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Abstract

SCHUR’s transforms of a polynomial are used to count its roots in the unit disk.
These are generalized them by introducing the sequence of symmetric sub-resultants
of two polynomials. Although they do have a determinantal definition, we show that
they satisfy a structure theorem which allows us to compute them with a type of

Euclidean division. As a consequence, a fast algorithm based on a dichotomic process
and FFT is designed.

We prove also that these symmetric sub-resultants have a deep link with TOEPLITZ
matrices. Finally, we propose a new algorithm of inversion for such matrices. It has
the same cost as those already known, however it is fraction-free and consequently
well adapted to computer algebra.

1 Introduction

Let P =ag+a; X +---+ayX? be a polynomial in C[X]. In 1918 SCHUR gave
a method to compute the number of roots of P in the unit disk [28]. This work
was completed by COHN in 1922 [7].

The so-called SCHUR-COHN algorithm works as follows. Suppose that agaq # 0
and define the reciprocal of P by P* = X9P(1/X). Compute the following
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sequence of polynomials :

T(P)= P(0)P —lc(P)P*, T*(P)=T(T"*(P)),

where lc (P) denotes the leading coefficient of P. This sequence is finite : it
has at most deg(P) polynomials with decreasing degrees and real constant
terms. It is the variation of the signs of these constant terms, all supposed to
be non-zero, which gives us the number of roots of P in the unit disk. See
HENRICI [17] or MARDEN [25] for a precise description of this algorithm.

In this primary version, two difficulties arise. First, the algorithm does not
work for every polynomial : if the difference of the degrees of two successive
transforms T%(P) is more than one, or if some constant terms are zero, it is
not possible to compute the number of roots of P. Second, the exact compu-
tation of these transforms suffer from an exponential increase of the size of

the coefficients : at each step, the length of the coefficients is approximately
doubled.

For these two reasons, we introduced the new sequence of SCHUR-COHN
SUBTRANSFORMS (see SAUX PICART [33]). These subtransforms are equal
to T*(P) up to a multiplicative factor, can be computed for every polynomial,
have a determinantal definition, and an approximately linear increase is their
coefficients. Moreover from the constant terms, we can compute the number
of roots of the polynomial in the unit disk, using an adapted rule of signs.

Later on, it appeared that the sequence of the SCHUR-COHN SUBTRANS-
FORMS is linked to the sequence of the successive remainders of P and P* in
a special “symmetric” division (see BRUNIE and SAUX PICART [5]). This di-
vision consists in eliminating from the largest polynomial as many monomials
as possible from the top as well as from the tail by adding good multiples of
the “divisor”. In the article cited above, we give a structural theorem, which
describes the link between these two sequences built from P.

In the present article we generalise the definition of the SCHUR-COHN SUB-
TRANSFORMS and the symmetric division of two polynomials to a general
situation (no restriction on P and P*). We will speak of SYMMETRIC SUBRE-
SULTANTS of two polynomials. We are then able to formulate a new general
“structure-theorem” which constitutes a central result of our work. With this,
we compute the sequence of symmetric subresultants, using a EucLID-like
algorithm instead of the determinantal definition. A dichotomic process and
DFT allow us to produce a fast algorithm. Our methods are adaptated from
ideas introduced by SCHONAGE for the computation of Euclidean remainder
sequences in [29], and by LICKTEIG and ROY in [23] for the computation of
classical subresultants. The algorithm cost is of O(M(d)logd) arithmetical
operations, where M (d) denotes the cost of the multiplication of two polyno-



mials of degree d.

We will not describe the application to the number of roots of a polynomial
in the unit disk as it has already been discussed in [5]. However there are
well-known relations between the problem of root isolation and TOEPLITZ
matrices (see for example, M.G. KREIN and M.A. NAIMARK [20]). We use
these links to give, in the last part, a fast algorithm for solving TOEPLITZ
systems with exact computation. It has the same cost as the well-known al-
gorithm of BRENT, GUSTAVSON and YUN in [2], or those of GEMIGNIANI in
[13]. Morover, it is fraction free and consequently well adapted to computer
algebra. We also give a new way to compute the signature of a Hermitian
TOEPLITZ matrix.

This paper is organised as follows. Section 2 introduces notations and defini-
tions. In Section 3, we state the structure-theorem. Section 4 describes how to
efficiently compute the symmetric subresultants and the last section applies
these results to TOEPLITZ matrices.

Finally, we wish to thank M.-F. Roy and T. LICKTEIG for their help and
interest in this work.

2 Definitions and Notations

Consider a subring D of C and define the valuation of a nonzero polynomial
P € D[X], denoted by v(P), as the greatest integer v such that X divides P
(it is also named ” X-adic valuation“ in many books). For the zero polynomial
put deg(0) = —oo and v(0) = co. Denote by I’ the quotient field of D.

We write cog(P) for the coefficient of order k of P. If deg P = d, the leading
coefficient co4(P) is lc (P) and the trailing coeflicient co,(py(P) is denoted by
tc (P). Remark : if v(P) # 0, tc (P) is different from P(0).

We will use Euclidean division of a polynomial A by a polynomial B in D[X] :
the notation quo(A, B) stands for the quotient and rem(A, B) for the remain-
der; they have their coefficients in the fraction-field ’. We say that the division
is ezact if quo(A, B) and rem (A, B) are elements of D. Please note : our defini-
tion of exact division differs from another definition common in the literature
where exact division simply means vanishing of the Euclidean remainder.

Now, let us introduce the main object of our article.



2.1 Symmetric Subresultants

Let A = Y% ,a,X" and B = 2% ,b;X’ be two polynomials in D[X]. We
suppose that one of them at least, say A, has its degree equal to d ; B can
also be formally considered as having degree d : if deg B = d' < d, B will be
replaced by 0X? + --- 40X ¢+ 1 B. We also assume that the valuation is
0 for at least one of them, otherwise we divide both polynomials by a power
of X to ensure this condition. Define :

ao - .. .. P .. ad

ao .« .. .« .. DR . e ad

Sylv;(A, B) =

d+j

to be a submatrix of the full SYLVESTER matrix Sylv,(A, B).
For £ =0,...,d—j, let Sylv,, = Sylv, ,(A, B) be the following 2j x 2j square
submatrix of Sylv;(4, B) :

g - Aj_2 Aj_14¢ aq
J
Qg Q41 Ad—j42 Qg
0 ap  Qg—jy1 ' Qg1 Qg
Sylv, , = . b . bﬁ
o 0 bj—2 0j_14¢ d
bo bg+1 bdfj+2 e bd J
0 by ba—jy1 -+ ba—1 bg
-1 J

The sequence (5;)_1<j<q of symmetric subresultants of A and B is defined

by :

° S_l = A,
o SO = B7 .
o S;(A,B) =Y (ZJ det(Sylv; )X, if1<j<d

Clearly, S; is an element of D[X] for any j. The last one, Sy is just the resultant
of A and B. In the generic situation, S; is of degree d — j and valuation 0.



However, the real degree could be less than d—j and the valuation greater than
0. In order to describe these situations, we introduce the following definition.

Let (a, 3) be such that :

v(s) = 0 v(Sj41) =«
deg(Sj) =d—j deg(Sjy1) =d—j—p

9

we will then say that the pair (S;, S;4+1) is (o, #)-defective. The case (0, 1) is
just the general situation without special deflation.

Just as for the classical subresultants, we can express the S; through a BEzouT
relation between A and B. This is estblished in the next lemma.

Lemma 1 Let A and B be two polynomials in D[X] of the same degree d and
valuation 0. For every j € {0,1,...,d — 1}, there exist two elements in D[X],
U; and V;, such that :

X781 =U;A + V;B.

The degrees of U; and V; are at most j. These polynomials are unique under
such an assumption.

