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LOCAL LIMIT THEOREM FOR NONUNIFORMLY PARTIALLY
HYPERBOLIC SKEW-PRODUCTS, AND FAREY SEQUENCES

SEBASTIEN GOUEZEL

ABSTRACT. We study skew-products of the form (z,w) — (Tz,w + ¢(x)) where T is a nonuni-
formly expanding map on a space X, preserving a (possibly singular) probability measure f,
and ¢ : X — S! isa C! function. Under mild assumptions on fi and ¢, we prove that such a map
is exponentially mixing, and satisfies the central and local limit theorems. These results apply
to a random walk related to the Farey sequence, thereby answering a question of Guivarc’h and
Raugi.

1. RESULTS

Let 7 be a transformation on a compact manifold. If 7 is uniformly expanding or hyperbolic,
the transfer operator associated to 7 admits a spectral gap on a well chosen Banach space, which
makes it possible to prove virtually any limit theorem (for example the local limit theorem) by using
Nagaev’s method (see e.g. [GHS88, [HHOT]). This article is devoted to the proof of the local limit
theorem for transformations of the form 7 : (z,w) — (Tx,w + ¢(x)) where T is a nonuniformly
expanding transformation on a compact manifold X, and ¢ : X — S' is a C! function. This
transformation 7 is an isometry in the fibers S!, which prevents us from obtaining a spectral gap.

Limit theorems have been obtained (in the more general setting of partially hyperbolic trans-
formations) by Dolgopyat in [Dol04] (when T is uniformly hyperbolic, and for a measure which
is absolutely continuous with respect to Lebesgue measure in the unstable direction). However,
he uses elementary arguments (moment methods) which can not be used to get the local limit
theorem. To the best of our knowledge, the only partially hyperbolic transformations for which a
local limit theorem is proved in the literature are the Anosov flows, in [Wad96] (the specific alge-
braic structure of flows makes it possible to reduce the problem to the study of Axiom A maps,
which are uniformly hyperbolic). With the techniques of [T'su03], it is probably possible to obtain
it also for skew-products over uniformly expanding maps, for an absolutely continuous measure.
Unfortunately, the main motivating example of our study, described in the next paragraph, is
nonuniformly hyperbolic, and its invariant measure is singular. Hence, we will need to introduce
a new technique, essentially based on renewal theory.

The qualitative theory of skew-products as above has been studied by Brin. We will need
more quantitative results, and will obtain them by using tools which are mainly due to Dolgopyat
[Dol98, [Dol02]. These techniques of Dolgopyat have already proved very powerful in a variety
of contexts (see [PSO], [Ana00, Sto0Tl, Nan05l [BV05al, [BVOSE, [AGY06)]), the present paper is yet
another illustration of their usefulness.

1.1. Farey sequences. Before we give the precise definition of the systems to which our results
apply, let us describe an interesting example, which is in fact the main motivation for this article.
The following discussion is essentially taken from [CG02].

If p/q and p’'/q’ are two irreducible rational numbers in [0, 1], they are adjacent if |pq’ —
p'ql = 1. We can then construct their median p”/q¢” = (p + p')/(¢ + ¢’), which lies between
p/q and p'/q’, and is adjacent to any of them. Let Fy = {0/1,1/1}, and define inductively F,
by enumerating the elements of F,_; in increasing order, which gives a sequence of adjacent
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2 SEBASTIEN GOUEZEL

rational numbers, and by inserting the successive medians. For example, /1 = {0/1,1/2,1/1}
and F» = {0/1,1/3,1/2,2/3,1/1}. The set F, has cardinality 2" + 1. Let also F;; = F,, — {0},
it has cardinality 2". Any rational number of (0,1] belongs to F;: for any large enough n. Let
L = 2% > wers 0z, this sequence of measures converges exponentially fast to a measure p, in
the following sense: for any a > 0, there exist C' > 0 and 6 < 1 such that, for any function
f:10,1] — C which is Hélder continuous of exponent «,

(L.1) ’/fdun—/fdu

The measure p is Minkowski’s measure, it has full support in [0,1] and is totally singular with
respect to Lebesgue measure. It is the Stieltjes measure associated to Minkowski’s 7 function.

To prove the exponential convergence ([l), it is more convenient to reformulate everything
in terms of a random walk on a homogeneous space for the group SL(2,R). Consider the two
matrices A = (19) and B = (% 3) in SL(2,R). Their linear action on R? leaves invariant the
cone C = {(z,y) | 0 <z <y}, and its projectivization P(C) is the unique closed subset of P(R?)
which is invariant and minimal for the action of the semigroup X generated by A and B. Let us
identity P(C) with the interval [0, 1] by intersecting C with the line y = 1, we obtain an action of
¥ on [0, 1]. The actions of the matrices A and B are given by the transformations

<CO™|[fllge -

T 1
1.2 h = h =
(12) Alw) = T hpla) = 5
It can easily be checked inductively that
(1.3) Fr={My---M;-1|M; e {A,B} fori=1,...,n}.

In particular, setting v = (d4 + d5)/2, we have u, = v™ * §;. The measure p is the unique
stationary measure for the random walk given by v, i.e., such that v x 4 = p. Finally, the
exponential convergence ([I]) is proved by showing that the Markov operator associated to the
random walk has a spectral gap when it acts on the space of Holder continuous functions.

In [CGO2] (see also [GROA]), Conze and Guivarc’h have considered the same random walk, but
on homogeneous spaces which are larger than P(R?). More precisely, let us fix 7 > 1, and consider
the quotient of R?2 —{0} by the subgroup H, of homotheties of ratio +r™, n € Z. This is a compact
space, endowed with an action of SL(2,R). In particular, the semigroup ¥ acts on C = C/H,.,
which is a compact extension (with fiber S') of P(C). Let us identify C with [0,1] x R/(logr)Z
by (z,y) — (z/y,logy + (logr)Z). The random walk given by v on C jumps from (x,w) to
ha(z,w) = (ha(x),w + log(1 + )) or hp(z,w) := (hp(z),w + log(2 — x)) with probability 1/2.
Let 77 = {(p/q,logq) | p/q € F;;} C [0,1] xR/(logr)Z, the measure fi,, := 1™ (1 ¢y is the average
of the Dirac masses at the points of F*. Hence, the random walk given by v and starting from the
point (1,0) describes the rational numbers obtained by the Farey process, as well as the logarithm
of their denominators, modulo logr. By general results on random walks on compact extensions,
Conze, Guivarc’h and Raugi proved in [CG0O2, [GRO6] that f, converges weakly to u ® Leb, where
Leb denotes the normalized Lebesgue measure on R/(logr)Z. This is an equirepartition result of
the denominators modulo logr.

