sch92,
Bch96{Sch@d, Schp4]. Let us present them.

Definition 16 We say thaRR is a preference structure on a 3&iff R = (S, [, <) whereS is a set,
l'is a function fromS to V, and< is a relation or§ x S.

In fact, preference structures are essentially Kripkecttimes. The difference lies in the interpre-
tation of <. In a Kripke structure, it is seen as an accessibility refatwhilst, in a preference
structure, it is seen as a preference relation. We recalkailple meaning for preference structures
(see e.g.[[KLMOP[ Sch(4] for details about meaning). Iitely, V is a set of valuations for some
languagel andS a set of valuations for some languagericher thanl. The elements of are
called states/(s) corresponds precisely to this partathat is about the formulas @f only. We call
{ a labelling function. Finally< is a preference relation, i.e.< s’ meanss is preferred tos'.

We turn to well-known properties for preference structures



Definition 17 SupposeV is a set,R = (S,1, <) is a preference structure a4 S C S, s € S,
V CV,andV C P(V).

We say thaR is transitive(resp.irreflexive) iff < is transitive (resp. irreflexive).

We say that is preferredin S'iff Vs’ € S, s’ £ s.

L(V):={s e & :1(s) € V} (intuitively, L(V') contains the states labelled by the elemenfg)f
We say thaR is V-smooth(aliasV-stopperedliff VV € V,Vs € L(V),

eithers is preferred inL (V') or there exists’ preferred inL(V') such that’ < s.

A preference structure defines naturally a choice funcfidre idea is to choose in any set of valu-
ationsV, each element which labels a state which is preferred amibtigeastates labelled by the
elements ol/.

Definition 18 SupposeéR = (S, 1, <) is a preference structure on a ¥&t
We denote by:x the function fronfP (V) to P(V) such thaty vV C V,

ur(V)={veV:3se L), sispreferredinL(V)}.

In [Bchod], Schlechta showed that Coherence and Local Mmiwty characterize those choice
functions that can be defined by a preference structure. ilDet@ given in the proposition just
below. Itis an immediate corollary of Proposition 2.4, Rystion 2.15, and Fact 1.3 df Scﬂ\OO].

Proposition 19 Taken from [Schqo].
LetV be a setV andW subsets of°(V), andp a choice function fronV to W. Then,

(0) w is coherent iff there exists a transitive and irreflexivefgrence structur® onV such that
VV € V,we haveu(V) = ur(V).

Suppose/ V,W € V,we haveV UW € VandV NW € V. Then,

(1) wis coherentand LM iff there exists\@-smooth, transitive, and irreflexive preference structure
RonVsuchthat V e V, we haveu(V) = ug (V).

In fact, in [[SchOp], the codomain ¢f is required to be its domair’V. However, this plays no role
in the proofs. Therefore, verbatim the same proofs are vatien the codomain gf is an arbitrary
subsetW of P(V). Both myself and Schlechta checked it.

2.3 Preferential(-discriminative) consequence relatios

2.3.1 Definitions

Suppose we are given a semantic structure and a choicedanctin the valuations. Then, it is
natural to conclude a formula from a set of formulag® iff every model forI" chosen byu is a
model fora.. More formally:

Definition 20 SupposeS = (F,V, |=) is a semantic structure amd a relation oriP(F) x F.
We say that~ is a preferential consequence relatidifi there exists a coherent choice functipn
fromD toP(V) suchtha T’ C F,Va € F,

I aiff u(Mr) C M,.

In addition, if  is LM, DP, etc., then so ip-.



These consequence relations are called “preferentiaBidse; in the light of Propositi19, they
can be defined equivalently with preference structurese@usof coherent choice functions. They
lead to “jump” to plausible conclusions which will eventlydbe withdrawn later, in the presence of
additional information. Therefore, they are useful to deigth incomplete information. We will give
an example with a classical semantic structure in Seftidr 2.

In addition, if a many-valued semantic structure is congdethey lead to rational and non-
trivial conclusions is spite of the presence of contraditdiand are thus useful to treat both incom-
plete and inconsistent information. However, they will satisfy the Disjunctive Syllogism. We
will give an example with theFOU/R semantic structure in Sectipn 2]4.2.

Now, we turn to a qualified version of preferential consegeenit captures the idea that the
contradictions in the conclusions should be rejected.

Definition 21 SupposeL is a language;- a unary connective of, F the set of all wffs ofZ,
(F,V, =) a semantic structure, afid a relation orP(F) x F.

We say that~ is a preferential-discriminative consequence relatiffrthere is a coherent choice
functiony fromD to P(V) suchthatV T' C F,V a € F,

I aiff u(Mr) C M, andu(Mr) € M—,,.
In addition, if . is LM, DP, etc., then so i-.

If a classical semantic structure is considered, the digngtive version does not bring something
really new. Indeed, the only difference will be to concludghing instead of everything in the
face of inconsistent information. On the other hand, withanyavalued structure, the conclusions
are rational even from inconsistent information. The disarative version will then reject the
contradictions in the conclusions, rendering the lattethal more rational.

In Definitions[2p and 31, the domain of the choice functiodis This is natural as only the
elements oD play a role in the definition of a preferential(-discrimiiva) consequence relation.
This point of view has been adopted in e.d. [Ldh01] (see &ed). Now, one might want a
definition with choice functions of which the domainV). In fact, some families of relations
can be defined equivalently wilh or P(V). For instance, as is noted i [Lefi01],ifis a coherent
choice function fromD to P(V), then the functiorn.’ from P(V) to P(V) defined byu' (V) =
V N u(Mryvy) is a coherent choice function which agrees witon D.

Several characterizations for preferential consequegledions can be found in the literature
(e.g. [KLM9Q,|LM92,|Leh0P| Lehd1l, SchBR, Sch96, SdN00, YEhoin particular, we will recall
(in Section] 24) a characterization that involves the Watbwn systen® of [KLM90].

As said previously, in the light of Propositi 19, prefdialf-discriminative) consequence re-
lations could have been introduced equivalently with mesiee structures. We opted for coherent
choice functions for two reasons. First, they give a cleareaning. Indeed, properties like Co-
herence have simple intuitive justifications, whilst prefece structures contain “states”, but it is
not perfectly clear what a state is in daily life. By the way,[KLM90], Kraus, Lehmann, and
Magidor did not consider preference structures to be ogto# justifications for their interest in
the formal systems investigated, but to be technical tawkstidy those systems and in particular
settle questions of interderivability and find efficient &m procedures (see the end of Section 1.2
of [KLM90)).

Second, in the proofs, we will work directly with choice fuions and their properties, not with
preference structures. By the way, the techniques dewveliopine present paper (especially in the
discriminative case) can certainly be adapted to new ptigger
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2.4 The systenP

Gabbay, Makinson, Kraus, Lehmann, and Magidor investijax¢ensively properties which should
be satisfied by plausible non-monotonic consequence oaim{iGab85| Mak§d, Makp4, KLMPO,
LM92. A certain set of properties, called the syst@m plays a central role in this area. It is
essentially due to Kraus, Lehmann, and Magidor [KLM90] amas been investigated further in
[LM9J. Let's presentit.

Definition 22 SupposeL is a language containing the usual connectiveendV, F the set of all
wifs of £, (F,V, =) a semantic structure, and a relation onF x F.
Then, the syster®? is the set of the six following condition¥:«, 3, v € F,

Reflexivity a |~ «

Fa—pg apry
By

Fa—=p o
T B

Left Logical Equivalence

Right Weakening

cut ANPPY apB
apy

apf apy
aNB oy

Cautious Monotonicity

apby By
or aV By

Note thate A 5 is a shorthand for(—« vV =3). Similarly,« —  anda < ( are shorthands. Note
again thafP without Or is calledC. The systentC is closely related to the cumulative inference
which was investigated by Makinson jn [Mak89]. In additi@grseems to correspond to what Gabbay
proposed in5]. Concerning the r@de, it corresponds to the axiom CA of conditional logic.
All the properties inP are sound if we read: |~ [ as ‘3 is a plausible consequence ©f.
In addition,P is complete in the sense that it characterizes those coesequelations that can be
defined by a smooth transitive irreflexive preference stmectThis is what makeR central. More
formally:

Definition 23 Suppos€F,V, =) is a semantic structure.

