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Abstract

A class of three-dimensional initial data characterized by uniformly
large vorticity is considered for the 3D incompressible Euler equations in
bounded cylindrical domains. The fast singular oscillating limits of the
3D Euler equations are investigated for parametrically resonant cylin-
ders. Resonances of fast oscillating swirling Beltrami waves deplete the
Euler nonlinearity. These waves are exact solutions of the 3D Euler
equations. We construct the 3D resonant Euler systems; the latter are
countable uncoupled and coupled SO(3; C) and SO(3;R) rigid body
systems. They conserve both energy and helicity. The 3D resonant Eu-
ler systems are vested with bursting dynamics, where the ratio of the
enstrophy at time ¢t = ¢* to the enstrophy at ¢ = 0 of some remarkable
orbits becomes very large for very small times ¢*; similarly for higher
norms H®, s > 2. These orbits are topologically close to homoclinic
cycles. For the time intervals where H® norms, s > 7/2 of the limit
resonant orbits do not blow up, we prove that the full 3D Euler equa-
tions possess smooth solutions close to the resonant orbits uniformly in
strong norms.
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1 Introduction

The issues of blowup of smooth solutions and finite time singularities of
the vorticity field for 3D incompressible Euler equations are still a major
open problem. The Cauchy problem in 3D bounded axisymmetric cylindrical
domains is attracting considerable attention: with bounded, smooth, non-
axisymmetric 3D initial data, under the constraints of conservation of bounded
energy, can the vorticity field blow up in finite time? Outstanding numeri-
cal claims for this have recently been disproven [Kd, [Houl], [Houd]. The
classical analytical criterion of Beale-Kato-Majda [B-K-M| for non-blow up
in finite time requires the time integrability of the L°° norm of the vorticity.
DiPerna and Lions [[Li have given examples of global weak solutions of the
3D Euler equations which are smooth (hence unique) if the initial conditions
are smooth (specifically in W1P(D), p > 1). However, these flows are really
2-Dimensional in x1, z2, 3-components flows, independent from the third co-
ordinate x3. Their examples [[DiPe-Li| show that solutions (even smooth ones)
of the 3D Euler equations cannot be estimated in WP for 1 < p < oo on any
time interval (0, T') if the initial data are only assumed to be bounded in WP,
Classical local existence theorems in 3D bounded or periodic domains by Kato
[Kd], Bourguignon-Brézis [Bou-Bi and Yudovich [Yul], [Yud] require some
minimal smoothness for the initial conditions (IC), e.g., in H*(D), s > 2.
The classical formulation for the Euler equations is

HV+(V-V)V=-Vp, V-V=0, (1.1)
V-N=0ondD, (1.2)
where 0D is the boundary of a bounded, connected domain D, N the normal

to OD, V(t,y) = (V1, Va, V3) the velocity field, y = (y1,y2,¥3), and p is the
pressure.

The equivalent Lamé form [JAr-Khe

1
0V + curlV x V+V <p + §|V|2) =0, (1.3)
V-V =0, (1.4)
Ow + curl(w x V) =0, (1.5a)
w = curlV, (1.5b)
implies conservation of Energy:
1
B0 =5 [ IVl dy. (16)
D
The helicity Hel(t) [Ar-Khd], [Mof], is conserved:
Hel(t):/ V- wdy, (1.7)
D



for D = R3 and when D is a periodic lattice. Helicity is also conserved for
cylindrical domains, provided that w-IN = 0 on the cylinder’s lateral boundary
at t =0 (see [M-N-B-(]).

From the theoretical point of view, the principal difficulty in the analysis
of 3D Euler equations is due to the presence of the vortex stretching term
(w- V)V in the vorticity equation ([.54). The equations ([L.3) and ([L.5d) are
equivalent to:

where [a,b] = curl (a x b) is the commutator in the infinite dimensional Lie
algebra of divergence-free vector fields [] This point of view has led to
celebrated developments in Topological Methods in Hydrodynamics [[Ar-Khd],
[. The striking analogy between the Euler equations for hydrodynamics
and the Euler equations for a rigid body (the latter associated to the Lie
Algebra of the Lie group SO(3,R)) had already been pointed out by Moreau
[Morlf; Moreau was the first to demonstrate conservation of Helicity (1961)
[Mor2]. This has led to extensive speculations to what extent/in what cases
are the solutions of the 3D Euler equations “close” to those of coupled 3D rigid
body equations in some asymptotic sense. Recall that the Euler equations for
a rigid body in R3 is:

m;+wxm=0, m=Aw, 1.9a)
m; + [w,m] =0, (1.9b)

where m is the vector of angular momentum relative to the body, w the
angular velocity in the body and A the inertia operator [Arl], [[Ar-Khd].

The Russian school of Gledzer, Dolzhansky, Obukhov [[G-D-(J] and Vishik
[] has extensively investigated dynamical systems of hydrodynamic type
and their applications. They have considered hydrodynamical models built
upon generalized rigid body systems in SO(n, R), following Manakhov [@]
Inspired by turbulence physics, they have investigated “shell” dynamical sys-
tems modeling turbulence cascades; albeit such systems are flawed as they
only preserve energy, not helicity. To address this, they have constructed and
studied in depth n-dimensional dynamical systems with quadratic homoge-
neous nonlinearities and two quadratic first integrals Fi, F>. Such systems
can be written using sums of Poisson brackets:

dl‘il 1 ;o : 8F1 aFQ 8F1 aFQ
— = 11%2...9p ir i k £ _ . - , 1.10
at 2 Z, ‘ Piain (axw ozis  Dais axw) (1.10)

12,0500

where constants p;,. ;, are antisymmetric in iq, ..., in.

A simple version of such a quadratic hydrodynamic system was introduced
by Gledzer in 1973. A deep open issue of the work by the Gledzer-
Obukhov school is whether there exist indeed classes of I.C. for the 3D Cauchy
Euler problem (IE) for which solutions are actually asymptotically close in



strong norm, on arbitrary large time intervals to solutions of such hydro-
dynamic systems, with conservation of both energy and helicity. Another
unresolved issue is the blowup or global regularity for the “enstrophy” of such
systems when their dimension n — oo.

This article reviews some current new results of a research program in
the spirit of the Gledzer-Obukhov school; this program builds-up on the re-
sults of for 3D Euler in bounded cylindrical domains. Following
the original approach of [B-M-N1|]-[B-M-N4] in periodic domains, ]
prove the non blowup of the 3D incompressible Euler equations for a class
of three-dimensional initial data characterized by uniformly large vorticity in
bounded cylindrical domains. There are no conditional assumptions on the
properties of solutions at later times, nor are the global solutions close to
some 2D manifold. The initial vortex stretching is large. The approach of
proving regularity is based on investigation of fast singular oscillating limits
and nonlinear averaging methods in the context of almost periodic functions
[Eo—Mi, m, [Co. Harmonic analysis tools based on curl eigenfunctions
and eigenvalues are crucial. One establishes the global regularity of the 3D
limit resonant Euler equations without any restriction on the size of 3D initial
data. The resonant Euler equations are characterized by a depleted nonlin-
earity. After establishing strong convergence to the limit resonant equations,
one bootstraps this into the regularity on arbitrary large time intervals of the
solutions of 3D Euler Equations with weakly aligned uniformly large vorticity
at t = 0. theorems hold for generic cylindrical domains, for a set
of height/radius ratios of full Lebesgue measure. For such cylinders, the 3D
limit resonant Euler equations are restricted to two-wave resonances of the
vorticity waves and are vested with an infinite countable number of new con-
servation laws. The latter are adiabatic invariants for the original 3D Euler
equations.

Three-wave resonances exist for a nonempty countable set of h/R (h
height, R radius of the cylinder) and moreover accumulate in the limit of
vanishingly small vertical (axial) scales. This is akin to Arnold tongues [Ard]
for the Mathieu-Hill equations and raises nontrivial issues of possible sin-
gularities/lack thereof for dynamics ruled by infinitely many resonant triads
at vanishingly small axial scales. In such a context, the 3D resonant Euler
equations do conserve the energy and helicity of the field.