In this article, we are interested in more precise results for this random walk. First of all, we
prove that the previous convergence is exponentially fast:

Theorem 1.1. For any a > 0, there exist C > 0 and 6 < 1 such that, for any function f : C — C
which is Holder-continuous of exponent «,

(1.4) ] [ra5.- [ 1 d<u®Leb>] < 00" ||f g -

We also obtain limit theorems for this random walk. In particular, we prove that it satisfies
the local limit theorem. This answers a question raised by Guivarc’h and Raugi in [GRO6].

Theorem 1.2. Let 1 : C—R be a C* function. Assume that there does not exist a continuous
function f: C — R such that Yohy = fohpy — f for M = A and B. Then the Markov chain X,
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on C, starting from (1,0) and whose transition probability is given by v, satisfies a nondegenerate
central limit theorem for the function 1, i.e., there exists 02 > 0 such that, for any a € R,

1 @2
(1.5) P<%;w(Xk)<a> — 27T/_Ooe 207 dt.

g

Assume additionally that there do not exist constants a > 0, A > 0 and a continuous function
f:C = R/AZ such that o hpyr = fohy — f+a mod MZ for M = A and B. Then 1 satisfies
the local limit theorem: for any compact subinterval I of R and any real sequence k, such that

kn/v/n — & €R, then

w2

e 202

(1.6) vn P (i Y(Xg) e T+ k’n> — Leb(I)
k=1

o2

This result as well as Theorem [Tl in fact hold for any starting point of the random walk, there
is nothing specific about (1,0). Note that aperiodicity conditions on 1 are clearly necessary to
get the theorem. For x = 0, the local limit theorem can be reformulated as follows. Consider a
random walk on C x R whose transition probability is Q((z,w,z) — (z/,w’,2")) = P((z,w) —
(2, W)l =24 4p(z,0)- The local limit theorem simply means that the measure \/nQ™dx 9,0y con-
verges weakly to an explicit multiple of the measure p @ Lebg (105 r)z ® Lebg.

Let T be the transformation on the interval [0, 1] given by

(1.7) T(x):lx ifr<1/2, T()=2—%ifte>1/2
X

— T

Then h4 and hp are the inverse branches of the transformation T'. The Markov operator corre-
sponding to the random walk on [0, 1] is therefore the adjoint (for the measure 1) of the composition
by T, i.e., the transfer operator associated to T'. The transformation T is topologically conjugate
to the transformation x — 2z on [0, 1], and p is simply the maximal entropy measure of T', i.e., the
pullback of Lebesgue measure under this conjugacy. Note that T is not uniformly expanding, since
it has neutral fixed points at 0 and 1. We can then define a transformation 7 on [0, 1] x R/(logr)Z
whose inverse branches are h4 and hg, by

(L8) T(a,w) = (T, w + §(x)),

where ¢(z) = log(1 — ) if z < 1/2, and ¢(z) = log(x) if z > 1/2. By construction, the Markov
operator corresponding to the random walk on C is the transfer operator associated to 7 (for the
measure u ® Leb).

With the preceding discussion, we can reformulate the previous theorems in the general setting
of this article: we are going to study transformations of the form (z,w) — (Tz,w + ¢(z)) where
T is a nonuniformly expanding transformation of a manifold X, and ¢ is a C! function from X
to the circle S'. Hence, to integrate the study of Farey sequences in our general setting, it will
be important not to demand uniform expansion, and to be able to deal with measures which are
singular with respect to Lebesgue measure. These two constraints will justify the forthcoming
definitions, but they will bring along a certain number of technical difficulties.

1.2. Definition of nonuniformly partially hyperbolic skew-products.

Definition 1.3. Let Z be a riemannian manifold, endowed with a finite measure v. An open subset
O of Z is said to have the weak Federer property (for the measure v) if it satisfies the following
property. We work on O, with the induced metric, and the geodesic distance it defines. For any
C > 1, there exist D = D(O,C) > 1 and ng = 19(O,C) > 0 such that, for any n < no, there exist
disjoint balls B(x1,Cn), ..., B(ag, Cn) which are compactly included in O, and sets Ay, ..., Ay
contained respectively in B(x1, DCn), ..., B(xy, DCn), whose union covers a full measure subset
of O, and such that, for any x} € B(x;, (C — 1)n), we have v(B(x},n)) > v(A;)/D.

A family of open subsets (On)nen is said to uniformly have the weak Federer property (for
the measure v) if each set O, has the weak Federer property and, furthermore, for any C > 1,
sup, ey D(Op,C) < 00
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This is a technical covering condition. It is a kind of weakening of the classical doubling
condition, having the following advantages. On the one hand, it will be satisfied in many examples
(and in particular for Farey sequences, where the doubling condition does not hold). On the other
hand, it is sufficient to carry out the forthcoming proofs (essentially, it is the technical condition
which is required for Dolgopyat type arguments to work). The main point of the definition is
that D can be chosen independently of 7: in some sense, the weak Federer property is a covering
lemma with built-in uniformity.

The following definition describes the class of applications 7" to which the results of this article
apply. It is large enough to contain the map (), as we will see later on.

Definition 1.4. Let T be a nonsingular transformation on a riemannian compact manifold X
(possibly with boundary), endowed with a Borel measure u. Let' Y be a connected open subset
of X, with finite measure and finite diameter for the induced metric. We will say that T is a
nonuniformly expanding transformation of base Y, with exponential tails and the uniform weak
Federer property, if the following properties are satisfied:

(1) There exist a finite or countable partition (modulo 0) (W;)iea of Y, and times (r;)ien such
that, for all I € A, the restriction of T™ to W, is a diffeomorphism between W; and Y,
satisfying k ||v|| < || DT (z)v|| < Cy||v]| for any © € W, and v a tangent vector at x, for
some constants k > 1 (independent of 1) and C;. We will denote by Ty : Y — Y the map
which is equal to T™ on each set W;.

(2) Let H = H; denote the set of inverse branches of Ty and, more generally, let H,, denote
the set of inverse branches of Tyr. Let J(x) be the inverse of the jacobian of Ty at x, with
respect to . We assume that there exists a constant C' > 0 such that, for any inverse
branch h € H, ||D((log J) o h)|| < C.