ThenD;:={VCV:3acF,V =M}

Suppos€C is a language containing the usual connectivesdV, and.F the set of all wifs ofL.
Then define the following conditiontv € V,V o, 8 € F,VI C F,

(KLMO0) v = ~aiff v £ «;
(KLM1) v=aViiff vlEaorv EB.
(KLM?2) if for every finite subset\ of ', Ma # (), thenMr # 0.

Note that( K LA2) is called “assumption of compactness” jn [KLM90].
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Proposition 24 SupposeC is a language containing the usual connectivendv, F
the set of all wffs ofC, (F,V, =) a semantic structure satisfyifdg LM 0)—(K LM?2), and|~ a
relation of ¥ x F.

Then,|~ satisfies all the properties B¥iff there exists & y-smooth transitive irreflexive preference
structureR onV suchthav «, 5 € F, o |~ S iff pr(M,) C Mp.

Note thatj~ is a relation onF x F, notP(F) x F. This difference is crucial. Indeed, if we adapt
the conditions ofP in the obvious way to relations gR(F) x F and if we replacédD; by D in
Propositio@, then the latter does no longer hold. Thistiegresult was shown by Schlechta in
[Bchop].

Now, by PropositionEi9 arﬁl24, we immediately get the falhgwrepresentation theorem:

Proposition 25 Suppose Definitioﬂo (of preferential consequence relgjis adapted in the ob-
vious way to relations orf x F (essentially, replacP by D), £ is a language containing the usual
connectives- andV, F the set of all wifs ofZ, |~ a relation onF x F, and(F,V, =) a semantic
structure such thgtk LM0)—(K LM?2) holdandv V, W € Dy, VUW € Dy andV N W € Dy.
Then, LM preferential consequence relations are prectbelye relations that satisfy the systém

2.4.1 Example with a classical semantic structure

Let £ be a classical propositional language of which the atoms,areandp. Intuitively, » means
Nixon is a republicang means Nixon is a quaker, apdneans Nixon is a pacifist. Lt be the set
of all wifs of L, V the set of all classical two-valued valuationsffandl= the classical satisfaction
relation for these objects. TheM,is the set of the 8 following valuationsy, v1, va, vs, v4, vs, v,
andvr, which are defined in the obvious way by the following table:

| 4q]|p
v9[|0]0]0
U1 0101
v2 [|[0]1]0
vs O] 1]1
v [[1]0]0
vs |1]0]1
Ve 1{1/0
vrf|1]1]1

Now, consider the class of all republicans and the classl afuakers. Consider that a republican
is normal iff he is not a pacifist and that a quaker is normaiéffis a pacifist. And, consider that a
valuationv is more normal than a valuatianfrom the point of view of a clas§’ iff

e Nixon is an individual ofC' in bothv andw;
e Nixon is normal inv;
e Nixon is not normal inw.

In the following graph, there is an arrow from a valuatioto a valuationw iff v is more normal
thanw from the point of view of some class:

12
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vl

Given those considerations a natural preference struotuveis R = (V, [, <), wherel is identity
and< is the relation such thatv, w € V, we havev < w iff (1) or (2) below holds (i.e. there is an
arrow fromv to w):

(1) v Erandv = —pandw = r andw £~ —p;
(2) v E qgandv = p andw = ¢ andw [~ p.

Finally, let|~ be the preferential consequence relation defined by theeohehoice functiom.
Then,|~ leads us to “jump” to plausible conclusions from incomplefermation and to revise
previous “hasty” conclusions in the face of new and fulldoimation. For instance; |~ —p and

{r,p} I+ —pandq |~ pand{q, =p} |* p.
However, |~ is not paraconsistent. In addition, some sets of formulasrendered useless,

because there is no preferred model for them, though therenadels for them. For instance,
{¢.7} ba,VaeF.
2.4.2 Example with theOUR semantic structure

Consider theF OUR semantic structuréF.., V,, =4) and supposel = {r, ¢, p} (these objects have
been defined in Secti In addition, make the samsiderations about Nixon, the classes,
normality, etc., as in Sectign 2.4.1, except that this tinmalaationv is considered to be more normal
than a valuationw from the point of view of a clas§’ iff

e in bothv andw, the processor is informed that Nixon is an individua{hf
e in v, he is informed that Nixon is normal and not informed of thatcary;
e inw, he is not informed that Nixon is normal.

See Sectior] 2.1.2 for recalls about the sources-procegstemss. Given those considerations a
natural preference structure dh is R = (V4, 1, <), wherel is identity and< is the relation such
thatV v, w € V4, we havev < w iff (1) or (2) below holds (i.ew is more normal tham from the
point of view of some class):

(1) v Erandv = —pandv £ pandw = r andw = —p;
(2) v E qandv = pandv = —p andw = g andw - p.

Let |~ be the preferential consequence relation defined by theenhehoice functiop .
Then, again we “jump” to plausible conclusions and revissvjmus “hasty” conclusions. For

instancey |~ —p and{r, p} [~ —p andq |~ p and{q, —p} |~ p.

13



In addition, |~ is paraconsistent. For instancgy, —p,¢} I~ p and{p,-p,q} ~ —p and
{p,—»,q} I~ qand{p,—p,q} ¥ —¢. And, it happens less often that a set of formulas is ren-
dered useless because there is no preferred model foruglithere are models for it. For instance,

t{his t}ir;ce,{q,r}  pand{q,r} | —pand{q,r} I qand{q,r} * —¢ and{q,r} |~ r and
q,7} .

However |~ does not satisfy the Disjunctive Syllogism. Indeed, fotanse {—r,r V ¢} |~ q.

3 Contributions

The main contributions of the present paper are summarelesbWe characterized (in many cases,
by purely syntactic conditions) families of preferentiabigpreferential-discriminative consequence
relations. Sometimes, we will need to make some assumpdibost the semantic structure under
consideration. However, no assumption will be needed ®tlhee following families:

¢ the preferential consequence relations (Sen 3.2);

¢ the DP preferential consequence relations (Sen 3.1);

e the DP LM preferential consequence relations (Sen 3.1)
We will assumg A1) and(A3) for:

e the CP preferential-discriminative consequence relat(@ectio4);

o the CP DP preferential-discriminative consequence miat(SectioS);

e the CP DP LM preferential-discriminative consequenceimia (Sectior 3]3).
And, we will need(A1), (A2), and(A3) for:

e the preferential-discriminative consequence relati@etion[3}4);

o the DP preferential-discriminative consequence reIat(GectioB);

e the DP LM preferential-discriminative consequence refai(Sectiof 3]3).

3.1 The non-discriminative and definability preserving cas

The characterizations in this section have already beemgivProposition 3.1 of [Schpo], under the
assumption that a classical propositional semantic sirec$ considered. Using the same techniques
as those of Schlechta, we show easily that his charactierizatold with any semantic structure.

Notation 26 Let (F,V, =) be a semantic structure ahda relation orP(F) x F.
Then, consider the following conditiong.I’, A C F,

14



(4) it T CH(A) C (D), thenp(T) C v (A).

Note that those conditions are purely syntactic when threeegroof system available fér (which
is the case with e.g. the classic&OUR, and.J; semantic structures).

Proposition 27 LetS = (F,V, =) be a semantic structure apda relation orP(F) x F. Then,
(0) |~ is a DP preferential consequence relatior{}if0), (~1), (~2), and(}~3) hold;
(1) p~is a DP LM preferential consequence relation([#0), (j~1), (~2), (p3), and(j~4) hold.