In this review, we consider cylindrical domains with parametric resonances
in h/R and investigate in depth the structure and dynamics of 3D resonant
Euler systems. These parametric resonances in h/R are proven to be non-
empty. Solutions to Euler equations with uniformly large initial vorticity are
expanded along a full complete basis of elementary swirling waves (T? in time).
Each such quasiperiodic, dispersive vorticity wave is a quasiperiodic Beltrami
flow; these are exact solutions of 3D Euler equations with vorticity parallel
to velocity. There are no Galerkin-like truncations in the decomposition of
the full 3D Euler field. The Euler equations, restricted to resonant triplets of
these dispersive Beltrami waves, determine the “resonant Euler systems”. The




basic “building block” of these (a priori co-dimensional) systems are proven
to be SO(3; C) and SO(3;R) rigid body systems:

Ui + O — M) UnUp, = 0
Un + On = M)UnUp, =0 (1.11)
Un + Mk = M) UrUp = 0

These \'s are eigenvalues of the curl operator in the cylinder, curl®: =
+X,®F; the curl eigenfunctions are steady elementary Beltrami flows, and
the dispersive Beltrami waves oscillate with the frequencies :I: 2 ng ver-
tical wave number (vertical shear), 0 < e < 1. Physicists [ have
computationally demonstrated the physical impact of the polarization of Bel-
trami modes ®* on intermittency in the joint cascade of energy and helicity
in turbulence.

Another “building block” for resonant Euler systems is a pair of SO(3; C)
or SO(3;R) rigid bodies coupled via a common principal axis of inertia/mo-
ment of inertia:

ar = (Am — An)laman (1.12a)
am = (A — Me)Tanayg (1.12b)
an = (A — Am)lagam + (A — )\m)fa,;am (1.12¢)
am = (A — Ap)Tanag (1.12d)
ap, = (M — An)laman, (1.12¢)

where T and T’ are parameters in R defined in Theorem . Both reso-
nant systems ([L.1]) and ([L.12)) conserve energy and helicity. We prove that
the dynamics of these resonant systems admit equivariant families of homo-
clinic cycles connecting hyperbolic critical points. We demonstrate bursting
dynamics: the ratio

[[a @)l /llaO)fF, s >1

can burst arbitrarily large on arbitrarily small times, for properly chosen para-
metric domain resonances h/R. Here

[a(@®)l7- = () lun () (1.13)

n

The case s = 1 is the enstrophy. The “bursting” orbits are topologically close
to the homoclinic cycles.

Are such dynamics for the resonant systems relevant to the full 3D Euler
equations )-(@)7 The answer lies in the following crucial “shadowing”
Theorem . Given the same initial conditions, given the maximal time
interval 0 <t < T}, where the resonant orbits of the resonant Euler equations
do not blow up, then the strong norm H?® of the difference between the exact



Euler orbit and the resonant orbit is uniformly small on 0 < ¢t < T},,, provided
that the vorticity of the I.C. is large enough. Paradoxically, the larger the
vortex streching of the I.C., the better the uniform approximation. This deep
result is based on cancellation of fast oscillations in strong norms, in the
context of almost periodic functions of time with values in Banach spaces
(Section 4 of ) It includes uniform approximation in the spaces
H*, s > 5/2. For instance, given a quasiperiodic orbit on some time torus T!
for the resonant Euler systems, the exact solutions to the Euler equations will
remain e-close to the resonant quasiperiodic orbit on a time interval 0 < ¢ <
maxT;, 1 <i <[, T; elementary periods, for large enough initial vorticity. If
orbits of the resonant Euler systems admit bursting dynamics in the strong
norms H*, s > 7/2, so do some exact solutions of the full 3D Euler equations,
for properly chosen parametrically resonant cylinders.

2 Vorticity waves and resonances of elemen-
tary swirling flows

We study initial value problem for the three-dimensional Euler equations with
initial data characterized by uniformly large vorticity:

OV +(V-V)V = —Vp, V-V =0, 2.1)
~ Q
V(t,y)li=0 = V(0) = Vo(y) + e %Y (2.2)

where y = (y1,92,93), V(t,y) = (V1, V2, V3) is the velocity field and p is the
pressure. In Eqgs. (m) es3 denotes the vertical unit vector and €2 is a constant
parameter. The field V(y) depends on three variables yi, y2 and y3. Since
curl(%eg x y) = Qes, the vorticity vector at initial time ¢ = 0 is

curlV(0,y) = curlVo(y) + Qes, (2.3)

and the initial vorticity has a large component weakly aligned along es, when
) >> 1. These are fully three-dimensional large initial data with large initial
3D vortex stretching. We denote by H? the usual Sobolev space of solenoidal
vector fields.

The base flow

Q
Vi(y) = 53 XY, curlV4(y) = Qes (2.4)

is called a steady swirling flow and is a steady state solution )—(@), as
curl(Qes x V(y)) = 0. In (2.9) and (R.3), we consider 1.C. which are an arbi-



trary (not small) perturbation of the base swirling flow V(y) and introduce

Q0 -
curlV(t,y) = Qes + curlV (t,y), (2.6)
OV + curlV x V 4 Qes x V 4 curlV x V,(y) +Vp' =0, V-V =0, (2.7)
V(t,y)lt=0 = Vo(y). (2.8)

Egs. (B1) and (R-7) are studied in cylindrical domains
C={(y1.y2.43) €R*: 0 <ys <2r/a, yi +143 <R’} (2.9)

where o and R are positive real numbers. If h is the height of the cylinder,
o =2m/h. Let

T ={(y1,y2,y3) € R?:0<y; < 27/, y% +y§ = RQ}. (2.10)

Without loss of generality, we can assume that R = 1. Egs. (@) are consid-
ered with periodic boundary conditions in ys3

V(ylay23y3) :V(ylay25y3+2ﬂ-/a) (211)

and vanishing normal component of velocity on I"
V.N=V-N=0onT; (2.12)

where N is the normal vector to I'. From the invariance of 3D Euler equations
under the symmetry y3 — —ys3, Vi — Vi, Vo — V5, V3 — —Vj3, all results in
this article extend to cylindrical domains bounded by two horizontal plates.
Then the boundary conditions in the vertical direction are zero flux on the
vertical boundaries (zero vertical velocity on the plates). One only needs to
restrict vector fields to be even in ys for Vi, Vo and odd in ys for V3, and
double the cylindrical domain to —h < y3 < +h.

We choose Vo (y) in H*(C), s > 5/2. In [M=N-B-Q], for the case of “non-
resonant cylinders”, that is, non-resonant @ = 27 /h, we have established
regularity for arbitrarily large finite times for the 3D Euler solutions for €2
large, but finite. Our solutions are not close in any sense to those of the 2D

r “quasi 2D” Euler and they are characterized by fast oscillations in the eg
direction, together with a large vortex stretching term

oV ov oV
w(t,y)~VV(t,y):w10—yl+ s +w wig t>0

with leading component ‘Q V(t y)‘ > 1. There are no assumptions on

oscillations in 1, g2 for our solutions (nor for the initial condition Vo (y)).
Our approach is entirely based on sturying fast singular oscillating limits
of Egs. ([L.1))-([.5a)), nonlinear averaging and cancelation of oscillations in the



nonlinear interactions for the vorticity field for large €2. This has been devel-
oped in [B-M-N9|, [B-M-N3], and [B-M-N4] for the cases of periodic lattice
domains and the infinite space R3.

It is well known that fully three-dimensional initial conditions with uni-
formly large vorticity excite fast Poincaré vorticity waves [B-M-N2, [B-M-NJ|,
B 4, [Po]. Since individual Poincaré wave modes are related to the
eigenfunctions of the curl operator, they are exact time-dependent solutions
of the full nonlinear 3D Euler equations. Of course, their linear superposition
does not preserve this property. Expanding solutions of (@)—() along such
vorticity waves demonstrates potential nonlinear resonances of such waves.
First recall spectral properties of the curl operator in bounded, connected
domains:

Proposition 2.1 ([M-N-B-Q]) The curl operator admits a self-adjoint ex-

tension under the zero flux boundary conditions, with a discrete real spectrum
An = E|Anl, |An] > 0 for every n and |A,| — 400 as |n| — oo. The corre-
sponding eigenfunctions ®

curl®E = |\, |5 (2.13)

are complete in the space

h
JO{UGLQ(D):V~UOandU~N|aDOand/ Udz()}.
(2.14)

Remark 2.2 In cylindrical domains, with cylindrical coordinates (r,0, z), the
eigenfunctions admit the representation:

P ns = (q)nm,nz,ns (r), Po,n1,m5,n3 (T)aq)z,m,nz,ns (7)) eimeemnsza (2.15)

with ng = 0,+£1,+2, ..., ng = £1,£2,... and n; = 0,1,2,.... Here ny indexes
the eigenvalues of the equivalent Sturm-Liouville problem in the radial coor-

dinates, and n = (ny,n2,n3). See [M-N-B-G| for technical details. From now

on, we use the generic variable z for any vertical (axial) coordinate ys or xs.
For ng = 0 (vertical averaging along the axis of the cylinder), 2-Dimensional,
3-component solenoidal fields must be expanded along a complete basis for
fields derived from 2D stream functions:

e, = ((C’Uﬂ"l((bneg), ¢ne3))v bn = Pu(r,0),
7A¢n = Mn¢na ¢n|6F = 07 and
curl®, = ((curl(¢ne3), ,unqbne3)).