(3) There exists a constant C' such that, for any l, if hy : Y — W, denotes the corresponding
inverse branch of Ty, for any k <y, ||Tk ) hl”cl(y) <C.

(4) Let r: Y — N be the function which is equal to r; on W;. Then there exists o > 0 such
that [, " du < co.

(5) Let py denote the probability measure induced by p on Y. Then the sets h(Y), for h €
Unen Hn, uniformly have the weak Federer property (with respect to py ).

In this article, we will only consider transformations 7" of that type. Hence, we will simply say
that T is nonuniformly expanding with base Y.

The first four conditions roughly mean that 7" is nonuniformly expanding, and that an induced
map Ty (which is not necessarily a first return map) is uniformly expanding and Markov, with
exponential tails. This kind of assumptions is described in [You98, [You99], and is often called a
Young tower structure in the literature. The fifth condition is a covering condition. It is probably
not very natural to require it uniformly over the inverse branches of the iterates of Ty, but it will
be satisfied in all the examples we are going to consider.

Under the first two assumptions, it is a folklore result that Ty preserves a probability measure
which is equivalent to py, whose density is C! and bounded away from 0 and co. Without loss
of generality, we may replace py by this measure (which does not change the assumptions), and
we will therefore always assume that py is invariant under Ty (and has mass 1). Inducing from
uy (and using the fourth assumption), and then renormalizing, we obtain a probability measure
1 on X which is invariant under 7" and ergodic. However, the restriction of fi to Y is in general
not proportional to py, when the return times r; are not first return times.

The measure p is always ergodic for T', but sometimes not for its iterates: in general, there
exists a divisor d of ged{r; | [ € A} and open sets (O;);cz/qz such that T' maps O; to O;11, and
the restriction of T¢ to each O; is mixing. For the sake of simplicity, we will only consider in what
follows transformations 7" which are mixing, i.e., for which d = 1. However, the results we will
give have their counterpart in the general case, since they can be applied to T¢ on each set O;.
Note that the mixing of T' is equivalent to the ergodicity of all the iterates T, and is implied by
the equality ged{r;} = 1.
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Remark 1.5. Under the first four assumptions of Definition and if T is mizing for the
probability measure [i, then it is exponentially mixing (for Holder continuous functions). This has
been proved by Young in [You98| (in a slightly different setting) using a spectral gap argument, and
again in [You99] using coupling. We will not use these results of Young. Indeed, our arguments
will yield yet another proof of this exponential mizing, through operator renewal theory (see in
particular Corollary [EZ3). This proof is not new, it is already implicit in [Sar02] and explicit in
[Gon(i4h) .

In a similar setting (the study of expanding semiflows), Ruelle shows in [Rue83] that a sus-
pension over an expanding map cannot be exponentially mixing if the roof function is locally
constant. Therefore, it is not surprising that this case should be excluded from our study, since
we will (among other results) prove exponential mixing.

Definition 1.6. Let T be a nonuniformly expanding transformation of base Y, on a manifold
X. Let ¢ : X — R be a C! function. Denote by ¢y the induced function on Y, given by
oy (x) = Z:g))_l ¢(T'x). We say that ¢ is cohomologous to a locally constant function if there
exists a C1 function f :Y — R such that the function ¢y — f + f o Ty is constant on each set
Wi, leA.

If ¢ is not cohomologous to a locally constant function, we define a map 7 : X x S! — X x S!
by T(z,w) = (Tz,w + ¢(x)). It preserves the probability measure i ® Leb (in this article, the
Lebesgue measure on the circle S' = R/277Z, denoted by Leb or dw, will always be normalized of
mass 1). The transformation 7 is “nonuniformly partially hyperbolic”, in the following sense: in
each fiber S', 7 is an isometry, while it is expanding in the direction of X. Hence, we would like to
talk of partial hyperbolicity. However, since the expansion of 7" is not uniform, 7" can have neutral
fixed points or even critical points. Hence, there may exist points where the “expansion” in the X
direction does not dominate what is happening in the fiber. Therefore, the partial hyperbolicity
is rather asymptotic than instantaneous.

1.3. Limit theorems for nonuniformly partially hyperbolic skew-products. Let T be
a nonuniformly expanding map with base Y, preserving the probability measure i, and mixing.
Assume that iy has full support in Y. Let ¢ : X — R be a C'! function which is not cohomologous
to a locally constant function. We consider the skew-product 7 (z,w) = (Tz,w + ¢(x)).

Theorem 1.7. For any o > 0, there exist § < 1 and C > 0 such that, for all functions f,g from
X x S! to C respectively bounded and Hélder continuous with exponent o, and for all n € N,

(1.9) VfoT"~g (i @ Leb) — (/f d(ﬂ®Leb)) (/g d(ﬂ®Leb))‘ < CO {1 9l e -

We will then be interested in limit theorems for the transformation 7. Let ¢ : X x S' — R be
a Holder continuous function, such that [¢ d(@ ® Leb) = 0. Let

(1.10) o2 = /¢2 d(ﬂ®Leb)+2§:/w~¢oT’“ d(fi @ Leb).
k=1

This quantity is well defined, by Theorem 1

Proposition 1.8. We have 0? > 0. Moreover, 0® = 0 if and only if there exvists a measurable
function f: X xSt — R such that 9 = f — f o T almost everywhere. In this case, the function f
has a version which is continuous on'Y x S, and it belongs to LP(X x St) for all p < oo.

Let us denote by S, the Birkhoff sums Z?;Ol 3 oT' When o2 is nonzero, i.e., 9 is not a
coboundary, then v satisfies the central limit theorem:

Theorem 1.9. Let ¢ be a Hélder continuous function on X x S with zero average, such that
02 > 0. Then S, /\/n satisfies the central limit theorem, i.e., Spa)/+/n converges in distribution
(for the probability measure i ® Leb) towards the gaussian distribution N'(0,02).
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Let us say that v is aperiodic if there does not exist a > 0, A > 0 and f : X x St — R/)\Z
measurable, such that ¢» = f — f o7 +a mod X almost everywhere. This implies in particular
that 1) is not a coboundary, hence o2 > 0.

Proposition 1.10. If4) is a periodic C° function, there exista >0, X > 0 and f : X xSt — R/\Z
measurable such that v = f — foT +a mod X almost everywhere, and f is continuous on' Y x S'.