Proof Proof of(0). Direction: “—".
By hypothesis, there exists a DP coherent choice fungtirom D to P(V) such thav T C F,
() = T'(u(Mr)). We will show:
(0.0) |~ satisfieg~0);
(0.1) |~ satisfieg~1);
(0.2) |~ satisfieg~2).
Before turning to(|~3), we need a preliminary result:
(0.3) VI CF,wehaveu(Mr) = My,
(0.4) |~ satisfieg~3).
Direction: “—".
Supposé~ satisfies(|~0), (1), (~2), and(p3).
Let i be the function fronD to P(V) suchthat/' I' C F, u(Mr) = M (r).
Then,u is well-defined.
Indeed, IfT’", A C F andMr = Ma, then=(T") = F(A), thus, by(|~0), (T) = ~(A).
In addition, . is obviously DP. We show the following which ends the proof:
(0.5) w is a choice function;
(0.6) u is coherent;
(0.7) VT C F, we have~(T) = T(u(Mr)).

Proof of (0.0). LetT", A C F and suppose (I') = F(A).
Then,Mr = M. Thus,~(T) = T(u(Mr)) = T(u(Ma)) = p().

Proof of (0.1). LetI’ C F. Then,-((I')) = H(T'(u(Mr))) = T(Mrunry)) = ().
Proof of (0.2). LetT" C F. Then,I' C T'(Mr) C T(u(Mr)) = p~(T).

Proof of (0.3). LetT" C F. As, v is DP,u(Mr) € D.
Thus,3I' C F, /L(MF) = Mr. Therefore,u(Mp) = Mp = MT(MF/) = MT(,LL(ILIF)) = M\N(F)-

Proof of (0.4). LetT', A C F. As, Mr o C Mr andy is coherenty (M) N Mr a C u(Mr a).
Therefore~(I', A) = T'(u(Mr,a)) C T(p(Mr) N Mr a) =T (p(Mr) N Ma).

Thus, by(OO), |’\/(F, A) - T(M‘N(p) N MA) = T(M|N(F)7A) = F(}'\/(F), A)

Proof of (0.5). LetI’ C F. Then,u(Mr) = M.y, which is, by(|~2), a subset of\/r.

Proof of (0.6). LetT', A C F and suppos@/r C Ma.

Then,u(Ma) N Mr = My (ay N Mr = Mo(a),r-
But, by (~3), Miw(a)r € M ar) = m(Mar) = p(Mr).
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Proof of (0.7). LetI" C F. Then, by(1), (I') = H(~(T)) = T'(Mwry) = T ((Mr)).

Proof of (1). Direction: “—".
Verbatim the same proof as (), except that in additiop is LM.
We use it to show thdt satisfieq(|~4).
LetT’, A C F and suppos€ C F(A) C ~(T).
Then, by(0.3), u(Mr) = Miory € Mya) = Ma C Mr.
Therefore, ag is locally monotonicu(Ma) C pu(Mr).
Thus (') = T(u(Mr)) € T(p(Ma)) = p(A).
Direction: “—".
Verbatim the same proof as f@), except that in additiof~4) is satisfied.
We use it to show thati is locally monotonic.
LetI", A C F and supposg(Mr) C Ma C Mr.
Then, M ry € Ma C My. Thereforel’ C T'(Mr) C T(Ma) = F(A).
On the other hand;(A) = T'(Ma) € T(Mr)) = F((I')) which is, by(j~1), equal to~(T").
Thus, by(l~4), we haver~(T') C ~(A). Thereforep(Ma) = My (ay € Moy = u(Mr). |

3.2 The non-discriminative and not necessarily definabilif preserving case

In this section, we will characterize the family of all prefatial consequence relations. Unlike in
Sectiol, our conditions will not be purely syntactie(iusing only-, |, etc.). In fact, properties
like Coherence cannot be translated in syntactic termsusectine choice functions under consid-
eration are not necessarily definability preserving. lagdeee do no longer have at our disposal
the equality:; (Mr) = M., which is of great help to perform the translation and whiokdh
precisely because of Definability Preservation.

In Proposition 5.2.11 of [Schp4], K. Schlechta provided arelsterization of the aforementioned
family, under the assumption that a classical propositisermantic structure is considered. Note that
most of his work is done in a very general, in fact algebraeyfework. Only at the end, he applied
his general lemmas in a classical framework to get the cheniaation. The conditions he gave, as
ours, are not purely syntactic (e.g. they involve the notibmodel, etc.). Moreover, some limits of
what can be done in this area have been put in evidence bycBtaledpproximatively, he showed
in Proposition 5.2.15 of the same book that, in an infinitessileal framework, there does not exist
a characterization containing only conditions which ar&ersally quantified, of limited size, and
using only simple operations (like e.g, N, \).

The purpose of the present section is to provided a new degization, more elegant than the
one of Schlechta and that hold with any semantic structucedd so, we have been inspired by
the algebraic part of the work of Schlechta (see Proposgiarb of ]). Technically, the idea
begins by building from any functiofy, a coherent choice functiqry such that whenevefr“covers”
some coherent choice function, it necessarily cougrs

Definition 28 LetV be a setV andW subsets ofP(V), andf a function fromV to W.
We denote by:; the function fromV to P(V) such that’ V € 'V,

pr(V)y={veV:VWeV,ifveW CV, thenv € f(W)}.
Lemma 29 Let V be a setV andW subsets of°(V), andf a function fromV to W.

Then,u is a coherent choice function.
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Proof g is obviously a choice function. It remains to show that itokierent.

Supposd/,W € V,V C W, andv € puy(W)NV. We showv € p5(V).

To do so, suppose the contrary, i.e. suppoge (V).

Then,az e V,wehaved Z e V,Z CV,v e Z,andv ¢ f(Z).

But,V C W, thusZ C W. Therefore, by definition ofi¢, v & us (W), which is impossible. |

Lemma 30 Let V be a setV, W, andX subsets ofP(V), f a function fromV to W, andu a
coherent choice function frotW to X suchthat/ V' € V, f(V) = My, v))-
ThenVV €V, f(V) = MT(Mf(V))'

Proof LetV € V. We showf(V) = Mz, (v))-

Case 13w e u(V),v & usp(V).

As (V) CV,we havev € V.

Thus, by definition ofuy, 3W € V, W C V,v € W,andv & f(W) = Mrp.cwy) 2 u(W).
On the other hand, asis coherenty, (V) N W C u(W). Thus,w € u(WW), which is impossible.
Case 2y(V) C s (V).

Case 2.13v e us(V), v & f(V).

Then3IW e V, W CV,v e W,andv ¢ f(IV). Indeed, just tak&” itself for the choice ofV'.
Thereforep & 1 (V'), which is impossible.

Case 2.2u¢ (V) C f(V).

Then,f(V) = Mr(uvy) € Mz, vy € Mrsvy) = Mrourgewy) = Mruey = V).

Now, everything is ready to show the representation result.

Notation 31 Let (F,V, =) be a semantic structure apda relation oriP(F) x F.
Then, consider the following conditiok:T" C F,

(I’VE)) |’V(F> = T({U € Mr:VACUF,ifve Ma C Mr, thenv € M\N(A)})

Proposition 32 Let (F,V, =) be a semantic structure apda relation oriP(F) x F.
Then,}|~ is a preferential consequence relation{5) holds.

Proof Direction: “ —".

There exists a coherent choice functjpfrom D to P(V) such thav T C F, (') = T'(u(Mr)).
Let f be the function fronD to D such that/ V' € D, we havef (V) = My, vy)-

By Lemma[3pV V € D, we havef (V) = My, (v))-

Note thatv I" C F, f(Mp) = MT(M(MF)) = M|N(F)-

We show that|~5) holds. Letl’ C F.