Here ((a, beg)) denotes a 3-component vector whose horizontal projection is
a and vertical projection is bes.



Let us explicit elementary swirling wave flows which are ezxact solutions to

(E) and (E)

Lemma 2.3 For every n = (n1,n2,n3), the following quasiperiodic (T? in
time) solenoidal fields are exact solution of the full 3D nonlinear Euler equa-

tions @)

9] Q Q
V(t,y) = s g+ exp(5 3@ (exp(— 5 I)y) exp(in

|>\3|aQt), (2.16)

ng s the vertical wave number of ®, and exp(%.]t) the unitary group of rigid
body rotations:

0 -1 0 cos(%) —sin(2) 0
J=1 0 0], e™?2=[ sin(Z) cos(Z) o0 |. (217)
0 0 0 0 0 1

Remark 2.4 These fields are exact quasiperiodic, nonaxisymmetric swirling
flow solutions of the 3D Fuler equations. Forng # 0, their second components

~ Q Q )
V(t,y) = eXp(EJt)i’n(exp(—EJt)y) eXp(iK—iaQt) (2.18)

are Beltrami flows (curlV xV = 0) ezact solutions of (£.7) with V(t = 0,y) =
@ (y)-

\/ J nsqa

V(t,y) in Eq. (R.1§) are dispersive waves with frequencies % and B |Q,

where o = 27” Moreover, each V(t, y) is a traveling wave along the cylinder’s
axis, since it contains the factor

) Q
exp zang(izimt) .
Note that ng large corresponds to small axial (vertical) scales, albeit 0 <
alng/An| < 1.

Proof of Lemma @ Through the canonical rigid body transformation for
both the field V(¢,y) and the space coordinates y = (y1, y2,y3):

Q
V(ty) = MU e M y) + STy, @ = em My, (2.19)
the 3D Euler equations (R.1)), (2.) transform into:

0, [up
U+ (curlU + Qe3) x U=-V | p— Z(|z1| + |z2]%) + — ) (2.20)

V-U=0, U(tz)|=o=U(0)= Vy(z), (2.21)



For Beltrami flows such that curlU x U = 0, these Euler equations (P.20))-
(R.21)) in a rotating frame reduce to:

U+ Qes xU+Vr=0, V-U=0,

which are identical to the Poincaré-Sobolev nonlocal wave equations in the

cylinder FEN-E), [Po]. (5o [F=KEd:

W+ Qes x U+ Vr=0, V-¥ =0, (2.22)
82 ) ) 82
3

It suffices to verify that the Beltrami flows W, (¢, z) = ®,(x) exp (ii%ﬂt),

where ®(z) and +|\,| are curl eigenfunctions and eigenvalues, are exact
solutions to the Poincaré-Sobolev wave equation, in such a rotating frame of
reference.

Remark 2.5 The frequency spectrum of the Poincaré vorticity waves (solu-
tions to (R.29)) is exactly £ifx*5Q, n = (n1,m2,n3) indeving the spectrum
of curl. Note that ng = 0 (zero frequency of rotating waves) corresponds to
2-Dimensional, 3-Components solenoidal vector fields.

We now transform the Cauchy problem for the 3D Euler equations (E)—
(E) into an infinite dimensional nonlinear dynamical system by expanding
V(t,y) along the swirling wave flows (P.16))-(P.1§):

Q
Vity) = Fes xy
(2.24a)

+exp (%Jt) { Z u, (t) exp (ii%(lt) ®, (exP (—%Jt) y) }

n=(n1,n2,n3)

(2.24b)
V(t=0,y) = %es x y+ Vo(y)
(2.24c)
Vo) = Y un(0)@a().
ntmma) (2.24d)

where @®,, denotes the curl eigenfunctions of Proposition 2.1 if ng # 0, and
Pd, = ((curl(qbne;;), qﬁneg)) if ng =0 (2D case, Remark 2.2).

As we focus on the case where helicity is conserved for (R.1)-(R-2), we

consider the class of initial data \70 such that ||

curlVo-N=0onT,

10



where I is the lateral boundary of the cylinder.

The infinite dimensional dynamical system is then equivalent to the 3D
Euler equations (R.1)-(R.9) in the cylinder, with n = (n1, n2, n3) ranging over
the whole spectrum of curl, e.g.:

du,, . n3 k3 m3 ) )
_— = — ex 7 +— 4+ — + — aQt
dt ka p( ( Pl = T Dol
k3+77,13:7l3 (2'25)

k2+ma=n2

X < curl®y X ®,,, By, > ug(t)uy,(t)

here
curl®i = £\, @5 if ks #0,
curl®;, = ((curl((bkeg), ukd)keg)) if k3=0

(2D, 3-components, Remark 2.2), similarly for ms = 0 and n3 = 0. The inner
product < , > denotes the L? complex-valued inner product in D.

This is an infinite dimensional system of coupled equations with quadratic
nonlinearities, which conserve both the energy

Et) =) |ua (1)

and the helicity
Hel(t) = > +[An] [ujs ()]

The quadratic nonlinearities split into resonant terms where the exponential
oscillating phase factor in (2.28) reduces to unity and fast oscillating non-
resonant terms (€ >> 1). The resonant set K is defined in terms of vertical
wavenumbers ks, ms,n3 and eigenvalues £\, =\, £\, of curl:
k m n
K:{i—3i—3i—3:0,n3:k:3—|—m3,712:k:2+m2}. (2.27)
A Am A
Here ks, mo, no are azimuthal wavenumbers.
We shall call the “resonant Euler equations” the following co-dimensional
dynamical system restricted to (k,m,n) € K:

du,

-+ Y <curl®; x B, @y, > wguy, =0, (2.28a)
(k,m,n)eK
u,(0) =< Vg, ®, >, (2.28b)

here curl® = £A\®F if ks # 0, curl®y, = ((curl(¢res), prdres)) if ks = 0;
similarly for mg = 0 and ng = 0 (2D components, Remark 2.2). If there
are no terms in (2.284) satisfying the resonance conditions, then there will be
some modes for which % =0.

11



Lemma 2.6 The resonant 3D Fuler equations @) conserve both energy
E(t) and helicity Hel(t). The energy and helicity are identical to that of the

full exact 3D Euler equations (@)-@)

The set of resonances K is studied in depth in [M-N-B-G]. To summarize,
K splits into:

(i) O-wave resonances, with ng3 = k3 = ms = 0; the corresponding reso-
nant equations are identical to the 2-Dimensional, 3-Components Euler
equations, with I.C.

1 [~
E/ Vo(y1,y2,y3) dys.
0

(ii) Two-Wave resonances, with ksmgns = 0, but two of them are not null;
the corresponding resonant equations (called “catalytic equations”) are
proven to possess an infinite, countable set of new conservation laws

[M-N-B-G.
(iii) Strict three-wave resonances for a subset K* C K.

Definition 2.7 The set K* of strict 3 wave resonances is:

k
K* = {i—gi%iﬁ O,kgmgng#(),ngkqumg,ngk2+m2}.

(2.29)

Note that K* is parameterized by h/R, since o« = QT“ parameterizes the eigen-
values A,, Ak, Am of the curl operator.

Proposition 2.8 There exist a countable, non-empty set of parameters % for
which K* # &.

Proof. The technical details, together with a more precise statement, are
postponed to the proof of Lemma E Concrete examples of resonant ax-
isymmetric and helical waves are discussed in [Mal]] ( cf. Figure 2 in the
article).

