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SUMMARY

This paper proposes a general formulation of an elastaplastdel adapted to unsaturated soils. This formulation
enters within the framework of two independent state véemhescriptions. The choice of a particular effective
stress combined with suction is made. The definition of tffiscve stress is based on the formulation of an
equivalent pore pressure which is an essential point otypis of models. It will be discussed in this paper.

This general formulation can be seen as a methodology altp¥a adapt in a straightforward way most of
elastoplastic behaviour models classically used in segdrsoils mechanics to unsaturated states. It is shown that
this synthesis can include most of recent models develogiitnthe same framework.

The last part of this paper is devoted to the adaptation okeatieg complex elastoplastic model (CJS model)
to unsaturated states using the methodology previouslgsex The model thus obtained is validated on various
loading paths including cedometric, isotropic or triaxiaimpressions and also wetting tests simulating collapse
phenomenon.

This model extension shows the easiness introduced by tpeged methodology to adapt a given elastoplastic
model to unsaturated states. Its validation illustratethyway the abilities of the extended model to reproduce
complex volumetric responses of an unsaturated soil. Ggiy@© 2005 John Wiley & Sons, Ltd.
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Tensorial quantities are denoted in bold and scalar quesitire represented using lightfaced
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1. INTRODUCTION

In soil mechanics, constitutive models are generally fdated for materials saturated with water.
However, an increasing number of problems encountered gineers involve unsaturated soils. This
tendency is not only due to the appearance of new study arealsing unsaturated materials like for
instance in nuclear waste storage but also to the fact treata part of the soils on the planet surface
are partially saturated (with respect to water). In ordentprove behaviour prediction of these soils,
this aspect of their state has to be taken into account.

Unsaturated soils present a negative pore water pressuedgrence to pore gas pressure) and show
a specific behaviour compared to saturated soils. Thisrdiifee between gas and liquid pressures
(respectivelyp, andp;) results in a positive suction = p, — p;. If osmotic effects are not taken
into account, this quantity is mainly responsible for thedfic behaviour of unsaturated soils.
Models describing unsaturated materials then need to atdouthese specific behaviour aspects
and particularly suction effects which concern differeavdls in the global behaviour of the material.
A natural procedure consists in adapting existing modelsigaturated states in order to obtain a more
realistic description of unsaturated soils behaviour.

Several attempts have been developed to adapt saturatedistmdnsaturated soils. These attempts
are based on different approaches differing upon the chuditiee set of suitable variables describing
the material behaviour. This choice is a key point in unsdad soils modelling and this question
remains open. Three distinct approaches can be isolated.

In order to include suction effects, unsaturated soils Miodehas started with some attempts to
redefine the well-known Terzaghi's effective stres427]:

o =0—-pl 1)

whereo and1 are respectively the total stress and identity tensors.aflvantages of this approach
is that behaviour models can be adapted to unsaturated staestraight-forward manner: Terzaghi’s
effective stress is simply replaced by the new effectivesstin model’s original formulation. The most
famous proposal is due to Bishop [3] who defined an effectiess as:

o'=0—(1-x)py1l —xpl (2a)
=0 —pgl+xsl (2b)

wherey is a function allowing to weight liquid and gas pressuresdf on the effective stress. Bishop
and Blight provided experimental evidence suggesting #iility of their effective stress definition
with x = S; (under the assumption of grains incompressibility).

Predictions of those models using an effective stress agianndependent state variable are correct
concerning some aspects like shear strength but are ieeffici describing other particular aspects
of unsaturated soils behaviour like the collapse phenomevidch occurs during wetting of soils
subjected to high mean stresses.

In order to remedy such deficiencies, later attempts have os@e than one independent state
variable. Several significant contributions (as for exaaripl[13]) allowed to conclude that any pair
among the following three candidates could be selectedesrg independent state variables: p; 1,

o — py 1 ands. The last two are generally chosen for the following advaesa firstly, this choice
allows to separate the effects of total stress from thoseuctien. Secondly, the assumption of a
continuous gaseous phase with a uniform pressure (equed &tmospheric pressure datum) is usually
accepted in engineering applications [13], thus leading fisrther simplification. In [18], the authors
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explained on the contrary the interest to use the “satureffedtive stress”4 — p;1) rather than the
net stressd¢ — p, 1) in order to, among others, simplify the transition fromtfzrto total saturation.
Some significant works among these attempts can be citetblilexample Alonset al. model [2] or
Wheeleret al. contributions [28] [29].

More recently, within the framework of two state variablescriptions, the choice of an “effective
stress” accounting for positive suction appeared in teedture. This “effective stress” is referred to as
“constitutive stress” by some authors (see [25] for instdnSuch approaches combine advantages of
an effective stress (continuity of behaviour descriptibtransition between saturated and unsaturated
domains) and possibilities offered by models using two reshelent state variables. The main difficulty
inherent in this type of description lies in the formulatioihan equivalent pore pressure necessary to
define the unsaturated effective stress.

Several recent approaches proposed new definitions forffiaetiee stress. They differ mainly by
the definition of the equivalent pore pressure used in threct¥le stress definition.

This paper proposes a general formulation of an unsatuedéstbplastic model whose purpose is
to facilitate the adaptation of existing saturated elds&ijft models to partially saturated states. This
formulation will then be confronted to the various quotedimis.

Since recent unsaturated formulations are based on sinigdéoplastic models, the proposed
formulation will finally be the basis of the adaptation to ansated states of a more advanced
behaviour model in order to demonstrate the abilities anegsity of the proposed methodology.
The CJS model, originally developed by the research teakcofe Centrale de Lyon (France), will
be used and eventually validated on various loading pattiading cedometric, isotropic or triaxial
compressions and also wetting tests simulating collapsagrhenon.