Then,~(I) = T'(u(Mr)) = T(Mr(uey) = T(f (Mr)) = T(Mrpu,iey) = T(ps(Mr)) =
T{ve Mpr:YW eD,ifveW C My, thenv € f(W)}) =

T({ve Mpr:VACF,ifve MaC Mp,thenv € f(Ma)}) =

T({U e Mr:VACF,ifve Ma C Mr,thenv € M\N(A)})

Direction: .

Supposé~ satisfies(|~5).

Let f be the function fronD to D such that/ I C F, we havef (Mr) = M. ().

Note thatf is well-defined. Indeed, i, A C F and Mt = Ma, then, by(~5), ~(T) = (A).
In addition, by(~5), we clearly have/T' C F, ~(I') = T'((Mr)).

And finally, by Lemmg 29 is a coherent choice function. |
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3.3 The discriminative and definability preserving case

In this section, we will characterize certain families of PRferential-discriminative consequence
relations. To do so, we will develop new techniques (esfigtiammas|3D anfi 40 below). We need
basic notations and an inductive construction:

Notation 33 N denotes the natural numbers including(0; 1,2,. .., }.

NT denotes the strictly positive natural numbefs; 2, .. ., }.

Z denotes the integers.

Leti, j € Z. Then,[i, j] denotes the set of all € Z such that < k < j.

Let £ be a languagey a binary connective of, F the set of all wffs ofC, andjy, fs, . .., G € F.
Whenever we writgd; V 32 V...V B, we mean... (51 V B2) VB3) V...V Br_1) V Br.

Definition 34 Let £ be alanguage; a unary connective of, F the set of all wffs ofZ, (F,V, =)
a semantic structuréy a relation oriP(F) x F, andl’ C F. Then,

H(D) :={-peF ek rI)\rT)and-g ¢ (T, ~I))}
Let: € Nwith: > 2. Then,

Hi(T) = {-feF: {

Definition 35 SupposeL is a language; a unary connective of, Vv a binary connective of, 7
the set of all wffs ofZ, (F, V, =) a semantic structure, aid a relation orP(F) x F.
Then, consider the following conditiong.I', A C F,V «a, 3 € F,

(6) if 8 € H(T, (1) \ (I anda € (T, b (T), =), thenar ¢ f(I);

(R7) it a € F(T, (D) \ (D) andB € H(T, (D), —a) \ (D), thena v 8 ¢ (T);
(R8) if a € (I, then-a ¢ H(T', ~(I);

(R9) if A C (), theno(I) U H(T) € H(A, f(A), H(A),T);

()~10) if ' CH(A) CH(T, ~(T), H(D)), thenj~(T") U H(T") C H(A, ~(A), H(A));
(p11) if T is consistent, thef-(T') is consistentl” C |~(T"), and-(~(T)) = p~(T).

Note that those conditions are purely syntactic when treagaroof system available fbr.

Proposition 36 SupposeL is a language; a unary connective of, vV and A binary connectives
of £, F the set of all wffs ofZ, (F,V, =) a semantic structure satisfyirigl1) and(A3), andj~ a
relation onP(F) x F. Then,

(0) |~ is a CP DP preferential-discriminative consequence maff (|~0), (~6), (7), (~8),
(F+9), and(j~11) hold,;

(1) pisaCP DP LM preferential-discriminative consequenceiaaft (|~0), (6), (~7), (K8),
(r~9), (p~10), and(j~11) hold.
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SupposéF,V, |=) satisfieg A2) too. Then,

(2) |~ is a DP preferential-discriminative consequence relaffo~0), (~6), (~7), (8), and
(F9) hold;

(3) |~ is a DP LM preferential-discriminative consequence rehaiif (|~0), (~6), (~7), (~8),
(P~9), and(j~10) hold.

The proof of Propositiof $6 has been relegated at the endatib®¢8.3. We need first Notatidn]33,
Definition[37 and Lemmas B, 139, ahd 40 below. Here are somyptechnical tools:

Definition 37 SupposeL is a language; a unary connective of, Vv a binary connective of, 7
the set of all wffs ofZ, (F,V, =) a semantic structure satisfyiid1), |~ a relation orP(F) x F,
andI’ C F. Then,

M% = {U S MF,\N(F) :dp € T(MF,|~(F)) \ 'N(F), v Mﬁﬁ}.
Let: € Nwithi > 2. Then,

M{ = {v € Mp p)\MPU. ..UM - 3B € T(Mp pory \MPU. . .UM D\ (T), v & Mg}
My = ) M
1ENt
n(l) := |[{i € N* : M{ # 0}
SupposeVi{ # (). Then, we denote by an element ofF, chosen arbitrarily, such that
dr e NJF,EUl,UQ,...,’UT ey, andaﬂl,ﬂg,...,ﬁr S lethMl—l\ = {1)1,1)2,...,1)7«},

Br =01V B2V ...V,
andv j € [1,7], B; & (1), Mr oy € Mg;, andv; & M_g;.
As M} # () and M is finite (thanks tq A1)), such an element exists.

Suppose € N, i > 2, andM. # 0.
Then, we denote b an element ofF, chosen arbitrarily, such that
dr e NJF,EUl,UQ,...,’UT ey, andaﬂl,ﬂg,...,ﬁr S lethMlz\ = {1)1,1)2,...,1)7«},

Br =01V B2 V...V G,
andv j € [1,7], B; & p(I'), Mp pory \ M U ...UM € Mg, andv; & M-,
As M. # () and M. is finite, such an element exists.

SupposéV{. # (. Then,

Bri=pLvEEv... va®
As M} # 0, n(I') > 1. In addition, we will show in Lemmé 38 below tha(T') is finite and
Vi e Nt withi < n(T'), M{ # 0. Thus,Sr is well-defined.

P :{ {(~Br} i M} #0

0 otherwise
GT):={aeF:ad ), a¢p~D), ande(MnMp),a) C ()}
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Here are some quick results about the purely technical tteflaed just above:

Lemma 38 SupposeL is a language;r a unary connective of, V a binary connective of, F
the set of all wffs ofZ, (F,V, =) a semantic structure satisfyifd1), |~ a relation orP(F) x F,
I' C F,andi,j € NT. Then,

(0) if i # 7, thenMj. N M. = 0;

1) if M =0, thenM{™ = 0;

2) Ta(Mr o(ry) C (D) iff M = 0;

3) if i > 2, thenTy(Mp oy \ MEU ... UMEY) C (T iff M= 0;
4) n(T) is finite;

if i <n(T), thenM # 0;
6) if i > n(T'), thenM. = 0;

5

n(F)

(
(
(
(
(
(
(7) if M{ #0,thenM{ = MLU...UM]
(

)
)
)
)
)
)
)
)

8) Tu(Mr oy \ Mp) C p~(T).
Proof Proofs of(0), (1), (2), and(3). Trivial.

Proof of (4). Obvious by(0) and(A1).

Proof of (5). Supposél i € N*, M. = §) andi < n(T).
Then, by(1),Vj € N¥, j > i, M{. = 0.
Thus,|{j € Nt : M. # 0}] <i—1 < n(T), which is impossible.

Proof of (6). Suppos&li € N*, M{. # § andi > n(T).
Then, by(1),Vj € N¥, j <i, M} # 0.
Thus,|{j € N* : M{. # 0}| > i > n(T'), which is impossible.

Proof of (7). Obvious by(6).

Proof of (8). Case 1:.M}. = 0.

Then,Ty(Mr oy \ M{.) = Ty(Mp ). In addition, M} = 0. Thus, by(2), we are done.
Case 2:M{}. # ().

Then, by(?), Td(MF (D) \M’) = Td(MF (D) \ Mrl u...u Mn(F))

In addition,n(T") + 1 > 2 and, by(6), M, "(F)“ = 0. Thus, by(3), we are done. |

We turn to an important lemma. Its main goal is to show thattvaitions(~6), (~7), and(|~8)

are sufficient to establish the following important equalit~(I'") = Tu(Mr (1), 5 (r)), Which
provides a semantic definition pf (in the discriminative manner).