The notion of periodicity is interesting, since it gives the only obstruction to the local limit
theorem:

Theorem 1.11. Let ¢ be a C® function on X x S, with vanishing average, aperiodic (which
implies 0® > 0). Then the Birkhoff sums Spi satisfy the local limit theorem, in the following
sense: for any compact interval I, any real sequence ky, such that k,/+/n — r € R, we have when
n — 00

w2

(1.11) V7 (i ® Leb){(z,w) € X x S! | Sptb(w,w) € I + kn} — Leb(I) ez,
o2r
We also obtain numerous other limit theorems (such as the Berry-Esseen theorem on the speed
of 1/4/n in the central limit theorem, the renewal theorem, and so on). Instead of giving precise
statements, we will rather give the key estimate which implies all of them, by showing that the
Birkhoff sums 5,1 essentially behave like a sum of independent identically distributed random
variables:

Theorem 1.12. Let ¢ be a C% function with zero average, such that o > 0. There exist 19 > 0,
C >0,c>0 and 0 < 1 such that, for all functions f,g from X x S* to C respectively bounded
and CS, for any n € N, for any t € [—79, 0],

(1.12) ‘/eitsnw~foT”-gd(ﬂ®Leb) - (1 - ?)n </fd(ﬂ®Leb)) (/g d(ﬂ®Leb)>‘
< OO + @ —et?)") | fl o Nlglles -

Moreover, if v is aperiodic, for all ty > 7o, there exist C > 0 and 0 < 1 such that, for all
[t] € [70, to],

(113) [ gt g e teb)| < Ol gl

Taking f = g = 1, we obtain that the characteristic function of 5% essentially behaves like
(1 — 0%t?/2)™, which makes it possible to prove Theorem [ for C% functions, Theorem [T} as
well as numerous limit theorems, by mimicking the classical methods in probability theory for
sums of independent identically distributed random variables. It should just be checked that the
additional error term 6" + |t|(1 — ct?)™ does not spoil the arguments. This has already been done
in [Gou05]. We will not give further details on these classical arguments in the following.

Note that, taking ¢t = 0, Theorem implies Theorem [ (for a« = 6, but this easily implies
the general case by a regularization argument). However, the proof of Theorem [[is considerably
easier than the proof of Theorem Hence, we will give its proof with full details — it will also
be the occasion to introduce, in a simple setting, some tools which will be used later on in more
sophisticated versions.

Remark 1.13. Propositions [L8 and [LT1 give automatic reqularity for solutions of the cohomo-
logical equation, with a loss of regularity (arbitrarily small in Proposition [L8, of 6 derivatives in
Proposition [LTM). The loss of 6 derivatives is probably not optimal but, with the method of proof
we use, some loss seems to be unavoidable.

The continuity of f on Y xS can in general not be extended to a continuity on the whole space
(think for example of a map T with discontinuities). Nevertheless, using the specificities of T, it
is often possible to obtain the continuity of f on larger sets.
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Remark 1.14. Theorem 4 will first be proved for C® functions by using Theorem[LID, and then
extended to Holder continuous functions by an approximation argument. This argument does not
apply for the local limit theorem, which explains our stronger regularity assumption in Theorem

71

Remark 1.15. We require that py has full support in'Y. For some interesting maps (e.g. maps
on Cantor sets, see [Nau0d)] ), this condition is not satisfied. The full support condition is used only
to get Dolgopyat-like contraction, in the proof of LemmalA8, and can be dispensed with, under a
stronger condition on ¢. Indeed, if there exist two sequences hy, ha,... and hi,hl, ... of elements
of H, and a point x in the support of wy, such that the series Y .- D(¢y © hy---h1)(x) and
Yoo D(¢y o hl, -+ hy)(x) converge and are not equal, then the proof of this lemma goes through
(note that this condition is very similar to (NLI) in [Nan0d]). When py has full support, this
condition is equivalent to ¢ not being cohomologous to a locally constant function, as shown in the

proof of Lemma A8

1.4. Examples. In the examples, if 7" and ¢ are given, and one wants to apply the previous
results, one should first check that 7" is nonuniformly expanding of base Y, for some Y, and then
prove that ¢ is not cohomologous to a locally constant function. The first issue depends strongly
on the map T (see the following list of examples), but the second one is in general easy to check
as follows, by using periodic orbits.

Assume — this will be the case in all our examples — that every inverse branch h € H of Ty has a
unique fixed point zj. Let f be a C! function on Y. If ¢y — f+ foTy is constant on each set h(Y),
it has to be equal to ¢y (z5,) there. Consequently, the function g, equal to ¢y — ¢y (x5) on each
set h(Y), is cohomologous to 0. In particular, if one can find a periodic orbit of Ty along which
the Birkhoff sum of g is nonzero, then this is a contradiction, and ¢ can not be cohomologous to
a locally constant function. This can easily be checked in practice: for example, we will use this
argument in the specific case of Farey sequences.

If 1 < k < o0, the previous argument moreover shows that, in the space of C* functions on
X, the set of functions ¢ which are cohomologous to a locally constant function is contained in
a closed vector subspace of infinite codimension. Hence, the theorems of Paragraph can be
applied for most (in a very strong sense) functions ¢.

Let us now describe different classes of maps 1" which satisfy Definition [C41

Nonuniformly expanding maps, and Lebesque measure. Let T be a C? map on a compact riemann-
ian manifold X (possibly with boundary). We assume that T is nonuniformly expanding, in the
following sense (see [ABVO(), [ALP05, [Gou(6]). Let S be a closed subset of X with zero Lebesgue
measure (corresponding to the singularities of T'), possibly empty, and containing the boundary of
X. We assume that T is a local diffeomorphism on X — S, nondegenerate close to S: there exist
B > 1 and § > 0 such that, for any z € X — S and any nonzero tangent vector v at x,

1 DT
(1.14) —d(z,S)? < DT ()o] < Bd(z,8)7".
B [[v]l
Assume also that, for any z,y € X with d(z,y) < d(z,S)/2,
_ _ d(z,y)
1 1 )
(1.15) ‘logHDT(x) | = log || DT () ||’ < By
and
- - d(z,y)
(1.16) [log | det DT'(z)~"| — log | det DT'(y)~"|| < BW.

For 6 > 0, let ds(z,S) = d(z,S) if d(z,S) < 4, and ds(z,S) = 1 otherwise. Let § : (0,20) — Ry
be a positive function, and let £ > 0. Assume that, for any ¢ < g, there exist C' > 0 and 6 < 1
such that, for any N € N,
1 n—1 1 1 n—1
Leb{x €EX|In=N, ;Omg |DT(T*2)7 | < s or — ];) —logds (o) (T*z, S) > 5} < CoN.
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This assumption means that the points that do not see the expansion or are too close to the
singularities, after time N, have an exponentially small measure.