Corollary 2.9 Let foh Vo(y1,y2,y3) dys = 0, i.e. zero vertical mean for the
1.C. Vo(y) m @), (@), (2.24d) and (12.28H). Then the resonant 3D Euler

equations are invariant on K*:

du,
Y M <@ x P, By > wpuy, = 0, kymang £0,  (2.30a)
dt (k,m,n)eK*

u,(0) =< Vo, ®,, > (2.30b)

(where Vo has spectrum restricted to ns #0).

12



Proof. This is an immediate corollary of the “operator splitting” Theorem
3.2in [M-N-B-G. ®

We shall call the above dynamical systems the “strictly resonant Euler
system”. This is an co-dimensional Riccati system which conserves Energy
and Helicity. It corresponds to nonlinear interactions depleted on K*.

How do dynamics of the resonant Euler equations ) or (.30)) approx-
imate exact solutions of the Cauchy problem for the full Euler equations in
strong norms? This is answered by the following theorem, proven in Section

4 of [M-N-B-GJ:

Theorem 2.10 Consider the initial value problem
Q . .
V(t:O,y):EegxynLVo(y), Vo e H, S>7/2

for the full 3D Euler equations, with ||\~70||H§ < M? and curlVy-N =0 onT.

o Let V(t,y) = %eg Xy + V(t,y) denote the solution to the exact Euler
equations.

o Let w(t,z) denote the solution to the resonant 3D Euler equations with
Initial Condition w(0,2) = w(0,y) = Vo(y).

o Let [|w(t,y)|lus < My(Tar, M?) on 0 <t <Th, s>7/2.

Then, Ve > 0, 3 Q*(Tar, M2, €) such that, ¥VQ > Q*:

~ JQt —i 23 o _Jat
[Vt e (557 {Zun@)e ety (o zy>}HHBge

on0<t<Ty, V8>1, B<s—2. Here||-||ys is defined in ([L.13).

The 3D Euler flow preserves the condition curlVo-N = 0 on T, that is
curlV(t,y) - N = 0 on T, for every ¢ > 0 [M-N-B-(]. The proof of this
“error-shadowing” theorem is delicate, beyond the usual Gronwall differential
inequalities and involves estimates of oscillating integrals of almost periodic
functions of time with values in Banach spaces. Its importance lies in that
solutions of the resonant Euler equations (R-2§) and/or (R-30) are uniformly
close in strong norms to those of the exact Euler equations (2.1)-(R-2), on
any time interval of existence of smooth solutions of the resonant system.
The infinite dimensional Riccati systems (.24) and (R.3()) are not just hydro-
dynamic models, but exact asymptotic limit systems for € > 1. This is in
contrast to all previous literature on conservative 3D hydrodynamic models,

such as in [G-D-0].
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3 Strictly resonant Euler systems: the SO(3)
case

We investigate the structure and the dynamics of the “strictly resonant Euler
systems” (R.3]). Recall that the set of 3-wave resonances is:
ks

K*:{(kaman):i_i%iﬂ:0,k3m3n3750,
Ak Am An (3.1)

ng = ks +msz,ng = ko —l—mg}.

From the symmetries of the curl eigenfunctions ®,, and eigenvalues A, in the
cylinder, the following identities hold under the transformation ne — —nao,
ng — —ns

@(Tll, —nNa, 7713) = <I>*(n1, na, ng) ,

3.2
A(ni, —ng, —n3) = A(n1,n2,n3). (3:2)

where * designates the complex conjugate (see Section 3, [M-N-B-Gf for
details).  The eigenfunctions ®(ny,n2,n3) involve the radial functions

Jny (B(n1,n2,anz)r) and J;_(B(n1,n2, ang)r), with

N (n1,n2,n3) = B%(n1,na, anz) + a’n3;

B(n1,na, ang) are discrete, countable roots of equation (3.30) in [M-N-B-Q],

obtained via an equivalent Sturm-Liouville radial problem. Since the curl
eigenfunctions are even in r — —r, n; — —np, we will extend the indices
ny = 1,2,...,400 to —n; = —1,—2,... with the above radial symmetry in
mind.

Corollary 3.1 The 3-wave resonance set K* is invariant under the symme-
tries o5, 7 =0,1,2,3, where

= (nh na, n3)7

= (*nla n2, Tlg),

= (n17 —n2, n3)

= (n17n27 _n3) .

oo(n1,n2,n3
01 (n17 n2,n3
0'2(7117 n2,n3

e e e

o3(ni,n2,n3

Remark 3.2 For 0 <i<3, 0<j <3, 0<l§30J2»=Icl7 0;0; = —oy if
i # j and o;050; = —1d, for i # j # 1. The o; do preserve the convolution
conditions in K*.

We choose an « for which the set K* is not empty. We further take the
hypothesis of a single triple wave resonance (k, m,n), modulo the symmetries
gj:

Hypothesis 3.3 K* is such that there exists a single triple wave number
resonance (n,k,m), modulo the symmetries o;, j = 1,2,3 and o;(k) #
k, oj(m)#m, oj(n) #n for j =2 and j = 3.

14



Under the above hypothesis, one can demonstrate that the strictly resonant
Euler system splits into three uncoupled systems in C3:

Theorem 3.4 Under hypothesis @, the resonant Fuler system reduces to
three uncoupled rigid body systems in C3:

au, .

dU

d—t’“ — i = An)ChmnUn U, =0 (3.3b)
dUp, .

— =i = M) CrmnUnUf = 0 (3.3¢)

where Crmp =1 < ®p X ®py, ®F >, Cipn real and the other two uncoupled
systems obtained with the symmetries o2(k, m,n) and o3(k,m,n). The energy
and the helicity of each subsystem are conserved:

d
%(UkU,: +UnU;, +UUS) =0,

d
ﬁ()\kUkU,j + A Un U+ A ULUL) = 0.

Proof. It follows from U_; = U}, A(—k) = A(+k), similarly for m and
n; and in a very essential way from the antisymmetry of < ®; x ®,,, &) >,
together with curl®y = Ay ®y. That Ckm,y is real follows from the eigenfunc-

tions explicited in Section 3 of [M-N-B-GJ. W

Remark 3.5 This deep structure, i.e. SO(3;C) rigid body systems in C? is
a direct consequence of the Lamé form of the full 3D Fuler equations, cf. FEqgs.
(@) and @), and the nonlinearity curlV x V.

The system (@) is equivariant with respect to the symmetry operators
(21,22, 23) = (21, 23, 23), (21, 22, 23) — (exp(ix1)21, exp(ix2)z2, exp(ixs)zs) ,

provided x1 = X2 + x3. It admits other integrals known as the Manley-
Rowe relations (see, for instance [We-Wil]). It differs from the usual 3-
wave resonance systems investigated in the literature, such as in [],
[Fak-Mand], [Gu-M4d] in that

(1) helicity is conserved,

(2) dynamics of these resonant systems rigorously “shadow” those of the
exact 3D Euler equations, see Theorem .

Real forms of the system (B.3) are found in Gledzer et al. [G-D-O]}, corre-
sponding to the exact invariant manifold Uy € iR, U,, € R, U, € R, albeit
without any rigorous asymptotic justification. The C? systems () with
helicity conservation laws are not discussed in [[G-D-{].
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The only nontrivial Manley-Rowe conservation laws for the resonant sys-
tem (@), rigid body SO(3; C), which are independent from energy and he-
licity, are:

d
o7 (rermrn sin(@, — 0 — 6,,)) =0,

where U; = r;jexp(i0;), j = k,m,n, and

&=\ — )\m)ri — (A — /\n)r,%,
Er = Am — ATk — (A — A2,

The resonant system (E) is well known to possess hyperbolic equilibria
and heteroclinic/homoclinic orbits on the energy surface. We are interested
in rigorously proving arbitrary large bursts of enstrophy and higher norms
on arbitrarily small time intervals, for properly chosen h/R. To simplify
the presentation, we establish the results for the simpler invariant manifold
Uk € iR, and U, U, € R.