Lemma 39 SupposeC is a language; a unary connective of, v andA binary connectives of,
F the set of all wifs ofZ, (F, V), =) a semantic structure satisfyifig1) and(A3), |~ a relation on
P(F) x F satisfying(~6), (7), and(}~8), andl" C F. Then,
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0) if M{ #0,thensr & |~(T);
1) if M/ 7& @ thenMF (1) - Mﬁr
2) if M{. # 0, thenM{. N M_g. = 0;

4) My oy \ Mi = Mr o), p(r)s

5) (1) = Ta(Mr jo(r),F(1));

(0)
(1)
(2)
(3) if My, # 0, thenMrp oy \ My € M_p,.;
(4)
(5)
(6) Mr r),mr) = Mr @), F(D);

(7)

7) () = Ta(Mr po(ry, m(D))-

Proof Proof of(0), (1), and(2). SupposeVi}. # §.

Then, it suffices to show by inductiol:i € [1, n(T")],

p3(i) (MPU...UMQ)NM gy i) =0

p2(i) MF,|~(F) C M[}}v...vﬁr

pii) BEV...V B¢ (D).

AsME #0,3r e NT, vy, 09,...,0. € V,and3py, Ba, ..., 0B € F, Mt = {v1,..., 0.},
Br=pV ...V 3, andVje [1,r], 3 & ~(T), Mp oy C© Mg, andv; & M-g,.
Then, it can be shown that:

(0.0) ps(1) holds;

(0.1) p2(1) holds;

(0.2) pi(1) holds.

Now, leti € [1,n(T") — 1] and suppose; (i), p2(i), andps (i) hold.

As Mt £ 0,3r € N*, vy, v9,...,0, € V,and3 By, Ba, ..., Br € F,
Mli-’_l :{’1}1,.. UT} ﬁH_l _ﬁlv...Vﬁr,and

Vi€ [1,7‘], ﬁ] ¢ |N( ) Mpﬁ‘w(p) \Mrl U...UMp C Mﬁj, andvj ¢ Mﬁﬁj.
Then, it can be shown that:

(0.3) ps(i+ 1) holds;

(0.4) p2(i + 1) holds.

Before turning tg; (i + 1), we need the following:

(0.5) BEV...VBEVBLV B2 V...V B & p(T);

(0.6) pi(¢+ 1) holds.

Proof of (0.0). If v; € M}, thenv; & M-, But, by (A3), M_g C M_g,.
Proof of (0.1). We haveMr |r) C Mg, whichis, by(A3), a subset of\/ .

Proof of (0.2). It suffices to show by inductiont! j € [1, ],

q(j) PLV... VB & (D).

Obviously,q(1) holds.

Letj € [1,r — 1]. Suppose(j). We showg(j + 1).

By (A3), we haveMr vy € Mpg,v...v3;-

On the other handV/t . (r),~(s,v...v5;) MF,|~(F) C Mg, .

Thus, byg(j) and(h?) (whereais 81 V...V Bjandgis Bj11), we getsy V...V Bi11 & ().
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Proof of (0.3). Letv € Mp U... UM We showo & M_ 1, gi+).

Case 1w € M{U...U M.

Then, byps (i), we havev & M_ g1, vpi)- But, by (A43), M_ g1y, ity © Mo(grv..vsi)-
Case 2w € M.

Then,3j € [1,7],v = v;. Thus,w ¢ M_5,. But, by(A3), M

~Bv.vgirty € Mogin © Mog;.

Proof of (0.4). By p2(i), Mr jo(r) € Mgauy..vg:. Whichis, by(A3), a subset of\/ 1y vt

Proof of (0.5). It suffices to show by inductiont j € [1,7]:
q(j) BV ...VBEVBIV...V B & (D).

We will show:

(0.5.0)  Mp | (r)~(srv..vpi) € Ma,- _

Then, byp; (i), p2(i), (0.5.0), and(~7) (Wherea is 8L V ...V 8L andg is 31), q(1) holds.
Now, letj € [1,r — 1] and suppose(J).

Then, we will show:

(0-5-1) MF,\N(F),ﬂ(ﬁlkv...vﬁlivﬁlv...vﬁj) - Mﬁj+1'

In addition, byp,(7) and(A3), we get:

(052) MF,‘N(F) g Mﬁ}v...vﬁ;vﬁlv...vﬁj- .

By, (0.5.1), (0.5.2), ¢(j), and(~7) (Wherea is BL V...V BEV 31 V...V B; andB is Bj11),
we get thay(j + 1) holds.

Proof 0f(050) Letv € MFvl"’(F)aﬁ(B%VmVﬁf‘)' Then,’U € Mﬁ(B%VVﬁlﬂ)
Thus, byps (i), v € M{ U... U M{. Thereforep € My ry \ M} U...UM{ C Mg,.

Proof Of(051) Letv € MF,|~(F),ﬂ(ﬁ%v..,vﬁﬁvﬁlv..,vﬁj)- Then, by(AS), v E M—*(ﬁ%‘\/\/[}i‘ﬂ)
Therefore, bys (i), v & M{ U ... U M{. Thereforep € My ry \ M{ U... UM\ C Mg, ,.

Proof of (0.6). By p2(i) and(A3), we getMr . r) € Mgy v © MLy, vpivsv...vs,-
In addition, by(A3), we getM—\([}Il\/...\/[}fivﬁl\/...\/[JT) = Mﬁ(ﬁllﬂ\/...\/ﬁffl)'
Therefore, by(0.5) and(~6) (Wherea is LV ...V B andBis BL V...V BLV B V...V B,),
we get thap; (< + 1) holds.

Proof of (3). Supposeé\lt. # 0, v € Mp ) \ Mr, andv ¢ M_g,..
Then, by(0), (1), and definition of\/;.,, we gety € M*"'*!, which isimpossible by Lemn{a]38).

Proof of (4). Case 1:M{. # 0.

By (3), we get one directiondr |y \ M € Mp (1), —g.-

By (2), we get the other directiont/r (1) -5, € Mp () \ M.
Case 2:M{. = 0.

Then, 0bViOUS|yMF,‘N(F) \ Mf‘ = Mp,‘,\,(p) = MF,|~(F),F(F)-

Proof of (5). Direction: “C".

Case 1:M7. # 0.

Suppose the contrary of what we want to show, i.e. supgese |~(T'), o & Ty(Mr (1), -4 )-
Then,MmN(p)ﬁBF - M|N(F) C M,. ThUS.MF,\N(F)ﬁﬁF C M_,.
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Consequently, by0), (1), and(|~6), we geta & |~(T"), which is impossible.
Case 2:M{. = 0.
Leta € |N(F) Then,MnMp) - M|~(p) C M,. In addition, by('N8), Mpﬁ‘w(p) g M-,.
Consequentl)a € Td(MF,|~(F)) = Td(MF,\N(F),F(F))-
Direction: “2". Obvious by(4) and Lemm4 3&3).

Proof of (6). Direction: “C".
Case 1:M{. = 0.
Case 1.1H,(T) # 0.
Then,3a € F, « ¢ 'N(F), MF,|~(F) C M,, andMnMp) Z M_,. Thus,a € Td(MF,|~(F))-
Therefore, by(5), a € |~(T'), which is impossible.
Case 1.2H,(T") = 0.
Clearly,Vi € N*,if H;(T') = (), thenH;,1(T') = 0. Therefore H(T') = ) = F(I).
Case 2:M7. # 0.
As, Mf - Mpﬁ‘w(p), we get, by(2), Mpﬁ‘w(p) g Mﬁgr.
Thus, by(0) and(1), we get-8r € H(I') € H(T'). Therefore Mgy € Mp(r).
Direction: “2>".
Case 1:M[. = 0.
Verbatim the proof of Case 1 of directio”.
Case 2:M7. # 0.
Then, the following holds:
(6.0) Vie Nt Mp ury,-gr C© Mr o), i1y (T),.... H, ()
Now, suppose the contrary of what we want to show, i.e. suppos
Jov € MF,|~(F),ﬂBFa v MF,\N(F),H(F)- Then,v ¢ MH(F) But, cIearIy,MH(F) = ﬂi€N+ MHi(F)
Therefore3: € NT, v & My, ), which is impossible by6.0).