Proof : Using a matrix with coefficients in D[X], we can write X7S;,; as a
determinant in the following way :

ap ... Q-1 Xfaj+...+Xd*1ad_1 aq

Xjaj_l + ...+ Xdila,d_g

ap Xay+...+ Xd_lad_jH
Xlag+ ...+ delad_j Ad—j41 - - - Qg
bo ... bji—1 XIb;+ ...+ X by, by
XIbj 4. 4+ Xy

X'Sj =

bo ijl + ...+ Xdilbd_j_i_l
ij0—|—...—|—Xd_1bd,j bd7j+1 .. by

We do not change the value of this determinant by adding to the (j + 1)-th
column a linear combination of the other ones. More precisely, call C; the i-th



column of the above matrix (i = 1,...,2j + 2). Then add to the (j + 1)-th
column Cy + XCy + ...+ X970 + X040+ ... + X0y, 5. We obtain :

Qg ... AGj—1 A Qq
XA
Qo Xi—1A
, XA ag_;...a
Xij-i-l _ d—j d
bo...bis B by
: XB
by X'°'B

XIB baj ... by

Expand this determinant according to the (j + 1)-th column, putting A as a
factor in the first j + 1 lines and B in the last j + 1 : therefore there exist two
polynomials, U; and Vj, of degree at most j such that :

X781 =U;A+V;B.

Furthermore, we can express these polynomials as determinants. We have :

aop aj—; 1 aq
X
ag X7t
v, = X7 ad,j...ad’
bo bj.1 0 ba
: 0
bo 0
0 bgj by

and :



ag ... Gj—1 0 aq

Qq—j ... Qq

0

0
bo...bjy 1 by
v

X7 baj ... by
(I

For j = 0, we simply have S; = byA — aqB, i.e. Uy = by and Vy = —ay. Using
the determinantal definition of U; and V}, we see that :

U;(0) = bo - coa—;(S;), co;(U;) = le (U;) = bg - S;(0),

Vi(0) = —aq - coq—;(S;), co;(V;) =lc(V;) = —aq - S;(0).
Finally, we can observe that these polynomials are uniquely determined, first

when A and B are co-prime, and then in the general case. (The proof uses the
same arguments as for the extended Euclidean algorithm for polynomials; see

[11].)
2.2 Symmetric division of polynomials

The division we use is justified by the following lemma.

Lemma 2 Let A,B € D[X], with B # 0, degA =d > degB =d — (3 and
v(B) = «a. There exist Q, R € D'[X], where I is the fraction field of D,
uniquely determined, such that deg@Q = o+ and deg R < d— (a+ 3), and :

B
A= Qﬁ + XPR.

Proof : We sketch how to compute @ and R. First divide A by B/X* with



increasing powers of X up to order 3. We obtain :
B
A= Qlﬁ + X°Ry,

with deg @)1 < § and deg Ry = d — 3. Then, compute the Euclidean division
of Rl by B/Xa :

B
Ry = QZ% + R,

where deg R < d — # — a and deg Q> = a. Then, define Q by Q = Q, + X”Q»
to establish the claim. Uniqueness is proven as usual. O

The polynomial @ is called the symmetric quotient of A by B, noted squo (A, B)
and R the symmetric remainder, denoted srem(A, B).

It is clear that the computation of such a division has the same arithmeti-
cal cost as ordinary Euclidean division. It requires, at most, d(a + 5 + 1)
arithmetical operations.

Historical note : We can find various kinds of “symmetric” division introduced
by authors with specific aims. See for exemple, JEZEK [19], DEMEURE and
MuLLis [9]. However, our definition is different from the one in [19] and, when
a = 3, coincides with the one given by DEMEURE and MULLIS only in the
case.

3 Structure-Theorem for symmetric subresultants

We now describe the relationship between the sequence of symmetric subre-
sultants and the sequence of symmetric remainders of two polynomials. Our
main result is :

Theorem 3 Let D be a subring of C, and let A and B be elements of D[X]
of degree d and valuation 0. Let (S;)o<i<a be the sequence of symmetric subre-
sultants of A and B. Suppose that the pair (S;,Sj11) is (o, B)-defective. We
have :

(1) if >0 and B> 1, then Sj4p, =0 fork=2,...,a+ -1
e ifa=0and > 1, then, if j >0 :

SJ(O) . Sj+k = Sj+1(0)k_15j+1 for k = 2, ceey ﬁ — 1.

Ifj =0, Sk:Sl(O)k_lSl fork=2...,0—1.



o ifa>0and =1, thenifj>1:

S
lc (Sj)kil . Sj+k = (—1)k1C (Sj+1)k71 . Xjktll for k= 2, e, O

Ifj=0,05-S,=(=1)%-1c(S))F .. .S1 X 1 fork=2--- a.
(2) In all cases, if 7 > 0, we have :

le (55)* - 550771 - Sjpars = (=1) @D e (8550)% - te (Sj41)” 1';(—21’

and if j =0, then :

EA

b - Sars = (=105 Lo (S1) - te (51)7 -

(3) In all cases, if 7 > 0, we have :

le (55) - 5;(0) - Sjvatper = —1e(Sjt1) - Sjratp(0) - srem(S;, Sji1)
= —srem (I¢ (Sj41) * Sjrats(0) - 55, Sjt1)

and if 7 =0 then :
ba * Satpr1 = —srem (lc (S1) - Saq5(0) - So, S1) -

One remarkable fact is that the last symmetric divisions are exact in D, as we
shall prove later.

Observe that S; can also be expressed as a symmetric remainder : by Lemma
1, we have S; = bgA — ayB = srem(S_1, Sp).

It could be helpful to the reader to visualize the different situations.

(1) Case (S}, Sj41) defective on “each side”, o > 0,8 > 1:



Nullity

Sj+a+5

Sjtatpt

(2) Case (S}, Sj+1) defective on the “right-hand side”, a =0, > 1:

D — Proportionality

Sj+a+5

Sitatp+

(3) Case (S}, Sj41) defective on the “left-hand side”, a > 0,3 =1

10



D[X] — Proportionality

Sj+a+5

Sjtatpt

Proof : Roughly speaking, we can say that the rows of Sylv;(A, B) are made
of A, XA,..., X 'A, and B, XB, ..., X" !B, identifying the vectors of the co-
efficients of these polynomials with the polynomials themselves. Furthermore,
we consider them all of formal degree d +1 — 1.

Preliminary work : By Lemma 1, we know the existence of two polynomials,
Uy =37 gu; X" and V; = 327 v; X7, such that :

XS =U;A+V,B
j j
- Z un(AX™) 4+ Z v, (BX™).

As the pair (S5}, Sj11) is (a, B)-defective, S;(0) and coq—;(S;) = lc(S;) are
different from zero. Because of the determinantal definition of U; (see proof
of Lemma 1), we have :

—if j >0, ug = by - 1c (S;) # 0, and u; = by - S;(0) # 0,
*iijO,UOZUj:bd%O.

Then, for every ¢ > 0, we have :

J J
XTS5 = > u, AXTTE 4 > 0, BXM (1)

n=0 n=0

with uy and u; different from 0.

11



For k > 2, and ¢ fixed between 0 and k — 1, we can replace the (i + 1)-th
row of Sylv, ,, X°'A by the linear combination of the rows X'A, ..., X/T'A
and X'B, ..., X" B described in (1). For ¢ = i we obtain X7*'S;; on the
(¢ + 1)-th row of Sylv,,, instead of X’A. The minors of order 2(j + k) of
this new matrix are equal to ug times the corresponding ones in Sylv,, . This
operation will be called the (i, | )-transformation of Sylv, ;. The downward
arrow means that the j rows directly below the (i + 1)-st row are used.

We define also the (j + ¢, T)-transformation for i = 0,....k — 1 : this re-
places the (j +4+ 1)-st row by X7*'S;,; which is a linear combination of the
rows X'A, ..., X7T"A and X*'B, ..., X’ B, by (). In this case the values of the
minors of order 2(j + k) of Sylv, ;. are multiplied by u;.

We use these two transformations in four different situations, described below.
For each, we have drawn the corresponding matrix resulting from S;;;: on
each diagram, the rows with large dash patterns delimit the j + k& — 1 first
columns and the j + & last ones needed for the computation of Sylv,,, , (¢ =
0,...,d—j—k). The shadowed triangles highlight the coefficients of the matrix
needed for the computation of S;(0).