2. DEFINING AN UNSATURATED BEHAVIOUR MODEL

2.1. Features to be included in an unsaturated model

Before the general formulation proposal, it seems conveniiedescribe the main characteristics of
unsaturated soils behaviour that a model should be ablettigir

Concerning the hydric behaviour of unsaturated soils (stibdito suction loadings under constant
total stress), the main observations are: (i) during a dnstep, the liquid saturation degrég
remains constant equal to unity for suctions below the dieatair entry suctiors, ; (ii) for normally
consolidated soils, irreversible deformations appeartmtions belows, while behaviour becomes
reversible above ; (iii) hysteresis phenomenon is obsedwgthg a drying-wetting cycle ; (iv) a
collapse (large void ratio decrease) may be encounteredettng paths under high mean stresses
while swelling is observed at low mean stresses.

Concerning the mechanical behaviour, a suction increafieces a strengthening of the material.
This phenomenon can be traduced by a higher elastic limiaaredtain inhibition of the plastic strains
that the soil could undergo. It has also been observed thattios increase tends to increase the
“internal confinementVia an increase in intergranular contact forces (see [16] afgf¢t example).
During shear tests at constant suction, the volumetric\nebais firstly contractant and becomes
dilatant afterwards, the dilatancy being more pronountiter suctions.

It should be noted that, in the domain of suctions comprisgtdvéen zero and., the Terzaghi’'s
effective stress is generally assumed to remain valid. The difference with “classical” saturated
soils is that the liquid pore pressure is negative. In thimdin, it could moreover be necessary to
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modify the liquid compressibility in order to account foethossible presence of occluded gaz bubbles.

2.2. Choice of independent state variables

An essential feature that should also be present in a modis iability to cross the transition
between saturated and unsaturated conditions. This tiemshould be simple to incorporate when,
for example, a numerical implementation of the model is ssyéd.

For this reason, using an effective stress in a model presameniable advantages. Only the
last approach mentioned before will be considered nextctffe stress and suction will be used as
independent state variables. It is worthy to highlight tthat denomination “effective stress” may be
ambiguous. It does not correspond to the definition propbgetierzaghi (unique independent state
variable linking stresses to strains). Indeed the effectivess used here is not sufficient to describe
the overall behaviour. As it will be seen later, suction dlgervenes explicitly in the yield surface
definition which is not the case for saturated models in whéghid pressure intervenes only indirectly
via the effective stress. However this denomination is coresebhecause of its similarities with the
standard saturated effective stress (physical intuitimthematical formulation, etc.)

2.3. Definition of the equivalent pore pressure

The formulation of an equivalent pore pressure is of firstantgnce in the elaboration of an unsaturated
behaviour model. A discussion concerning its definitionda/proposed.

From a theoretical point of view, the equivalent pore pressised in this paper is defined as the
pressure of a fluid saturating the material and inducing #imesbehaviour as that of the material in
partially saturated conditions: it is the pore pressurefaftdious fluid.

The formulation of this pore pressure is the point where mbsecent models differ from one to
another. Once the form of this equivalent pore pressureriaidtated, its effects on the mechanical
behaviour of the material are treated in similar ways in gaoldel.

It should be noted that the “effective stress approach’ddad unique elastic constitutive relation
linking both net stress and suction variations to volumengeavia the effective stress. This is in sharp
contrast to other approaches using two independent stagisbies, which use two separate relations
for the same purpose (one relation per stress variable).effiective stress approach” thus induces
some conditions on its own definition which do not appear witier approaches: a unique stress-
strain relation has to describe loadings that may concedefiendently or not) two stress variables
(net stress and suction for instance). Interested readep@sted to [24] for a developed discussion on
that subject.

3. UNSATURATED MODEL GENERAL FORMULATION

For the sake of simplicity, only isotropic behaviour is ciolesed ; extension to behaviour under
deviatoric loadings will be discussed in section 3.4.

3.1. Assumptions and definitions

General assumptions and definitions concerning the pradoseulation are now presented.
Following Coussy & Dangla [7]: (i) an equivalent pore pragsu is introduced. It is defined such
that, under saturated conditions, it would induce an edgmtdoehaviour as that of the unsaturated soil
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Figure 1. General aspect of a sorption curve: experimeleft) &nd simplified (right).

at the present state ; (ii) the tensor
oc'=0+n71 (3)

plays the role of an effective stress tensor. Terzaghitctiffe stress is supposed to remain valid as far
as suction remains below the air entry suction. Notefia} is positive for positive suctions.

Hereafter it is assumed that the equivalent pore pressandy depends on suction (it could however
have been supposed that it depends also on skeleton deifoms)at

The sorption curve (drying-wetting curve) will be idealizand supposed to be a bijection between
suction and saturation degree of the liquid phase. Hysgedesing a drying-wetting cycle is thus
neglected (see Figure 1).

A suction increase intervenes in two different ways. Rirstlintervenes as a loading. This is dealt
with by an effective stress increment as a consequence f3EdSecondly, it increases the binding
between the solid grains, hence increasing the stiffnedstangth. This second aspect is taken into
account by the state-dependent stiffness and by the inttimthof a suction hardeninggyield surface
expansion due to suction increase). In other words, yielihsea definition is:

f:f(O'/,S,X) (4)

where X is a hardening variable which may be either a tensor or arseat&éble depending on the
hardening type considered (kinematic or isotropic).

The resulting hardening laws derive from classical eldagijz modelling formalism and will be
discussed hereafter.

3.2. Generalized isotropic model

3.2.1. Pore pressure and effective stre§éhe equivalent pressuremust be defined such that a suction
increase would induce an increase of the effective stregaidt also account for the fact that Terzaghi's
effective stress is valid for suctions below air-entry \alhe continuity ofr at the saturation limit
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(s = s¢) is supposed. Hence, we will impose in the sequel:

Vs < s, m(s)=—pg+s=—pm (5a)

Vs> 50 X0 (5b)
0s

7(s) continuous ak = s, (5¢)

Several formulations of (s) are given in what follows when comparing this general foratioh to
various recent models.
According to Eq. (3), the isotropic effective stregss defined by:

p=p+m (6)

wherep is the isotropic total stress.

