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Abstract. This article is divided in two parts. In the first part we endow a
certain ring of “Drinfeld quasi-modular forms” for GLz2(F,[T]) (where ¢ is a power of a
prime) with a system of “divided derivatives” (or hyperderivations). This ring contains
Drinfeld modular forms as defined by Gekeler in [ﬂ], and the hyperdifferential ring obtained
should be considered as a close analogue in positive characteristic of famous Ramanujan’s
differential system relating to the first derivatives of the classical Eisenstein series of
weights 2, 4 and 6. In the second part of this article we prove that, when ¢ # 2,3, if P
is a non-zero hyperdifferential prime ideal, then it contains the Poincaré series h = Py41,1
of [E] This last result is the analogue of a crucial property proved by Nesterenko [@] in

characteristic zero in order to establish a multiplicity estimate.

1 Introduction

In [f], Gekeler introduced modular forms for GLy(F,[T]), analogues in posi-
tive characteristic to the classical modular forms for SLg(7Z); these functions
are frequently called “Drinfeld modular forms”. Both Drinfeld and classical
modular forms have interesting differential properties but there is a slight
imperfection, as the rings generated by them are not stable under derivation.

To overcome this problem in the classical case, one idea is to weaken a
bit the definition of modular forms, allowing slightly more general functional
equations, thus leading to the notion of quasi-modular forms as in [|, p. 166]
and [T, Definition 113] (1).

The same can be done in the positive characteristic case, as we will see
in this article: Drinfeld quasi-modular forms can be defined, and the ring

More implicitly, Quasi-modular forms already appear in several previous works by
Ramanujan and Rankin.



generated by these functions both contains Drinfeld modular forms and is
stable under derivation.

To what extent do classical quasi-modular forms and Drinfeld quasi-
modular forms resemble each other? This question is the basis for our article.
We will find that, apart from some differences arising from the unequal
characteristics, the classical theory and Drinfeld’s theory of quasi-modular
forms bear striking similarities.

The classical framework. Before we describe our results, it is convenient
to present the aspects of the classical theory whose analogues in positive
characteristic will be discussed in this text.

A holomorphic function f : H — C (where H is the complex upper half-
plane) is called quasi-modular form of weight w € N and depth at most [ € N
for I'g := SLg(Z) if there exist functions fy,..., f;, which are holomorphic
both on H and “at infinity”, and which satisfy the following condition: for

aH7:<a2>EFQmﬂaﬂzeH,
C

f(ZIS) = @z+®w§jﬂ@)ﬁxid>ﬁ

r=0

After Kaneko and Zagier (cf. [, Proposition 1], see also [I(, Proposi-
tion 124]), the ring generated by quasi-modular forms for I'g is also the
ring of functions C[Es, Ey4, Eg|, where Eo, E4, Eg are the classical Eisenstein
series of weights 2,4 and 6 respectively.

Recall that Fy and Fg are modular forms (hence, quasimodular forms
of depth 0), but that F5 is a non-modular quasi-modular form of depth
1. Since the derivative of a quasi-modular form of weight w and depth
< [ is again a quasi-modular form, of weight w + 2 and depth < [ + 1,
and since the functions Es, Ey, Fg are algebraically independent over C(q)
by a classical result due to Rankin and Mahler (see the contribution of
Bertrand in [[[J]), C[E», E4, Eg] is thus isomorphic to a polynomial ring in
three indeterminates, endowed with a structure of a differential, filtered (by
the depth), graded ring.

Explicitly, if we set D = (2mi)~'d/dz, the derivation on this ring is
described by the following formulas (due to Ramanujan):

DE, =  4;(E3 — E)
DE; = 3(F2E4— Fg) (1)
DEs = 3(E2Eg— E}).
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Among several basic questions that we may ask about differential rings,
one is to determine their D-differential prime ideals (recall that an ideal 7
is said D-differential if DZ C ). In [I4], the D-differential prime ideals of
C|[Es, E4, Eg] were all determined applying elementary commutative algebra.
There are many others, which we do not describe here, but they all contain
A. This latter property (with a slight technical hypothesis that we skip here)
was used by Nesterenko [[[1]] to prove a multiplicity estimate, which was a
crucial tool in the proof of his famous theorem on the algebraic independence
of values of Eisenstein series: if z € H, at least three of the four numbers
e¥™% By (2), E4(2), Eg(z) are algebraically independent over Q (see [T, [[3,
Chapter 3], see also [J, Théoréme 1.1]).

Drinfeldian framework. After this survey on quasi-modular forms for the
group I'g, we are ready to introduce the main results of this article.

Let T be an indeterminate, let A = F,[T] be the polynomial ring over
a finite field F,, and let K = F,(T') be its field of fractions. Let Ko, =
F,((1/T)) be the completion of K at the infinite prime, and let C' be the
completion of an algebraic closure of K,,. We will denote by € the set
C'\ K and, as usual, by p the characteristic of C.

It is well known that € is a connected admissible open subspace of the
rigid analytic space P1(C'). The group I'x := GL3(A) acts discontinuously
on 2 by homographies

b b
’yz(a >€FK, z €9, 'y(z):az+

cd cz+d

The quotient space can also be given a rigid structure, and it is natural to
consider “modular forms” with the straightforward definition.

The foundations of the theory of modular forms on € that we need
here are essentially contained in [ff]. Recall that since 'y has the non-
trivial character det : I'x — Fy, modular forms naturally have a type %),
in addition to a weight. The subring of the ring of holomorphic functions
on  generated by modular forms is C[g, h], where g and h are two special
modular forms, which are defined in [ff]. Here, g is the Eisenstein series
of weight ¢ — 1 and type 0 normalized in a suitable way (3), and h is the
Poincaré series P11 of weight ¢ + 1 and type 1 (example (5.11) of [H]).

Our first task (Sections || to [) will be to introduce Drinfeld quasi-
modular forms for the group I'x and to study how they behave under the
action of the so-called “divided derivatives”.

Tt is a class in Z/(q — 1)Z.

*In [H], the notation g changes in the course of the text. In our text we use the notation
g for the function gnew of [E] (p. 683).




Drinfeld quasi-modular forms will have weights, types and depths, the
zero depth corresponding to the case of modular forms. A useful result
we will then prove is a structure theorem for these quasi-modular forms,
similar to the one of Kaneko and Zagier quoted above. Let E be the “false”
Eisenstein series as defined in [, p. 686]. With our definition, this function
will be a quasi-modular form of weight 2, depth 1 and type 1. Denote by
Mglm the C-vector space of quasi-modular forms of weight w, type m and
depth < [, by M the ring generated by all quasi-modular forms (see § f
for the precise definitions), and by C[E, g, h]glm the subspace of C[E, g, h]
generated by the monomials E“g®h? satisfying the conditions 2 + 3(q —
D+v(@+1)=w,a+y=m (mod g —1) and o < [.

In Section [ we prove:

Theorem 1 The functions E, g, h are algebraically independent over C,
and we have

Ml%lm =C|E, g, h]@%lm and M = CIE, g, h).

Before introducing the differential results of this paper, let us recall that
Gekeler proved that the three functions F, g and h satisfy a system of
differential equations, namely (*):

D\E = E?
Dig = —(Eg+h) (2)
Dih = Eh,

where D; denotes the operator (—7)~1d/dz, T being a fixed fundamental
period of the Carlitz module. Thus, D; defines a derivation on the ring
C[E,g,h]. At first glance, the system (f]) seems to be an analogue of ([l).
But it turns out that the kernel of the derivation D is far too “big” (°), and
it is hopeless to get results about differential ideals analogous to those men-
tioned above in the classical case. For instance, the kernel of D; contains
infinitely many irreducible elements, and so the differential ring C[E, g, h]
has infinitely many D;-differential principal prime ideals, unlike the charac-
teristic zero case.

4See @ the last equation corresponds to the definition of E (p. 686), while the first
relation corresponds to (8.6) and the second relation is equivalent to Theorem 9.1.
5Tt can be proved that it is equal to the ring

C|E?,g",h*, Eg+ h, ER*~* E*hP~2 ... E""'h)].



The first important objective of this article is to show that in fact, the
ring C[E, g, h] is not only stable under the derivation Dy, but also under all
the “divided derivations”.

Let f: © — C be a holomorphic function and z € € be a point. We
define the divided derivatives or hyperderivatives (D, f)(z) of f at z (n > 0)
by the formula

flz42) =) (Duf)(2)e", c€C, |e| small.
n>0
This defines holomorphic functions D, f : 2 — C. In order to preserve K-
rationality properties, define further D,, := 1/(—7)"D,, (n > 0). We then
have the following result.

Theorem 2 Let n > 0 be an integer. The operators D, induce C-linear
operators

D, :C[E,g,h] — C[E,g,h]
such that, for all (w,l,m) e Nx NxZ/(q—1)Z,

<l
D, (K[E797 h]z%fm)c K[E’g’ h]a':_;:%m‘f'"' (3)

This Theorem will be proved in Section ] as a consequence of Proposition
B.1]. It is the hyperdifferential ring C[E, g, h] (that is, the ring equipped with
the operators Dj, Ds,...) which should be interpreted as the analogue in
the Drinfeldian framework of the differential ring C[FE2, Ey4, Eg].

By Theorem [}, any hyperderivative of a polynomial in the functions E,
g, h is again a polynomial in these functions. However, the operators D,
behave erratically and the problem of finding explicit formulas for D, F,
D, g, and D, h when n > p is not a trivial one, in contrast with the classical
case, where it suffices to iterate the operator D (see for example the formula
(25) of [19]). Some general results concerning the hyperderivatives D, E,
D,g and D,h can nevertheless be obtained when n has a particular form.
For example, in Proposition B.q we determine D, E and D, g for all k, up to
a modular form (see Section B.J for other results in the same vein). Also, we
give explicit formulas in Section [ for DyE, Dykg and D,xh when pF < ¢?
(Theorem @) As we will see, these formulas allow, at least in principle, to
compute D, f for any f € C[E,g,h] and any n < ¢°. For instance, in the
particular case ¢ = p, these formulas (which then determine D,, f even for
all n < p3 — 1) read

D,E = EPH 4+ 1k

Dy,g = FEPg (4)
D,h 2EPh — J-gh?,
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DB = BV 4 gt 4+ g

_ gpt+1
ngg — Ep29 . le_;ngrlhp + d;pfllld h2p71 (5)
1 2 Ty
_ 2 1 -1 1 opti1z2 4 +do +1
DPQh = EVh+ P EPgP™ hP — &9 PR — 71d117d2 gPhPT,

where d; = [1] and dp = [2][1]%, the notation [i] being defined as usual by
[i{] =T7 —T.

The second aspect of the theory that we want to develop is, in view of
Nesterenko’s results quoted before, the study of the ideals which are stable
by all the operators D,,. If Z is an ideal of the ring C[E, g, h], we say that
T is hyperdifferential, if it is stable under all the operators D,,, that is, if
D, (Z) C T for all n > 0. Hyperdifferential ideals in C[FE, g, h] are natural
analogues of D-differential ideals of C[FEy, Ey4, Eg).

Non-trivial hyperdifferential ideals of C[E, g, h| exist: for example, in
Proposition B.6 we will see that the principal ideal (h) is hyperdifferential,
in analogy with the ideal (A) in the classical case. The next important result
we will prove is that in fact, when ¢ # 2,3, this ideal is the only non-zero
hyperdifferential principal prime ideal (again as in the classical case).