We consider now the four different cases.

e 1 < [ < a. Two situations have to be distinguished.
O If 2 <k < a, we use k (i, |)-transformations for i = 0,...,k — 1 in this
order. We obtain the matrix M, (fig. 1).

a—k+1
<>
k
J
j+k

j+k—1 d—j—k+1 itk

Fig. 1. Shape of the matrix M;

For each ¢ € {0,...,d — j — k}, the minor det(Sylv;,,) of Sylv,,, is
equal to the corresponding minor of the above matrix divided by uf. If we

12



denote this minor by d; 4, we have :
'U/g . det(SyIVﬂ_k’Z) - dj+k,f'
O Ifa<k<a+pf, weuse a (i, |)-transformations for ¢ = 0,...,a — 1, in

this order, and then k — « (j + ¢, T)-transformations for i = k — 1, ..., o,
again in this order. We obtain the matrix My (fig. 2).

Y&\\ |
o Iﬂ
2a—k—|—1I

J
ko DN
j+k

\
f
\
\
\
\
\
\
[
\
\
\
\
\
\
\
\
\
\

k-1 d—j—k+1 j+k
Fig. 2. Shape of the matrix My

With the same notation as in the first case, we have :

gy T det(Sylv ) = djsne

e 0 < a < . Once again two situations occur.

& If 2 < k < B, we perform k (j + 1, T)-transformations with ¢ = k — 1, ..., 0,
in this order. We get the matrix M3 (fig. 3), and we have for ¢ € {0, ...,d—
j—k}:

uf ~det(Sylv,p0) = djyre

O B <k <a+p, weusef (j+i,T)-transformations with i = k—1,...,k—f
in this order, and k — 8 (i, | )-transformations with i =0, ...,k — 3 —1, in
this order. We get the matrix My (fig. 4), and :

u’éiﬁ . uf : det(SYle+k,e) = djike

We now prove the theorem, step by step.

13



|
I
J I
|
|
|
|

k min(k, o + 1)¢

Jj+k
j+k-1 d—j—k+1
Fig. 3. Shape of the matrix Ms;
08—k
J
B
Jj+k

j+k—1 d—j—k+1 itk
Fig. 4. Shape of the matrix My
Proofof (1) : 2<k<a+p(3-1

Since we have to show the nullity of Sj.; for £ =2,..., a4+ 3 — 1, we need to
show that the coefficients det(Sylv;; ) vanish for £ =0, ...,d — j — k. This is
equivalent to showing that d;;4, = 0, for one of the matrices My, My, M3 or
My, because uy and u; are both different from zero.

e Case a>0,0>1

14



Suppose that 1 < f < aand 1 < k£ < a. We use M; : the submatrix
corresponding to d; 1 ¢ has at most one nonzero element on its first row. We
use the corresponding column to expand it. The first row of the remaining
minor has only zeros since 3 > 2. Hence dj1, = 0.

fl<pf<a<k<a+p—1, weuse My. We have a + (3 — k > 1 and
then

(2a—k+1)+ 6] —a>2.

It follows that there are at least two among the first a rows for which
at most one entry is nonzero, namely on the (j + k)-th column. Developing
d; i1, along those two rows shows that it is zero.

Ifl1<a<fandl <k < f, weuse M3 to expand d;, along the (j+k)-
th row, which has at most one nonzero coefficient. As min(k,a + 1) > 2,
the row immediately above also has this property, and we get d;, = 0.

Finally, if 1 < a < 0 < k < a+ (6 — 1, we use My. Once again, in
d; 1,0 we have two successive rows with only one non-zero coefficient, on the
(7 + k)-th column (because (o + 1) + (26 — k) > 5+ 2).

In every case, we see that, if « > 0 and 8 > 1, then S;;; = 0. This
establishes the first part of 1.

Case a =0,8>1

As2<k<a+p-—1, wehave 1 <k <[, min(k,a+ 1) = 1 and we can
expand the minor d; ¢, using the rows j+k, ..., 7 +1 in M3, in this order,
and then, using the last k£ columns. We obtain, for every £ =0, ....d—j—k :

djre = cog(Sj41) - te (Sjen) - b5 - 5;(0).

(The factors are written from left to right, in their order of appearance in
the successive expansions.) As dj ik = u} det(Sylvj k) and u; = b4S;(0),
we have :

Si(0)F 7 S = te (Sj1) - S
If j =0, u; = b; and S;(0) does not appear in d; . Hence :

Sk =tc (Sl)k_l . Sl.

a>0,0=1

We have 2 < k < o and we use My, expanded along the first k£ columns,
and then along the first k£ rows. We obtain (the factors appear in order of
expansions from the right-hand side of the formula) :

(= D)FHEERL B (=) e g1 o(XT S 40)
e (851) " - 1e ()

=(=1)" - bg - COp—1+¢(5j+1) - 1o (Sj+1)k_1 -le (55).

e

The result follows. If 7 = 0, the computation is the same : however, in
this case, all the rows of block B collapse.

15



Proof of (2) : k=a+

If (a, B) = (0,1), the result is trivial. So, we suppose that (a, 3) # (0,1). For
j # 0, we distinguish two cases.

e <
We use the matrix My and expand it along the row of order § to obtain

djpre=ug - uf - det(Sylvjire)
=uf -] - (=1)™ - cojp1 (XTI ) - A
cuP
j

=ug - uy - (=1)" - coate(Sje1) - A,

where ng = j + o and A is a minor independent of /.
Then, we expand A along the first 5 — 1 rows, and see that :

A= (1) - te ()" - A,

with ny = (j + «)(8 — 1). We continue expanding A; along the first a — 3
rows ; we have :
Ay = (=1)" e (Sj11)* 7 - Ay,

with ny = (j + a)(a— 3). We can then use rows j + 1, ..., + 3 to compute
JAVEE

Ay = (=1)" -1c(S;:1)7 - A3
(n3 = of). Finally, Az can be expanded using the first a columns and the
last 3 ones :

Ag = (=1)™ - b - bg - 9,(0),

with ny = ja. In summary, we have obtained :
ug-uf-det(Sylka,g) = (—1)N'bg'bg'tc (Sj41)7 e (8j41)*-85(0)-cOnre(Sj41),

with N = ng + ny + ny + ng + ny = a(a + B) mod 2. As this computation
is valid for every £ =0, ...,d — 7 — k, we have :

— ala (&4 - S
le (S5)* - §;(0)°" - Sjsars = (=1)* O 1 (8511)% - te (Sj40)" " - )?;1

e a<f
We use the same method as in the previous situation, starting with M.
We expand it along the row of order j + 3 and obtain :

djtrre=ug - uf - det(Sylvjire) = ug - uf (1) - conpe(Sjp1) - A

We expand A’ along its rows j + 3+ 1,...,j + k to obtain :

16



A= (=1)" e (Sp41)" - Al
then again along its rows j + (3 —1,...,7 + a + 1 to obtain :

A= (=1)" - te(Sj0) 07 A,
and then along its first o rows :

Ay = (=1)" - te (1) - A,
to finally find that Az = A}. We now have :

n():oz,

nh =a?,
77/2:0((5—0[—1)7
ny=a(j + a),
ny=ngy = ja.

We obtain exactly the same final relation as in the case § < a.

If j =0, we have uy = u; = by; and S;(0) disappears at the end of the
successive expansions of the minors. Therefore we get :
S
Ui - Sy = (1) 1 (S1)° - te ($1) -

Proof of (3) :

Here we cannot use the same transformations of Sylv; a1s+1 as above.

We suppose first that j > 0. Let R = —srem(S;, S;4+1) and @ = squo (5, Sj41)-
There exist four polynomials U;_;, V;_1, U; and V; such that :

X];lSj - UjflA + ‘/jleu
X'S;11=U;A+V;B

with deg(U;_1) < j —1, deg(V;_1) < j —1, deg(U;) = deg(V;) = 5. We also
have : g

- S;.,

and deduce that :

Xt R=(QU; — X*MU;_1)A+ (QV; — X*™V,_,)B
=UA+VB.

17



As deg(QU;) = j+a+ and deg(X*U;_1) < j+a, we have deg U = j+a+0.
Likewise, degV = j + a + 3.