3.2.2. Elastic behaviour An isotropic elastic law can be formulated in an incrememtay in the
following general form :

deS = — dp’ )

whereK may depend on the stress/strain stdté,is the volumetric elastic strain increment.

3.2.3. Yield surface For a given suction, the elastic domain in terms of effecsivess is limited by

a preconsolidation pressure denopéd For a given deformation state, this limit is supposed to be a
function of the suction only. Its evolution with respect twBon is subject to some conditions imposed
by experimental observations: elastic behaviour for sucicreases above the air-entry suction and
collapse during wetting at constant high mean stresses.

As discussed previously, the description of these phenaroan only be achieved by incorporating
a second independent state variable into the yield functefimition. The choice of suction is made
here.

As both effective stress and preconsolidation pressurertepn suction, the two cited phenomena
can be simulated only if the preconsolidation pressure raoge rapidly tharp, + 7 during a suction
change. In other words, the yield surface expansion musadterfthan the effective stress increase,
hence: . Bp, + )

Pr Dg T T
0s Js ®)

As far as isotropic behaviour is concerned, the followingressions for the yield surface and
preconsolidation pressure are proposed:

flo',s,p0) =p" —pr =0 (9a)
= poli(s) + 12(s) (9b)

wherep(, andp, are the mean effective preconsolidation stresses resphrctt saturation and at a
given suction. The formulation qf, given here is inspired from the work of Loret & Khalili [20}t |
enables to include most of the quoted models.

Functiond; andl, allow to account for suction hardening. Choice of these fions is particularly
important since it determines the shape of the yield surifatiee (p’, s) plane and therefore controls
the collapse behaviour. As it will be seen later, funciipimduces moreover a coupling between suction
and mechanical hardening (Eg. 14) thus affecting the expamnate of the yield surface.

Vs > se,
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In order to satisfy conditions (5) and (8), we will imposettha

Vs < 8., li(s) =1 (10a)
dl
Vs> 8., — >0 (10b)
ds
Vs < 8ey, la(s) =0 (10c)
Vs > Se, iz >0 (10d)
ds
dly dls 6(p + 77')
/ g
— 2> 47 1
Vs > se, Py Is + Is > 55 (10e)
In consequence, the isotropic elastic boundary remainstantfor0 < s < s, that is:
VS € [07 Se]v p;r = p:) (11)

3.2.4. Flow rule The flow rule gives the plastic strain increment induced hyaallincrement. Since
an effective stress is considered for the model formulagioth by analogy with saturated models, the
flow rule must necessary be written as, for the isotropic: part

, dg
del = d\ B (12)
wheredel) is the volumetric plastic strain incremenlt) is the plastic multiplier ang is the plastic
potential.d\ can be calculated from the consistency conditipr: 0 and f = 0 by assuming plastic
loading. The plastic potentiglis identified to the yield function in a standard materiatsviework.

3.2.5. Hardening law The hardening law gives the evolution of the hardening Weiauring a
plastic loading. It can formally be written in the followingay:

dpy = dAH(pp, ) (13)

The definition of the functioft(pj,, s) depends on the model from which the adaptation is carried out
The hardening process is held by the preconsolidation press zero suctiop;, in order to allow a
simple transition between saturated and unsaturated tommsli
The hardening law having been defined, the hardening modilesin now be calculated. It is
defined by the relation:
of
a—p,odpg =—d\H (14)
Use of yield surface (Egs. 9) as well as hardening law (13)dd@ally to identify the hardening
modulus:

H =11(s) H(pp, s) (15)

This relation shows the particular role played by théunction which in addition to influencing the
shape of the yield surface in tiig/, s) plane (as doek) also allows a coupling between suction effects
and mechanical hardening thus affecting the expansiomf#te yield surface. Indeed, it can easily be
shown that the plastic multipliet\ depends on the hardening modulus so that, according to @g. 1
pp, variations depend of and thus o (s).
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3.3. Comparison with various recent approaches

The general formulation is now confronted to a few modelemndlg proposed, which use effective
stress and suction as independent state variables. Thesdsiave been chosen because they follow
different approaches and because they represent signiicatributions in their respective approach.

3.3.1. Kohgo et al. modelln [16] and [17], the authors proposed an equivalent porssue whose
definition is based on an empirical study of shear stremg#uction. They also provided a theoretical
framework based on a micromechanical approach, giving aipalymeaning to both equivalent pore
pressure and effective stress, thereby relating inteud@acontact forces to suction. This connection
gives an intuitive appreciation of what effective stress is

Their equivalent pore pressure is such that it start(at) = s. — p, and tends asymptotically at
high suctions to a value that they call the “critical suctiep.

The equivalent pore pressure is defined by:

—pg + 5 fors < s,
(16)

7(s) =

Se¢ — Se *
—pg + (se—i— s*+aes ) for s > s,
wheres* = s — s, is an effective suctiors,. anda. are parameters and defines the asymptotic limit
of .

The Modified Cam Clay model is used as the plastic driver. €oing the yield surface and the
hardening law, the authors directly gawe as a function of suction and the total volumetric plastic
strain. This formulation cannot be easily incorporatedhiea generalization proposed here. It can
however be compared to the formulation given in the Baraetandel (see [2]). This last point will be
discussed again in section 3.3.4.

3.3.2. Abou-Bekr modelln [1], the author started from a simplified micromechanivaldel on an
idealized soil (uniform-sized spherical grains stackimgprder to define analytically an equivalent
pore pressure function, similarly to the approach follovgd<ohgoet al. Inspired by the form of
this analytical function, he then went on to postulate anigog equivalent pore pressure function,
applicable to real soils.

Like in Kohgoet al., a maximum pore pressurg,.. is assumed to be reached for high suctions.
According to Abou-Bekr, this maximum equivalent pore puesss a function of surface tension at
the liquid-gas interface, of porosity and grain size disttion of the soil. The definition of,,,,. is
however based on assumptions linked to the considered striaobure. In practice, it is more adequate
to considetr,, ., as a material parameter which will have to be identified withezgiments.