More precisely, let us write F' = C(FE, g,h). The hyperderivatives D,,
(n=1,2,...) extend to F in a unique way, we denote these extensions by
D,, again. We have:

Theorem 3 Assume that ¢ ¢ {2,3}. Let f € F* be such that for all ¥ > 0
(D, f)/f € C[E,g,h]. Then, there exists n € Z and ¢ € C* such that
f=ch™.

Note that our proof of Theorem [ really requires that ¢ # 2,3, and that
we do not know if the result remains true when g € {2,3}. This Theorem
is an analogue of Lemma 5.2 of [[J, Chapter 10] (or Lemma 4.26 of []),
but its proof is different, and much more difficult. It requires two steps,
contained in Section [|. The first step consists in showing that if f is as in
Theorem [J, there exists a p-adic integer o = s1 + sop+ - -+ such that for all
k>0, fh7(31+52p+"'+s’“+1pk) € ker Dy N --- Nker Dyx. Then, with the help
of the expansions at infinity of the functions, we show that o € Z, which
yields the result since Ng>o ker Dp = C.

Somewhat, this approach already appears in the paper [J] by Matzat and
van der Put. But these authors work with linear hyperdifferential modules
over a field, while in our context, the theory is essentially non-linear. This



means that our proofs, even though initially inspired by the work [{], ulti-
mately depend very slightly on it. We should also add that in the proof of
Theorem [, it is not enough to know the formulas () (or even the formulas
of Section [). Thus, in this part of our work, the formalism of Kaneko and
Zagier becomes very helpful.

As in characteristic zero, one can use Theorem [J to prove a result for
arbitrary non-zero hyperdifferential prime ideals. One gets:

Corollary 4 Assume that ¢ & {2,3}. If P is a non-zero hyperdifferential
prime ideal of C[E, g, h], then h € P.

Corollary [} is proved in Section p.7. It is an analogue of Proposition
5.1 of [[[2, Chapter 10] (see also Theorem 4.25 of []). To prove it, we see
from Theorem Pl that we only have to treat the case when the height of
the prime ideal P is > 2. In characteristic zero, to handle this case the
original argument by Nesterenko was a generalisation of an idea of Siegel for
the classification of the algebraic solutions of Bessel and Riccati differential
equations. This method does not seem to work in our case; to avoid it, we
apply a trick appealing to Rankin brackets as in [[[4], which also works in
positive characteristic.

Finally, in Section ] (Theorem p.1]), we apply Theorem ] and Corollary }
to obtain a full description of all the hyperdifferential ideals of C[E, g, h],
analogous to Theorem 1.2 of [[[4].

Remarks about Nesterenko’s Theorem. Since it was one of the first motiva-
tions of our work, we cannot finish this introduction without a discussion
around a possible analogue in the Drinfeldian framework of the above quoted
Nesterenko’s Theorem. Let t(z) be the usual “parameter at infinity” (see
Section [ for the definition). It seems natural to state the following Conjec-
ture (compare with [[|, Conjecture 1]).

Conjecture. For all z € Q), at least three of the four numbers

t(2), E(2), 9(2), h(z)
are algebraically independent over K.

In the direction of this Conjecture, an important progress would be to
prove an analogue of Nesterenko’s multiplicity estimate (see [[[I], Theorem
3], see also [f, Théoreme 2.9]). Here too, we could make a Conjecture but
we skip it as it merely consists of substituting ¢ and the g-expansions of
FEs, E4, Eg with t and the t-expansions of F, g, h in Nesterenko’s multiplicity
estimate (see Section [ for the precise definition of ¢t-expansion).



As already mentioned, the analogues of Theorem f and Corollary ] in
characteristic zero play a decisive role in the proof of Nesterenko’s estimate
(see [, Remarque 4.5 and Théoreme 4.22]). However, although the results
we obtain here are very similar to those in characteristic zero, they do not
suffice to reach a multiplicity estimate: just as the proof of Theorem B is
much more difficult and need new arguments, it seems that a proof of the
multiplicity estimate in characteristic p will also require further ideas (we
omit the details about the several occurring obstructions).

Consequently, the above Conjecture seems to be still out of reach. It is
worth noting that such a situation is quite atypical: indeed, transcendence
(and algebraic independence) theory in the Drinfeldian framework has now
strongly been developed, and most of the classical transcendence results
have a known analogue in positive characteristic. Recently, the theory has
even gone far beyond the classical one in some cases ([l], [L3], [H]).

Let us notice that, just as for Nesterenko’s Theorem, the Conjecture
does not seem to follow from Grothendieck-like period conjectures in positive
characteristic, but only from some variants of André’s conjecture. Hence, it
is unclear how it could be handled with the methods of [[[J].

The results we obtain in this text hopefully constitute a first step towards
the Drinfeldian analogue of Nesterenko’s multiplicity estimate. We hope
taking others (and maybe all?) in a subsequent paper.

2 Basic properties of quasi-modular forms.

The aim of this Section is to introduce Drinfeld quasi-modular forms and to
prove some of their fundamental properties, in particular Theorem [l.
Recall that in the previous Section we have denoted by 7 a fixed fun-
damental period of the Carlitz module. In the whole text, we will further
denote by ec : C — C the Carlitz exponential, and by ¢t : Q@ — C' the usual
“parameter at infinity”, that is, t(z) = 1/ec(7z). We have kerec = TA and

20"
ec(z) = a0 (6)
n
n>0
where d; := [i][i — 1]7--- [1]7" and [i] := T9 — T (see Section 4 of B)-
Following the terminology of [[] and [[7], we will call holomorphic func-
tion in €2 an analytic function on 2 in the rigid analytic sense. Holomorphic
functions are thus locally analytic in the sense of [[§] (but the converse is
false).



The imaginary part of an element z € C (see Section 5 of [{]) will be
denoted by |z|;. If f: Q — C is holomorphic in 2 and A-periodic (i.e.
f(z+a) = f(z) for all a € A and z € Q), we will say that it is holomorphic
at infinity if f(z) is the value, for |z|; sufficiently large, of a converging series

=Y ait(2), (7)

120

where cg, c1, ... are elements of C. These coefficients uniquely determine f
and we will often write, by abuse of notation, f = 3,5, ¢;t’. The series ()
is the t-expansion of f.

In the whole text, we will denote by O the ring of holomorphic functions
f + Q@ — C which are A-periodic and holomorphic at infinity. This ring
contains in particular the modular forms for ' (by Definition 5.9 of [fi]). If
f is a non-zero element of O, we will denote by v (f) its order at infinity:
this is the smallest integer i such that ¢; # 0 in the ¢-expansion ([). The
map Voo extends to a map Ve : Frac(O) \ {0} — Z in the obvious way.

Definition 2.1 Let w > 0 be an integer and m € Z/(q—1)Z. A holomorphic
function f : Q — C is called quasi-modular form of weight w and type m
if there exist functions fo,..., fi € O such that, for all z € Q and v =

a b
(C d) €lk:

F(4(2)) = (ez + ) (det )~ Zf@

cz + d 8)

The type m of a quasi-modular form is a class in Z/(q — 1)Z. However,
to avoid heavy notations, we will sometimes use the same notation m for
any representant of the class, thus considering m as an integer. This abuse
of notation will not lead to confusion.

Remarks. (i). Let f be a quasi-modular form of weight w and type m,
and let fo, ..., fi € O be as in the definition. It is easy to see that if f # 0,
then the weight w, the type m and the polynomial zli:o fi Xt € O[X] are
uniquely determined by f. Indeed, if the function f were also a quasi-
modular form of weight w’ > w and type m/, and if an identity analogous
o (B) held with functions go,...,gr € O at the place of fo,..., f, then we
would have

c c
- B,
cz—i—d) (

(et )™ T AL )=0 (9)
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for all z € Q and all v € I'i with ¢ # 0, where

l U
A, = XWw Zfz(z)XZ € C[X] and B,= Zgi(z)Xi e C[X].
=0 =0

i d; 1> € I'x in ({) (with d € A arbitrary), we

obtain A, = B, for all z € €. By fixing an element z € {2 such that A, # 0,
choosing ¢ € A with dege > 1 such that A,(c/(cz + d)) # 0, and taking

Choosing now v =

v = <2 ?) with X\ € F} in the equation (f]), we get

/

P R S | DW= IF;.

This implies w = w’ and m = m/ in Z/(q — 1)Z. The equality A, = B, for
all z then yields the equality between the two polynomials Zﬁzo fiX? and
Zilzo ;i X', as claimed.

In virtue of this remark, if f is any non-zero quasi-modular form, the
polynomial

l
1=0

of O[X] is well defined. We call it the associated polynomial of f. The degree
of Py is called the depth of f and is usually denoted by [/; another notation
is I(f). If f =0, we agree that it is a quasi-modular form of weight w, type
m and depth [ for all w,m,[, and we set P; := 0.

We denote by va,m (resp. by Mg,lm) the set (resp. the C-vector space)
of quasi-modular forms of weight w, type m and depth [ (resp. depth <1).
Note that M

w,m 18 not a vector space for [ > 1. We will further denote by
Mw .m the C-vector space o of quasi-modular forms of weight w and type m,

and by M the C- algebra M= Z Mw .m- In fact, this sum is a direct sum
(see Proposition P.3 below).

(ii). If f is an element of leu .m» then the constant term fq of the associated
polynomial Py is necessarily equal to f, as follows from the formula (§) by

choosing for ~ the identity matrix.

(iii). It is clear from the deﬁnition that a modular form f of weight w

and type m is an element of M, with associated polynomial Py = f.

wm
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Conversely, Remark (ii) shows that any element f of Mg,m is a modular
form of weight w and type m, thus we have:

My = M2

w,m?

(10)

where M, ,, denotes the C-vector space of Drinfeld modular forms of weight
w and type m (equal to M"', following the notation of [f]).

(iv). If f, € Mb and f; € Mfﬁ it is obvious from the definitions that

wi,mi 2,M27

fifs € Mitt and that Py s, = Py Pyp,. Moreover, Py = APy

w1 +wz,mi+m2 S
for A € C, and if w; = way, m1 = mo, then fi + fo € Mslr?,fff{ll’b} with
Pf1+f2 :Pfl +Pf2'

An important example of a quasi-modular form which is not a modular
form is furnished by the “false” Eisenstein series F(z), which satisfies (see
[, formula (8.4)])

E — (cz + d)*(dety) " [ B(z) - =—— 11

(06 = (et dPaee) (B0 - ) (D
for all z € Q and all v € ' In virtue of the results of Section 8 of [f], we
have E € O. Thus, E € My, and Pp = E -7 'X.

Proposition 2.2 We have:

Ve @ Ham
w>0
meZ/(q—1)Z

Proof. The result can be proved exactly as in [[[0, proof of Lemma 16] and
is thus left to the reader. m

Throughout this text, we will denote by C[E, g, h]gfm the space of ele-
ments of C[E, g, h] of weight w, type m and depth < [, that is, the C-vector
space of polynomials in E, g, h which are linear combinations with coef-
ficients in C' of monomials E“g°hY with 2a + B(q — 1) + v(¢ + 1) = w,
a+vy=m (mod ¢g—1) and a < [.

To prove Theorem 1, we will follow a method similar to the one used in
[L0] in the complex case. We need four Lemmata. In the next Lemma, we
will say that a polynomial P € C[Y1,Y3,Y3] is isobaric of weight w € N if it
is the sum of monomials of the form )\YlaYQﬁng, where A € C' and «, 3, v
satisfy 2a+(¢—1)8+(¢+1)y = w. Thus, an isobaric element of C[Y7, Y2, Y3]
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is nothing but a homogeneous element for the graduation defined associating
to Y1, Ys, Y3 the weights 2, — 1,q + 1.