As examples of such applications, let us first mention uniformly expanding maps, of course, but
also multimodal maps with infinitely many branches [AP04] (which have thereby infinitely many
critical points), as well as small perturbations of uniformly expanding maps (such perturbations
can have saddle fixed points), see [Alv04] section 6].

Proposition 1.16. Under these assumptions, there exists a subset Y of X such that T is nonuni-
formly expanding of base Y, for Lebesgue measure.

Proof. This theorem is essentially proved in [Gon(6l Theorem 4.1]. More precisely, this theorem
constructs a subset Y of X and a partition of Y such that the first four properties of Definition
[CA are satisfied. The set Y is an open set with piecewise C'!' boundary, and each inverse branch
h can be extended to a neighborhood of Y.

If the boundary of Y were C! (and not merely piecewise C'), each set h(Y') would also be an
open set with C! boundary, and the uniform weak Federer property would directly result from the
good doubling properties of Lebesgue measure. However, if the boundary of Y is only piecewise
C', the images of the boundary components by an inverse branch h could make smaller and smaller
angles, which could prevent the uniform weak Federer property from holding.

Therefore, we have to modify slightly the construction in [Gon0f] to obtain a set Y with
C! boundary. In that article, one starts from a partition U; of X (into sets with piecewise C*
boundary), and one subdivides each set U; into subsets V; which are sent by some iterate of T' on
one of the sets Ug. The set Y is then one of the U;’s, and the desired partition of Y is obtained
by inducing from the V;’s (see [Goul6) section 4] for details).

To obtain a smooth Y, we also start from a partition U;, but we decompose U; as U} UU? where
U} is a ball inside U; and U? is its complement. Applying the construction of [Gon(f] separately
to each set U} and U?, we subdivide them into sets V; which are sent by some iterate of T to

7

some Ug. We finish the construction by taking for Y one of the sets U}, and inducing on it. O

To apply the results of Paragraph [[3 one needs an additional mixing assumption, which is
satisfied as soon as all the iterates of T" are topologically transitive on the attractor (1,,~, 7™ (X)
(see [Goulfl).

Multimodal maps of Collet—-Eckmann type. Let T be a multimodal map on a compact interval
I. 1If the derivative of T™ along the postcritical orbits grow exponentially fast, and 7T is not
renormalizable (which prevents periodicity problems), [BLVS03|] shows that there exists a unique
absolutely continuous invariant probability measure fi, and that T is exponentially mixing for this
measure.

To prove this result, the authors show that there exist an interval Y and a subpartition W; of
Y satisfying the first four properties of Definition [[4] for Lebesgue measure. Since the sets h(Y)
(for h € U, ey Hn) are all intervals, the uniform weak Federer property is also trivially satisfied
by Lebesgue measure.

Gibbs measures in dimension 1. If T is a C? uniformly expanding map on a compact connected
manifold X, and u : X — R is a C! function, there exists a unique invariant probability measure
p which maximizes the quantity h,(T') + [ u dv over all invariant probability measures v. This is
the so-called Gibbs measure associated to the potential u.

In general, it is unlikely that such a Gibbs measure satisfies the weak Federer property (unless
1 is equivalent to Lebesgue measure, which corresponds to potentials u which are cohomologous
to —logdet(DT)). Indeed, the proof of the weak Federer property in the previous examples relies
in an essential way on the good doubling properties of Lebesgue measure.

However, in dimension 1 (i.e., if T is a circle map), the iterates of T are conformal, which
implies that p satisfies the weak Federer property, and our results apply. Proofs of the Federer
property in this setting have been given by Dolgopyat or Pollicott, but with small imprecisions,
so we will give a full proof in Proposition (as a very simple consequence of the methods we
develop to treat the Farey sequence). Note that the same results also apply in higher dimension,



LOCAL LIMIT THEOREM AND FAREY SEQUENCES 9

for conformal uniformly expanding maps (since uniformly expanding maps always admit Markov
partitions).

Farey sequences. The results of Paragraph also apply to the map ([LH), which generates the
Farey sequence. However, the proof requires more work, since checking the weak Federer property
is not trivial. Moreover, the most interesting results stated in Theorem are pointwise results
(for a random walk starting from (1,0)), while the statements of Paragraph are on average
results. To prove the pointwise statements, we will therefore need to use more technical results,
established during the course of the proof of Theorems [ and As a consequence, the results
of Paragraph [Tl will be proved at the end of the article, in Section [

1.5. Method of proof, and contents of the article. In general, to prove exponential mixing
and a local limit theorem, it is very comfortable to have a spectral gap property for a transfer
operator (the spectral perturbation methods then yield the desired results quite automatically).
The spectral gap is in general a consequence of some expansion or contraction properties. However,
in our setting, the map 7 is an isometry in the fibers, and a spectral gap seems therefore difficult
to obtain. Note that [Tsu5] manages to construct a space with a spectral gap for such maps, but
under strong assumptions: the map 7" should be uniformly expanding, and i should be absolutely
continuous with respect to Lebesgue measure. These properties are unfortunately not satisfied in
our setting, and we will thus have to work without a spectral gap (on the space X x St).

Dolgopyat developed in [Dol98, [Dol02] techniques which he used to prove the exponential decay
of correlations for maps 7 as above, if T' is uniformly expanding. His main idea is to work in Fourier
coordinates, to see that each frequency is left invariant by the transfer operator associated to 7,
and to obtain explicit bounds on the mixing speed in each frequency (by using oscillatory integrals,
which give explicit compensations). The gain is not uniform with respect to the frequency (which
accounts for the lack of spectral gap), but the estimates are nevertheless sufficiently good to obtain
exponential mixing.

We will use in an essential way Dolgopyat’s ideas in this article, as a technical tool. This tool
applies to uniformly expanding maps, which is not the case of our map T', we will therefore need
to induce on the set Y to get uniform expansion. To obtain information on the initial map, we
will then make use of (elementary) ideas of generating series and renewal theory.