Also :

le (S;) - bg - S;(0)
le (U) =lc(Q)lc(U;) = J A
(U) = 1e (@e (1) = <=5
The equation X/ TR = UA+V B, with deg(U) = deg(V) = j+a+ (3, shows
that X/t*"P R can be obtained as a linear combination of rows of Sylv, a1 s11-
As in the previous steps, we transform the row j + a +  + 1 and obtain a
matrix which has the following structure :

|
| |
: : Jjt+a+8
| |
I I —— <« Xitat+BR
| |
| |
l I jta+p3
| |
| ' —— XitatBp
Therefore, for £ =0,1,....d — (j + a+ [ + 1), we obtain :
Qo - Gjtatp-1 Ajtat+p+e aq
Qg ap—1 ad—j—a—p+1 Q4
0 cos(R) 0 -0 0
lc (U)-det(Sylv . =
( ) ( y j+a+ﬁ+1,€> bO . bj—f—a—f—ﬁ—l ijraJr,BJrZ by
bo : :
0 by ba—j—a—p ba
jta+s jtatf+l

Expanding these determinants along the last column, and then along row
(j+a+B+1), we see that :

le(U) - Sjtatp+1 = ba - Sjtats(0)R.

We use the value of lc (U) already computed to obtain the desired result :

lc (55) - 85(0) - Sjvatrsr1 =1c(Sj41) - Sjrars(0)R.

When j = 0, the polynomials U;_y, V;_1, U; and V; are very simple, as we
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have :

SO = lB, Sl = bdA - adB.

The expression of lc (U) is now : lc (U) = % However, the rest of the

computation is unchanged, and we obtain :

le (So) » Satpr1 =1c(S1) - Sats(0)R.

O

Remark : If we define the TOEPLITZ-BEZOUTIAN of two monic polynomials
P and @ of the same degree as the matrix Bez(P, () whose entries are the
coefficients of the polynomial

PX)Q(Y) - P (Y)Q(X)
1- XY ‘

If sc;(M) denotes the i-th SCHUR-complement of the square matrix M when-
ever it exists, one can see that we have :

Si(0)le (S;)sci(Bez(S-1,50)) = Bez(S;, Sit1)-

(See Bini and Pan [3] p. 169 for the classical result over the Euclidean remain-
der sequence. Proof uses same methods).

4 Computation of the Symmetric Subresultants Sequence

The previous theorem gives us a direct method to compute the sequence of
symmetric subresultants of two polynomials A and B, of same degree d and
same valuation 0. It uses symmetric divisions instead of the determinantal
definition. With parts 2 and 3 of Theorem 3, we can compute the subsequence
(Sk:)i=o,...s (s < d) of the sequence of the symmetric subresultants, such that,
for each index i, the pair (Sk,, Sk,+1) is (g, §;)-defective. This implies that,
for each i, Si, is of valuation 0 and degree d — k; (we have ky = 0 as Sy =
B). Denote by @Q; the i-th symmetric quotient of (Sk,, Sk,+1). The sequence
(Sk; )i=o,....s is obtained by the following Euclidean-like algorithm :

Ic (S1) - Sk, (0) - So=Q0oS1 —1c (So) - Sky+1,

Sky
le (Skl-i—l) ' Sk2(0) : S/ﬂ = Qlﬁ - Xﬁllc (Slﬁ) ! S/ﬂ (0) ! Sk2+17
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Shket1

le (Sko+1) - Sko41(0) - Sk, = Qs

For such an algorithm, a classical analysis of cost gives a bound of O(d?)
arithmetical operations. In the important case of Z, we use HADAMARD’s
bound for a determinant : if the size of all the coefficients of the polynomials
is bounded by o, then the size of the coefficients of all the Sj, is bounded by
2d(o +log(d)). Therefore, in the case of Z, the binary cost of the algorithm is
in O(d>M(2d(o + logd))) where M(t) denotes the cost of the multiplication
of two integers of absolute value less than 2°.

However, this algorithm can be improved. In a previous article (see [5]), we
studied the case where B is the reciprocal polynomial of A. In fact the im-
provement we gave can be applied to every pair of polynomials A and B in
D[X] of same degree d and valuation zero. The next section is devoted to
showing this.

The ideas we develop here are adaptations to the case of symmetric subre-
sultants, of ideas already known for ordinary subresultants (see [21], [22],[23],

[27])-

4.1 Transition Matrices

One idea is to  express the  transition from a  pair
(Sk;s Sk,41) to a pair (Sk,,,, Sk, ,+1) With an appropriate matrix.

Let A and B be two polynomials in D[X]| of same degree d and valuation 0.
Suppose the pair (S}, S;j;+1) to be (o, B)-defective ; set k = j+a+ 3 and denote
by @ the symmetric quotient of lc (S;41)Sk(0)S; by S;41. With formulae 2 and
3 of the Structure-Theorem Th. 3, we can write, for 7 > 0 :

Xk—lsk Xj_lsj
= M,y - |
XkSk—i-l X]Sj+1
with
0 —1)(ath)a le (Sj+1)aatc (SHI_)B—l h1
Mj,k = ( ) lc (S5)«5;(0)8—1 . (1)

_ 1c(84+1)Sk(0) xotl _Q
1c (S;)5;(0) lc (S;)S;(0)

In the case 7 = 0, we obtain :
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X"“_lSk SO

= Moy, -
XkSk_H Sl

with

0 (_1)kabglc(51)a20(51)5_1ngl
Mor =1 Lsnso o ' @)
o 1bd (0 ya 2

Furthermore, we have (for j = —1) :
So 0 1 A
Sl bd —Qq B

We can now state a general definition.

Definition 4 Let A = ¢ ;a; X" and B = %, b; X" be two polynomials of
D[X] of same degree d and same valuation 0. Let (S;)-1<i<a be the sequence
of the symmetric sub-resultants of A and B. We denote by (k;)io,.. s (with
ko = 0 < ki < ... < k) the sequence of indices such that (Sk,, Sk,+1) 18
(cvi, B;)-defective.

Then, fori,j € {0,...,s}, with i < j, we denote by My, x, the matriz defined
by :

Mki,kj = Mkj—lykj ) Mkjf%kjfl T Mki,ki+17
where the matrices My,
1> 0, we have :

are defined by the above formulae (1) and (2). If

key1

ij—lskj in—lski
N =M, | ;
X" Sk 11 X" Sk
and if i =0 :
ijilskj So
= Mo,k; -
ijskjﬂ S1

We call the matriz My, the transition matrix from the pair (Sy,, Sk,41) to
the pair (Sk;, Sk;41). We denote by My, the transition matriz from (A, B) to
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(Skis Skit1) -

0 1
My, = Moy, -

by —aq

with the convention that M is the identity.

We can now justify the assertion of the previous section : all the quotients
(and remainders) involved in the Structure-Theorem are fraction-free.

Proposition 5 Let A= Y% a; X" and B = X% b; X" be two polynomials of
D[X] of same degree d, and same valuation 0. Let (S;)_1<j<q be the sequence
of the symmetric sub-resultants of A and B. Let j € {1,...,d — 1} be such that
(S;,Sj41) is (o, B)-defective. Put k = j+ o+ 3.

Then the symmetric quotient of 1c (S;41)Sk(0)S; by Sj11 belongs to D[X], as
does the symmetric remainder.

Proof : By Lemma 1 we have for i > 0 :

X718 =U;_1A+ V1B,
X'Siy1=U;A+ V;B.

Therefore, we obtain, for each j > 0, the following expression of M; :

U1 Vi
Uy V;

j =

We can directly deduce from (1) and (2) the value of det(M, ). Moreover, if
we consider the first line of

X’“ilSk Xjflsj
— Gk

Xk Sk 7 X781

we see that lc (Sy) = (—1)(thel (5{:(15;15((5@11)[%—1. Therefore, we obtain, for

7>0:
det(M; ) = o XM
i) = 16550
and j = 0 yields :
1
det(Moy) = Mj’f@xawy

22



As above, we denote by (k;)o<i<m the indices such that (Sk,, Sk,;+1) is (e, Gi)-
defective with ky = 0 and k,, = 7. We have :

m—1
det(M;) = det (M) - (H det(Mki,kM)) ,
=0
m—1
= —bd . H det(Mki7ki+1),
=0
lc (S, ) S, (0) e (S ) (0) s
— b, 1 1 Xao-i—ﬁo 1 i+1 i+1 Xa,-}—ﬁZ’

m—1
= —1c (Sk,.) S, (0) X F1—Ro=1 L T Xkin—he

=1

= —lc (S, ) Sk, (0) X7

Consequently, the matrix M; is invertible and we easily see that, if j > 0 :

V, —V._
det(M;)M; " = ( 7o 1).
—Uj Uj,1

aq 1
When j = 0, we get : bgMy "' = a .
by 0

By definition of M;, we have for 0 < j < k, M;; = Mk~Mj_1. Then for j > 0:

| U1 Vi Vi Vi
e (S)S,(0) X My = | T T
U Vi ) \-U; U

Up-1 Vi1 aq 1
—bg Mo = . -
U Vi by 0
Identifying the bottom right-hand side entries of these matrices, yields
if 7>0:

and for j =0 :

inlQ = Uj,lvk — Uk‘/jfl € ]D)[X],
and @) = —U, when j = 0. O
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4.2 Symmetric truncation

The computation of the symmetric quotient of two polynomials does not in-
volve all of their coefficients. In fact, we only need the leading and trailing
terms of the divisor. More generally, the computation of successive symmetric
quotients can be done with only the knowledge of a few leading and trailing
terms of the first divisors. This way it appears cheaper to compute successive
quotients instead of successive remainders, as we use only small parts, which
we will refer to as “symmetric truncation” of the polynomials.