If all the monomials above are moreover such that a4+~ = m (mod ¢—1),
then we will say that P is of type m € Z/(q¢ — 1)Z.

Lemma 2.3 Let P € C[Y1,Ys,Ys] be a non-zero polynomial isobaric of
weight w and type m. Then the function P(E, g,h) is a quasi-modular form
of weight w, type m and depth | = degy, P.

Proof. Write

!
P =Y pa(Ys, Y3)YP,
a=0
where p; # 0 and p,, is an isobaric polynomial of weight w — 2a and type
m—a (0 < a <1). Each function p,(g, h)E* is clearly an element of M .
But it is plain that the sum of two non-zero elements of Mw,m of different
depths a1, s is again an element of Mw,m of depth max{ay,as}. It follows

~degy, P
at once that P(E,g,h) € Mw?,iyl . 0

Lemma 2.4 The functions E, g and h are algebraically independent over

C.

Proof. Let P € C[Y1,Ya,Ys] be such that P(E,g,h) = 0. We can write

d
P=Y"" > Pum

w=0 meZ/(q—1)Z

where P, ,, is an isobaric polynomial of weight w and type m. From
P(E,g,h) = 0 and from Proposition .9 it follows that Py, (E,g,h) = 0
for each pair (w,m). We fix w and m and write

Pw,m = Zpoz(Y27 Y:‘%)Ylay
a>0

where p,, € C[Y2,Y3] is isobaric of weight w — 2« and type m — . Suppose
that there is an index ag > 1 such that ps,(g,h) # 0, and take g maximal.
We have

Pao(9: M) E® == > palg, h)E*. (12)

0<a<ag

Now, pay(g, h)EY is a non-zero quasi-modular form of depth exactly ap,
and the right-hand side of ([J) is a quasi-modular form of depth at most

12



ap — 1 (Lemma P.J). By uniqueness of the depth, this is impossible. Hence
we deduce that p,(g,h) = 0 for all a. Since now g and h are known to be
algebraically independent over C, we get p, = 0 for all o, and thus P, ,,, = 0.
This being true for all (w,m), we have P = 0, which completes the proof of
the Lemma. 0

Lemma 2.5 Let f €M i my and let Py = Zi o fiX" be its associated poly-
nomial. Then, for all i, 0 < i <, the function f; is an element of the space

Mfl:z;m_i, whose associated polynomial Py, is explicitly given by
~ (j
P = X7

In particular, we have f; € My_21m—i.

Proof. The same proof as in [[(, Lemma 119] works. First, an easy compu-
tation shows that for N = : ?) elg,zeQandie N with 0 <7 </,

the following equality holds:
l .
72 =3 (1) (2F 76 + 8 (et Ny (N3)
j=i

b

Substituting z by L(z), where L = <CCL J

> := N~ then gives the following

transformation formula for f;(L(z)):

r,. . o
JiL(2)) = (2 +d)"~¥(det L) <mzz<> Y

J=t

The assertions of the Lemma follow at once. 0
Lemma 2.6 For all integers w > 0, I > 0 and for allm € Z/(q — 1)Z, we

have: .
M@%lm = @ My—2im—iF

0<i<l

Proof. We already know from Lemma P.4 that the sum

Z My —2im—iE

0<i<l

13



is a direct sum, and that it is a subspace of va,m (Lemma P.). So it remains
to prove the opposite inclusion. We argue by induction on [. If [ = 0, the
result is true (it is equality ([[])). Suppose now that the result is true for
[ —1, where l > 1. Let f € va,m, [ #0,and let Py = Zé:o fi X" be its
associated polynomial. Since Pg = —7 !X + E (see formula ([[1)), we have
Py = (=7 'X + E)!. Thus, since we have f; € Myy—91,m—1 by Lemma PJ,
we get
Py = (—ﬁ)_llel + terms of degree < [.

Define now F := f — (—7)! fiE'. The function F is a quasi-modular form
of weight w and type m with associated polynomial Pp = P; — (—ﬁ)lel Jor
whose degree is by construction at most [ — 1. Hence F' & Mglnfbl By

induction we can write now F = Zi;(l) F;E', where F; € Myy—2i m—; for all
i, from which it follows

f =F+ (—f)lflEl € @ Mw,2i7m,iEi.
0<i<l

O

Proof of Theorem [1. Since C[E,g,h]55, = Mym (see [[]), we obviously
have

CIE, g, b5 = @D My—sim-iE"

0<i<l

Therefore Theorem [[] follows from Lemmata P.4 and P.4. m

Let L be a subfield of C containing K (recall that K = F,(T)). Denote
by Mzﬁlm(L) the L-vector space of elements of M&lm having a t-expansion
at infinity with coefficients in L, and define L[E, g, h]5',, similarly as before,
i.e. as the L-vector space C[E, g, h]%{m N L[E, g, h]. Theorem [i] gives rise to
the following rationality result.

Corollary 2.7 Let L C C be any subfield of C' containing K. Then
Ms,lm([’) = L[E7 9, h]z%fm

Proof. Since the functions E, g, h are elements of M&lm(L) (the coefficients
of their ¢t-expansions are in A, see [ff]), we already have the inclusion

LIE,g,h3L, ¢ MSL(L). (13)

14



Extending now the scalars from L to C, we get
CIB. g, W C Mg (L) ©1 C C M, (C) = Mg,

By Theorem [I], these inclusions between C-vector spaces are in fact equali-
ties, and thus

dimy, M', (L) = dime (Mg', (L) ®1, C) = dime C[E, g, k)5,
= dimy, L[E, g, h]5,.

It then follows from ([J) that L[E, g, hl5', = Mglm(L) O

3 Hyperderivatives and quasi-modular forms

In this Section, we study the hyperderivatives of quasi-modular forms. After
recalling some basic properties on higher derivations and hyperderivatives in
Section B.1, we prove in Section B.9 a very important proposition (Proposi-
tion B.1]), which gives the connection between the polynomial Py associated
to a quasi-modular form f and the polynomial Pp,; associated to its n-
th hyperderivative D,, f. Using this result, we can then prove Theorem [ in
Section B.3, and the fact that the ideal (h) is hyperdifferential in Section B.4.
Finally, we determine in Section B-5, up to a modular form, the hyperderiva-
tives D, E, D,ig for all integers 7 > 0, and we prove a similar result for the
Dpih’s.

In what follows, we put as usual (7) = 0if 0 < n < i and (}) =
(—1)i(i_7;_1) if ¢ >0, n < 0. In particular, we have (8) =1 for all n € Z.

We also recall the following fact, which will be often used in the sequel:
if r is any positive integer and n = ng +n1p" + ... + ngp™, i = ig + i1p" +
...+ isp"¥ are two elements of N written in base p", then one has in [F);:

()= () () 09
1 70 11 1s

The formula ([4) was first observed by Lucas in [[f] (strictly speaking for
r = 1) and can be easily derived by identifying the coefficient of X* in both

sides of the following equality of polynomials of F),[X] (we expand of course
each factor occurring in both sides with the help of the binomial formula):

(1 —i—X)n _ (1 —i—X)nO(l —i—XpT)"l---(l +Xprs)ns_

15



3.1 Background on higher derivations and hyperderivatives

We begin by a short review on iterative higher derivations, following Mat-
sumura [§, Section 27].

After [§], a higher derivation (Dy,)nen on a C-algebra R is a family of C-
linear maps from R to itself, with Dy the identity map, such that if f, g € R,
then the following Leibniz’s rule holds

Di(fg) =Y (Drf)(Di-rg). (15)

r=0

In particular, the following formula holds for f € R and for all integers
n,k >0 (see [, p. 209])

D (7)) = (Do f)". (16)

A higher derivation (D,,)nen is iterative [§, p. 209] if the following for-
mula holds, for all integers ¢, > 0:

i+
DioD; =DjoD; = ( Z,J>Di+j. (17)

It follows from ([4) and ([4) with » = 1 that the operators D,, n > 0,
are completely determined by the operators D for k > 0. More precisely,
if n = ngp®+ -+ + nip + ng is the representation of n in base p (so that
0 <n; <p—1for all i), then the following formula holds:

D, = o Ds D" o D'° 18
L DU It A St B (18)

We now review some basic properties of hyperderivatives. Let f : Q — C
be a locally analytic function and z € Q be a point. Recall that we have
defined the hyperderivatives (D, f)(z) of f at z by the formula

fz42) =) (Duf)(2)e", e€C, || small

n>0

(this corresponds to Definition 2.3 of [L6]).

By Corollary 2.5 of [[Lf], the family of operators (D,,),en define a higher
derivation on the C-algebra of locally analytic functions, and it is also well-
known (and easy to check) that this higher derivation is iterative.

Another important feature of the operators D,, is their good behaviour
under holomorphy: If f is holomorphic on Q and n € N, then the function

16



D, f is also holomorphic on €2 by [[d, Theorem 3.1], and if moreover f € O,
then it follows from [[f, Lemma 3.6] that D, f € O.

As explained in Section [i], it will be also convenient to work with the
following operators

D, = D, (n>0). (19)

(=m)"
The family (D,,), is also an iterative higher derivation on O, and all the
properties quoted above for the operators D,, remain true for the operators
D,,.

3.2 Polynomial associated to a hyperderivative of a quasi-
modular form

We prove here Proposition B.]. This proposition will be a crucial tool in the
subsequent sections B.3, B.4 and B.3,.

Proposition 3.1 Let f € ]\75} be a quasi-modular form of weight w, type

m
m and depth < I, and let Py = zli:o fiX? be its associated polynomial.

Then, for all m > 0, D,f is an element of Mf_lp;szrn, with associated
polynomial

n+l [ n n—i—w—i—r—j—l '
Pan = Z [Z < , >Dn7’fjr] X],
=0 Lr=0

with the convention that f; =0 if i <0 ori > 1.

In the sequel, we will adopt the following notations. For v = <Z Z) €

I'k and z € Q, we write
X, (2) i=c/(cz+d), Jy(2):= (cz+d)?/(det).

If f:Q — C is a holomorphic function, we will also denote by f oy the
function z — f(y(2)).
The proof of Proposition B.1] requires three Lemmata.