The real difficulty of the article lies in the local limit theorem, since a spectral gap property
seems more or less necessary to any known proof of the local limit theorem, while Dolgopyat’s
arguments do not give such a spectral gap. If we try to work on the level of frequencies, as for
the exponential mixing, we quickly run into the following additional difficulty: if f is a function of
frequency k, i.e., f(r,w) = u(x)e™*@ then ¥ f is not any more a function of frequency k. In other
words, the multiplication by e*¥ — which is at the heart of the proof of the local limit theorem
for the function ¥ — mixes the different frequencies together. Hence, even though Dolgopyat’s
techniques give a good control at high frequencies, this control is instantaneously ruined by the
multiplication by €%, which can go back into low frequencies, where no control is available.

The central idea for the proof of the local limit theorem is to induce at the same time in x and
in k: we consider some kind of random walk on the space X x Z (where the Z factor corresponds
to the space of frequencies), and we induce on a subset Y x [—K, K] where K is large enough so
that what happens outside of this set can be controlled by Dolgopyat’s tools. The main interest of
this process is that the induced operator on Y x [—K, K| has a spectral gap, and can be studied
very precisely. Using techniques of operators renewal theory [Sar02, [Gou05], we will then use this
information to obtain a global control on X x Z, finally yielding Theorem

Remark 1.17. The next natural question is to study maps of the form T’ : (z,w,w’) — (Tz,w+
o(x),w + P(x,w)), where T and ¢ are as above. If 1 is aperiodic, Theorem [[LIA shows that the
correlations of functions of the form u(z,w)eik‘”’ (where u is C% and k € 7Z) tend to 0. Since
the linear combinations of such functions are dense in L2, this implies that T' is mizing. It is
even Bernoulli, by the following argument: first, T (or rather its natural extension) is Bernoulli
since it is mizing and non-uniformly hyperbolic (see e.g. [OWOS]). Since T is a mixing isometric
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extension of T, it is also Bernoulli by [Rud78|. The same argument applied to T then implies that
T’ is Bernoulli.

Howewver, to prove further results on T', such as exponential mizing or the local limit theorem
(probably under stronger assumptions on ) seems out of reach by currents techniques. More
precisely, we use Dolgopyat’s techniques (which give precise explicit estimates for the map T ) to
study the map T (and obtain, by an abstract compactness argument, non-explicit estimates for
T ). To go one step further and study precisely T', we would need explicit estimates for T (i.e., in
([CI3), we would need to control @ and C' in terms of to), which seems considerably more difficult.

The article is organized as follows: in Section Bl we state a theorem on transfer operators giving
all the technical estimates we shall need further on (with contraction in the classical sense, or
in Dolgopyat norms). This technical theorem will be proved in an appendix. In Section B it is
used to prove Theorem [l The proof is a baby version of the proof of the local limit theorem,
introducing some tools on renewal operators that will be used further on. In Section Hl we describe
in details the strategy of the proof of the local limit theorem, and give two technical results which
are essential in its proof. The proof itself is given in Section Al Finally, Section [l is devoted to the
proof of the results on Farey sequences, as stated in Paragraph [l

In all the following, we fix once and for all a map 7" which is nonuniformly expanding of base
Y, mixing, together with a function ¢ which is not cohomologous to a locally constant function.

2. TOOLS ON TRANSFER OPERATORS

For k € Z and v € CH(Y), we set

(2.1) Liv(z) =Y e * o) J(hay(ha),
heH

and we define £ = Ly. This is the transfer operator associated to Ty. For x € Y and n € N, let
us also write SY gy () = S0, oy (Ti-x).

ForneNand z €Y, let v (z) = Y r(Ti.x). Forn € N, A > 0 and & > 0, we will denote
by C the set of functions v from Y to C which are C' on each set h(Y) for h € H,, and such
that the quantity

(22) ollga = sup supmax(o(ha)], [ D(w o )(a)] /4)/e " ")

heH, z€Y
is finite. These are the functions we will be working with. They can be unbounded, but their
explosion speed is controlled by the return time. Typically, if one starts from a smooth function on
X and induces, the resulting function will be unbounded but in Cf"g for some A, e. In particular,
for any A > 0 and € > 0, we have sup,,cy HS%/QﬁYHc;"E < co. Note that the set of functions C7¢
does not depend on A, but the corresponding norm does.

Let k € Z and Cy > 1. We will denote by £;(Cy) the set of pairs (u,v) of functions from
Y to C such that |v] < w and max(||Dv|,||Dul]) < Comax(1,|k|)u. This set is a cone, i.e.,
it is stable under addition and multiplication by nonnegative real numbers. We will also write
[Vl py(cyy (or simply [|v]|p, ) for the infimum of the quantities [|u|[ 4 over all functions u such that
(u,v) € E(Co). Since E;(Cp) is a cone, this is a norm, satisfying [[v[| . < [[v][p, < |lvllgi. The Dy
norm has been (implicitly) used by Dolgopyat, and is very useful since it enjoys good contraction
properties for the action of the transfer operator Ly.

We will freely use the following trivial inequalities: if |k| < |£], then [[v]| 5, < |[[v][;, . Moreover,
for any k, [[v]|p, < |[[v]lc:. Finally, we have HUHCQ’E/ < |lv|[¢ac as soon as e’ > e.

The theorem we will use is the following. Recall that T is a fixed nonuniformly expanding
transformation of base Y, and that ¢ is a C' function which is not cohomologous to a locally
constant function, also fixed once and for all.

Theorem 2.1. There exist N > 0, Co > 1, ¢ > 0 and § € (271/001ON) 1) " such that, for any
M > 1, the following properties hold.
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Classical contraction: for any A > 1, there exists a constant C(A) such that, for any
(NS C}&f\,& and for any v € C1(Y),

er(MN)
(2_3) H‘CMN("/JU)HCQ < 9LO00MN (Slel5 |w($)|/€4 ( )) HUHcl + C(A) ”wci}‘ﬁ HUHCO .