First we define the symmetric truncation of a polynomial.

Definition 6 Let P = Y%  p; X" be an element of D[X], P # 0. For { €
{1,...,[d/2]}, we denote by P, the polynomial

Po=po+- 401X+ paoen1 X+ -+ paXP
For { =0, we write Po =0, and for { > |d/2|, P, = P.

We now analyse the cases where truncation of two polynomials does not affect
their symmetric quotient.

Lemma 7 Let P and Py be two polynomials of D[X] such that deg(P) = d,
deg(P)) =d—p3<d,v(P)=0 and v(P,) = a > 0. Then,

squo (P, P) = squo (P|(a+ﬁ+1)7 P1|(a+ﬁ+1))7

where Py is considered as a polynomial of degree d in order to compute its
truncation.

Proof : Set P = P(aip11), P, = Pij(atps1) and v = d — 2(a + 3) — 1. We
have deg P = 2(a+ () + 1, deg P, = 2a+ 8+ 1, v(P) = 0, and v(P}) = .
Then, let us consider the following symmetric divisions :

P
P:QX—L + X°R with deg(R) <d—a—f,

~

~ ~ P ~ ~
P:QX—L + X°R with deg(R) <o+ 8+ 1.

-~

We have deg(Q)) = deg(Q) = a + f and we can write : @) = O X? + Q
and ) = QlXAﬁ + ()2, where deg ()5 and deg ()5 are strictly less than 3, and
deg @1 = deg Q1 = a.

Then :
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v ~
+ XA(R - X"R).

Since deg(P — X"P) and deg(P, — X“’Pl) are less than d — o — 3, we see that
deg(Q — Q) < 3, and therefore, Q)1 = Q1 Similarly, we compare the valuation
of both sides at the identity :

P - P

P-P=qQ

Asv(P—P) > a+f3and v((P,—P;)/X®) > (3, we conclude that v(Q—Q) > £,
.e. Qo = QQ. Hence Q) = Q

O

We can also compare the truncation of the symmetric subresultants of two
polynomials with the symmetric subresultants of their truncations.

Lemma 8 Let A and B be in D[X]| of same degree d and valuation 0. Let
(gi)—lgigd be the sequence of the symmetric subresultants of A and B. Let,

(Sj)-1<j<2e—1 be the sequence of the symmetric subresultants of A, et By, (¢
fized in {1, ..., |d/2]}). Then for 1 < j < {, we have :

Sile—g) = Sjle—j)-

Proof : The proof is based on the definition of the coefﬁ(nents of the sym-
metric subresultants. Set A = ZZ v Xt and A = 2514, X7 ( respectively
B = Y% ,b; X" and B = ngolel) For 0 < k < ¢ — j, the coefficient of
order k of S]‘g,J is given by :

g ... Qj_g Apqj—1 A1
ao
~ 0 Qg dgg_j e Qop—1
COk(‘Sj\ij) =1. - N N
bo ... bj—2 bptj—1 bap—y
bo
0 by, bgg_j oo bop g




ag ... Aj—2 Ak4j—1 Qq
Qg
0 ag Qd—j4+1 - -+ Qd
= = COk(Sﬂg,j).
bo R bj_g bk+j—1 bd
bo
0 b ba—jt1 ... by
In the same way, if { —j < k < 2¢ — 27, we have :
cop(Sjje—5) = cor+(55),
Qg ... Aj_2 Qk42j—1 A20—1
ao
0 Qryj Goej ... Qo1
bo ... bj—2 brpyj_1 ba—q
bo
0 b bar—j ... baq
ap ... Aj—1 Qd—204+k+2j Qq
Qo
0 @qg-204k+j+1 Gd—jr1 --- Aq
bo ... bj—1 baorskt2;  ba
bo
0 ba—204k+j41 ba—jr1 --- bg

= COq—20+k+j+1 (Sj) = Cok(Sj\(éfj))'
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Therefore Sj,—;) and S, jl(e—j) have the same coefficients. O

As a consequence, we have Sj;, = §j‘k for every k such that 0 < k <[ — .
Also S;(0) = 5;(0) and lc (S;) = 1c (S;) for every j < £.

Further, for a given ¢, we can predict how many symmetric quotients will be
preserved if we replace A and B by A, and By, in the computations.

Theorem 9 Let A and B be in D[X] of same degree d > 4 and valuation
0. Let (S;)-1<i<a be the sequence of the symmetric subresultants of A and
B. Fort € {2,...,|d/2]}, let (Sj)_1<j<ae—1 be the sequence of the symmetric
subresultants of AM et Byy.

Let (k;)o<i<ss respectively (k Jo<i<s', be the indices such that the - pairs (Sk;s Ski+1)5
respectively (S S are (o, 3;)-defective, respectively (@, (;)-defective (we

)
have ko = ko = O)

For each i such that Sk, 1 7& 0, set Q; = lc (S, +1)Sk (0)squo (Skz, Sk +1) and

i+1

for each i such that Sk+1 40, set Q = lC(SkH)SkZH(O)
squo (S Sk 1) Then My, .., respectively ME Ry 0re the transition ma-

trices of the sequence (S;)1<j<a, Tespectively (S;)1<j<a0-1.

Let m be an index such that 1 < m < s and let k,, + 1 < £, then for all
1=0,1,....,m—1, we have :

o = Qy, ﬁz = Bz@ Qz = @z’, ki = %z’,
and finally, ]\7[%@“ = My, &

i+l

Proof : First notice that for any ¢ =0, ..., m — 1, we have k; 11 = k; +a; + 5;;
it follows that :

m—1
Z o; + ﬁl < /.
=0

For each j < ¢, by Lemma 8, we have Sj,_; = Aﬂg,j Therefore, for each
j=1,2,....,0 —1, we have S;(0) = S;(0) as well as lc(S;) = lc(S;). Then, we
see that k; = k; for every ¢ = 0,1, ...,m. Furthermore, as ki1 — ki = a; + ;,
and kz+1 ki = a +ﬁz, we have o; + 3; = +Bi for every i = 0,1,...,m — 1.

We claim that a; = &; (i =0,...,m—1). This will also imply that §; = B; for
each i =0,1,...,m — 1. Indeed, we have Sy, 41j/—r,—1 = gkiﬂw_ki_l. Therefore,
the {—k; —1 bottom coeflicients of S, and gki+1 are equal. But v(Sk, 1) =
and we have k; + a; + 0; = ki1 < k,,, < L. Thus «; is less than ¢ — k; — 3; <
¢ — k; — 1. The valuations of Si,;; and gkiﬂ must then be equal.

Having proved that the sequences of indices (k;)o<icm, (@)o<i<m, (Bi)o<i<m
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are equal to their counterparts, we now show the equality of the symmetric
quotients.

First we have, by Lemma 7 :

Qi =squo (IC (Ski+1)ski+1 (0) ) Sk'i? Ski-f-l)
=squo (lc (Ski+1)ski+1 (0) - Ski\ai-i-ﬁi-l-l? Ski+1\ai+/3i+1)v

since (Sk,, Sk,+1) is (ay, B;)-defective .