Lemma 3.2 Let M, N,W be integers with N > 0. Then we have

() () - ()

_ (_1)N<W+N]\;M—1>.
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Proof. We have in F,[[X]]:
M , _ (W +i—1 ,
M __ ) w _ _1)\¢ 7
Q+X)_§:<Apfam.ﬂ+X) _231)< . >X,
>0 >0
so by multiplying we derive
a M\ (W +i-1
M-W _ i - N
(1+X) _Z[Z( 1) (N_Z,>< . >]X .
N>0 Li=0
Since on the other hand (1+X)M W = Y NS0 (M;,W) XN the result follows.
O

Lemma 3.3 Let f : Q@ — C be a holomorphic function. For all n > 1,
z € and v € 'k, we have

(Puf o)) = (15 S0 (D)6 ) P
- (20)
Proof. Let e € Q be sufficiently small. We compute easily

7(2) + ptge

= = H
Yot 6 = Ty =),
where
_ -1 Z ] lX J 1.9
j>1

Let us remark that H tends to zero when ¢ tends to zero. We have for i > 1
i —i n—i n—i(m—1\ n
H =00 S o () e
n>t

which gives

FO(z+e) = F(3(2) + H) = F(4(2)) + Y _(Ds

1>1

N+ (=)met Y (1) (” B 1.) Ty (2) 7 X (2)" D ) (1 (2)).-

- n—1
n>1 1<i<n

Lemma B.3 follows at once. O
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~ b
Lemma 3.4 Let f be a non-zero element of ML, ., and let v = <ad> €
’ c

k. Define oy : Q — C by ¢y(2) := (det y)"(cz +d)"" f(v(2)). Forn >0
and z € ), we have

(cz 4+ d)vn & <w +n—1
0

P01 = o 3 ). (21

n—j

Proof. We argue by induction on n. For n = 0 the Lemma is trivially true.
Let us now suppose that n > 1 and that the Lemma has been proved for all
integers < n. First of all, rewriting the formula (RJ) from Lemma B.3, we
obtain

(Duf)(1(2)) = Iy () (DalF 0 1)(2)
n—1
(=) S () (” - 1)X»y<z>“Jw<z>"Z‘(Difxv(z)).
=1

n—1

Next, using Lemma B.4 for (D; f)(7(z)) (induction hypothesis) and exchang-
ing the priority of the summations thus obtained, we get

(Prf)(7(2)) = J5(2)"(Pn(f 07))(2)

n—1
+ (cz +d)"“(dety)™™ [X’Y(Z)njjw(z)n(pj@'y)(z)
=0
s (n=1\[wti—1
DXCTE (e )] (22)

In order to compute D, (f o) in this formula, we write
(fo)(z) = (det 7)™ (cz + d)“¢,(2)
and apply Leibniz’s rule ([[5). We find
(Dn(f 0))(2) = Dn((det 7)™ (cz + d) " ¢(2))

= (dety) ™™ Y Dnj((cz +d)")(Djipy)(2)
j=0

— (dety) ™ (ez+ )Y ( v ‘>Xv<z>"—j<z>m><z>,

n p—
j=0 N
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the last line coming from the following formula, which is easy to check:

Di((cz+d)") = (2”) X, (2) ez +d)” (i >0).
Substituting in (Rg) the expression obtained for D, (f o), we derive
cz+d) w
D) = S ZX (Dyer)z >[(n ")
n—1—j . .
=1 i =1 w+i+7—1
e (L))

which gives, using Lemma B with N=n—j, M =n—1and W = w + j,

(cz 4+ d)vn & <w +n—1
0

PN6E) = S Y (T e D

j:
This is the desired formula for n. 0

Proof of Proposition [3.]. Let ~ be an element of ' and let ¢~ be defined
as in Lemma B.4. Then we have, for all z € Q:

l
P1(2) = 3 F(2) X (2)" (23)

The following formula holds for all ¢, > 0, and is easy to check:

D,(X1) = (-1 (Z e 1>X;‘+T. (24)

r

Thus, Leibniz’s formula ([[3) gives, for all j such that 0 < j < n,

J .
Di(f:iX1) =Y (-1)" (Z A 1>X§+“Drfl-. (25)

-7
r=0 J
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Using now successively (BI)), (B3) and (RH), we obtain

e m+n n n — j : 2
%(Dmmz» =2 (k Z —j 1>Xv<z>“ > (Di(fiX3))(2)

j=0 i=0
o (k+n—1\[i+j—7r—1 i
- > e (TN (T T T e @)

0<j<n n= J=r

0<r<j

0<i<l

- X o (U (T D @ 0 e )

o .
0<u<ntl J J
0<r<n

r<j<n

This formula shows already that (det~)”"(cz + d)~*+2%) (D, £)(v(2)) is
a polynomial in X, (z) of degree < n + [ with coefficients in O, whence

D.f € Mz%féz,m 1 Finally, we get the desired formula for Pp, s by making
the change of summation index 7’ = n — r in the last formula, and then
using Lemma B with N =+ M =w+n—1, W =u—1". O

3.3 Proof of Theorem

As a first Corollary of Proposition B.], we will now derive Theorem . We
will need the following Lemma, which will also be useful later.

Lemma 3.5 Let f : Q@ — C be an element of the ring O having the t-
expansion

flz) = ant™, (26)

n>0

where t = t(z). Then, for all integers i > 1, one has

(Dif)(2) = 3 bint™,

n>2

where

= n—1 1
R e (o [ D
" iizo G ds
¢+ Fqir=i
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Proof. Fix z € Q with |z|; sufficiently large, so that f has a t-expansion
(R6), and let £ be any element of the field K. Then |z + ¢|; = |z|;, and
thus

f(z+e¢) Zan z4+e)" (27)

Now, putting as usual ¢ := ¢(z) and using the formula (f), we have, for |¢|
sufficiently small:

t(z+e)" = L = &
(ec(®2) + ec(me))" (1 + ec(me)t)”
-1
=S (T etmye
r>0
r+n—1 7t \ 7
=S (T e ()
r>0 " i>0 di
-1 .
=D () e
r>0 i>0
(28)
where 1
= Z R ifr>1andi>0,
I B
g4 Aqir=i
and where
)1 fori=0
WiV 0 fori #0.

Substituting (R§) in (27) and exchanging the order of the summations, we

get
flz+e)= Z[ZZ anam< +:_1>tr+"]?5’

i>0 Lr>0n>0

Since on the other hand we have (by virtue of ([[9))

flz+e) =Y (Dif) () (-1)'7e,

1>0

we obtain

(Dif)(z) = 3 (1 ( - 1)ar,iantr+" (i>0. (29



Let now 7 > 1. For r = 0 we have «,.; = 0, and for » > 1 and n = 0 we have
(H’;*l) = 0. Thus, when ¢ > 1, we can take r > 1 and n > 1 in the formula

(B9). This gives the Lemma. O

We are now in position to prove Theorem f.

Proof of Theorem [3. By Corollary .17, it suffices to prove that Dn(Mglm(K )) C
M= (K). Butif f € ]\75}7”(](), then the function D, f is an element

w—+2n,m+n

of Mf_lp;zm +n by Proposition B.1], and the coefficients of its ¢-expansion all

lie in K after Lemma B.J. Hence f € Mf_lpgzm 1 (K) as claimed. O

3.4 The principal ideal (h) is hyperdifferential.

As a second application of Proposition B.1l, we prove here the following
Proposition, which will be very useful in this text.

Proposition 3.6 The ideal (h) is hyperdifferential.

Proof. Applying Proposition B.J with f = h € M1, we see that, for all
n > 0, the polynomial Pp,j associated to Dyh is:

o= (” B q) (Da—jh) X7 (30)

i=o N 7

Now, the function D,,_;h vanishes at infinity if 0 < j < n after Lemma B.4,
and of course the same holds for j = n because vy (h) = 1. Since h does
not vanish on Q (by formula (5.14) of [f]), the functions f; := D,_;h/h
(0 < j < n) are all holomorphic on € and at infinity; consequently, they
belong to O. We deduce from (BQ) that for all n > 0, z € Q and v € I'k:

PR = e+ e S () X, G

=0~ 7
with f; € O. In other words, the function D, h/h is a quasi-modular form (of
weight 2n, type n and depth < n), and therefore belongs to the polynomial
ring C[E, g, h] by virtue of Theorem [ O
3.5 Hyperderivatives of F, g, h.

We end this Section J by establishing Proposition B.q below, which is an-
other consequence of Proposition B.]. Roughly speaking, this Proposition
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determines, up to a modular form, the functions D, E, D,ig and D,:h for
all integers ¢ > 0. As we will see in Section [], this result, together with
some technical computations, yields a practical way to compute explicitly
Dy E, Dyig and Dyih when p' < ¢%. Proposition B.q will also be needed in
the proof of Lemma 6.2,

Proposition 3.7 (i) For every integer i > 0, we have
, +1 o
Dp’LE - Ep G M2p1+27p1+1.
(ii) For every integer i > 1, we have

{Dpigzoiz'fp’<q ‘
Dpig—EP g€ Mypiig 1, if p'>q.

(iii) For every integer i > 0, we have
Dpih - Ep h - Eq(Dpi_qh) 6 M2pi+q+17pi+1,
where we have used the convention D,h = 0 when n < 0.
To prove Proposition B.7, we will need three Lemmata.
Lemma 3.8 For every integer i > 0, we have Dy E = EP.

Proof. To prove this Lemma, we use the following formula (see [, page
686]), valid for every z € Q:

E(z) =

Z Zaz—i—b

a€A beA
amonic

A=

Since the series are here uniformly convergent (in the above order) on every
open ball contained in 2, we find, by [[6, Proposition 2.6] and by using the

formula
a _ a ) n+1 (

n(—) = (-1 "
(az + b) = (GZ +b
which follows from (@),

n > 0)

il L P’
(Dy_1B)(2) = = Z > (-1 az+b) = (-T)PLER)P.
a monic be A
Thus, we get Dy FE = EP' as annouced. O
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Lemma 3.9 We have D,g = 0 for every integer n such that 2 <n < gq.

Proof. By [f, formula (6.8)] we have, for all z € Q:

1
— =1—q (g
g(z) =7 71T E —
(2) ( ) (abyed? (az + b)a—1
(a,b)7#0

Using the formula (P4), we deduce that for all n > 0 the following holds:

Pu)e) 7o -y (") Y

n az + b)nta-1’

n

(a,b)eA?

(a,0)#0
Since now for 2 < n < ¢—1 we have in F, (for instance by ([4) with p" = ¢q)
(n+372) =0, we get the Lemma. -

Lemma 3.10 For every integer i > 0 such that p* > ¢, we have Dyi_gh €
Mopi g1,

Proof. Applying Proposition B.] we get

P —q :
p
P b= Z <j>(Dp g X’
7=0

But in F,, we have (see ([[4))

P\ _ [1if j=0

i) 10 if 0<j<ph
Therefore, we obtain Pp , j = Dpi_sh. Thus, deg(Pp Y n) = 0 and it
follows that D:_,h is a moéular form Wthh proves the femma. O

Proof of Proposition [3.]. (i) For i = 0 the assertion (i) is clearly true by the

relations (B), so we may assume i > 1. Since Pz = —7 1 X + E, we first note

from Proposition B.1 that the polynomial Pp . associated to D, E equals
P

_ _lpin (P +1 J
Pp,p=——X'"* 4 ZO i) PuBX.
j:
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But in F), we have
pP+1\ [ 1 if j=0j=1lorj=p
j Tl 0 if 1< <ph
Therefore, by Lemma B.§,

1 _ i
Pp g =——X T+ EX? + (D \E)X + DyE

1 i i i i
=XV 4+ EXV' + (-7)P" T 'EP' X + D, E.
T

Arguing now as in the proof of Lemma P.G, if we define f = (—7) _piDpiE —
EP'FL we get:
N _p? 1 z+1
Pp=(-7)""Pp . p— (—=X + E)
P i
= ()P Pos— ()XY L B 2X ) = ]

Since deg Py = 0, it follows that f is a modular form, which proves (i).

(ii) Let i > 1 be an integer. If p’ < ¢, then the assertion (ii) is true by

Lemma B.9, so we may now assume p’ > ¢. Applying proposition B, we
have

P (P a2 D, .q)XI 31
TR B G [ SIS (31)
=0

For every integer j such that 0 < j < p?, write p' — j = ag +  with a > 0
and 0 < 3 <q—1. If 8 > 2, then Dgg = 0 by Lemma B.9, and thus

aq + 3
Dpi_jg = Dag+pg = ( 3 >Daq+69 = Dag(Dpg) = 0.