Proof of (6.0). We show by induction¥i € N+,

p()) My po(r),~gr © Mr (r) 1y (D), Hi (D)

We will show

(6.0.0) p(1) holds.

Leti € N*, suppose(:) holds, and suppoggi + 1) does not hold.
Then,3v € Mp o), -+ 0 & My jo (1), Hy (D)., His (T)-

Thus,3j € [1,i+ 1], v MHj(F)-

Case 1lj =1.

Then 33 € F, Mr oy € Mp, B & ('), andv & M-_.

Thusv € M N Mg, which is impossible by2).

Case 2 > 2.

Then,3 8 € F, My (v, i, (r),...1,_,(t) © Mp, B ¢ (1), andv & M_p.
But, by Lemmd 387), by (4), andp(i), we get

My \ MEU U MPY = My ey \ My = My oy —pe © Mrpo(r) i), i)
Mr o),m,(T),... 1, (1) © M.

Thereforep € M+ which is impossible by Lemnfa3®).

N

Proof of (6.0.0). Suppose the contrary of what we want to show, i.e.
Supposei v € MF7|N(F),ﬁBF, v ¢ MF,|~(F),H1(F)-

Then,w & My, (ry. Thus,3 3 € F, My 1)y € Mg, 8 & ~(T'), andv ¢ M_s.
Thusv € M. Thereforep € M{. N M-_g,., which is impossible by?2).
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Proof of (7). Obvious by(5) and(6). |}

We turn to a second important lemma. Its main purpose is tavghat any DP choice function
representing (in the discriminative manner) a relatiosatisfies the following equalityz(Mr) =
Mr (1), m(r), Which enables us to definefrom .

Lemma 40 Suppos€ is a language; a unary connective of, vV andA binary connectives of, 7
the set of all wifs ofZ, (F, V), |=) a semantic structure satisfyiig1) and(A3), V C P(V) paDP
choice function fronD to V, |~ the relation onP(F) x F such that'T' C F, (") = Ty(u(Mr)),
andl’ C F. Then:

0) u(Mr) C My o (ry;
h~ satisfies(|~6);
~ satisfies(|~7);
~ satisfieq(|~8);

(
(1
(2
(3
(4) M{ N p(Mr) = 0;

(
(6) if M[ # 0, thenMrp 1y, gy = p(Mr).
If (F,V, =) satisfieg A2) too, then:

(7) if Mp =0, thenMer) = Mr, (uare);
(8) if My, =0, thenMrp .y € Mgy,

(9) Mr J~(D),H(T) = p(Mr).

If uis coherency preserving, then again:
(10) Mr vy, m(ry = p(Mr).

Proof Proof of(0). We showu(Mr) € My ). Letv € u(Mr) anda € ~(T).
Then,a € Ty(u(Mr)). Thus,u(Mr) C M,. Thus,w € M, and we are done.
In addition, obviouslyu(Mr) € Mr. Thereforeu(Mr) € Mr N Moy = Mp (1)

)
)
)
)
5) My jo(r), 7. (u(Mr)) = W(Mr);
)
(
)
)
)

Proof of (1). Leta, 8 € F and supposg € H(T, (') \ p~(T") and—a € H(T', ~(T'), =5).
Then, by(0), u(Mr) € My )y € Ma. But, 8 & ~(I') = Ty(p(Mr)). Thus,u(Mr) € M-g.
Consequentlyu(Mr) € Mr ur),~3 € M-q. Thereforep ¢ Ty(pu(Mr)) = ().

Proof of (2). Leta, 5 € F and suppose € H(T', ~(T")) \ ~(T') andg € (T, (), —a) \ ().
Then, by(0), u(Mr) € Mp oy € M. But,a & Ta(u(Mr)). Thus,u(Mr) C M-,.
Thus,u(Mr) € My, (r),~a € Mpg. But, 8 & Ta(u(Mr)). Thereforeu(Mr) € M-p.
Thus, by(A3), u(Mr) € M-o N M-5 = M_ 4. Consequentlyy vV 3 & Ty(u(Mr)) = ().

Proof of (3). Leta € ~(T"). Then,a € Ty(u(Mr)). Thus,u(Mr) € M-,.
Thus, by(O), MF,|~(F) g M-_,.
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Proof of (4). Case 1:M{. = {). Obvious.

Case 2:M7. # 0.

It is sufficient to show by inductiori/ i € [1,n(T)],

p(i) (MEU...UME)Np(Mr) = 0.

We will show:

(4.0) p(1) holds.

Leti € [1,n(T) — 1]. Suppose(i). We showp(i + 1).

Case LM N pu(Mr) = 0.

Then, byp(i), we obviously gep(i + 1).

Case 23v € ME N pu(Mr).

Then3p e F, B3 ¢ ~(T), My oy \ M{ U...UM[ C Mg, andv & M_g.
Therefore, by(0) andp(i), u(Mr) € Mr oy \ Mp U... U M{ C Mg. But, u(Mr) € M-g.
Consequently? € Ty(u(Mr)) = ~(T), which is impossible.

Proof of (4.0). Suppose the contrary pf1), i.e. supposé& v € M N pu(Mr).
Then3p e F, B ¢ (), Mp o ry € Mg andv ¢ M_s.

Therefore, by(0), u(Mr) € Mg. On the other handy(Mr) Z M.
Therefores € Ty(u(Mr)) = ~(T'), which is impossible.

Proof of (5). As u(Mr) € D, 3T C F, My = p(Mr).

Therefore Mru(nry) = Mr(ary.) = Mrr = p(Mr).

Thus, Mr | (0), . (u(Mr)) = Mr T (u(Me)), To(u(Mr)) = Mrr(u(ur))- BUt. I € T (u(Mr)).
Therefore Mr 1, (npy) = Mr(uary) = u(Mr).

Proof of (6). Supposel/{. # ). Direction: “C".

Case 13v € My oy \ MAU...UMPD 0 & My uan)-

Then,3 o € Te(u(Mr)), v ¢M

By Lemma[3p(3), Lemma[3B(7), and(A43), Mr j(r) \ M U. UM C Mg, C M_ (51 na)-

By (0) and Lemma@Ql w(Mr) € Mg. 0 M, = Mﬁ(ﬁrm)

Therefore~(0r A ) ¢ Td( (Mr)) = p(T).

In addition,v ¢ M, D M_ﬁ(ﬁr/\a)

Consequentlyy € M} n(T)+1 (take—(Br A «) for the 8 of the definition ofM).

Therefore, by Lemm@&i we get a contradiction.

Case ZMF,\N(F) UMD () C Mr, (u(M; ))

Then, by Lemm 96) Lemma [3p(4), Lemma|3B(7), and by(5), we get

Mr o), a1y = Mrpory \ MEU . UMD © Mr o) 1 uiaey) = p(Mr)-
Direction: “2>".

By (0), (4), Lemmd30(4), and Lemm4 396), we get

p(Mr) © My pory \ Mp = Mr o), ) = Mp o), ()

Proof of (7). Suppose\/{, = (. Direction: “D".

Suppose the contrary of what we want to show, i.e. suppase Mz, (. a0y, v € Mg (r)-
Then3Ja € G(T), v & M,.

Caselua € T(MF o(T))-

Asa € G(T), a & ~(I). Thus, by Lemm§@ 395), o & Tu(Mr po(ry)-
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Thereforep € T.(Mr o (r)). Consequently, by0), o € T¢.(u(Mr)).