Rescale time as:

t— t/Ckmn-

Start from the system

Upn +i(Ak — An)UrUp = 0
U — i(Am — M) UU, =0 (3.4)
Un — i(An — M) UUf =0
Assume that Uy € iR and that U,,, U, € R: set p = iUy, ¢ = Uy, and r = U,,
as well as A\, = A\, A\, = p and A\, = v: then
P+ (= v)ar =
G+ wv—=XNrp=0 (3.5)
P+ A —ppg=0

This system admits two first integrals:

E=p4+¢+12 (energy)

3.6
H =\ + pg® + vr? (helicity) (3.6)

System @) is exactly the SO(3, R) rigid body dynamics Euler equations,
with inertia momenta I; = \A_l'\’ j=k,m,n []
J

Lemma 3.6 ([Ard]), [G-D-Q]) With the ordering A > A > A, €. X > pu >
v, the equilibria (0,%1,0) are hyperbolic saddles on the unit energy sphere,
and the equilibria (£1,0,0), (0,0,%+1) are centers. There exist equivariant
families of heteroclinic connections between (0,41,0) and (0,—1,0). FEach
pair of such connections correspond to equivariant homoclinic cycles at (0, 1,0)
and (0,—1,0).
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We investigate bursting dynamics along orbits with large periods, with
initial conditions close to the hyperbolic point (0, £(0),0) on the energy sphere
E. We choose resonant triads such that A\ > 0, A, < 0, A ~ [An|, [Am| < Ag,
equivalently:

A>p>v, v <0, |pl < Aand A~ |y (3.7)
Lemma 3.7 There exist h/R with K* # &, such that
A > A > Ay, ApAn <0, |>\m| < Ak and A ~ |/\n|

Remark 3.8 Together with the polarity £+ of the curl eigenvalues, these are
S-wave resonances where two of the eigenvalues are much larger in mod-
uli than the third one. In the limit |k|, |m|, |n] > 1, g ~ %|k|, Am ~
+|m|, An ~ £|n|, the eigenfunctions ® have leading asymptotic terms which
involve cosines and sines periodic in r, cf. Section 3 . In the
strictly resonant equations ), the summation over the quadratic terms
becomes an asymptotic convolution in ny = k1+n1. The resonant three waves
in Lemma B.] are equivalent to Fourier triads k +m = n, with |k| ~ |n|
and |m| < |k|, |n|, in periodic lattices. In the physics of spectral theory of
turbulence [[Fri], [@], these are exactly the triads responsible from transfer of
energy between large scales and small scales. These are the triads which have
hampered mathematical efforts at proving the global regularity of the Cauchy
problem for 3D Navier-Stokes equations in periodic lattices [E]

Proof of Lemma .7 (M=N-B-{]) The transcendental dispersion law for

3-waves in K* for cylindrical domains, is a polynomial of degree four in ¥3 =
1/h?:
P(¥3) = Py93 + P30 + Pod3 + P + Py =0, (3.8)
with no = ko + mo and nz = k3 + ms.
2 2 2
Then with hy = M’ — w, B, = w, of.
3 3 3

the radial Sturm-Liouville problem in Section 3, [}, the coefficients
of P(¥3) are given by:

P, = -3

Py = —A(hy + by + ),

Py = —6(hyhm + hihy + hinhy),

P = —12hihpmhn,

Py = h2h2 +hin% + h2 k2 — 2(hihmh? + hihoh2, 4 hyhoh?).
Similar formulas for the periodic lattice domain were first derived in [B-M-NZ],

[B-M-NJ], [B-M-N4]. In cylindrical domains the resonance condition for K*
is identical to

1 1 1
+ + + =0,
\/193 + hk \/793 + hm \/793 + hn
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with 95 = 75, hy = B2(k)/k3, hp = B*(m)/m3, h, = 5%(n)/n}; Eq. (B.§) is

the equivalent rational form.

From the asymptotic formula (3.44) in [M-N-B-G], for large 3:

T

B(ny,na,n3) ~n1ﬂ+n2§ +Z + 1, (3.9)
where ¢ = 0 if lim 2—2% = 0 (e.g. h fixed, my/m3 — 0) and ¢ = £7 if
lim 2—2% = +oo (e.g. e fixed, h — o0). The proof is completed by taking

leading terms Py+95P, in @), V3 = % < 1l,and mg =0, ky = O(1), ny =
o1). m

We now state a theorem for bursting of the H? norm in arbitrarily small
times, for initial data close to the hyperbolic point (0, E(0),0):

Theorem 3.9 (Bursting dynamics in H3). Let A > p > v, \v <0, |u| < A
and X ~ |v|. Let W(t) = X°p(t)? + uq(t)? + v5r(t)? the H3-norm squared of
an orbit of ([3.3). Choose initial data such that: W(0) = ASp(0)? + 16¢(0)?
with A°p(0)? ~ W (0) and pq(0)? ~ SW(0). Then there exists t* > 0, such
that .
1/A
Wit)>=(—1] W(
0=1(3) wo
where t* < \/%MQLH(A/WD()\/WDA-

6
Remark 3.10 Under the conditions of Lemma @, (%) > 1, whereas

w2 (Ln(\/|u)(N/|p))~t < 1. Therefore, over a small time interval of length
O (Ln(N/|uD) (N |u) ™) < 1, the ratio |[U(t)[|g=/I[U(0)]| = grows up to
a mazimal value O ((A/|p])?) > 1. Since the orbit is periodic, the H® semi-
norm eventually relaxes to its initial state after some time (this being a mani-
festation of the time-reversibility of the Euler flow on the energy sphere). The
“shadowing” theorem with s > 7/2 ensures that the full, original 3D Eu-
ler dynamics, with the same initial conditions, will undergo the same type of
burst. Notice that, with the definition ([1.13) of || - ||+, one has

[[Qes x y||gs = ||curl®(Qes x y)||zz = 0.

Hence the solid rotation part of the original 3D Euler solution does not con-
tribute to the ratio ||V ()| g3 /|[V(0)]| -

Theorem 3.11 (Bursting dynamics of the enstrophy). Under the same con-
ditions for the S-wave resonance, let Z(t) = N2p(t)? + u?q(t)? + v2r(t)? the
enstrophy. Choose initial data such that Z(0) = A\?>p(0)? + u2q(0)? + v2r(0)?

with A*p(0)? ~ 12(0), p2q(0)* ~ $E(0). Then there exists t** > 0, such that

e (3

where t** < %\/?O)Ln M/ [l) M)~
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Remark 3.12 [t is interesting to compare this mechanism for bursts with ear-
lier results in the same direction obtained by DiPerna and Lions. Indeed, for
each p € (1,00), each 6 € (0,1) and each t > 0, Di Perna and Lions [DiPe-Li]
constructed examples of 2D-8 components solutions to Fuler equations such
that

[IVOO)||wie <€ while ||V(@)|lwre >1/0.

Their examples essentially correspond to shear flows of the form

u(x2)
V(t,xl,:cg) = 0
w(zy — tu(ze), x2)

where u € W;Z’p while w € W;Z’p. Obviously

(02 — tu/ (22)01)w(z1 — tu(xza), x2)
curlV(t, z1,x2) = —o1w(zy 7(tu(>x2),xg)

p

locs €xCept for the term

Thus, all components in curlV (t,z1,x2) belong to L
—tu'(x2)01w(r1 — tu(xs), T2) .

For each t > 0, this term belongs to LP for all choices of the functions u €
Wzlf and w € ngmz if and only if p = co. Whenever p < oo, DiPerna and
Lions construct their examples as some smooth approzimation of the situation
above in the strong WP topology.

In other words, the DiPerna-Lions construction works only in cases where
the initial vorticity does not belong to an algebra — specifically to LP, which
is not an algebra unless p = oco.

The type of burst obtained in our construction above is different: in that
case, the original vorticity belongs to the Sobolev space H?, which is an algebra
in space dimension 3. Similar phenomena are observed in all Sobolev spaces
HPB with 3 > 2 — which are also algebras in space dimension 3.

In other words, our results complement those of DiPerna-Lions on bursts
in higher order Sobolev spaces, however at the expense of using more intricate
dynamics.