Abou-Bekr proposes an equivalent pore pressure formulathich is continuously differentiable in
the whole positive suction domain, contrary to the other etsd

Vs >0, w(s)=—pg+ Tmas tanh( i > a7
Tmax

The author adapted Hujeux’s model which is quite similati® Modified Cam Clay model as far
as only isotropic stress paths are considered.
Abou-Bekr’s preconsolidation pressusée corresponds to taking the following expressions ifor
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andls:
li(s) =1 (18a)
la(s) =k (18b)
It can be seen thdi(s.) # 0. However, the author implicitly assumes thgts) = 1 andlx(s) = 0 for
all s < s, because of the experimentally observed validity of Ter?agffective stress in this domain.
Hence the yield function will be discontinuous at the tréogi between saturated and unsaturated
conditions.
The following hardening law is used by Abou-Bekr:

o \"
Hipp) = K? ( 0 ) (19)
Pref

3.3.3. Loret & Khalili model In [20] and [21], the authors based their work on the formatabf
Bishop’s effective stress (Eq. 2). According to theprgan be considered as a scale factor allowing to
integrate suction effects at the microscopic scale (aeth& bf pores) to the macroscopic behaviour (at
the scale of the representative elementary volume). Trezyiaticate that it is not correct to identify
the functiony(s) with the degree of liquid saturatidf) (s). They propose an empirical formulation for
x based on a study of shear strength of partially saturatésland described in [15].

Loret & Khalili mentioned two reasons to distinguigfis) from S;(s). On one hand, identifying
with S; would be incompatible with the use of liquid volume as an petedent state variable, since a
change ofS; would then affect simultaneously the effective stress aedituid volume, whereas they
are already interdependeria the constitutive relation. On the other hand, at high sastiwhere the
degree of liquid saturation is roughly constant, the assiompy = S; would lead to proportionality
between shear strength and suction which is not observeggrieents.

Their model is based on the mixtures theory applied to tsfhporous media. The complementary
use of the sorption curve of the soil (obtained during a dyyiretting cycle test under constant total
stress) allows the formulation of evolution laws for liquadd gas volume fractions with respect to
stress state variables. These volumetric variables aerginomitted in discussions about constitutive
behaviour of unsaturated soils but are in fact necessarywhaling with general loading paths such
as undrained tests or in boundary-value problems wherati@rs ofs and.S; are coupled with mass
and momentum conservation.

Loret & Khalili illustrated their work by adapting the Mod#il Cam Clay model. The equivalent
pore pressure used is given by:

Vs >0, m(s)=—pg+sx (20)
1 fors < s,

x(s) = (2)v fors > s (21)
s e

with v = 0.55 being a material constant.
In their model, function$; andi, take the following form:

k
hi(s) =1+ (sx—sc) (22a)

e
l2(s) = ka(sx — se) (22b)

The hardening law used is:
H(pf)) = fp() (23)
where¢ is a material parameter.
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Interfaces energy
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Figure 2. Capillary pressure curve and energy of interfaces

3.3.4. Dangla & Coussy modelin [7], athermodynamic approach was developed based ohé¢loeyt

of porous continua (see [6]). The use of this formalism a#lde obtainin fine a formulation of the
equivalent pore pressure, hence an effective stress dmfimvithin the formal framework of the two
state variables approach. The developments took into attiogenergy of the interfaces between the
three phases present in the medium.

The authors underlined that such a result consolidategitreethat an effective stress can be used
to model unsaturated porous media insofar as the undergagmptions for its construction are the
same as those which justified the pertinence of the effestiess for saturated soils.

In [11], the author used these results to adapt Modified Caay @lodel to unsaturated states. The
identification of the equivalent pore pressure requireskti@viedge of the capillary pressure curve.
The author began with a simple case where hysteresis is tabsdrthe dependence 6§ on s is
bijective. Moreover, the skeleton strain does not inteevierthis relation.

Unlike Loret & Khalili, no additional information is requed other than the functiom < S;
to describe the reversible evolution of liquid volume fiant From this viewpoint, Dangla’s model
appears to be more fundamental than that of Loret & Khalili.

In [11], the author adapted the Modified Cam Clay model. Afterenergetic approach in which
energy of phase interfaces was accounted for and introdogedeans of an energy denotéd an
equivalent pore pressure (counted positively in this paigentroduced and given in the unsaturated
domain by:

2
(s) = —pg+sSi+ 3 U (24)

This energyJ represents interfaces energy variations in referencestsaturated state and is supposed
to be a function of deformations of the skeleton and of theiticsaturation degreel/ = U (¢, S;)
where ¢ is the lagrangian porosity. Interfaces energy variatioillistrated in Figure 2. Once the
capillary pressure curve is determinétcan be calculated as:

1

U6, 5) = /S 5(6,9)dS (25)

1
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and the equivalent pore pressure is then given by:

—pg + 5 fors < s,

2 (1 (26)
,pg+sSl+§/ s(S)dS fors > s,
Sy

m(s) =

The term 2/3 multiplying the enerdy derives from the assumption concerning the dependence of
U upon skeleton deformations. It intervenesrifs) even if the skeleton deformations effects are not
accounted for in the interpretation of the capillary presswrve (see [10] for more details).

The adapted model corresponds to the following particliaiae ofi; andls:

l1(s) =1(s) (27a)
l2(s) =0 (27b)

The author proposes to use a relation of the form (27a) bogrgzes that this needs an experimental
identification of the functioii(s). Because of the lack of such data, the yield surface is atlediusing
the LC (Loading Collapse) curve of the Barcelona model ageegace. Thug/, is evaluated according
to the following identification:

P+ T =Dpg+ po (28)
where
£\ X
> ()

In (29),po andpy™ are net preconsolidation stresses for, respectively,enguctiors and at saturation
and

A(s) = A(0)[(1 = ) exp(~Bs) + 7 (30)

8, r, A(0) andx are material constants apélis introduced as a critical pressure.