Moreover, there exists C > 0 satisfying: let A > 1, let 1,...,%, € CAfVE and let v €
CHY). Write v° = v and vi = LMN (4;v'=1). Then

n
24) [o"llor < CA (H ||wz-||cﬁ,«;> (01902 ]+ 6713 o)
1=
Dolgopyat’s contraction: for any A > 1, there exists K = K(A, M) such that, for any
|k| > K, for any C! function v:Y — C, for any function v € Cfﬁve,

(25) 122 (o), < 00 [ i o],
Moreover, for any |¢| > |k| > K, we also have
(2.6) 1L (W) p, < 07N MY llease lv]lp

MN 2My

The first half of the theorem is really classical (it is a consequence of the usual contraction
of transfer operators on spaces of Lipschitz or C! functions), the second half is less classical but
should not be surprising to a reader who is used to Dolgopyat’s techniques. However, this result
contains additional technical difficulties with respect to the same kind of results in the literature.
Indeed the functions in Cfﬁv are usually unbounded and have unbounded derivatives. Moreover,
the application of Dolgopyat’s arguments is problematic since the function ¢y is also unbounded
with unbounded derivative. As a consequence, the proof of this theorem is quite unpleasant, even
though it does not need additional conceptual ideas, only technical ones. Therefore, the proof of
Theorem EZT1 is postponed to Appendix [Al

In all the rest of the article (but Appendiz[Al), N, Cy, € and 0 will be fized once and for all,
and will denote the constants given by Theorem [Zl

Remark 2.2. Note that the bounds with ||[¢||a.ac imply the same bounds with ||1)|| 4. . Most
M N MN

of the time, we will only need this weaker version (the inequalities with 4 simply give a small
additional margin, which will be useful from time to time).

Remark 2.3. Concerning the precise formulation of Theorem [Z, let us make two additional
remarks which are apparently technical but are in fact extremely important for the forthcoming
proofs.

(1) The theorem for M = 1 is sufficient to obtain the exponential mixing (and to prove the
theorem for M = 1 we only need the weak Federer property of Y, and no uniformity on the
inverse branches). However, to prove the local limit theorem, we will need to take larger
and larger M’s: since 0 is independent of M, the gain 0°°MN will enable us to control
some terms which are polynomially growing with M. The uniformity in M in Theorem
[Z1 is therefore crucial.

(2) Since ||v||D2Mk < |lvllp,, the inequality @3) is stronger than

(2.7) LR @o)|| < 01NN [[9llpae [[v]lp, -

The inequality 1) would be sufficient to prove the exponential mizing. However, to prove
the local limit theorem, we will jump from one frequency to another, and the additional
gain in the index given by @) will be crucial (especially in the proof of Lemma[f.3).

The following general lemma will also be required:

Lemma 2.4. Let Ty be an ergodic transformation of a probability space, with corresponding trans-
fer operator Ty. Let g be a nonzero integrable function, let f be a measurable function with modulus
at most 1, and let \ € C with |\| > 1. We assume that A\g = To(fg). Then || =1, |f| = 1 almost
everywhere, and AgoT = fg almost everywhere.
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Proof. We have |\||g| < To|g|. Integrating this equation yields |A|[|g||;: < [lgll,:, which implies
|A| = 1. Moreover, the function Tg|g| — |g| is nonnegative and has zero integral, hence it vanishes
almost everywhere. Since T0| g| = |g|, the measure with density |g| is invariant. By ergodicity, |g|
is almost everywhere constant (and this constant is nonzero). The equation A\g = TO( fg) becomes
TO()\_lfg/g o0Tp) = 1. Therefore,

2. 1= [at—2 < [ ap—2L
(28) /)\ fQOTo_/’)\ ngTo

This shows that the function A\~!f QOLT has to be equal to 1 almost everywhere. O

<1.

3. EXPONENTIAL MIXING

3.1. A model for 7. For n € N, we are going to define an artificial transformation, which will
model the dynamics of 7T, as follows. Let X" = {(z,i) | = € Y,i < r™(z)}, we define a
map U™ (or simply U if n is implicit) on X™ by U(z,i) = (z,i + 1) if i + 1 < (™ (z), and
Uz, 7™ (x) — 1) = (T¥(x),0). Let 7™ : X — X be given by 7(" (x,i) = T?(x), we obtain
1Mol = Ton(™. We endow each set h(Y) x {i}, for h € H,, and i < ("™ o h, with the restriction
of the measure py to h(Y). This yields a measure x(™ which is invariant under U and whose
restriction to Y x {0} is equal to uy. Strictly speaking, the map U is not defined everywhere
since some points of Y do not come back to Y. However, it is defined (™) almost everywhere,
which will be sufficient for our needs. The measure 7T£n) p(™ is absolutely continuous with respect
to i and invariant, hence these measures are proportional by ergodicity. In particular, setting
i™ = p™ /(M (X ™) we have Mam = g,

We also endow X (™ with a metric, as follows. The set Y is canonically embedded in X (™)
by y — (y,0), we endow the image of this embedding by the metric of Y. Let h € H,, and
0<i<r®™oh (this function is constant on Y). The map Ur™eh—i ig o bijection between
h(Y) x {i} and Y x {0}, we choose the metric on h(Y) x {i} so that this map is an isometry.

With this choice of the metric, the map U is very expanding on the points of the form (y,0)
(it expands the metric by at least k™), and it is a local isometry on the points (y,i) with ¢ > 0.
Since T satisfies the third property of Definition [[4] the map (™ is almost a contraction: there
exists a constant C such that

(3.1) HDHM(:C) v

< Ol

for any € X and v tangent at . If u: X — C is a C'! function, the function u o 7(™) is then
also C* on X", and [juox™||,, < Cllullc.

We finally define a map U = U™ on X x S', by U(z,w) = (Uz,w+ pon™(x)). If we define
7 X xSt - X x St as 7™ x Id, then U is a model for T since #(" oY = T o 7™, To
study the properties of T, it will therefore be sufficient to understand /(") (for any conveniently
chosen n). Abusing notations, we will simply write ¢ on X (") instead of ¢ o w("™). We will also
identity Y with Y x {0} ¢ X (™).

The map U is not always mixing for the measure i(™): setting

(3.2) d=d™ = ged{r™ (z) |z € Y},

then U is mixing if and only if d = 1. If d > 1, let us write, for k € Z/dZ, i\™ for the probability
measure induced by ji(™ on the set {(z,7) | i = k mod d}. Then each measure [L,(C") is invariant

under U9, and mixing. The measure 7r£")ﬂ,(€") is absolutely continuous with respect to ji and

invariant under 7%, Since T is ergodic (because 7' is mixing), this yields mﬁ") [Ll(c") = [i.

3.2. The transfer operator associated to &), In the rest of this section, we work on X V),
where N is given by Theorem EZT] (and fixed once and for all). This theorem will make it possible
to study the transfer operator U associated to the map U = UN). Our goal in this section is to
use this information to prove Theorem [
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To keep the arguments as transparent as possible, we will assume until the end of the proof, and
without repeating it each time, that d™) = ged{r(™)(x)} is equal to 1. At the end of the proof, we
will indicate the modifications to be done in the general case.