Ifi <mandk,+1</{ we have o; + 3; + 1 < £ — k;, and, by Lemma 8,
Skilai+Bi+1 = gkmﬁgiﬂ. In respect of Sy, 11ja,+4,41, the truncature is applied
to Sk,+1 considered of formal degree d — k; (Lemma 7). But, by Lemma 8,
we have Sk, 11)a;+5,4+1 = §k¢+1\ai+5i+1, polynomials being truncated with their
actual degree. However using formal degree d — k; instead of actual degree
d — k; — (3;, we do not take into account so many coefficients and the equality
of the truncatures holds as well.

Since the leading coefficients and constant terms of the sequence (S;)o<;<¢ and
(S;)o<j<e are equal, we can write :

Qi =squo (1C (gki+1)§ki+1 (0) ) §k1\0i+5i+17 §k¢+1\ai+ﬁ¢+1)
“a.

Finally, inspecting the expression of the transition matrix My, ., given by
(1) and (2), we see that all the ingredients have been proven to be equal for

the two matrices My, x,,, and M\ki7ki+1 (i=0,...,m—1).

4.8  Fast Algorithm

We now describe the FSSR. Algorithm which is written in pseudo-code further
down.

Let A and B be two polynomials of D[X] of same degree and valuation 0. They
are considered as global variables. The FSSR Algorithm takes as input a pair
(Sk;s Sk;+1) of two successive symmetric subresultants of A and B, (o, 5;)-
defective and an integer r < (d — k;).

It returns the sequence of the symmetric quotients (Q;, a;, 3;)i<j<v—1 With v
the largest index such that k, < k; + r. It returns also the transition matrix

Mkiykv ‘
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In the general case, we are interested in finding the entire sequence of sym-
metric quotients of A and B, and FSSR(Sy, S1,d) with Sy = B, S; =
lc (B)A — lc (A)B will suffice. This way, we compute the entire sequence of
symmetric quotients except perhaps for the last one which can be obtained
with an extra division.

How does this work 7 We use a strategy of divide and conquer, to compute a
partial sequence at each step. Here is a description of each non-trivial step.

Step 1 : If S, 41 is 0, we have already reached the end of the sequence of the
symmetric subresultants of A and B.

Step 2 : If r < 2, the algorithm performs symmetric divisions starting with
the polynomials Sj,, and Sy, .1, whose degrees are at most 3. It computes
also directly the corresponding transition matrix.

Step 4 : a call to FSSR (Slmr, Ski+1lrs (%D is executed.

Since the third recursive call, the coefficient of truncature is stricktly lower
than Ld;kij, and therefore Theorem 9 can be applied : the algorithm computes
Qj, aj, B for j =4,...,u—1 as well as My, 1, with u the largest index such

that k, < k; + [r/2].

Step 5 : We compute Sy, , and Sy, 41 via My, g, .

Step 6 : Then, via a symmetric quotient, we compute @), and add it to the list

of quotients already computed. My, .., is computed as well as (Sk, ., Sk,.1+1)-

This intermediary step is needed to guarantee that the coefficient of truncature

in the next call to FSSR (step 7) is smaller than [Z].

Step 7 : We perform a second call to FSSR(S;MH‘T, Skusatilrs T — (Fug1 — k:l))
We therefore obtain symmetric quotients @, up to @,_; with v the largest
index such that k, + 1 < r + k;.

Step 8 : We get together the pieces already computed.

Remark : throughout the algorithm, instead of computing My, x,, = My, k,, -
My, x; for 0 <@ < j <m < s, it is preferable to compute :

M, = ( (10 (S1,)k,0)) - My, ) - M, ) /(I (S1,)Si, (0)

using the order of operations indicated by the parentheses. In doing so, we
keep all computations in D[X] and the algorithm remains fraction-free.
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ALGORITHM FSSR

INPUT : ~ (Sk;»Sk;+1), a pair (ay, B;)-defective of symmetric
subresultants of A, B,
— r a positive integer, r < d — k;.

OUTPUT : — the list L := [Qq, i, Biy o, Qu—1, -1, Bv—1] and My, ,, where v is the
biggest integer such that k, < r + k;.

MAIN PART : 1-1IF Si,11 =0 then RETURN L :=[], and M := Ida.

2 — ELSE IF r < 2 then compute L using symmetric divisions of Sy |, with
Sk;+1)r and My, g, from definition.

~ ELSE
3-r=131
4 Ly ==FSSR(Sy, 1. Sy 1)71"):
% L1 contains :
% Qiy iy Bis ooy Qu—1, Cu—1, Bu—1,
% we get also : My, j,,,
% with u, largest integer such that k, < v’ + k;.
5 — Compute Sy, and S, 41 by :

Xku=lg, Xhki=1g,
b = My, k., - ks
X% Sk 41 X% Sk, 41

6 — Qu =1c(Sky+1)Sk, 1 (0)squo (Sk,, Sk, +1) ;

Ly = Ly H{Qu} Mk, iy = Moy kysr - M

Compute Sku+1 and Sku+1+l by :
Xku+1715k

k e = My, k
X u+lsku+1+1

Xkizlg,.
ut1 XFki Sy 44
T Ly :=FSSR(Sk, 1 1rs Sky oy t117 — (Rus1 — ki));

% Lo contains :

% Qut1, Qut1; Butl, s Qua1, Gw—1, Bv—1;

% we get also : My, | k,-
% with v, largest integer such that ky, < r + ky41.

8~ L:=Li|JLo; My, 1, = My iy k0 " Mig ey iy

END.

We now consider its cost.

Theorem 10 Let D be a sub-ring of C and let A and B be two polynomials
of same degree d in D[X]. The algorithm FSSR(Sy, S1,d) with Sy = B and
S1=1c(B)A —1c (A)B uses at most

O(M(d).log(d)) = O(dlog*(d) loglog(d))
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arithmetical operations in D (M(d) denotes the cost in arithmetical operations
of multiplying two polynomials of degree at most d in D[X]).

If A and B are elements of Z[X| or Z[i][X], and if the size of their coefficients
is bounded by o, then FSSR(Sy, S1,d) is executed in less than

(’)((d2.(a + log(d)). log(do + dlog(d)).log (log(do + dlog(d))). log(d))

binary operations on a multiband TURING machine, using DF'T.

Proof : Let us denote by CF(9) the cost in terms of arithmetical opera-
tions of the computation of FSSR(Sy, S1,d). We do not take into account
the degrees of the polynomials Sy and Sy, as, from the very beginning of the
algorithm, these polynomials are truncated to order ¢ and the degrees of the
polynomials that we really manipulate are lower than 26 — 1.

During the execution of FSSR(.Sy, S1,d), we use two calls of FSSR with ¢ re-
placed by [g} The intermediate computation consists of some multiplications
and a symmetric division : the number of arithmetical operations is bounded
by O(M(9)) . Therefore, we have :

CF(5) < 2C]-"<ED + O(M(5)).

It follows that CF(4) is bounded by O (M (6)log(d)). Hence the first assertion
with 0 = d.

In the case of Z or Z]i], we follow the same arguments. However, we have to
bound the size of the coefficients appearing in the algorithm. These coefficients
are minors of Sylv,(A, B). They can be bounded by HADAMARD’s formula :
their size is less than 7 = 2d(o + log(d)). The coefficients of the transition
matrices My, x; are of the same size. If M(d, 1) is the binary cost to compute
the product of two polynomials of degree less than d with coefficients of size
bounded by 7, we get :

CF(d,o) < O (M(d,7)log(d)).
This proves the result in the case of a multiband TURING machine. a

Remark : it might surprise the reader that we compute the sequence of sym-
metric quotients instead of the symmetric sub-resultants. Indeed as far as
applications are concerned the important elements are the symmetric remain-
ders and not the symmetric quotients. In fact, the applications we know of
use either the constant terms of a sequence of symmetric remainders, or a
particular symmetric remainder. When the sequence of symmetric quotients
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is known, the sequence of Sy, (0) can be computed in O(d) as we can see in
the introduction to Part 4.

In this case, when a particular symmetric remainder is needed, computing the
corresponding transition matrix is enough to determine this specific remainder,
up to a few additional operations.