We proceed to the proofs of Theorem B.9 and B.11]. We are interested in
the evolution of

2= \p? + 12?4 v2r? (enstrophy) (3.10)
Compute
E= 2N (u—v)+ 2w =)+ (A= p) pgr (3.11)
then .
(par) = —(n = v)g*r* = (v = Nr*p? — (A — p)p*¢® (3.12)
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Using the first integrals above, one has

P’ E
Van | ¢® | = | H (3.13)
r? =
where Van is the Vandermonde matrix
1 1 1
Van=| X pu v
A2 2 2
For \ # p # v # A, this matrix is invertible and
pv —(ptv) 1
A= A=v)  A=p)A=v) A=) (A-v)
Van-1! = 2 —(v+A) 1
(k=) (u=2)  (p—v)(p=X)  (p—v)(p—X)
Ap —(Atp) 1
=N—-p)  @=Nw-p) (@=N(v—p)
Hence 1
2 —_—
pPr=———"——CE-(p+v)H +wk
G ) )
1
2 -
¢ =————(E-(v+ANH+Vv\E 3.14
G & NI AR (8.14)
1
2 -
rv=—"-——" " (E— (AN uH+ \uFE
o & )
so that

(4= )gtr? — B W ENH +AE) (2= O\ + p)H + i)
A=A =v)(p—v)

E-A+wH+ME) (E— (p+v)H + wE)
A=A =v)(p—v)

E-(p+v)H+wE)(E-(v+A\H +VvAE)
A=A =v)(p—v)

A= wp’e® = —
Later on, we shall use the notations

v (i) = (i + W) — B
zo (A, p,v) = (w+ ANH — pAE (3.15)
xy(\pv)=AN+v)H — WE

Therefore, we find that = satisfies the second order ODE
E=—2Ky ., (E—2_(\ 1, 0))(E — zo(\, 11, v))

+(E - :CO()‘v Hes V)) E- ‘TJr()‘a Hy V)) + (E - :CJr()‘v Hes V))(E - :EO()‘a Hy V)))
which can be put in the form

é = _QKNIMVP//\,;L,U(E) (316)
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where P, is the cubic
P (X) = (X =2 (A g, V))(X =20 (A i, ) (X =2 (A, ) (3.17)

and
N(p—v)+pPv =N+ 1A —p)

A=A =v)(p—v)

In the sequel, we assume that the initial data for (p, ¢, r) is such that

r(0) =0,  p(0)(q(0) #0

Ky v = (3.18)

Let us compute

zo (A, 1, v) = Ap(0)® + p2q(0)? (3.19)

v+ UA
e Ouno) = X0 + (52 - 23 g0
0 0
We shall also assume that
A>p>v, v <0, lp| < Aand A ~ || (3.20)

Then K, > 0 —in fact Ky, , ~ 2, and Z is a periodic function of ¢ such
that
inf 2(t) = xo(A\, p,v), supZE(t) = x (A, p,v) (3.21)
teR teR

with half-period

1 T4 (Aop,v) dx
P = 2/ K uw /zow,u) —Pa () (@22)
We are interested in the growth of the (squared) H? norm
W(t) = Aop(t)? + ulq(t)* + vor(t)? (3.23)
Expressing p?, ¢? and 2 in terms of E, H and Z, it is found that
wo NE—z-Apy))  pPE-zi(Apy))  VE (A pv)) (3.24)

C—wO—v)  =)E—-N CEROE

Hence, when = = x4 (\, i, V), then

A (M pv) —z- A pr)) | V@O p) = 20(dpv))
A =n)A-v) (v =N —p)

o My Npy) —z- (A pv))

- A=A =)

W =
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Let us compute

e Qo) = - (o) = (= w3 = (02 +

> —vAq(0)? ~ A?q(0)*

(3.25)
We shall pick the initial data such that
W (0) = A°p(0)° + 1%q(0)® with A°p(0)* ~ §W(0) and p°q(0)* ~ 3W(0)
(3.26)
Hence, when Z reaches x4 (A, u, V), one has
A8q(0)? A8 A6
W > ~1 W(0) ~1=W(0). (3.27)

TA=wA—v) A=A =v)

Hence W jumps from W(0) to a quantity ~ —f‘L—OW(O) in an interval of time
that does not exceed one period of the Z motion, i.e. 217 , .. Let us estimate
this interval of time. We recall the asymptotic equivalent for the period of an
elliptic integral in the modulus 1 limit.

Lemma 3.13 Assume that x— < xg < x4. Then

dz 1 ! 1
~ n
Vi@ -z )(z—wo)(zy —x)  VI+— 2= 1— /2=
T4 —T—
uniformly in x_, xo, and x4 as %;c“ — 1.
Here
1 < 1 w 2
Ve p,v) —a— (A p,v) ~ 1 /A2q(0 A\ W(0)
Next
‘TO()\)M’V) —ZC_()\,IU,,Z/) = ()‘_M)()‘ - V)p(0)2 (328)
so that
1 1

L=\ f - \/ L~ OB S a0
=)A= v)p(0)? + (uv + A) — vA — p1?)q(0)?
2(A = p)(A = v)p(0)?
_a(0)?  W(0)/2p° X

2p(02 ~ 2W(0)/2X8 _ 248
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Hence

() < T G)
My < ——Z (=) < LLadE Y 3.29
ot W) A \2u8 wo) »  \u (3:29)

Conclusion: collecting (B.26)), (B.27) and (B.29), we see that the squared H?
norm W varies from W (0) to a quantity ~ pSW(0) in an interval of time

< \/I}VQ—(O)%' (Here p = A/p).

We now proceed to obtain similar bursting estimates for the enstrophy.
We return to (B-21) and (B-29). Pick the initial data so that

_ . 1_ 1_
2(0) = A*p(0)” + 1*q(0)” with A*p(0)* ~ SE(0) and ?q(0)* ~ SE(0).
Then
er()‘a,U'vV) - :L',()\,lu,,I/)
v+ vA
= O = w0+ (LR 1) W2q(0)?
2 2 2 2 )\2
~ 2Np(0)? + X2q(0)® ~ - 5(0)
while

2o, v) — 2 (A ,v) = (A = ) = 2)p(0)° ~ 2X%p(0)? ~ E(0).

Hence, in the limit as p = A\/|u| — +00, one has

1 1 1
2T/\7M7V ~ — In —
2v2 \/p?Z(0) 1-/1- 555
1 1 1 1 Inp

= ~In ~ —£.
2y/220)p 1—-4/1-2p"2 /25(0) p
And = varies from
xO(Avﬂa V) = E(O) to er()‘a My V) ~ pQE(O)

on an interval of time of length 77 ,,. W

4 Strictly resonant Euler systems: the case of
3-waves resonances on small-scales

4.1 Infinite dimensional uncoupled SO(3) systems

In this section, we consider the 3-wave resonant set K* when

1
K%, [ml?, nf* > 2 <<l
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i.e. 3-wave resonances on small scales; here |k|? = k? + k3 + k3, where
(k1, k2, ks) index the curl eigenvalues, and similarly for |m|?, |n|?. Recall
that ko + mao = ng, ks + mg = n3 (exact convolutions), but that the sum-
mation on k1, my on the right hand side of Egs. ) is not a convolution.
However, for |k|?, |m|?, |n|*> > 7]—12, the summation in ki, m; becomes an
asymptotic convolution. First:

Proposition 4.1 The set K* restricted to |k|?, |m|?,|n|* > 77%’ Vn,0<n<1
is not empty: there exist at least one h/R with resonant three waves satisfying
the above small scales condition.

Proof. We follow the algebra of the exact transcendental dispersion law

(B-g) derived in the proof of Lemma [B.4. Note that P(v3) < 0 for 93 = =
Mfamd) = 0, say in the specific limit
3

— 0, and B(m1, ma, amsz) ~ mim+ma%§ + 5. Then Py = hih2 > 0 and

large enough. We can choose h,,, =

h
2mwms

P(¥3) must possess at least one (transcendental) root 93 = 7z N

In the above context, the radial components of the curl eigenfunctions in-
volve cosines and sines in E—RT (cf. Section 3, [MEN-B-@)) and the summation in
k1, my on the right hand side of the resonant Euler equations (R-30]) becomes
an asymptotic convolution. The rigorous asymptotic convolution estimates are
highly technical and detailed in [Fro-M-N]. The 3-wave resonant systems for
|k, |m|?, |n|? > 77% are equivalent to those of an equivalent periodic lattice

[0,27] % [0,27] x [0, 27h], ¥5 = ;5; the resonant three wave relation becomes:

N

1
2 2\ T2 k2 k2 -
:|:<193+191n_§+192%> :|:<193+191 L0y 2)

n3 3 k3 k3
m32 m3 -3
+ 193+191—2+192—2 =0, (41&)
m3 m3
k+m =mn, kymsng # 0. (4.1b)

The algebraic geometry of these rational 3-wave resonance equations has been
investigated in depth in [B-M-NJ] and [B-M-N4]. Here ©;, ¥, ¥3 are periodic
lattice parameters; in the small-scales cylindrical case, ¥; = 93 = 1 (after
rescaling of na, ko, ma), U3 = 1/h%, h height. Based on the algebraic
geometry of “resonance curves” in [B-M-NJ|, [B-M-N4], we investigate the
resonant 3D Euler equations (R.30) in the equivalent periodic lattices.