Interested reader should find more details on the Barceladehin [2]: this model has not been
described in detail in this work because, as a classicateefe in unsaturated soils modelling, it is
assumed to be well-known to all.

The hardening law used by Dangla is such that:

1+ eg ,

H(pp) = mpo

(31)
whereg is the initial void ratio and\(0), x are the material constants previously mentioned.

3.3.5. General remarks Figure 3 compares formulations of the equivalent pore pressproposed
by the various models. Both approaches by Dangla and Loreh&liKdiffer from the two others in
the fact that their equivalent pore pressure do not admisgmatotic limit.

In the transition to the saturated domain, the variousicgiatverify the limit relationmt = —p;.
However, in the case of Abou-Bekr’s definition of this verification is only approximate insofar as
the pore pressure is not piecewisely-defined, contrarydamthers. The relation 4+ p, = s. when
s = s, can therefore only be verified in an approximate way by atljgsher,, .. parameter.

The hardening functions proposed by Loret & Khalili and bynDk are equivalent to that used in
the Barcelona model (Eq. 32), the first one being initiallyegiin an integral form. It suffises to impose
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Pore pressure 1t
\
\

5 — Kohgo

= = Abou-Bekr
+ Loret

= Dangla

Suction s

Figure 3. Evolution of the equivalent pore pressunith respect to suction: comparison of various models.

the conditioné = A%g)e_ﬁﬁ to effectively ensure this equivalence. The hardeningtionased in the

Barcelona model is recalled here for convenience:
dp()* 1+e

=~ P 32
Pt A0 —r " (32)

Figure 4 compares the evolutions of the various preconsiidid pressures,, with respect to suction
(underp, = 0 assumption). A particularity is attached to Abou-Bekr'sdabfor which the elastic
domain is not continuous at the transition between satiitatansaturated conditions as mentioned in
section 3.3.2.

The effective stress measure (2) proposed by Bishop is teechasen by Loret & Khalili who
proposed a particular form of function. This measure is often used in recent works witk= S;
(see for instance [4], [19], [25], [26] or [30]). This lastahe for y appears to be consistent with
thermodynamical considerations [14]. It should howevemb&ed that interfaces energy does not
appear in such formulations contrary to the formulatiorppsed by Coussy and Dangla.

3.4. Extension to a 3D-model

Extension of this isotropic model to a three dimensional ediglquite straightforward but depends on
the basis model which has to be adapted to unsaturated. states

In this section, an example with Modified Cam Clay model isspreed to illustrate the proposed
methodology when applied to models formulated in triaxiaksses space. Extension to real
3D-conditions is identical except that triaxial variablesist be replaced by their 3D invariants
counterparts.

Extension to unsaturated states of Modified Cam Clay modsulsnitted to three assumptions
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Suction s

,,,,, - =—— Abou-Bekr
= = Loret
++ Dangla

p’ = ptm

Figure 4. Evolution of the isotropic elastic boundafywith respect to suction: comparison of various models.

(see formulations based on Modified Cam Clay like for instafid] or [21]) : (i) the shape of the
yield surface in(p’, ¢) (i.e. constant suction) planes is elliptical ; (ii) the i@ state lineg = M p’
whose slopel/ does not depend on suction, intersects the yield surfate stmmetry point ; (iii) the
extension limit in terms of effective stress is null for alicsions.

The yield surface is then defined by:

flo s, 0p)=¢> = Mp" (p, —p') =0 (33)
whereq = o} — o is the triaxial deviatoric stres3/ a material constant ang, is defined by Eq. (9b).

The flow rule must also be extended to three dimensionalsstides (it is expressed here with
complete tensors but can easily be converted in terms afdtigariables):

dg dgl Og3s
de? =d\ == =d\ | === + —=—
€ 0 {6})3 0q 2q

a.l
wheree? is the plastic strain tensor ad= o’ — tr(o”’)/3 1 is the stress deviator tensor. The plastic
potentialg can be kept equal té for the sake of simplicity.
The hardening variable is conserved in this extension sb ttie hardening law (13) remains
unchanged with

(34)

1+ eg ,

/Y —
A general form of the elastic law can be defined as:
de® = C do’ (36)

wherede® is the elastic strain tensor aiid is the elastic stiffness tensor at constant suction (plyssib
depending on stress/strain state).
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It should be noted that this extension is made easier forahgsan that the shape (elliptical) of the
yield surface in constant suction planes is assumed. Orcisdtropic model is completely defined
(particularly thep! (s) function), the yield surface formulation is directly obtad. This is all the more
true as assumptions on dependency (or not)fobn suction or on limitations of the elastic domain
for extension loadings are made. It will be seen in next eadiat this is not the case with models
containing different yield surfaces for isotropic and @¢weric loading paths.

4. ADAPTATION OF CJS MODEL TO UNSATURATED SOILS

Most of recent studies on unsaturated soils behaviour rindalse simple models (for instance
Modified Cam Clay) as a basis. In the previous section, a sgigtof various recent models has lead
to a general formulation allowing to include suction effeictto a model developed for dry or saturated
soils. In this section, this formulation is used to adapté@waaced model. An interest (among others) to
adapt such a model is to benefit from its abilities to desarbee accurately the volumetric behaviour
of soils under complex loading paths.

4.1. Original CJS model

Before adapting it to unsaturated soils, the CJS model abinghis paper is briefly described. The
purpose of this paper is not to expose in a extensive way todeininterested reader should find more
information in [5], [12] and [22].