PP +q—2\ [(p+q-2 .
J ag+q—1 ’

and if § = 0, one finds easily (recall that ¢ is a power of p)

PP+a—2\ (P+q-2\ _ [1 if a=00ra=yp'/q
j “\ag+q—-2) 1 0 if 0<a<pi/g.
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Putting these remarks together, (BI]) leads to
Pppig =gXP + Dpig.

Thus, by the same argument as before, D,ig — EV g is a modular form, and
so is an element of Myyi 1 .
(iii) For every integer 7 > 0 we have, by Proposition B.1],

Pp 1= pz (pi * q> (Dy_h)X7. (32)

=0~ 7

In the case p' < q one easily computes

pPr+qg\ [0 if 0<j<p
j Tl 1 if j=0o0rj=p"

If p* = ¢, then
: 1 if j=0
V]
(p J,“q>: 2 if j=p
J 0 if 0<j<pl,

and if p' > ¢, we find

(p“rq) :{ 1 if j€{0,q,p'}

j 0 if 0<j<plj#q
Hence, we deduce in the three cases from (BJ):
Pp i1, = Dpilh + (Dpi_gh) X + hX"".
If we now set f = (—f)_piDpih — EP'h, then we have
Pr = (—7) P Pp oy — (=X + E)'h
= D,ih =
= (=) P (Dyih + (Dpi_,h) X?+ hXP") — (—7) "' hX" — EP'h
= f+ (-7) " (Dyi_,h) X"

Since the function D,:_,h is a modular form by Lemma B.10, it follows that
[ — EY(Dyi_,h) is also modular. This means that
Dpih - Ep h - Eq(Dpiiqh) < M2pi+q+17pi+1
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and part (iii) of Proposition B.7 is proved. O

Remark. Proposition B.] may be applied to give another proof of Propo-
sition B.6. Due to the importance of the latter result in this text, we give
here all the details.

Alternative proof of Proposition [3.4. By Proposition .7 Part (iii), the func-
tion Dyih— EP'h—E%(D,:_,h) is a modular form for every i > 0. By Lemma
B.3, this modular form vanishes at infinity, hence belongs to the ideal (h).
From this we deduce:

(h)  for p' < q

Dpih S
h € (h) forp' >q.

Dyih— E'D,_,

By induction on i > 0, we now show that D, h € (h) for all 0 < n < p'.
The first property above, together with the formulas ([J) and (I§), easily
imply that D,h € (h) for all n < g, so the assertion is true for 7 such that
1 < p' < q. Supposing now that the property holds for an integer i such that
p' > ¢, we have in particular that Dyi_4h € (h), which implies D,ih € (h).
By ([H), (I§) and the induction hypothesis, we then get D,h € (h) for all
0 < n < p'tt i.e. the assertion for i + 1. 0

4 Explicit formulas for D; when 1 < i < ¢?

In this (more technical) Section, we compute explicitly D, F, D, g and D, h
as polynomials in E, ¢, h, when n < ¢* is a power of p. The formulas
obtained allow to compute (at least in principle) D,, f for any f € C[FE, g, h]
and any n such that 0 < n < ¢?, thanks to Leibniz’s rule ([[§) and the
formula ([L§).

We summarise the main results in the following Theorem. Here, e is the
integer such that q¢ = p°.

Theorem 4.1 Let i,n be integers. The following formulas hold.
(i) D,E=E"" if0<n<q.
(ii) D1g=—(Eg+h) and D,g =0 if 2<n <gq.
(iii) Dph=E™h if 0 <n <q.
)

(iv) DB = BV + dp%egpi_e’lh”i_e“ if g <p' <

1
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(Wl%wzﬁwgﬁq§#<q?

( ) i—e 1hp1 e_dpiliegpz—ehpl—e_yl lfq Spl < q2‘

1

(vii) DpE = B9+ + %gqflthrl + LgPan2,

— dyp2-1,

2

eoe 2
(viil) Dpg=E?g— %gqﬂhq + (difl‘l

(ix) Dph =

d 1
2q+1h2 (d; + d_flf)gqth'
The proof of Theorem [.1] requires several technical Lemmata.

Lemma 4.2 Let i,j be integers such that ¢ < p* < ¢*> and g < p’ < ¢>. We
have the following t-expansions.

(i) E=t+t020+2 4.
g=1—djts ! —dyta’ 221
ho=—t— 0202 4 ...

) E
ii)
iii)
(iv) DgE = g% + 194! 4 -
)
)

(V Dg:tq+...
(vi Dh___12 patl
(Vi) Dy = — L™ 4

1

(viii) D,ig = O@?" “+1h)

p
: _ 1 i—e 1
(IX) Dpzh = _d?fi_e"'ltp + 4+ ..
j—e
(X) Dpijh: —dpj — ltp 4+ .-

3 1 1
(Xl) Dng — EtQ + @t(ﬁf’l 4.
(Xii) Dq29 = le_;tq _ d‘Il* $2q—1 +.

(xiii) Djh = _%ﬁ — d_{lth+1 I
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Proof. The formulas (i), (ii) and (iii) follow from [f], Corollaries (10.5),
(10.11) and (10.4). To determine the other t-expansions, we apply Lemma B.5.
Define, for r > 1 and 7 > 1,

1
Qp 5 = g -5 7 -
’ ) - di1 - di
01 yeenstp >0 r
¢l +-Fqir=i

One computes painlessly, for all integers 4,j such that ¢ < p’ < ¢? and
q<p <4,

1/dy if r=1
g = 0 if 2<r<qg-—1
1/dl if r=gq,

0 if 1<r<p©
Ay i = i—e .
P 1/dY if r=p°,

B 0 if 1<r<p—c-1
LA B 7 G TR i

and
1/dy if r=1
0 if 2<r<qg-1
Q2 = 1/dl if r=gq

0 if g<r<2¢g—1
1/d7 if r=2¢—1.
Thanks to these expressions and the expansions (i), (ii), (iii) already ob-

tained, Lemma B.5 now yields Lemma .2 without difficulty. O

In the next Lemma, if vq, . .., v, are elements of a vector space, we denote
by (v1,...,v,) the subspace they generate.

Lemma 4.3 Let i,n be integers. The following holds:

~—

R R R et

(i) If ¢ <p' < ¢, then

(g%, gh?) if (p,q,i) = (2,4,3)

) e e if (p.q.i) = (3,3,1)

WHZPHL T (g5, %R, h?) Zf(p,q,)—(2,2,1)
(P TIRPTHY otherwise.



(g1 thatt g?ap?)y  if g >4
(ill) Mygiogei1 =19 (9°h* g%h%,g'%)  if ¢=3
(gh’,g*h?, g"h,g"%) if q=2.

(iv) If ¢ < p' < ¢, then

Moo TR i (paed) # (2,2,1)
e (g, g%h) if (p,q,7) = (2,2,1).

(V) ]\42q2+q71,q2 = <92q+2h’gq+1hq’ h2q_1>'

00 < < then Mo = (3 (DTG

(vii) If ¢ < p' < ¢?, then

(97, g*h?) if (p,q.1) = (2,4,3)

Mo ) (gh?) if (p,a,i) = (3,3,1)

2p*+q+1,p*+1 — (97?g4h,’gh2> Zf (p’ q,i ) _ (2,2’ 1)
(P “hP" LY otherwise.

<g¢Ithr17g2q+1h2> ’if qg>4
(Viil) Magqirg41 =14 (g°h% g7h? g") if ¢=3
(g°h3,g°h?%, ¢®h, g*t) if q=2.

, PR if g <pl < ¢
My g y=1 Y .
(IX) 2p*—q+1,p { <gq—1hq,92qh> if pt= q2‘

Proof. We know that a basis of M, ,, consists of monomials g“hP, where a
and (3 are non-negative integers satisfying

{ alg=1)+Bg+1) =w
B=m (modq—1).

It is now a simple exercise to solve this system of equations for each of the
cases (i) to (ix). We leave it to the reader. 0

Proof of Theorem [{.1. (1) We first prove the formulas involving the function
FE, and we begin by showmg (). Let n be an integer such that 0 < n < ¢, and
suppose first that n has the formn = p’. If p < p’ < g and (p, q,7) # (2,4,1),
Proposition B (i) and Lemma [£3 (i) yield immediately D, E = EP'*! If
(p,q,i) = (2,4, 1), the same Proposition and the same Lemma now imply the
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existence of A € C' such that D, E — EP'+1 = \¢g?. But since D, E — Er'+l
vanishes at infinity (Lemma B.9), whereas g does not, we have A = 0 and
D,E = EP'*1 again. Thus, the formula (i) is proved when n has the
form n = p* (for i = 0 this follows from (B)). It is easy to deduce from
this, by induction on «, that the formula (i) also holds when n = ap’ with
0<a<p-1landl<p' < q. Forif the formula is true for (o —1)p’ (where
a > 1), then

Dy E = Dy 0 D1y E = Dy (B~ . E)
= E(a_l)psziE _{_Dpi(E(a—l)p')E
— Eapl+1 4 (DlEafl)sz
= Bt 4 ((a — 1)E“ %(D\E))"'E
= qEoP'HL
Now, if n is arbitrary in the range 1 < n < ¢, we argue by induction on n
as follows. Define i > 0 as the integer such that p' < n < p*!, and write
n=oap'+ f, where 1 <a <p—1and 0 < < p'. By induction hypothesis
we may assume that DgFE = EP+1 from which we deduce
DnE — Dﬁ(DaplE) — Dﬁ(Eapi+1) _ EapZDﬁE _ Eapi-i-ﬁ-i-l _ En+1‘
To prove (iv), we use Proposition B.7 (i) and Lemma [£.3 (ii). In the case

(p7 q, Z) ¢ {(27 4, 3)7 (37 3, 1)7 (27 2, 1)}7

we find that there exists A € C' such that D, E — EP' L = \gP T et oL
Since by Lemma .9
T A S ST

D:FE=—
p i—et ]
dy

and g=1+---, h=—1+---, it follows that A = 1/d11’z_e, which gives (iv).
If (p,q,i) = (2,4, 3), the same method shows that there exist A, u € C' such
that D, B — EP'FL = )¢S + pugh®. The comparison of the t-expansions in
both sides implies ¢ = 0 and A =1 /dlfz_e, from which (iv) follows again.
The other cases are similar.

To establish (vii), we argue exactly in the same way, but using now
Lemmata [.3 (iii) and [£3 (xi).

(2) Let us now prove the formulas involving the function g. The formu-
las (ii) have already been proved (see (B]) and Lemma B.9), so we have to
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prove (v) and (viii). The same method as the one used in the proof of (iv)
above applies: We simply use Part (ii) of Proposition B.7 instead of Part (i),
Lemma [L.9 for the t-expansions, and Parts (iv), (v) of Lemma [£.d to know
a basis of the space Mypiyg 1 pi-

(3) Finally, we prove the formulas (iii), (vi) and (ix). Let n be an integer
such that 0 < n < ¢, and first suppose that n has the form n = p’. If p <
p' < qand (p,q,i) # (2,4,1), then Proposition B.7 (iii) and Lemma (vi)
yield at once the formula (iii) for n = p’. If (p,q,i) = (2,4,1), arguing
similarly and using the fact that D,ih — EP'h vanishes at infinity, we obtain
again (iii). Thus, (iii) is proved when n = p' (if p* = 1 it follows from
(). Arguing now as in the proof of (i), we first deduce from this that (iii)
remains valid when n = ap’ < ¢ with 0 < a < p — 1, and then, as before,
that the formula is true for all n with 1 <n < gq.