First, triplets (k,m,n) solution of (f.1]) are invariant under the reflec-
tion symmetries og, 01, 02, 03 defined in Corollary @ and Remark @: oo =
Id, O'j(k) = (61'7]']{31'), 1 S ) S 3, €5 = +1 if 4 7&], €5 = —1ifq :j, 1 S j S 3.
Second the set K* in (1)) is invariant under the homothetic transformations:

(k,m,n) — (vk,ym,yn), v rational. (4.2)
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The resonant triplets lie on projective lines in the wavenumber space, with
equivariance under o;, 0 < 7 < 3 and y-rescaling. For every given equivariant
family of such projective lines, the resonant curve is the graph of 3—? Versus

g—f, for parametric domain resonances in 1, 2, 3.

Lemma 4.2 (p.17, [B-M-N4]). For every equivariant (k,m,n), the resonant
curve in the quadrant ¥1 > 0,99 > 0,93 > 0 is the graph of a smooth function
U3/ = F(92/01) intersected with the quadrant.

Theorem 4.3 (p.19, [B-M-N4]). A resonant curve in the quadrant 93/9, > 0,
Y2/91 > 0 is called irreducible if:

det | m3 m3 m? | #0. (4.3)
3 2 2

ny nj ng

An irreducible resonant curve is uniquely characterized by six mnon-negative
algebraic invariants Py, P2, R1, Ro, S1, Sa, such that

2 2 2 2 2 m2
{nl E}{P%,P%}, {%7%}{7?’?’7?’%}7 {ml @}{812’822}7

137 2 37 002
nz N3 m3z mg3
and permutations thereof.

Lemma 4.4 (p. 25, [B-M-N4]). For resonant triplets (k,m,n) associated to

a giwen irreducible resonant curve, that is verifying Eq. @), consider the
convolution equation n =k + m. Let o;(n) #n, Vi, 1 <i < 3. Then there
are no more that two solutions (k,m) and (m,k), for a given n, provided

the siz non-degeneracy conditions (3.39)-(3.44) in for the algebraic

invariants of the irreducible curve are verified.

For more details on the technical non-degeneracy conditions, see the Ap-
pendix. An exhaustive algebraic geometric investigation of all solutions to
n = k + m on irreducible resonant curves is found in [B 4]. The essence
of the above lemma lies in that given such an irreducible, “non-degenerate”
triplet (k,m,n) on K*, all other triplets on the same irreducible resonant

curves are exhaustively given by the equivariant projective lines:

(k,m,n) — (vk,ym,yn), for some 7 rational (4.4)
(k,m,n) — (ojk,o;m,o;n), j=1,2,3, (4.5)
and permutations of k¥ and m in the above. Of course the homothety + and
the o; symmetries preserve the convolution. This context of irreducible, “non-

degenerate” resonant curves yields an infinite dimensional, uncoupled system
of rigid body SO(3;R) and SO(3;C) dynamics for the 3D resonant Euler

equations (R.30).
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Theorem 4.5 For any irreducible triplet (k, m,n) which satisfy Theorem @,
and under the “non-degeneracy” conditions of Lemma (cf. Appendiz), the
resonant Euler equations split into the infinite, countable sequence of uncou-
pled SO(3; R) systems:

dk = kan(/\m — )\n)aman, (46&)
(im = kan(/\n - )\k)anak, (46b)
dn = kan()\k — )\m)akam, (4.6C)

for all (k,m,n) = v(o;(k*),0;(m*),0;(n")), v==+1,£2,43..., 0 < j <3.

(4.7)
kE*,m*,n* are some relatively prime integer vectors in Z> characterizing the
equivariant family of projective lines (k,m,n); Timn = @ < ®p X By, BE >,
Timn Teal.

Proof. Theorem @ is a simpler version for invariant manifolds of more
general SO(3; C) systems. It is a straightforward corollary of Proposition 3.2,
Proposition 3.3, Theorem 3.3, Theorem 3.4 and Theorem 3.5 in [B 4.
The latter article did not explicit the resonant equations and did not use the
curl-helicity algebra fundamentally underlying this present work. Rigorously
asymptotic infinite countable sequences of uncoupled SO(3; R), SO(3; C) sys-
tems are not derived via the usual harmonic analysis tools of Fourier modes,
in the 3D Euler context. Polarization of curl eigenvalues and eigenfunctions
and helicity play an essential role.

Corollary 4.6 Under the conditions Ap= — Ag= > 0, Ag= — A= > 0, the
resonant Fuler systems @) admit a disjoint, countable family of homoclinic
cycles. Moreover, under the conditions Ap« > +1, Apr < =1, [Ape| < Aps,
each subsystem (@) possesses orbits whose H® norms, s > 1, burst arbitrarily
large in arbitrarily small times.

Remark 4.7 One can prove that there exists some Ipaz, 0 < Tge < 00,
such that |Tkmn| < Timaz, for all (k,m,n) on the equivariant projective lines
defined by (D) Systems (@) “freeze” cascades of enerqgy; their total enstro-
phy Z(t) = Z(k,mm)(/\iai(t) + A2 a2, (t) + A2a2(t)) remains bounded, albeit
with large bursts of Z(t)/Z(0), on the reversible orbits topologically close to
the homoclinic cycles.

4.2 Coupled SO(3) rigid body resonant systems

We now derive a new resonant Euler system which couples two SO(3;R)
rigid bodies via a common principle axis of inertia and a common moment
of inertia. This 5-dimensional system conserves energy, helicity, and is rather
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interesting in that dynamics on its homoclinic manifolds show bursting cas-
cades of enstrophy to the smallest scale in the resonant set. We consider the
equivalent periodic lattice geometry under the conditions of Proposition @

In Appendix, we prove that for an “irreducible” 3-wave resonant set which
now satisfies the algebraic “degeneracy” (@), there exist exactly two “prim-
itive” resonant triplets (k, m,n) and (l;:, m,n), where k, m, k, mm are relative
prime integer valued vectors in Z3:

Lemma 4.8 Under the algebraic degeneracy condition ([A-4) the irreducible
equivariant family of projective lines in K* is exactly generated by the follow-
ing two “primitive” triplets:

n=k+m, k=ak, m=0bm, 4.8a)

n="k+m, k=dok)+bo;m), 4.8b)
that is,

n = ak + bm, (4.8¢c)

n=d'o;(k)+bo;(m), (4.8d)

where o; # oj are some reflection symmetries, a, b, a’, b are relatively
prime integers, positive or negative, and k, m are relatively prime integer
valued vectors in Z3, that is:

(ava/) = (bab/) = (avb) = (a/ab/) =1, (Evm) =1,

where (1, ) denotes the Greatest Common Denominator of two integers. All
other resonant wave number triplets are generated by the group actions oy,
l 1,2,3, and homothetic rescalings (k,m,n) — ~(k,m,n), (l;,ﬁl,n) —
v(k,m,n), (v € Z) of the “primitive” triplets.

|

Remark 4.9 [t can be proven that the set of such coupled “primitive” triplets
is not empty on the periodic lattice. The algebraic irreducibility condition of
Lemma [[.3 implies that £ks/|k| = £ks/|k| and £ms3/|m| = +ing/|m|, which
s obviously verified in equations

Theorem 4.10 Under conditions of Lemma @ the resonant Euler system
reduces to a system of two rigid bodies coupled via a,(t):

ar = (Am — An)Taman, (4.9a)
am = (A — )\k Tanar (4.9b)
an = (M — Am)lagam + (A — )\m)f‘a,;am (4.9¢)
am = (A — A) Fanak (4.9d)
ap = (A — An)Laman, (4.9¢)

whereI' =1 < @, X Py, BT >, F=i< D x P, P;, >. Energy and Helicity
are conserved.
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Theorem 4.11 The resonant system (@) possesses three independent con-
servation laws:

& =a; +(1—a)d?, (4.10a)
Ey = a2 +aa?, + (1 — a)a, (4.10b)
&y = a% + aa?,, (4.10c¢)
where
a=Am — )/ (A — Ak)s (4.11a)
& = (i = An)/ O = An). (4.11D)

Theorem 4.12 Under the conditions

A < Ak < A, (4.12a)
A < An < Ap, (4.12b)

which imply o < 0, & < 0, the equilibria (£ax(0),0,0,0,+a;(0)) are hyper-
bolic for |a;.(0)| small enough with respect to |ay(0)|. The unstable manifolds
of these equilibria are one dimensional, and the nonlinear dynamics of system
(-9) are constrained on the ellipse & ([{.104) for ar(t), am(t), the hyperbola
& [.104) for az(t), am(t), and the hyperboloid E [.104) for am(t), am(t),
an(t).