The CJS (Cambou-Jaffari-Sidoroff) model was originallyeleped for saturated granular materials
(sands and silts). Its formulation includes three strairchma@isms: one non linear elastic and two
plastic mechanisms. These two plastic mechanisms conespectively isotropic and deviatoric
loadings and are submitted to strain-hardening (isotroptbe case of the isotropic mechanism and
both isotropic and kinematic in the case of the deviatoricima@ism). For simplicity, the model version
considered here is a simplified one in the sense that isatlepidening associated to the deviatoric
plastic mechanism is disabled. However, this version iicseifit to illustrate the proposed adaptation
methodology.

4.1.1. Elastic mechanismThe elastic mechanism is nonlinear. Elastic strains areeimentally
defined by the hypoelastic-type relation:
_dIl 1 1
ok Tace
wherel] is the first invariant of stress tensor ané the stress deviator tens@éf = K§ [I1/(3 pa)]™
andG® = 3K°¢(1 —2v)/[2(1 + v)] is deduced from Poisson coefficient

Parameters associated to the elastic mechanisnik#re, andn. p, is the atmospheric pressure and
is taken as a reference datum.

de®

ds (37)

4.1.2. |Isotropic plastic mechanismThe isotropic yield surface is defined by the relation:

I/
file!, Q) =5 -Q=0 (38)
where(@ is the maximum mean effective stress to which the materialdgen submitted during its
history. Q plays the role of the hardening parameter (see Eq. (41)k Vield surface represents a

plane orthogonal t¢O I}) axis in the effective stress space (see Figure 5).
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An associated model is considered so that the isotropitiplastential associated to the isotropic
mechanism is identical to the yield surface:

gr = f1 (39)

so that the strain increment associated to the isotropgtiplmechanism is classically defined by:
0

deb = d\; aﬁ L (40)

whered); is the plastic multiplier associated to the isotropic ptastechanism.
The hardening law associated with the isotropic mechargssotropic and defined by the relation:

n 8
dQ = —K% (pQ) d)qa—g (41)

Parameters associated to isotropic mechanismigfendn.

4.1.3. Deviatoric plastic mechanisnilhe deviatoric yield surface is defined by the relation:

fp(e’, X)=qrr h(8g) — R I} =0 (42)
where
gq=s—-1L X (43)
04 is Lode’s angle ofy tensorg;; is the second invariant ef tensor and
h(0q) = (17 cos(36g)) ™ (44)
with m = 6.

R, represents the mean solid angle of the cone formed by thatdeiei yield surface in the stress
space andX represents the deviation of the cone axis fr@hl;) axis (see Figure 5) and plays the
role of the kinematic hardening parameter (see Eq. (51)).

In this version of CJS modeR, remains constant whereas in the complete elastoplastielyibid a
hardening variable thus introducing isotropic hardensspaiated to the deviatoric plastic mechanism.
A plastic potential is introduced in order to obtain a bettescription of the volumetric strains by
means of the characteristic state concept (allowing ditata contractant behaviour upon the stress

state).

This deviatoric plastic potential is not explicitly definedt implicitly via a kinematic condition
introducing a coupling between isotropié{,,) and deviatoric 7)) parts of the plastic strain tensor
associated to the deviatoric plastic mechanism:

SIT h((gs) }S:der|
deéb = -1 45
€Dv 6 ( Rc [{ SIT ( )
This results in a plastic potential defined by its gradient:
dgp  Ofp Ip
= — : 46
do’ do’ do’ nn (46)
with s
-1
n=—4L__ (47)
/ﬂIQ +3
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3 =5 {S” - 1] sign(s : de?,) (48)
SIIc
_p I
SIlc = Rcw (49)

whereel, is the plastic strain deviator associated to the deviapastic mechanism artj, is Lode’s
angle of stress deviatet
The strain increment associated to the deviatoric plastichanism is then classically defined by:

99p
do’
whered)p is the plastic multiplier associated to the deviatoric fitamechanism.

Only the kinematic hardening is conserved in this versiothef CJS model. It is defined by the
following relation giving the variations oX:

de?, = d\p (50)

;N\ —3/2
dX =d\pall [Q — o Q11 h(6y) X} ( 32 ) (51)

whereQ is defined as the deviatoric part (dey of % so that:

o=t

Parameters associated to the deviatoric plastic mechamism, 3, R., R., a andgg.

This version of CJS model thus counts 10 parameters.

Figure 5 represents the deviatoric yield surface in 3-diieeral effective stresses space. The surface
denotedf” corresponds to the rupture surface: it delimits the adiissitress states and allows to
account for rupture states that may occur under certaiasspraths. Actually, this surface is implicitly
implemented in CJS modela the laws controlling evolution of the hardening variabl&s ¢nly in
the version used here) which tends asymptotically to a laite.

mcos(39q)> % — %qncos(?ﬁq)de\(q—l)] (52)

4.2. Adaptation to unsaturated soils

4.2.1. State variablesAs previously mentioned, the two state variables are ras@éca particular
effective stress and suction. The equivalent pore presmeded for the effective stress definition is
based on the work of Dangla & Coussy [11]:

—pg+ s fors < s,

2 [ (53)
_pg+sSl+§/ s(S)dS fors > s,
Sy

m(s) =

As a first approximation, the relation between suction angreke of saturation is supposed to be
bijective. The empirical formula proposed by Brooks and éyofused by Dangla in [11]) will be
needed:

5= (%) (54)

S
wherea > 1 is a material parameter.

Copyright(© 2005 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geome@005;29:1127-1155
Prepared usingnagauth.cls



hal-00140210, version 1 - 5 Apr 2007

ADAPTATION OF BEHAVIOUR MODELS TO UNSATURATED STATES 1143

Z= 1

e
Figure 5. CJS model yield surfaces: 3-dimensional reptasien in effective stresses space.

Once the equivalent pore pressure is defined, the effedtisssis given by the relation:
o=0c+71 (55)

As shown in the methodology presentation, the modificatibthe model only concerns yield
surfaces definition. The other equations remain unchangeebé that the modified effective stress
(as defined by Egs. (3) and (53)) is used instead of the “cialsine. However, as it well be seen
later, an additional modification will be made to improveattincy description.