5 Application to Toeplitz matrices

In this section we consider the relationship between sequences of principal
minors of a TOEPLITZ matrix and of the symmetric sub-resultants of polyno-
mials. As a consequence, we will get new algorithms to compute the signature
and the inverse of such a matrix. We do not improve the cost of algorithms
presented in [2] and [13] and already used in the complex numerical case.
However, in the case of integer coefficients, we control the size of results and
use fraction-free computations; this is well suited for computer algebra.

5.1 Relationship between TOEPLITZ matrices and symmetric sub-resultants

We first establish a link between constant terms of the symmetric subresultants
and principal minors of a TOEPLITZ matrix.

Proposition 11 Let F = X%, f;X" and G = X%, g; X" be two polynomials
of equal valuation; we suppose that the degree of F' is exactly d; the degree of
G is formally considered equal to d but could be less. Let

aQ A
—=v+)> X'

be the expansion around zero of G/F, and

% = —u—ZuiX’i

i>1

its expansion around infinity. Let T,(F,G) = (ti;)1<ij<k be the TOEPLITZ
matric :

ti,j = Vj—; if ’L<]
ti,j = Uj—j if ’L>]

ti,j:u+v if ZIJ
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Then, if (S;)—1<;<a is the sequence of symmetric sub-resultants computed with
S_1=F and Sy = G, we have, for any k=1,...,d :

S4(0) = (~1)*.fE.f5 det(T(F. G)).

Proof : As we have G = (—u — Y;-ou; X %) F, the following sequence of
relations holds :

go = —ufo — U1f1 — = Ud—lfd—l - udfda
g1 = —Ufl - U1f2 — Ud—lfda
ga=—ufq.

Now define for k = 1, ..., d, the following three k x k matrices :

Ja O 0 ga 0O 0
Fk: Jao1 fa ’ ak: ga—1  9d ’
Jaokp1 oo oo Ja Jd—k+1 " 9d
u 0 0
U, — U u
Upg -+ v - w

Our relations can be translated by the following matricial relation :

Likewise, comparing the coefficients of G = (v + ;-0 v; X ) F, we obtain :

G =V -Fy

with
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F, — Jo fkiQ Gy 9o Gk—2 ’
Jo 9o
VUL Uy
V, — v V-2
v
These relations imply :

I, I, F, 0| (FF,
v, U] \oF) \a. @

(I denotes the identity matrix of order k.) Now, we can compute the determi-
nant of each side. For the left most matrix we subtract the i-th column from
the (i + k)-th one (i = 1, ..., k). The result follows. O

5.2 Signature of an Hermitian TOEPLITZ matriz

Given an Hermitian TOEPLITZ matrix :

o t ta—1
t
T,=| Sl
]
ta—1 -+ t1 1o

we want to compute the signature of the associated Hermitian form. We didn’t
find any reference in the literature to this simple problem, although there are
several methods proposed in the case of real HANKEL matrices (see [12] and

[32]).

The signature of 7; can be computed from the sequence of signs of its principal
minors. The rule given by IoHvIDOV [18] and, independently, by one of us [33],
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works even when some of these minors vanish. Once the minors are computed,
the signature is obtained in O(d) arithmetic operations.

The problem is then reduced to the computation of the sequence of principal
minors of 7;. This can be achieved by the computation of the constant terms
of the sequence of the symmetric subresultants of two polynomials as the next
proposition shows.

Proposition 12 Let 7; be a Hermitian TOEPLITZ matriz, defined as above,
and T the polynomial :

T=—-t—1(X—  —tg X f g X+ X272 x24T

with t # 0 and tg =t + 1.

Let (S;)_1<j<24 be the sequence of symmetric subresultants of X**' +1 and
T. For j=1,...,d, we have :

where d; 1s the j-th principal minor of 1.

Proof : We can use Proposition 11 in this special case. But the result can

also be seen directly as well. Indeed, we have for each 7 =1,...,d:

1 0 1
1
0 1 1

Si(0)=| _ _

=
—t
0 -t bjog e t

| — —_————
Jj-1 J
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B 0 1 0 0
A S A

t
ty ty

O

Using FSSR Algorithm, we can then compute the signature of a Hermitian
TOEPLITZ matrix of order d in O(dlog(d)?loglog(d)) arithmetical operations.

BRUNIE in [4] has shown that it is possible to improve the algorithm also to
get the rank of the matrix, but this extra computation has an arithmetical cost
of O(d?) operations. There still exists no fast solution to the rank problem.

5.8 'TOEPLITZ linear systems

We now consider a much more popular application than the signature prob-
lem. Let 7; be a TOEPLITZ matrix of dimension d. Suppose it is invertible
and we want to compute 7; '. Several authors have given fast algorithms to
solve the problem. BRENT, GUSTAVSON and YUN in [2] have a solution us-
ing PADE approximants, continued fractions and Euclidean algorithms. Their
solution has a cost of O(dlog(d)?loglog(d)) arithmetical operations and uses
the GOHBERG-SEMENCUL formulae. More recently GEMIGNIANI in [13] and
[14] has used the SCHUR decomposition of a matrix with the advantage that
in defective cases no extra computation is needed. Both algorithms have the
same cost. BINT and PAN give in [3] the state of the art on this problem.

The solution developed here also works with the formulae of GOHBERG-
SEMENCUL. However we use the symmetric subresultants; therefore we are
able to manage the defective cases directly with the FSSR. algorithm without
extra computation. Our cost is the same as in [2], although, in defective cases,
we approximately divide computation time of by a factor two. Furthermore,
our algorithm is fraction free, until the last step.
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As it is one of our tools, we recall first the GOHBERG-SEMENCUL formulae
[15].

Theorem 13 Let Ty = (t;—j)o<ij<d—1 be an invertible TOEPLITZ matriz. We
denote by x = (xg,...,xq1)" the first column and by y = (Yo, ...,Ya_1)" the
last column of T;*. If x9 # 0, we have

ro 0 0 Ya—1 - Yo
-t !
d 0 0
i Lg—e1 ** " " Zo 0 O yd—l
0 «vvvn- 0 0241 - T |
Yo
- (%)
Td—1
Yd—2 Yo 0 0 0 /)

If xg = 0, there exists an extension Ty = (ti—j)o<ij<a of Tqg which is invertible
and such that the first column of T}, say X = (Zo,...,Zq), has its first

coordinate different from zero. Let § = (o, ..., ¥q) denote the last column of
T3 In this case, we have :

o 0 - 0 TR i
ot g
S 0
Bgqg oo o 0 - 0 i
jo 0 0 By oveoen Y
0
- (%)
. 0
Yda—1 " Yo 0 0 Zq4 ) |

Therefore, if 75 = (t;—;)o<i j<d—1 is an invertible TOEPLITZ matrix, the prob-
lem is reduced to the computation of the vectors x and y or X and y depending

on the situation. We can use the symmetric subresultants algorithm for this
task.
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Let us define the two polynomials :

S—l — X2d+1 + 1’
So=Ty5=—t —t 1 X——t_ g X 4y X0 XM 4ty X2, X2

where coeflicients ¢, and t_ are different from 0 and satisfy ¢, +¢_ = ¢y. The
complex coefficients v and § will be determined later on during the computa-
tion in order to apply Theorem 13.

One can note that from F = S_; and G = Sy we can rebuild the matrix T
using Proposition 11 : we have T' = T,(S_1, Sp).

Let (Sj)—1<j<2a+1 be the sequence of symmetric subresultants computed with
S_y and Sy. As 7y is invertible, we have S;(0) = (—1)?¢det(7;) # 0 (use Propo-
sition 11). We will write Sq = 2% ! 5, X?. There also exist two polynomials

Ujq = Zf;ol w; X and V;_; = Zf;ol v;X?, such that :

XSy = Uy (X 1) + Vo T 5.

This relation can be translated into matricial terms as follows :

10 ---0
0
0
0--- 01
0 vev-- 0
Ug
+
0 vnn- 0 Hd=1
10 ---0
0
-0
0--- 01
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—t_ 0 0 0
—t
0 0 d
_t—d+1 . _t—l —t_ So
-y —legy1 o =l 1
Vo
)
= : d+1.
-
Vg—1
t ti-1 0 Sd+1
o4 tas 0
0 : d
3]
0 0t 0

Vo 0
1 = ;
0
Vd—1 —S0
Vd—1
1 :
with sg = S4(0) = (=1)4det(Zy) # 0. Therefore, we see that — is the

S0
Yo

first column of 7; '. The same trick applied to 7 gives the last column of our
matrix. If v4_1 # 0, we can apply the first formula of GOHBERG-SEMENCUL
to conclude.