Thus,v € M, which is impossible.

Case 2:-a € T(Mrp (1))

Asa € G(I), a ¢ p~(I). Thus, by Lemm4 395), ~a & Ty(Mr (1))

Therefore~a € Te(Mr o (ry). Consequently, byA3), o € T.(Mrp (1))

Therefore, by(0), « € T.(u(Mr)). Thus,w € M,, which is impossible.

Case 3 « g T(MF7|N(F)) and—-« ¢ T(Mp,‘,\,(p)).

Then, by(AQ), MF,|~(F),0¢ < M_,. Thereforeq € Td(MF,\N(F),a)-

But,a € G(T'). Thus,T4(Mr j(ry,a) € P~(I'). Thus,a € ~(I'). Thus,a ¢ G(T'), impossible.
Direction: “C”.

Suppose the contrary of what we want to show, i.e. suppase M¢ry, v &€ Mz, (u(ay))-

Then, we will show:

(7.0) Ja € To(u(Mr)), [Mr ur),qo| < |p(Mr)

But, u(Mr) € M, and, by(0), u(Mr) € My ). Thereforeu(Mr) C Mrp 1y q-

Thus,|u(Mr)| < |Mp o(r),«|, Which is impossible by7.0).

Proof of (7.0). We haved § € T.(u(Mr)), v & Ms.

By (A1), [Mr ~(r),s| is finite. To show(7.0), it suffices to show by induction (in the decreasing
direction):V i € Z with i < |Mr o(r),sl,

p(i) Ja € Te(u(Mr)), v & Mo and|Mr o) of — [0(Mr)] < i.

Obviously,p(|Mr . (r),s|) holds (take’).

Leti € Z with i < |Mr . (r),;| and supposg(i) holds. We showp(i — 1).

We haved a € TC(M(MF)), v ¢ M, and|MF7|N(F)7a| — |,LL(MF)| <.

Case 1Td(MF,|~(F),a) - |~(F)

As a € T.(u(Mr)) and(A3) holds, we geta € T,.(u(Mr)).

But, T.(u(Mr)) N Ty(u(Mr)) = 0. Thus, neithetv nor -« belongs tol;(u(Mr)) = p(T).
Consequentlyy € G(T'). Thus,v € M, which is impossible.

Case 23 8 € Ty(Mr (1)), B & P(1).

By (0), u(Mr) € Mr o). On the other handy(Mr) € M,. Thus,u(Mr) € Mt | (r),o S Mg.
But, 3 & p~(I") = Ty(p(Mr)). Thereforeu(Mr) C M-p.

Consequentlyu(Mr) € My, N M-5 = Mar-p andu(Mr) € M- € M_(or-p)-

Thereforep A =3 € Te(p(Mr)).

Moreoverpy & My, O Mop-g.

In addition,MnMp),aAﬁB - Mp,‘,\,(p),a, Whi'StMp,‘N(F)7a Z M_ﬁ D) MF7|N(F),aAﬁB.
ThUS|MF1‘N(F)1a/\_\[3| < |MF,\~(F)7Q| — 1. ThUS,|MF7|~(F)7a/\ﬂB| — |,u(Mp)| <i—1.
Thereforep(i — 1) holds (takex A ).

Proof of (8). Supposéf{. = 0.

Now, suppose the contrary of what we want to showd.e.€ Mr .y, v € Mg (r)-

Then,3a € GI),v & M,,.

Case 1o € T(Mrp o)

As,a € G(T), a ¢ ~(I). Therefore, by LemmBa3®), o & Tu(Mr 1)

Thus,a € Te(Mr o)) Therefore Mt .y € M,. Consequently; € M., which is impossible.
Case 2:~a € T(Mrp (1))

As,a € G(T'), ma ¢ |~(T). Therefore, by Lemmp $&), ~a & Ty(Mr o (ry)-

Thus,—«a € T(:(MF,\N(F))- Therefore, b)(AS), Mpﬁ‘w(p) C M-, =M,.

Consequentlyy € M., which is impossible.
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Case 3« g T(Mp,‘,\,(p)) and—-a ¢ T(MF7|N(F))-
Then, by(A2), Mr | (1), € M-a. Thus,a € Tq(Mr (1), )- But,a € G(I'). Thus,a & ~(T').
Therefore Ty (Mr (r,o) € ~(I'). Consequentlyy ¢ G(I'), which is impossible.

Proof of (9). Case 1:M}. = 0.

By Lemma[3P(6), Mrp(r).z1(r) = Mr jo(r), p(r) = M, jo(r)-

But, by (8), (7), and(5), Mt . (ry = Mr jvr),c@) = M, o), 1. (u(0r)) = #(Mr).
Case 2:M]. # . Obvious by(6).

Proof of (10).

Case 1:M{ = 0.

Casel.13v e Mp,‘,\,(p), v ¢ MTC(M(MF))'

Case 1.1.1T' is not consistent.

Then3a € T.(u(Mr)), v € M, and, ad is not consistengl 3 € F, Mr C Mg andMr C M_g.
We haveMmN(p) C Mr C Mﬁ - Mg\/ﬁa.

Moreoveru(Mr) € Mr € M. Thus,u(Mr) € M- N My = M_(gy-q)-

Therefore V —~a & Ty(p(Mr)) = ~(T).

Inaddition,v & My 2 M_(gy-q)-

Consequentlyy € M (take3 v —« for the 3 of the definition of ).

Thus,v € M{., which is impossible.

Case 1.1.2T" is consistent.

Thus,Mr € C. Therefore, ag is coherency preserving(Mr) € C. Thus,T.(u(Mr)) = 0.
Therefore Mr, (,(nryy = V- Thus,w € Mr,(,(arr)), Which is impossible.

Case 1.2Mp1‘w(p - MTC(,LL(MF))'

Then, by Lemma 396), Mr (v, m1(r) = Mr, (), F(r) = Mr () = Mr(r) T u(air)) -
Therefore, b)(5), Mpﬁ‘w(p) H(T) = /L(MF).

Case 2:M{. # . Obvious by(6).
Now comes the proof dProposition[3¢ (which is stated at the beginning of Sectfor] 3.3).

Proof Proof of(0). Direction: “—".
There exists a CP DP coherent choice funcfidnom D to P (V) such that
VT C F, p(T) = Tu(u(Mr)).
We will show:
(0.0) |~ satisfieg~0).
By Lemml), (2), and(3), p satisfieg~6), (~7), and(|~8).
By Lemma|4[(10) and Coherence of, |~ satisfieg|~9).
We will show:
(0.1) |~ satisfies(|~11).
Direction: “~".
Supposé~ satisfies(|~0), (;6), (7), (P8), (+9), and(p~11).
Then, letu be the function fronD to P(V) such that/ T' C F, u(Mr) = Mrp (1), 5 (r)-
We will show:
(0.2) wis well-defined.
Clearly,u is a DP choice function.
In addition, ag~ satisfieg|~9), v is coherent.
We will show:
(0.3) pis CP.
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And finally, by Lemmd397), VT C F, ~(T) = Tu(u(Mr)).

Proof of (0.0). LetI', A C F and suppose (") = F(A). Then, My = MAa.
Therefore~(T') = Ty(u(Mr)) = Ty(u(Ma)) = p(A).

Proof of (0.1). LetT" C F and supposE is consistent.

Then,Mr € DN C. Thus, ag: is CP,u(Mr) € C. ThereforeTy(p(Mr)) = T'(u(Mr)).
Consequentyl' C T'(Mr) C T(u(Mr)) = Ta(u(Mr)) = p(T).

In addition,M‘N(F) = MTd(H(MF)) = MT(,LL(ILIF))- BUt,,u(MF) e C. ThUS,MT(#(IWF)) e C.
Consequently~(T") is consistent.