4.2.2. |Isotropic plastic mechanismConcerning the isotropic mechanism, the yield surface ineso
(exactly the same modification proposed in the general ftatioun):

fr= %{ - (Qo li(s)+ 12(8)) (56)

where(@), corresponds to the saturat@dparameter used in the basis model.
11 (s) andly(s) definitions are inspired from Loret and Khalili's work (segu&tions (22a) and (22b))
so that transition to saturated behaviour (Egs. 10) isfeadis

Li(s)=1+ %(s S — se) (57a)
Io(s) = ks (5 S — se) (57b)

4.2.3. Deviatoric plastic mechanismBy considering experimental observations (suction dods no
influence internal friction angle), the cone angle of thedjisurface must remain constant while
suctions varies. In order to introduce the possibility téeex (under suction increases) the elastic
domain delimited by the deviatoric yield surface, a modtfaraof the yield surface is proposed in the
following way:

fo=air M0q) — Re I — I3(s) (58)
with [3(s) being defined in the same way as functig(s) that is:
I3(s) = k3(sS1 — se) (59)
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Q(s) 11/3

Figure 6. Extended CJS model: influencelgfs) function on the deviatoric yield surface (representation i
(I1/3,qrr/h(04)) space at givefl; ands).

qr11
h(eq) fD

Qo Q(s) I7/3

Figure 7. Extended CJS model yield surfaces: representatid; /3, grr/h(0q), s) Space at givel,.

It should be noted that this proposition leads to a trarmtatif the yield surface in the direction
of tensile stresses (see Fig. 6). Figure 7 represents bett gurfaces of the adapted model in
(11/3,q11/h(0q), s) space.

Concerning the deviatoric mechanism and more particuldndy definition of the characteristic
surface, some experimental evidence tends to show that itatarety is influenced by suction
(dilatancy increases when higher suctions are appliedjedsdhe characteristic surface itself remains
independent of suction. A supplementary modification isitperformed to the original model. A
suction dependency of the dilatancy is introduced in thiefahg way:

B(s) = Bo la(s) (60)
with [4(s) being defined in the same way as functip(s) that is:
k
L(s) =1+ (s 50— 5c) (61)

Bo corresponds to th@ parameter of the initial CJS model and represents dilatahsgturation3(s)
now represents dilatancy at any given suction

In order to ensure the continuity of behaviour at the tramsisaturated-unsaturated statés,
functions are submitted to the following conditions in tléusated domain:

Vs < sep li(s) =lu(s) =1 (62a)

Vs < se, la(s) =13(s) =0 (62b)

(62c)
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The extended model thus counts 10 “saturated” constant@ndtants introduced by model’s
extension to unsaturated statés ¢oefficients) and 2 constants linked to the capillary presssurve
modeling 6. and«). Hence a total of 16 material constants have to be identifmd experimental
data.

5. VALIDATION OF THE ADAPTED MODEL

The aim of this section is to validate the adapted CJS modehkoous loading paths. These paths
correspond to homogeneous tests for which stresses,sstmathsuction fields are constant within the
sample. The model presented in this paper has been implechentomputations codes developed
with Matlab® software.

5.1. Triaxial compression paths

To begin with, consider triaxial compression paths : rathél stresss3 and suction are imposed
constant and the axial stressis increased.

The previous model is used to fit experimental data on trigkeists performed on unsaturated
compacted silt from Jossigny, France. The experimental daed in this study comes from tests
performed at constant;(=100kPa) and at 5 different imposed suctions: 0, 200, 400 a3d 1500kPa
(see [8] for more details concerning experimental procesjur

The “mechanical” parameters have been determined usingtbalzero-suction curves, whereas
the remaining parameters (directly related to the accoonufsaturation) are obtained from the
comparison of the non zero suction curves. This compariseolies both strengtle;,q) and
volumetric(ey, €,) curves.

Results are presented in Figure 8 and show a good agreenteeieneexperimental and numerical
data. Actually, only the OkPa and the 1500kPa suction curage been used in this identification but
it can be seen that the model predictions for the other sustoe pretty good. Material constants fitted
from this study are given in Table I. It can be remarked thati®h parameter has been chosen close
to zero thus implementing a nearly closed deviatoric yieldasze (assuming no previous deviatoric
hardening of the soil). It can also be seen thaunction has been disabled sinkg = 0. In other
words, the deviatoric yield surface is not affected by sarctiardening in this particular case.

The model is able to reproduce increases of the overalhstf, of the shear strength and of the
dilatant behaviour appearing when higher suctions are smgoo the sample. It should be noted that
the CJS model as used in this paper is not able to reprodutemsaf behaviour often observed after a
peak in the stress-strain curves.

The CJS model results obtained during triaxial test sinmat(see Figure 8) are compared to results
using the Barcelona Basic Model(BBM). This comparison @&tteld in Figure 9. Material parameters
are summarize in Table Il. This comparison shows the goddiabiof both models to simulate the
strength increase when the material is under partial d&daralhe proposed model however shows
its advantages when dealing with complex volumetric beasralrideed, it is able to describe dilatancy
occurrence after a contractant behavior and may rendeufiios dependent dilatancy which is not
the case with BBM.
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Figure 8. Triaxial compression testsaat=100kPa: experimental (E) data from [8] and numerical (N)dations
with adapted CJS model. Stress deviator vs axial strainvé@gtand volumetric strain vs axial strain (below).
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Figure 9. Triaxial compression testscat=100kPa: comparison between CJS (CJS) model adapted turated
soils and Barcelona Basic Model (BBM), experimental (Ejadadm [8]. Stress deviator vs axial strain (above)
and volumetric strain vs axial strain (below).
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Ov

Figure 10. Stress path followed during the collapse teseuwmddometric conditions (in vertical stress/suction
plane).