To prove (vi) and (ix), we apply Proposition B.7 again: The function

Dyih — E”"h — EY(D,_,h)

is thus a modular form belonging to Myyi ;41 pipq for all ¢ > e. But this
function has a t-expansion which is clearly an O(t?) by Lemma B.5. So,
using Lemma [£.3 (parts (vii) and (viii)), we see that there exist elements
A, i € C such that

Dyih = B” h = EY(Dyi_gh) = Ag" WP 4 g™ 02,

where p = 0 if p* < ¢>. With the help of Lemma [£3, we can compute

1—e

the first terms of the ¢-expansions on both sides. We find A = —1/d}  if

pt < g% and, if p' = ¢%, A = —(Z—; + diq), = —1/ds. To complete the proof,
1 .

it remains to express D,i_,h as a polynomial in F, g, h. If p* = ¢q, we have

Dyi_,h = h and we get immediately (vi). If p’ > ¢, then D, h = O(t*) and

therefore, by Lemma [[.3 (ix) and Lemma B.10, there exists v € C such that

) o ife_l T—e . ) .
Dpi_jh = vg? h? - eThe t-expansion of D,i_,h given by Lemma 7
(x) now yields v = 1/d? "', thus proving (vi) and (ix) . O

5 Proofs of Theorem B and Corollary @.

We consider the subfields of F (6)

k
Fp = [\ Ker(Dy),
i=0
By [E, Theorem 27.2], the iterative derivation (Dy)n>0 extends to an iterative higher
derivation on F' in a unique way. We denote this extension by (Dn)n>0 again.

33



with £ € N and we set F'_1 = F. Clearly, F,_1 D F} for all kK € N and by
(L), one sces that Dy (fg) = (Dyrf)g + f(Dyrg) for f € Fy_1,g € F. In
particular, the restriction of D,k to Fj_1 is a derivation and thus, if k& > 0,
x,y € Fr,_1 and y # 0, then:

<x> y(Dyrx) — x(Dpry)

y2

(see Proposition 2.2 of [ for further general properties of these subfields).
We also need to work with two families of subsets of I'*. If k € N, we
write

Uy, = {f € F* such that (D, f)/f € M forall 0 < j < k},

and we define

G =¥, N Fkx_l.
We also write ¥_; = G_1 = F*. Clearly, ¥;,_1 D ¥, for all ¥ € N and
G C VY, for all £ > —1. Moreover, Gj_1 D F/,CX_1 D Gy for all £ € N.

In Lemma p.]] of Section p.J] we will prove that the Gi’s and the Wj’s are
multiplicative groups.

Plan of Section [J. In order to describe the content of this part, it is worth
outlining the structure of proof of Theorem f we intend to develop.

By Proposition B.6, h € N7 oYk, hence C*h% NP2 o¥s. We also
observe that Theorem P is equivalent to:

ﬁ U, = C*h2,
k=0

We will prove that for all £ > 0:
Uy, = Fh%. (33)

This result, combined with the results of Section p.3 (where we study ¢-
expansions in F'X), will easily yield Theorem f.

The proof of the equalities (BJ) is by induction on k > —1; the case
k = —1 being trivial, let us assume that ¥,_; = Fkx_lhZ and let f be a
quasi-modular form in ;. We know by induction hypothesis that there
exists n € Z such that fh™ is in F}* | so that to explain the idea behind the
induction step we may restrict our attention to f € Gy = ¥ N E° |.

Since h® € N72 ¥y, for all s € Z we have

Dpk(fh*“’pk) = asfh*Spk
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with as a quasi-modular form of weight 2p” in F. ,. The depth of a, is in
general < p*. In Section F.J we determine some properties of the associated
polynomials Pp, s; by means of them, we observe that since a, € F}* ,, its
depth is divisible by p*. Hence, I(as) € {0, p*}.

In section p.4 we characterise the integers s such that i(as) < p¥; their
set is non-empty. For those integers s, as is a modular form because then
l(as) = 0.

In Section p.H, we observe that modular forms in F,* ; are very easy
to describe (contrarily to quasi-modular forms). Thanks to these consider-
ations, we see that if s is such that as is modular (and we will find such
integers), then a, = 0 hence proving (BJ) for the index k. Finally, Sections
b.g and p.7 serve to end the proofs of the Theorem and Corollary in question.

This sketch of proof will hopefully help the reader to access the present
part of the text, but it must be considered carefully, as several technical
problems arise while taking at the place of f quasi-modular, a more general
element of F'*.

5.1 Preliminaries.

We begin with the following Lemma.

Lemma 5.1 For all k > —1, Uy and Gy are multiplicative subgroups of
Fx.

Proof. This is clear for kK = —1. Let us write
©, = {f € F* such that (D, f)/f € M for all 0 < j < n},

so that ©,; = ¥, for all j € N. We will prove by induction on n that for all
n >0, ©, is a subgroup of F* (this will imply the required property for the
U.’s). It is obviously true for n = 0, so we suppose now that n > 1 and that
©; is a subgroup of F* for all j < n —1. We will show that if z,y € ©,,
then zy~! € ©,,.

Let x,y be elements of ©,. For all j = 0,...,n we have D;jx = ajx
and Dy = By, with a;,8; € M. Now, since ©; is a subgroup of F*
for all j = 0,...,n — 1, we have zy~! € ©;, and therefore there exists

v € M with Dj(myfl) = 'ijyfl. Thus, it only remains to show that
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Dy(zy™Y)/(zy™) € M. But we have

n—1
ant = Dpx = Dy(zy™t-y) = yD,(xy™b) + Z Dj(xy ") Dy—jy
j=0

n—1
= yDu(zy )+ %iBnjm,
§=0
from which it follows that
n—1
Dy(ey™)/(zy™") = an =Y By € M.
§=0

Hence, zy~! € ©,, and ©,, is a multiplicative subgroup of F'* for all n. The
property for Gy, follows because G = VUi N Fkx_1 for all £ > 0. 0

5.2 t-expansions.
We obviously have an embedding F' C C((t)). More generally, we have the

following Lemma.

Lemma 5.2 For all k > 0 we have an embedding:

Fk,1 C C((tpk))

Proof. We check that for all £ > 0, each element x of Fj_; has a convergent
t-expansion (in a neighborhood of 0):

k
T = E cmt? ™, cpm e C.
m>mg

We argue by induction on k, the case k = 0 being clear. Let k£ be a strictly
positive integer and let x be in Fi_;. We then have x € Fj_o, and by
induction hypothesis:
x = Z ept? (34)
m>mg
By ([L6) and since D1t = t?, we have D -1 (P
Thus, we get

k— 1

lm) = (Dltm)pkf — " mrL)

Dppx = Z mcmt(m“)pkil,
m>mg
and D -1z = 0 if and only if mc,, = 0 for all m. This implies p | m if

¢m # 0, and hence z € C((t*")) by (B4). 0
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Lemma 5.3 Let f be a non-zero element of F, and let us suppose that

there exists a p-adic integer s; 4+ sop + -+ + Sp1p® + -+ and a sequence
(fe)ken C F* such that, for all k, fi, € F), and
= povtsptoctseapt p, (35)

Then there exists n € 7, and ¢ € C* with f = ch™.

Proof. Since Fj, € C((t**"")) (Lemma [.3), we can write
fu = bktl’“”H1 + ( terms of higher degree int ), k= -1,0,...,
with b, € C* and I} € Z. By (Bg), we have
fi = foah 7" k>0
Since Voo (h) = 1, we obtain that:

b = U 1p — spep®, k>0,
from which we deduce
T S (36)
p p
First, let us suppose that voo(f) = 0. Then [y = 0, and (Bf) implies
lo =13 = --- = 0 because for all k, [}, and sy, are integers, and 0 < sp11/p < 1
by hypothesis. This implies sy =so=---=0and f=fo=fi=fo=---.
Hence:
o
fe(F=¢
k=0

which implies f =b_1 =c € C*.

Let us now suppose that voo(f) # 0. Since voo(h) = 1, if we set m =
—Uso(f) and f = W™ f, then we have voo(f) = 0. Let us now observe that
there exist two sequences of integers (a;);>1 and (m;);>o unique with the
property that for all £ >0, ax, € {0,...,p— 1} and

M+ 514 sap+ -+ spa1p” = a1 4 agp + - - - + app1p” + mppt

The expression on the right hand side is nothing but the p-adic expansion
of the p-adic integer m + > ;7 sp1p”, truncated to the k-th digit. Hence,
for all kK > 0:

L B S !
ha1+a2p+---+ak+1pk (hmkpk+1fk)

k x
ha1+a2p+ +ak1pP fky
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with f, == h™ """ £, Since AP € F and f, € F, we get fr € F
for all k. Now, since Vool f ) = 0, we can use the first part of the proof and
we obtain f = h™f =c € C*, whence f = ch™™. m

5.3 Computing depths of derivatives.

Terminology. In the following, we will say that a function

@:PKXQHC

b
is an error term of degree <[ if for all v = (ad> el and z € Q:
c

Z Yo fus(E)det(n) X, (),

J=04i€Z/(q—1)Z

where the f; ;’s are holomorphic functions on €2 which do not depend on ~.
To simplify matters, the notation R(l) is reserved to designate any func-
tion which is an error term of degree < [. Hence, two different functions
may be denoted by the . same symbol.
Let us denote by M,, , the subset of M whose elements are linear com-

binations of qua81—modular forms £ € qull (1t € Z/(q — 1)Z) such that
there exists i with 0 £ ) ¢ Mfﬂw notice that this is not a C-vector space.
By Theorem [ll, M}, , is also the subset of C[E, g, h] of the polynomials P
which are isobaric of weight w, such that degp(P) = [. If P is an element

of C[E, g, h], we will also write [(P) = degy(P), and we will refer to it as to
the depth of P.

Proposition 5.4 Let f be a quasi-modular form of weight w, depth | and
type m (satisfying (§)), let n > 1 be an integer. Then, for v € Tk, we have:

(Duf)2(2) = (e +d)" 2" det(r) ™" x
("7 aex e R0 - )

Let f be a non-zero element of ]\7111}7* Then:

(Duf)0() = (c= +d)y " (detr) ™" x
("7 mex e s R+ a-).
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where for all v € I'k, 11, is a non-zero holomorphic function @ — C which
does not depend on n.

The depth of Dnf is <l 4+ n if and only if

(w—l—i—n—l

. ) =0 (mod p). (37)

Proof. The first formula of the Proposition is a simple application of Propo-
sition B.J. We now prove the second part of the Proposition and we begin
by explaining how to construct IL,. Let us consider a non-zero element f of

MfM We can write

f= 3 g0 (39)

i€Z)(q—1)Z

with f@ quasi-modular of weight w, depth I; and type i. For v € ' we
have:

FO((2)) = (ez +d)" det(y Zf“
with fj(l) quasi-modular for all i, j (Lemma PR.F). Thus, we can write:

f(v(z) = (cz+d)"X, (2 Z det(y ’f(l (z) +

q—2 min{l;,l—1} ' ‘
(cz+d)* Z det(y)™" Z f](l)(z)Xv(z)J
i=0 §=0

= (CZ+d < Z det Zfl )+R(l_1)>’

where the sum > runs over the indexes i € Z/(q — 1)Z such that I(f®) =
I(f) =1 (by hypothesis, this sum is non-empty). By setting

E *det(y Zfl z) (39)
ab
we get, for all v = cd elk:

F(1(2)) = (e + )" (X,(2)' T (2) + R(L = 1)) (40)
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By Lemma R.3, if fl(l) = 0, it is a modular form of weight w—2[ and type i—I.
For all «y, the function IL, : Q — C' is not identically zero because, as follows
from Proposition B.3 (see also Theorem 5.13 of [f]), non-zero modular forms
of the same weight but with different types are C-linearly independent.