And finally, ~(T) = Ta(u(Mr)) = T(u(Mr)) = T(Mr(uamy) = T(Mpry) = F((T)).

Proof of (0.2). LetT', A C F and suppos@/r = Mx.
Then,-(T") = H(A). Thus, by(~0), () = (A).
ConsequentlyH(F) = H(A) ThereforeMp_,‘N(F)yH(p) = MA,|~(A),H(A)-

Proof of (0.3). Supposd” ¢ DN C. Then 3T C 7,V = Mr.

Case 1:H(T") # 0.

Thus 33 € F, 3 ¢ ~(') andMyp .1y C Mp.

By ('Nll), I - 'N(F) andl—(}w(l“)) = 'N(F) ThUS,MFJN(F) = M|~(p). ThUS,M|~(F) - M@.
Therefore s € T' (M (ry) = F(~(I")) = p~(I'), which is impossible.

Case2.H (') =0

Then,H(I‘) = (. ThUS,,LL(V) = ,LL(MF) = MF,\N(F),H(F) = M|N(F)-

But, by ()~11), p~(I') is consistent. Thereford/,.ry € C.

proof of (1). Direction: “—".
Verbatim the proof of0), except that in additiop is LM.
Then, by Lemm4 4010) and LM, |~ satisfieg(|~10).
Direction: “~".
Verbatim the proof of0), except that in additiop- satisfieg|~10).
Then, by definition ofs and(|~10), p is LM.

Proof of (2). Direction: “—".
Verbatim the proof of0), except that: is no longer CP, whilsfA2) now holds.
Note that, in(0), CP was used only to sho{i~11) and(}~9).
But, (~11) is no longer required to hold.
In addition, by Lemm4 409) and Coherence of, (|~9) holds.
Direction: “~".
Verbatim the proof of0), except that~11) does no longer hold, whil§t42) now holds.
However, in(0), (j~11) was used only to show thatis CP, which is no longer required.
Note that we do not need to ugd2) in this direction.

Proof of (3). Direction “—".

Verbatim the proof of0), except thaj: is no longer CP, whilst is now LM and(A2) now holds.
Note that, in(0), CP was used only to sho{i~11) and(|~9).

But, (;~11) is no longer required.

In addition, by Lemmd 409) and Coherence ¢f, (~9) holds.
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Similarly, by Lemmg4[q9) and Local Monotonicity of:, (~10) holds.
Direction: “—".
Verbatim the proof of0), except thatj~11) does no longer hold, whilg~10) and(A2) now holds.
Note that, in(0), (;+11) was used only to show thatis CP, which is no longer required.
Now, by definition ofu and by(j~10), u is LM.
Note that we do not need to uéd?2) in this direction. Jj

3.4 The discriminative and not necessarily definability preerving case

Unlike in SectioS, the conditions of this section willtle purely syntactic. The translation of
properties like Coherence in syntactic terms is blockeébse we do no longer have the following
useful equality;u(Mr) = Mr (1), z(ry, Which holds when the choice functions under considera-
tion are definability preserving (but this is not the caseeheFhanks to Lemmds P9 ahd 30 (stated
in Sectio), we will provide a solution with semi-syrttaconditions.

Notation 41 Let £ be a language; a unary connective of, F the set of all wffs ofZ, (F,V, )
a semantic structure, and a relation orP(F) x F.
Then, consider the following conditiok:T" C F,

(I’V12) F(F, I’V(F),H(F)) = T({’U € Mp : VA CF, if ve Ma C My, thenv € M\N(A),H(A)})-

Proposition 42 Let £ be a language; a unary connective of, v andA binary connectives of,
F the set of all wffs ofZ, (F,V, |=) a semantic structure satisfyifg 1) and(A3), andp a relation
onP(F) x F. Then,

(0) |~ is a CP preferential-discriminative consequence relaffaf~0), (~6), (~7), (8), (f11)
and(p~12) hold.

SupposéF,V, |=) satisfieg A2) too. Then,

(1) |~ is apreferential-discriminative consequence relatib(ifo), (~6), (~7), (~8), and(j~12)
hold.

Proof Proof of(1). Direction: “—".

There exists a coherent choice functipfrom D to P(V) such thav'T' C F, ~(T') = Ta(u(Mr)).
Then,|~ satisfies obviously~0).

Let f be the function fronD to D suchthat/ V' € D, f(V) = Mp,vy).

Then, by Lemm4 307V € D, f(V) = Mr vy

Moreoverv T C F, f(MF> = MT(M(MF)) - MT(MF) = Mr.

Therefore f is a choice function.

Obviously, f is DP.

In addition,v I" C F, I’V(F) = Td(u(Mp)) = Td(MT(u(]LIp))) = Td(f(Mp))

Consequently, by Lemnfal40), (2), and(3), |~ satisfies(r6), (~7), and(~8).

In addition, by Lemma409), VI C F, f(Mr) = Mr p(r),m(r)-

We show that~ satisfieg|~12). LetI’ C F.

Then,~(T', ("), H(T)) = T(Mr vy, m(r)) = T(f(Mr)) =
T{ve Mpr:YW eD,ifveW C My, thenv € f(W)}) =
T{ve Mr:VACZF,ifve MaC Mp,thenv € f(Ma)}) =

T({U e Mr:VACF,ifve Ma C Mr,thenv € MA,|~(A),H(A)}) =
T({’U EMr:VACF, ifve Ma C My, thenv € M|~(A) H(A)})

T(Mr(up(py) = Ty (Mr)) =
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Direction: “—".
Supposé-0), (~6), (7), (~8), and(~12) hold.
Let f be the function fronD to D such that/ T C F, f(Mr) = Mr j(r), a(r)-
By (~0), f is well-defined.
By Lemma[3p(7), VI C F, ~(T) = Tu(Mr po(ry,m(r))-
Thereforey T’ C F, (1) = Ta(f(Mr)).
By (}'\/12), vI CF, f(MF) = MT(uf(]WF))'
Thereforey I" C F, 'N(F) = Td(f(MF)) = Td(MT(,uf(IWF))) = Td(Mf(MF))-
But, by Lemmd 29y is a coherent choice function.

Proof of (0). Direction: “—".
Verbatim the proof of1), except that A2) does no longer hold, whilgt is now CP.
Note that(A2) was used only to apply Lemnhal49) to getv I’ C F, f(Mr) = Mr ory,m(T)-
But, we will get this equality by another mean.
Indeed, ift” € DN C, then, ag.is CP,u(V') € C, thusMy(,(vy) € C, thusf(V) € C.
Thereforef is CP.
Consequently, by Lemn{a}400), we gety ' C F, f(Mr) = My (r),m(T)-
In addition, by verbatim the proof @f).1) of Propositior] 36/~ satisfies(p11).
Direction: “~".
Verbatim the proof of1), except that A2) does no longer hold, whilgt- now satisfieg|~11).
But, in this direction{ A2) was not used iff0).
It remains to show that is CP.
By verbatim the proof of0.3) of Propositior] 36, we get thatis CP.
LetV e DNC. Then,f(V) € C. Thus,Mz(, (v € C. Thus,uy(V') € C and we are done. ||

4 Conclusion

We provided, in a general framework, characterizationsdunilies of preferential(-discriminative)
consequence relations. Note that we have been stronglirédsipy the work of Schlechta in the
non-discriminative case, whilst we developed new techescand ideas in the discriminative case.
In many cases, our conditions are purely syntactic. In falagn the choice functions under consid-
eration are not necessarily definability preserving, wevigled solutions with semi-syntactic condi-
tions. We managed to do so thanks to Lemfnas 29 ahd 30. Anstitegehing is that we used them
both in the plain and the discriminative versions. This sgig that they can be used in yet other
versions. In addition, we are quite confident that Lemmasr&did) can be used to characterize
other families of consequence relations defined in the idiseative manner by DP choice functions
(not necessarily coherent, unlike all the families invgestied here).
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