By the proof of Lemma 1, we get vy = —Sg1(0) = (=1)4det(Zy_;). If
vg_1 = 0, we have to compute the next symmetric subresultants, Sy, 1. There
exist two polynomials, U, and Vj, of degree at most d, such that :

XSy = Ug(X*™ + 1) + VT, 5.
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In this case, deg(Vy) = d, because coq(Vy) = vy = (—1)1det(7;) # 0. If
Sat1(0) # 0, we see, by the same computation as in the generic case just
above, that the coefficients of —V;/S4.1(0) determine the first column of the
inverse of :

Y
t_
7;1 d+1
7;1+1 =
[
0 td—l s tl tO

Therefore we have to choose the coefficients v and ¢ in order to satisfy Sgy1(0) =
(~1)% det(Tzu) 0.

Proposition 14 Using the above definitions, suppose that det(7;_1) = 0 and
det(7) # 0. Define the three vectors of dimension d :

0 0 1
t_ ta— 0

V_ = o , Vi = T and ey =
t_1 t1 0

Then, the determinant of Ty.1 satisfies :

det(7gy1) = —det(Zy) - (7V "I reg + 6eb T, 'V + V'V — ).

Furthermore, in the above relation, the coefficients V. '"T; ‘e and eT; 'V _,
of v and § respectively, cannot vanish.

Proof : We can factorize 7,1 as follows :

0
oy : Iqg |r
%Jrl: ' )
0
5td_1-'-t1f 0---0/1
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with r = 7, =T, ' (veo+ V_) and :

f = to — (580 + V+)t : 7:171(’)/60 + V_)

Then, we have :

f=to— (76 -eo"T; 'eq+~- VT, 'eo+0- €T, 'V_+ V. "I 'V_).

But eg'7; ‘e is, up to the factor 1/ det(7y), equal to det(7;_;) which is zero.
Therefore, we obtain the stated formula.

We know that 7; is invertible; let (zq, ..., 2z4_1)" be the first column of its in-
verse. Since det(7;_1) = 0, we have zg = 0. If we suppose that
0
t—1 1 .
V., "7 ep =0, we have (0,t4-1,...,t1) - _ = 0, and we can write :
Tg—1
0 0 1
T t_as1 T 0
tfl Ta—1 0
0 td—l e tl t(] 0 0
tO t_l tee t_d+1 0 0
131 T
7,
td—1 Td—1
0 0
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We therefore conclude that :

X

Tg—1

However, as 7; is invertible, the equation 7; - X = 0 has only one solution,

that is the zero vector. This leads to a contradiction since x1, ..., z4—1 are not
all equal to zero. Therefore, the coefficient V7, 'eq cannot vanish. A similar
argument works with eo!Z; 'V _. O

Now we are able to choose a pair (,d) such that det(Zz,1) # 0. In fact, as
the set of pairs (7,0) that make det(7Z;.1) zero is a line, after three attempts
we are guaranteed to find an acceptable value (for example, we try (0,0), then
(0,1) and if, with both values, the determinant is zero, we can then use (1,0)
as a good coefficient).

Before we describe the algorithm for fast inversion of a TOEPLITZ matrix, we
have to make some important remarks.

First, the polynomials U,;_; and V;_; defined by:

delsd = Ud71<X2d71 + 1) + ‘/dflTw,éa (i)

are obtained from FSSR applied to X2 + 1 and T, 5 with r = d + 2. As
Sqa(0) # 0, if deg Sy = d + 1, there exists ky such that k, = d. We can then
compute My. The coefficients on the second line of this matrix, My, are exactly
Uy—1 and V,_q, as we can see from the proof of Proposition 5.

Otherwise, if deg S; < d+ 1, we observe that for the biggest ¢ such that k, < d
we have the pair (Sk,, Sk, + 1) right-defective (indeed Theorem 3 shows that
all other situations lead to Si(0) = 0 for ky < k < kyy1). We know that in
this case Sy, + 1 and Sy are proportional ; the coefficient of proportionality is
given by Theorem 3. From FSSR we obtain only :

szskz+1 = UkZ(XQdil + 1) —+ V]WT%(;,
Multiplication by the right coefficient provides formula (7).

Furthermore, whatever the situation might be, in this call to FSSR, +v and ¢
do not occur because we use a truncation to the order d — 1.
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This provides the first column of 7, '. The same computation applied to
X24=1 11 and S gives the last column.

Next, we do not need any extra call to FSSR when we test, for example,
(7v,0) = (0,0), (1,0) or (0,1). The computations are different only for the
last step, the transition from Sy to Sz11, and we do not need to begin again
the computation from S_; and Sy. This is the first advantage of our FITM
algorithm over the one in [2]. A second advantage is that it is fraction-free.

Finally we can rewrite our result in a TOEPLITZ-Bezoutian form. If (U, V) is
a pair of polynomials of degree at most d such that

X4S411(S1, S0) = (X + 1)V + UP,

and if (u,v) is a pair of polynomials of degree at most d such that
X8:,1(S_1,85) = (X*! 4 1)v + uP,

then, in the non-degenerative situation, we have :
Bez(U*,u)Ty(S-1,50) = S4(0)Sq11(0)14

where 1, is the identity matrix of order d. (It comes from a well-known matrix
representation of Bezoutian - see [3], p.156.)

There are certainly relations between our computations and those proposed
by GEMIGNIANI in [13] and [14]. Bezoutians are used instead of symmetric
sub-resultants. But, these algorithms start with quite the same polynomials.
In the literature one finds several links between resultants and Bezoutians (see
for example [20]). However, in our particular case, the relation between these
two methods is not easy to describe and will be the object of future work.

Of course, all that we have said in this sub-section can be simplified in the
case of a Hermitian TOEPLITZ matrix. It has been described in detail in [4].

We can now summarize our results in the FITM algorithm for fast inversion
of a TOEPLITZ matrix.

6 Conclusion

We have generalized the concepts introduced for the improvement of the
SCHUR-COHN algorithm. The sequence of sub-resultants defined for a pair
(P, P*) can now be computed for a general pair of polynomials and the fast
algorithm designed in the previous situation has been extended.
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ALGORITHM FITM

INPUT : 74 = (ti—j)o<ij<d—1, @ TOEPLITZ matrix of dimension d
OUTPUT : ’Z:i_l if 7; is invertible and, if not, a message that 7; is not
invertible

INITIALISATION - S ;= X2+141

=~ So=Top=—t—t1 X — - —t_gn X+t X2 +
o4 X2
MAIN PART : ~ FSSR(S_1, So,d + 2)

% we get My, with

% k; the largest index such that k; < d.
—if ky = d and S, (0) =0 or if k; < d, and S, +1(0) =0,

7, is not invertible. STOP
— compute V;_; from Mj, and possible use of Theorem 3
~FSSR(S_1, S5, d +2)

% we get 3’5, ﬁkl_l,XN/kl_l with

% k; the largest index such that k; < d.
— compute ‘N/d_l from ]\7;1 and possible use of Theorem 3
—If degVg—1 = d—1, then ’];l_l is computed via formula (*)

— If deg Vii=d— 1, then (’]})*1 is computed via formula
(*)

—If degVy_1 < d—1 and deg f/d,l < d—1, compute Sy
using My, .

—1If S441(0) # 0, then 7:1—1 is computed via formula (**)

— otherwise redo the computation of Sz with Ty ; or with
TLO‘

% one of them will give Sy,1(0) # 0.
END.

The effectiveness of the algorithms presented has been studied in [4] where
they have been effectively programmed in TP language, using the DFT. It
has been shown that the bounds are effective and that, for polynomials of
degrees greater than 300 and coefficients bounded by 232, these algorithms are
faster than their counterpart programmed without DFT.

Of course, the fast version of the SCHUR-COHN algorithm has not changed,
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but we can present applications to TOEPLITZ matrices which are new. It would
be an interesting study to compare the different algorithms for the inversion
of TOEPLITZ matrices and to explore the links between them.
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