Let us go back to the expression (B§) for f; we have the identity ([0)
with IL,(z) as in (B9).

b
More explicitly we have, for v = <a d) €'k and for i € Z/(q — 1)Z:
c

FO0(2) = (e + ) det(y) (X, ()4 (2) + R{li = 1)).
After the first part of the Proposition:

(DPuf ) (1(2))
= (cz +d)" T (det(y)) """ x

<<w Sl 1> L)X ()5 + R( 40— 1)) :

n
thus
(Dnf)(v(2))
= (cz+d)" " (dety) " <<w -1 Z " 1> X, ()t Z(det@))ﬂ' DR +n— 1))
= (cz+d)" 2 (dety) " <<w -1 Z " 1) X, (2) L (2) + R(+n — 1)) ,

and the second part of the Proposition follows.
In particular, since IL, is not identically zero for all v, the depth of D, f
is < [+ n if and only if (B7) holds. O

5.4 Further properties of elements in MnN Fr.

Lemma 5.5 For all k > —1, if f € ]T/ff“ NES, then w— 1 = ap*t with
a e N.

Proof. We prove the Lemma by induction on k. Let f be as in the hypotheses
of the Lemma. For k& = —1 the result is trivial, so let us now suppose that
k > 0, and that we have already proved the Lemma for the integer k — 1.
As F, C Fjp_q1, we have f € Fj,_1 and by induction hypothesis we get
w — 1 = a_1p* with aj,_; € N. Moreover, by condition (B7) of Proposition

= —1+pF—1 (ap_1 +1)pF -1
(7 ()

p p

0
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Let 8 = By + Bip + - -+ + Bsp® be a rational integer, with By, 31,... €
{0,...,p—1}. Since
k—1

A+ —1=@p-1)>_p' +p"Bo+Bip+ -+ B:p"),
i=0

taking into account ([[4) we see that ((6+2,fk_1) = [ (mod p). In particular,

g k—
<( 1 —;;)p 1> =a_1 (mod p). (41)

We thus obtain aj_1 = agp with o € N, and w — | = apFtL. 0

Lemma 5.6 Let k > 0 be an integer and let us consider elements f1 €
M N F | and f; € M2 NF . For all s € N we have

wi,* wo,*
— k k A7 <htat+p?
fi=Fl Dy fr) = iDpe(f2h°) € @ Mwlirw22+sp’“(q+1)+2pk,m’
meZ/(q—1)Z
and there exists a unique integer s € {0,...,p — 1} such that:

I(f) <p® 41 + L. (42)

Proof. The first property of the Lemma easily follows from Theorem [[.
Since f1, fo € Fkx_1 by hypothesis, we have w; — 1 = Gip* and wy — Iy =
Bop* with integers 31,42 > 0 (Lemma p.5). For all v € T'x we have, after
Proposition p.4 or identity (fQ):
(@) = (ez + )™ (T ()X, ()7 + R( = 1) =12,
where IL,; (j = 1,2) is defined as in the equality (BJ). Proposition [.4

b
implies, for v = <Zd> €lk:
(Dpe 1) (1(2)) = (ez + )" 2"

_1 k_q
<<w1 1p4k-P >H%1X,Y(Z)ll+pk Ry 4t — 1)> ,
(Dpk(thSpk))(’Y(Z)) = (cz + d)w2+8p’“(q+1)+2pk %
<<w2+spk(q+1) Cly+pF -1
pk
R(lp +p* — 1)) ,

)nw(dem)sp’“hsp’“xfxz)lﬂp’m
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Hence,

F2 (1R (2)*" (D f1) (7(2)) =

wy — U + k1 —sp® 4 spF
_ <cz+d>w<f)[(l I et ) e

Rl 4 1p +p* — 1)1,

k wo S k — 2 k_
A Dp (2h7) (=) = (e + ) < Teplath —htp 1>x

pk

IL, 111, 5 (det ) 7" BP" X (2)nH 2" L R(1y 41y + pF — 1)] .

This implies that for v € 'k

F(1(2)) = (catd)* @ (An7,1n7,2(det ) R X () LR (L 4 Dy + pF — 1)) ,

where
. <w1—l1+pk—1>_<w2—l2+Pk5(Q+1)+pk—1>
' P P
(PP -1 pP(Ba+s(g+1)+1)—1
- P - P

= bi—(B2+s) (modp),
after ([). Since the product:
(CZ _|_ d)w(f)]._.[f\hl]._.[»y,thka,y(Z)l1+l2+pk

is not identically zero over 'y x Q, we have that I(f) < I 4 lo + p* if
and only if s = #1 — 2 (mod p), and there exists only one such integer in

{0,...,p— 1} O

Remark. In particular, by choosing f; = 1 in Lemmaﬁ, we find the
following property. Let k > 0 be an integer and let f € MfM NF,_1 bea
non-zero quasi-modular form. There exists a unique integer s € {0,...,p—1}
such that

UDye (W72 f)) < p* + 1. (43)
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5.5 Modular forms in Fj}.

We need some information about the modular forms contained in Fj.

Lemma 5.7 Let f € Clg,h] be a modular form. If Dif = Dpf = --- =
= k1

Dy f =0, then there exists a modular form f such that f = fP""".

Proof. Let us consider the case k = 0 first. By assumption, f is an element
of My m for some w € N and m € Z/(q¢ — 1)Z. Let 0 : C[g,h] — C|g, h] be
the derivation defined by 0 := —ha%. It is easily seen that the restriction of
0 to My, coincides with the operator 0y, : My, ;m — My, m (of weight 2 and
type 1) defined on p. 687 of [{i], that is, we have df = Dy f — wEf. Since
df is a modular form and Dy f = 0, we have thus 0f = —wEf = 0, so that
w =0 (mod p). On the other hand, we have 0f = —h0f/0g =0, so f is of

the form o
f = Z )\i,jhzg]. (44)

i, J
such that
j =0 (mod p)

Since the weight of h is ¢+ 1 and w = 0 (mod p), we see that \; ; # 0 in
(E4) implies 4,7 = 0 (mod p), and f is the p-th power of another modular
form.

We continue the proof of the Lemma by induction on k: let us consider
a modular form f € Cl[g, h] such that D1f = D,f = --- = D f = 0, with
k > 0. Since D1f = Dpf = -+ = Dy f = 0, we see from the induction
hypothesis that there exists r € C[g, h] such that f = Pt Now, from ([L6)
immediately follows:

k k
0= Dy f=Dy(r? )= (D1r)?

and r is a p-th power after the first part of the Lemma: r = fP; thus
f= O
Lemma 5.8 Let us suppose that ¢ ¢ {2,3}. For all k > 0 there does not
exrist a non-zero element of Mépk LN Fe1 with 1 < pr.

Proof. The Lemma for k& = 0 is clear: there does not exist a non-zero
modular form of weight 2, because ¢ > 4.

Let us suppose by contradiction that for k& > 0 there exists a non-zero
isobaric element f of M N Fj,_; of weight 2p*F and depth [ < p*. Since
[ € Fy_1 we have, after Lemma p.5, pF(2 — a) = [ with a € N, and this
condition implies & = 2 and [ = 0. Thus, f is a modular form in Fj_q. After
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Lemmap.7, it is a pF-th power of another modular form f, which must have
weight 2, and which is zero after the first part of the Lemma; this implies a
contradiction. 0

Remark. For ¢ = 2,3, Lemma [.§ is false: g has weight 2 for ¢ = 3 and ¢*
has weight 2 for ¢ = 2; Lemma is the only tool of the proof of Theorem [
which needs the hypothesis ¢ & {2, 3}.

5.6 Proof of Theorem f.

We need the next Lemma.

Lemma 5.9 For all k > 0 the following property holds. Let us consider
f € Gg: there exists a unique s € {0,...,p — 1} such that

hPsf e B

In particular,
Gy = W'Y

Proof. Write f = a/b with a,b € M non-zero. We have bpkf = ab" 1 with
[ € F* | (by hypothesis) and " € F,_q (by (), so 2 := ab? ~1 € M N
Fip_i1and y:= W e MﬂFk_l. Thus we have f = z/y with x,y € MﬂFkﬁl.

Now, since D1h/h € M and Dy(h?') = 0 for i > 1, we casily deduce
from ([I§) that w" e G- Hence, since Gy, is a group by Lemma p.1], we find
that for all s € Z, there exists a = ag € M such that:

_spF _aph
D (h™°F f) = ah™" f.

We claim that a is isobaric of weight 2p*. To prove this, we have of course
to consider only the case a # 0. Since D, is a derivation on Fy_; and

hSPk,x,y eMn Fy_q, we have:
Spk Spk _ Spk
h*P y(Dyrx) — 2Dk (RP y) = azyh™ .

Let us write:

B é v
,I:in, yzzyj, (IZZGJZ,
i=a J=v l=p
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with x;,y;,a; € M isobaric of weights 4, j,[, and z4,23, Y, Ys, ay, a, non-
zero. We have:

ﬁ+6 k k
o3 i (D) — 2Dy (b)) =
v=aty itj=v
B+o+v

her* Z Z ayTiy;. (45)

w=a+y+p i4+j+Hl=w

ok Ti) — Ti Dk (yjhsl’k) on the
left-hand side of (f) is non-zero, then its weight r := 2p* +sp®(q+1)+i+j
satisfies 2p% + spF(q+ 1) +a+~v < r < 2pF + sp¥(¢+ 1) + 3 + 6. Since
R au Ty~ and hep* a,T3Yys are two non-vanishing isobaric summands in the
right-hand side of (), whose weights are respectively sp¥(g+1)4p+a+y <
spk(q + 1)+ v+ 8+ 6, we deduce that there exist two non-zero isobaric
summands in the sum on the left-hand side. We find:

If a non-vanishing isobaric summand yjhsl”lC (D

< spflg+1)+pt+at+y
< spf(g+1)+v+B+46
< 2pk+5pk(q+1)+ﬁ+6,

2" +spM(g+ 1) +a+ry

which implies 2p* < p < v < 2pF, that is, p = v = 2p*. Hence a € M is
isobaric of weight 2p*, as claimed.
From this we deduce:

hsty(S(Dpk,Iﬁ) — ngpk(h‘Spky(;) = axﬁy(;hsz’k. (46)

After Lemma p.G, there exists exactly one s € {0,...,p — 1} such that the
term on the left-hand side of () has depth < p* + I(x3) + {(ys). Thus we

see that the depth of aﬂzﬁy(;h‘gpk is < p* +1(x5) + l(ys). Since the depth of
h is zero, we deduce that a has depth < pF¥.

Since a = Dy (K7™ f)/(h " f) and h?"*s f, D (hP"f) € Fj_1, we
have a € Fj,_1. Thus, a € ]\/ZﬂFk_l is isobaric of weight 2p* and depth < p*.
After Lemma 5.8, a = 0; this implies Dk (h*pksf) =0 and h*pksf € Fp.
We deduce the equality of multiplicative groups Gy = WL Caswell. O

We can terminate the proof of Theorem f|. Let f € N, ¥p: thus, f €

Go = U;. After Lemma p.9, there exists (a unique) s; € {0,...,p— 1} such
that fo:= h™%1f € F;; we continue by induction on k.
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Let us suppose that
fo—1:= h7(51+32p+”'+skpk_l)f €y,

for k > 0 and s1,...,s, € {0,...,p — 1}. Proposition B.§ and Lemma [.]]
imply that
p—(s1tsaptetsppt ) o T,

and by hypothesis, f € ¥j. Thus, fr_1 € ¥, N F* | = Gj.