Theorem 4.13 Let the 2-manifold £1 N Ey N E3 be coordinatized by (am, am)-
On this 2-manifold, the resonant system (§.4) is Hamiltonian, and therefore
integrable. Its Hamiltonian vector field h is defined by

da,

DAy — ) —2, 4.1
ar ( i) o (4.13)

dam

lhWw = F(/\n *Ak)

where thw designates the inner product of the symplectic 2-form

danm, N dagp,
w=—

4.14
akana,; ( )

with the vector field h.

Proof of Theorem Eliminating ar(t) via &1, an(t) via &, aj(t) via
[

&3, the resonant system ) reduces to:

am = T — )& — (1= )a,)? (& — aa?, + (& — 1)a2,)?

m
1

am = 0 —A)(E — aa?, + (& — 1)a2,)? (&5 — aaZ,)F;

after changing the time variable into

t
b= / (&1 — (1= a)a2)* (& — aa?, + (& — 1)a2,)? (& — GaZ,) ¥ ds.
0

28



On each component of the manifold £ N E; N &3, the following functionals
are conserved:

- dam,
H(amaaﬁl) = = F()\n - )\12)/ (51 _ (1 _ Oé)a/Q )1/2
dam
+ I'(A, — A —_. |
( k)/ (€3 — aaZ))1/?

Observe that the system of two coupled rigid bodies (@) does not seem to ad-
mit a simple Lie-Poisson bracket in the original variables (ax, @m, an, am, aj).
Yet, when restricted to the 2-manifold £ N&E; NE;3 that is invariant under the
flow of ([.9), it is Hamiltonian and therefore integrable.

This raises the following interesting issue: according to the shadowing
Theorem , the Euler dynamics remains asymptotically close to that of
chains of coupled SO(3;R) and SO(3; C) rigid body systems. Perhaps some
new information could be obtained in this way. We are currently investigating
this question and will report on it in a forthcoming publication [G-M-N].

Already the simple 5-dimensional system (@) has interesting dynamical
properties, wich we could not find in the existing literature on systems related
to spinning tops.

Consider for instance the dynamics of the resonant system ([L.9) with 1.C.
topologically close to the hyperbola equilibria (£ax(0),0,0,0,+a;(0)). Un-
der the conditions of (f.19) and with the help of the integrability Theorem
, it is easy to construct equivariant families of homoclinic cycles at these
hyperbolic critical points:

Corollary 4.14 The hyperbolic critical points (£ax(0),0,0,0,=%a;(0)) pos-
sess 1-dimensional homoclinic cycles on the cones

a4+ (1 —a)aZ = —ad?, (4.15)

"
with a < 0, & < 0.

Note that these are genuine homoclinic cycles, NOT sums of heteroclinic
connections. Initial conditions for the resonant system @) are now chosen
in a small neighborhood of these hyperbolic critical points, the corresponding
orbits are topologically close to these cycles. With the ordering:

Am < Ak < A, (4.16a)

Al < [Aml, Mkl < Ans (4.16Db)
A < A < Ap, (4.16¢)

|| < A, (4.16d)

A > A, (4.16¢)
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which can be realized with |%| > 1 and |%| < 1 in the resonant triplets
(I.), we can demonstrate bursting dynamics akin to Theorem B.9 and for
enstrophy and H® norms, s > 2. The interesting feature is the maximization
of |az ()| near the turning points of the homoclinic cycles on the cones ({.15).
This corresponds to transfer of energy to the smallest scale k, Aje

In a publication in preparation, we investigate infinite systems of the cou-
pled rigid bodies equations ([.9).

APPENDIX

We focus on a resonant wave number triplet (n, k,m) € (Z*)? verifying

e the convolution relation

n==~k+m, (A-1)

e the resonant 3-wave resonance relation

+ i + ks
ms - B
\/ﬁlm% + 192771% + 1937’)1%
e the condition of “non-catalyticity”
k3m3n3 75 O, (A—S)
e and the degeneracy condition of (see p26)
Géfj(k,m) = kinymy + kymgn; = 0, (A-4)

where (7, j,1) is a permutation of (1,2, 3).

Then, we know (see lemma 3.5 (2) of [B-M:-N4]) that the system of equations
(Az3)-(B=9) for the unknown k and m, given the vector n, admits exactly 4
solutions in Z* x Z3:

(k,m), (m,k), (k,m), (m,k).
Here k and m are the two vectors of the original resonant triplet, whereas
k= aoi(k), m = fo;(m)
where

mikl — mlki
o e ¢ {0,+1} and 8

mlk:j — mjk:l

¢ {0,+1}

mlkj + mjkl
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and where the symmetries o; and o; are defined by
o= ()i — (1), .,

One verifies that

2_ 52—

o, = 0; Id, o005 =0j0; = —0y.

That is, the group generated by o; and o, is the Klein group Z/2Z x Z/2Z.
Let us first write the irrational numbers « and § under the irreducible
representation

b/
) 6 = 3’ with a,a/7b,b/ S Z" and (a‘7a’/) = (b’b/) = 17

o =

o | &

where (, ) denotes the Greatest Common Denominator of the integer pair.
From k € Z3, it follows that a|a’k; but since (a,a’) = 1, the Euclid’s lemma
yields that a|k. Similarly, bjm. Now set
-1 1
k=-keZ? m=-meZ
a b

Hence the integer vector n admits the two decompositions
n = ak +bm = d'o;(k) + b'o;(m).
Since the function .
[ 3
\/1912% + 1922% + 1932%
is homogeneous of degree 0, we see that within the resonance condition (@)
we can replace each vector k£, m and n by any colinear vectors - either integer

or not. Suppose now that there exists some positive integer d # 1 such that
d|k; then d|n, so that by setting

z

1 1-—

nozan, kOZEk, mo = m

SN

we finally obtain
ng = ako + bko = a/O'i(ko) + bIO'j(mo).

The triplets (no, ako, bmo) and (ng, a’o;(ko), b'oj(mo)) further verify from the
above remark, the convolution relation (JA-1) and the resonance relation ([A]

|:) Hence, without loss of generality, we can assume that the only positive

integer d such that d|k and d[m is 1; which we denote by
(k,m) = 1.
Equivalently,

Elz +E2Z +Egz + M1z +moZ +m3Z+ = 7.
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Finally, suppose there exists some positive integer d # 1 such that d|a and

d|b. Then d|n; set
1 1 1

ng = En, ag = Ea, by = Eb.
Observe that .
GZJ- (apk,bom) = EG?J (ak,bm) = 0.

It follows from lemma 3.5 (2) of that the vector ng of the resonant
triplet (ng, agk, bom) can also be written as

no = k + 1 with (no, k, ) verifying (R-2).
But then
n = dng = ak + bm = a'o;(k) + b'o; (M) = dk + din.

From lemma 3.5 (2) of [B-M-N{, (dk, drn) must coincide with either one of
the pairs

(a'oi(k), b'o;(m)), (V'o;(m),d'oi(k)).
In particular, d|a’k and d|b'm. Since d|a and (a,a’) = 1, we have (d,a’);
similarly (d,b’) = 1. But then Euclid’s lemma yields that d|k and d|m, which
contradicts the fact that (k,72) = 1. Hence we have proven that (a,b) = 1.
In a similar way, one can show that (a’,b') = 1.

Conclusion: It follows from the above study that n € Z* admits the two

decompositions
n = ak + bm = d'o;(k) + b'o; (M)
with
(a,a’) = (b,b) = (a,b) = (a/,b') =1, (k,m)=1.

The triplets (n, ak, bm) and (n,a’o;(k),b'o;(7)) both verify the resonant
condition (A-g) (from the homogeneity of this condition) as well as the condi-
tion of non-catalyticity (A-J). Indeed, aba’t’ # 0 and the condition (A-3) on
the initial triplet (n, k,m) imply that the reduced triplet (n, k,77) also verifies

(A-3)). Finally, the degeneracy condition ([A-4)
Gi';(ak,bm) = 0
is verified.
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