5.2. (Edometric compression paths

A collapse test is now performed under cedometric condifiatial displacements are prevented) and
confronted to experimental data on Jossigny silt obtainedlmou-Bekr in [1]. The followed stress
path is presented in Figure 10. Results are presented img=iguand demonstrate the ability of the
proposed model to simulate collapse phenomenon.

Materials constants have mainly been determined in ordérttee two constant vertical stress parts
(from A to C and from D to E (collapse) on Figures 10 and 11) thwglaining the discrepancies
between experimental and simulated data during the vestoass increase (from C to D). These
constants are summarized in Table I.

A qualitative response of the model to cedometric comprassithen given: samples are submitted
to increasing vertical stress whereas radial displacesnardg prevented and suction is imposed
constant. The initial state correspond to an initial voidbraqual to 0.7 at zero suction and is taken as
a reference for all samples. These latter are dried to eapbsead suction under isotropic conditions
(constant isotropic total stress) before being applied doroetric compression (which explains the
dispersed initial void ratios) in Figure 12.

A higher compressibility can be observed for the zero sadést. It can also be pointed out that
preconsolidation pressure increases when higher suciismposed. These results correspond to
usual observations of unsaturated soils behaviour.

5.3. Isotropic compression paths

Because the previous collapse amplitude was small and ier dodillustrate qualitatively the real
capacity of the proposed model, we simulate an other wetésgin the triaxial apparatus used in
isotropic conditions. Material constants fitted from tig@>compressions in the previous section are
used in this study.

The stress path followed during this test is presented inr€id.3 (isotropic compressions under
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Figure 11. Collapse test under cedometric conditions (éxeeittal data from [1]):void ratio vs vertical stress.
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Figure 12. Edometric compressions at imposed suction:ratiol vs vertical stress (left) and volumetric strain vs
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Figure 13. Stress path iip’, s) plane followed by the sample during the wetting test in idhapparatus.

constant imposed suctions are carried out on the sampleebafal after the wetting test: between
points A and B under a 800 kPa suction and between points E and&r a null suction). Concerning
the wetting test itself (between points B and E), a mean &itaks ofp = 620 kPa is imposed and
suction is dropped down from 800 to 0 kPa.

Results are presented in Figures 14 and 15. Between pointd B dsotropic compression is carried
out in the elastic domain whereas between points E and Rjp#dsins are observed when a certain
stress is reached (point Fo in Figure 15).

Between points B and C, an elastic behaviour is observedl{swender wetting) until the stress
state representative point reaches the isotropic yielhsar At point C, plastic contractancy (higher
than elastic dilatancy) occurs so that an apparent coatrabehaviour appears. At point D, suction
becomes lower than air entry suction and the behaviour tellastic again thus showing a swelling
part.

The model is now confronted to isotropic compression pathemsstant suctions. Material constants
fitted from triaxial compressions are used again. Expertaiefata come from tests on Jossigny silt
presented by Cui & Delage in [9].

The simulation results (Fig. 16) are qualitatively good astmbw again the model abilities to
reproduce usual aspects of unsaturated soils behavioar uadous loading paths. From a quantitative
point of view, results are suitable in general and even goodértains suctions like = 200kPa and
s = 400kPa during the loading phase. The discrepancies appeaning+ 800kPa ands = 1500kPa
cana priori be explained by an unsatisfactory simulation of the soibwaharacteristic curve (i (s)
function).
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Figure 14. Wetting test under 620 kPa isotropic stress:metuc strains vs suction.
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Figure 15. Wetting test under 620 kPa isotropic stress: ratid vs total stress.
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Figure 16. Isotropic compressions at imposed suction: raxgatal (E) data from [9] and numerical (N)
simulations with adapted CJS model. Void ratio vs total meteess.

Table I. Material constants fitted from experimental data.

Values fitted from
Material constant ~ (Unit)  Triaxial paths ~@&dometric paths

K§ (MPa) 8.0 3.5
v -) 0.125 0.3
¥ -) 0.8 0.8
R. )] 0.01 0.01
a (kPat) 0.6 0.6
b0 )] 3.9 3.9
R. ) 0.26 0.26
Bo =) -0.2 -0.2

Kb (MPa) 6.7 3.0
n )] 0.9 0.62
k1 ) 0.11 0.05
ks - 1.9 1.0
ks ) 0.0 0.0
k4 =) 0.9 0.9
Se (kPa) 15.0 30.0
«a )] 21 6.5
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Table Il. Material constants of the Barcelona model useaddonparison.

Material constant ~ (Unit)  Value

K ) 0015
u (MPa) 20
M =) 1.3
A () 0028
8 (kPa') 0.003
r -) 0.87
k @ 0.17
Pe (kPa) 0.7

6. CONCLUSIONS

A general formulation of an isotropic behaviour model fosaturated soils has been proposed after a
review of various models recently proposed in the litemat@his model is based on a two independent
state variables approach, one of which being a particulactdfe stress. This effective stress is based
on the definition of an equivalent pore pressure. It is shdvat the proposed formulation actually
encompasses a number of models recently published, wipchsent important contributions obtained
via different approaches.

This model formulation can be seen as a proposition fatiiiijathe adaptation of classical models
developed within the framework of saturated soils, in orbecover unsaturated soils behaviour.
This formulation has been applied to construct an originatlet. The basis model from which the
adaptation is carried out is an advanced one : the CJS meésladptation shows the abilities of the
general formulation here described.

A validation of the modified CJS model has been proposed orbésés of experimental data
obtained from homogeneous tests. Results are particutgdyesting: thanks to the richness of the
CJS model, the unsaturated version is able to describe exmplumetric responses of soils under
various homogeneous loading paths.

This observation leads us to think that the suggested measheftective and allows to adapt easily
existing models to unsaturated states taking advantadeedfasis models strengths.

Validations of the presented model on more complex loadaiggare under progress. They concern
pressuremeter tests (a classic geotechnitaitu investigation method) and thus include structure
effects. Results will be presented in a forthcoming paper.
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