After Lemma [.9, there exists a unique sg41 € {0,...,p — 1} such that
fr = h*(51+32p+'“+5k+1pk)f e Fr.

Thanks to this inductive process, for all k¥ > 0, we can construct a
sequence of elements fj, € F;* and a p-adic integer s1+sop+- - A S P
such that for all k, the equality (BF) is satisfied. Lemma [.J implies that
there exists n € Z and ¢ € C*, with f = ch™. 0O

5.7 Proof of Corollary H.

If U,V are isobaric polynomials of C[FE, g, h| of weights w(U),w(V), their
Rankin bracket [U, V] is defined by:

[U,V] = w(U)U(D\V) — w(V)V(D1U).

In the following Lemma we collect the properties of these brackets that we
need.

Lemma 5.10 Let M be an isobaric element of C[E, g, h].

e The map dyr : X — [X, M] defined on the set of isobaric elements of
C[E, g, h] satisfies
0 0

0
dy = dM(E)a_E + dM(g)a_g + dM(h)%-

o If T is an ideal of C[E,g,h| such that D1Z C I, and if X € T is
isobaric, then dy(X) € T.

The proof of this Lemma is easy and left to the reader. For the following
Lemma, we recall that an ideal is isobaric if it is generated by isobaric
elements of C[E, g, h.

Lemma 5.11 Every isobaric non-principal prime ideal P such that D1P C
P contains h.
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Proof. We closely follow the proof of Lemma 2.3 of [[4]. Let P be a non-
principal isobaric prime ideal of C[E,g,h]. Eliminating E, we see that P
contains a non-zero isobaric element of C|[g, hl], say f. We choose f so that
its total degree deg f is minimal. Let us define f,; = g—g and fp = %. By
minimality of deg f, f is not a p-th power in Clg, h|. It follows that f, # 0
or fr #0.

We first suppose that f; # 0. By minimality of deg f, we have f, & P.
Now, by Lemma [.10, we have d,(f) € P and

dn(f) = fodn(g) + frndn(h) = fodn(g).

Since P is prime, it follows that dj,(g) € P. But by (f), dn(g) = k% Thus,
we get h € P.

If f; = 0 then f; # 0. By using the same arguments as before, we find
that fy ¢ P, and then dy(h) = —h? € P, which implies h € P. O

Lemma 5.12 Let Z be an ideal of C[E, g, h] and let us denote by I the ideal
generated by the isobaric elements of T. Let us suppose that T is hyperdif-
ferential. Then, we have the following properties

1. The ideal T is hyperdifferential.
2. If T is prime, then T is prime.

3. If T is prime and non-principal, then T # (0).

Proof. The first Part easily follows from the fact that the images of any
isobaric polynomial by the operators D, is again isobaric (Theorem ). The
proof of the Parts two and three closely follows the proof of Lemma 5.2 of
[[[4]; we do not need to give more details here. O

Proof of Corollary []. Let P be non-zero hyperdifferential prime ideal. If P
is principal, then Theorem [ gives immediately h € P, so we may suppose
that P is non-principal. By Lemma .13, P contains a non-zero isobaric hy-
perdifferential prime ideal P. If P is principal, then P = (h) by Theorem A
If P is not principal, then Lemma implies h € P C P. O
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6 Classification of hyperdifferential ideals.

The aim of this Section is to provide a full description of the hyperdifferential
ideals of C[E, g, h|. Let us write:

Po = (E,h)
Poo = (ga h)
Py = (h,ET!—dg), deC*.

These ideals are all prime, and we have the following diagram of inclusions
(here ¢ and d vary in C*):

(E,g - C’h)

(E,g,h) (h) (47)

TN
-
N1/

Poo

In the following Theorem, we prove (under the condition ¢ # 2,3) that
all the ideals of the diagram ([7) are the only non-zero hyperdifferential
prime ideals of C[E, g, h].

Theorem 6.1 Let us assume that q # 2, 3.

(i) If P is a principal hyperdifferential non-zero prime ideal of C[E, g, h],
then P = (h).

(11) For all d € C'U{oo}, the ideal Py is hyperdifferential. If P is a non-
zero hyperdifferential prime ideal of C[E,g,h] of height 2, then there
exists d € C'U{oo} such that P = Py.

(i1i) For all ¢ € C, the ideal (E,g — c,h) is hyperdifferential. If P is a
mazimal ideal which also is hyperdifferential, then there exists c € C

such that P = (E,g — ¢, h).

Before going on with the proof of this Theorem, we will need two Lem-
mata. In the next Lemma, we use the notation f; = fo (mod h) for
f1, f2 € C[E, g, h], which means that fo — f1 € (h).

Lemma 6.2 For n,u,v € N we have

u+v(@—1)+n—1

D,(E"g") = ( . )E‘”"g” (mod h).
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Proof. We have to show that for every monomial f in £ and ¢, and for any
n € N, we have

w(f) = U(f) +n—1

n

D,(f) = < >E"f (mod h). (48)
First of all, we notice that if this formula holds for f; and fy (and all n),
then it also holds for the product fifs : this follows from Leibniz formula
([8) and Lemma B.3 with N = n, W = w(f) — I(f) and M = I(g) — w(g)
(notice also that (—1)’(71]\:[1) = (—1)N(N_]Af:ii_1)). Thus, it suffices to prove
the lemma for f = F and for f = g.

Next, we show that it suffices to prove the formula ([i§) when n has the
form n = p¥F, k > 0. Indeed, assuming the formula for n = pF, an easy

induction on m first shows that for all m € N,

D f

w — ipk — k
H < (f) l(f)+ P 1) Empf (mod h)

k
1<i<m p

(here we need the fact that f; = fo (mod h) implies D,, f1 = D,, fo (mod h)).

Since

11 (w(f) —l(ﬁﬂpk - 1> _ (w(f) —l(;fn)p: mp* — 1) 11 (f:)

1<i<m 1<i<m

:m!<w(f)—l(f)+mpk—1>

mpk

by ([4), we find, using D,k = %D;‘,@ (for 0 < m < p—1), that the formula
(Eg) also holds for n = mpF with 0 < m < p— 1. If now n is arbitrary, write
m = ng+ -+ +ngp® in base p (0 < n; < p—1). Then formula (Eg) for n;p’
together with ([§) gives

D, f = H <w(f) —U(f)+no+-+np' — 1> Erottnap’ £

nipl
1<i<s iP

But the expression in brackets is also equal to
(#1010 Ty (o)
n . nip’ ’
1<e<s

which is equal to (w(f)_l(g”"_l) by ([4). So (ES) holds for all n.
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It follows from the above remarks that we only need to prove the Lemma
when n = p¥ (k > 0) and for the functions f = E and f = g. But in this
case this follows from Proposition B.7, Parts (i) and (ii). Indeed, by Lemma
B3, the differences D E— EP"*1 and D,rg— P g are modular form which
vanish at infinity, hence multiples of h. O

The next Lemma, easy, will also be needed in the Proof of Theorem .1

Lemma 6.3 Let r,7’ be two rational integers such that for all n > 0:

<r+Z—1> _ (T’—F:—l) (mod ).

Proof. Let X be an indeterminate. Let us suppose by contradiction that
two distinct integers r,r’ exist, such that for all n, the congruence of the
Lemma holds. Since

Then, r =1r'.

(1—X>T=Z(T+Z_1)X"

n>0

in F,[[X]], and a similar identity holds for (1 — X)~"", we have that (1 —
X)™" = (1 - X)™" in F,[[X]], which means that (1 — X)* = 1 with s =
r’ —r # 0; this is impossible. 0

Proof of Theorem [6.1: Part (i). This follows from Proposition B.q and
Theorem .

Part (ii). We introduce a new graduation on the ring C[E, g], namely the
one defined by assigning to F the degree 1 and to g the degree ¢—1. In what
follows, the word “homogeneous” will then refer to this new graduation.

Let P be a homogeneous polynomial in C[E, g] of weight . By Lemma
b-3 we see that for all n,

—1
D, P = <r n >E"P (mod h).
n

Thus, for such a polynomial P, the ideal (P,h) is hyperdifferential. In
particular, the property above is fulfilled for the polynomial F with r = 1,
and for the polynomials E9~! — dg (d € C*) and g, with r = ¢ — 1. Hence
the ideals Py, Py (with d € C*) and Py are hyperdifferential.
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Let us now consider a hyperdifferential prime ideal P of height 2. By
Theorem [, h € P. Thus, there exists an irreducible polynomial P € C[E, g]
such that P = (P, h); without loss of generality, we can suppose that P is
not proportional to E (otherwise, P = (E,h) = Py and we are done). By
assumption, for all n > 0 there exists A,, € C[FE, g] such that

D,P=A,P (mod h).
Since the operator D,, : C[E,g] — C[E,g,h]/(h) = C[E, g] is homoge-

neous of degree n by Lemma 6.9, it is easy to see that A, must be a linear
combination of homogeneous terms of weight < n.

We can write:
S
P=> P,
r=0

where P; # 0 and P, € C[E,g] is homogeneous of weight r for all . We
have, explicitly by Lemma 6.9, (n >0, 0 <r < )

1
D, P, = (r n >E"Pr (mod h).
n

Thus, E™ divides A, P, which implies that A, = A\, E" for some A\, € C.

We get:
S S
r+mn-—1
5 < n >Pr:)\n§opr7
r=

r=0
which implies that for all 7 such that P, # 0,

-1 -1
(s—i—n >:<r+n >’ n>0.
n n

By Lemma p.3, we find that the sum >»_o Pr has exactly one non-
vanishing term, P;. Therefore, P is homogeneous of degree s, and we have:

a
P=prg [TET - Ng), (49)
j=1
for integers u, v, a, pi1, - . . , fig N0t all zero, and non-zero elements Aq,..., A\, €

C. Now, P is irreducible. Hence, considering each type of factor in the
product on the right hand side of (), we get P = E (case which is excluded)
or P=gor P=FE%"1—dgforde CX. If P=gweget P =P, and if
P = E971 — dg for some d € C*, then we get P = P,.
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Part (i11). Taking into account the t-expansions (i), (i) and (iii) of Lemma
B, we first notice that Py = (E, h) is also the ideal generated by the quasi-
modular forms which vanish at the infinity. After Lemma[.j, it contains the
images of all the operators D,, (n > 1). Thus, we have D,(g —¢) € (E,h)
for all n > 1,c € C (by the way, this argument gives an alternative way to
check that Py is hyperdifferential). Since now Py is hyperdifferential after
part (i), it follows that for all ¢ € C, the maximal ideal (E,g — ¢, h) is
hyperdifferential.

Let P = (E — c1,9 — c2,h — ¢3) be a hyperdifferential maximal ideal. In
particular, D1 E, D1g, D1h belong to P, that is, E2, —Eg — h, Eh € P, after
the formulas (). Thus E € P, which implies ¢; = 0, and h € P, which
implies c3 = 0. O

Remark. There is also another way to check that P, is hyperdifferential.
By Theorem [l], P, is the ideal generated by the quasi-modular forms f
which have weights w and depths [ satisfying the inequality | < w/2. By
Theorem [, this property holds for D, f, for all n > 1 and for each quasi-
modular form f € P,,. Hence, D,,; Py C P for all n.
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