Let us write a function v on X™) x S! as v(z,w) = >, o5 ve(2)e™*™, ie.,

(3.3) v (z) = /v(x,w)eﬂ'k“ dw,

where dw denotes the normalized Lebesgue measure on S'. If U is the transfer operator associated
to U, and J is the inverse of the jacobian of U for u(N),

Z]v(m,w) = Z J (@ (2 W) = Z J(@o(z',w — ¢(x'))

Uz w')=(z,w) U(z')=z
= D T@ula)eteo,
k€Z Ux'=x

In the same way, if 7 denotes the jacobian of U",
(34) anv(z, w) _ Z Z j(n) (Z'I>'Uk (x/)eik(w—5n¢(m’))_

kEZUmx'=x
Hence, the operator U™ acts diagonally on each frequency, by an operator
(3.5) Fol@) = Y T u(a)em mE,

Unx'=x

We will understand separately the action of My, for each k. Using the induction process, we will
be able to understand this operator for points z, 2’ belonging to the base Y of X)), We will then

use this information to reconstruct the whole operator Mj. To do so, let us define the following
operators:

(3.6) Rn,kv(z> = Z j(”) (:E/)v(z/)efiks"d)(z/),

Urz'=x
' ey, Ux',...U" ta'gy .Uz’ Y

(3.7) T pv(x) = Z T (2 Yu(a)e ko),

Utz =x
' eY,Umz' €Yy

(3.8) Ap pv(z) = Z j(n)(x/)v(x/)eﬂ'kans(x’),

Uhz'=x
2’ eY,Ux',.... Uz’ gY

(3.9) By kv(z) = Z T (2 )o(z')e HSno)

Urz'=x
2, U e gy ,Un e’ ey

(3.10) Cy pv(w) = Z T (2 o(z')eHSn ),

The main interest of these definitions is the following. First, cutting an orbit according to the first
and last time it belongs to Y, we get

(3.11) R=Cnk+ Y. AwkTisBuk.
a+i+b=n
Moreover, considering all the times an orbit belongs to Y, we obtain

(3.12) Tork=>, > Rjk-- Rjk

p=1j1++jp=n

Finally, for z € C with modulus at most e®, we have

(3.13) Z 2"Ry v = LY (2

n>0

(N

v).
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The restriction |z| < e® ensures that this operator is well defined, by Theorem X1l More precisely,
we even have:

Lemma 3.1. There exists C > 0 such that, for any n € N, for any k € Z,
(3.14) [ Bn kvl cn vy < Cmax(1, |k|)e=2ne [vlleryy -
Proof. Let 1y 1(x) = e~ kK oy (@) jf p(N) (r) = n, and 0 otherwise, so that R, xv = LN (¥ xv).
We will show that ”7/’717’6”6;45 < C'max(1, |k|)e™2¢", which will conclude the proof by ().

We have |thn(2)| < e=2mee2er™ @) Moreover, if h € Hy satisfies 1Y) o h = n, we have
(3.15) 1D (i 0 h)(2)]| < ClkIr®) (ha) < Clk|e2= ™ ho) < C|k|e=2meter™ (ha),
This proves the lemma. O

3.3. Study of the operators T, ;. In Equation (BT, the complicated part in the expression
of M} comes from T} j, since the other operators are more or less explicit. This paragraph is
devoted to the study of the operators T; i, by using BI2).

Lemma 3.2. There exist C > 0 and 0 < 1 such that, for any k € Z — {0}, for any n € N and for
any v € CHY), [T 10|l o < CE20™ 0]l -

Proof. For k € Z and |z| < ¢, let us write Ly v = LY (2" v) = LN (e=*Sx¢v ;7). Since
Li. = > 2/Rj; by @I3), Lemma Bl shows that this operator acts continuously on C1(Y),
and that z — L . is holomorphic on the disk {|z| < e}. Formally, we can rewrite BI2) as
M Thkz"= (I —Y Rjx2?)~t = (I — L)~ '. Hence, for any path v in C around 0 bounding a
domain on which I — £, . is invertible for any 2z, we have for any n € N

(3.16) Tpr = 2N~ Ly )7t dz

We are going to use this equation as well as the information on £y, . to estimate T}, j.

First step. Fix Ag = 1, and let Ky = K (Ao, 1) be given by the second half of Theorem E] for
this value of A. We will first prove the lemma for |k| > Kj. Let us fix such a k.

Let |z| < ef. The function P belongs to Cf,"’s and its norm is bounded by 1. For n € N, we
can iterate n times ([ZH) (or rather 1)) (for M = 1), to obtain

(3.17) 1L 20l o < (123 vllp, < 07N Mol p, < 07N o]l -

We will then use ). Note that the function i(x) = e~ ihSN oy (@) 7™ (@) ig hounded by

e”(N)(z), and for h € Hy we have

|D( o h)(@)]| < || [ D(SKéy o h)(@)]| e < Olhjr™ (@)er™ ) < "lkfe>r ™.
Letting A = C’|k|, we have proved that ¢ € Ca>* and ||1/]||C113,25 < 1. Applying 3 for n iterates,

we obtain, for any C' function w,
(3.18) 1% 2wl o0 < CLEION™ wlln + 07 (]l 2).-
Applying this equation to w = L} v and using ([EI1), we get

(3.19) L7 0] oo < CIEIO ™ (L3 ol o0 + 077010 o] ).

Applying once again ([BI8) but this time to v, we finally get HE%"Z’U

. S CIRPON™ o] . We
can argue in the same way for odd times, to finally obtain the existence of C' such that, for any
neN,ve YY), |k| > Ko and |z| < €7,

(3.20) |l < CE*0*N" ||v]| o -

2Vl

This shows in particular that the operator I — Ly, . is invertible on C'(Y'), and that its inverse
> L7 has a norm which is bounded by (Ck?)/(1 — V).
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We can then use Equation [BIH) by taking for v a circle of radius e°. We obtain
(3.21) Tkl < C’kQ/ |z| ™™ < Ck?e™"e,
¥

This concludes the proof for |k| > K.

Second step. Consider now |k| < Koy, k # 0. We will show that, for any z with |z| < 1, the
operator I — Ly, , is invertible on C*(Y). Since the invertible operators form an open set, this
implies the existence of £(k) such that, for |z| < e#(®), T — L, _ is invertible on C*(Y). Using a
path ~ which is a circle of radius e*(*), we can then conclude as above (without explicit control,
but since there are only finitely many values of k to deal with this is not a problem).

Thus, consider z with |z| < 1. The inequality BI8) still holds (its proof does not use |k| >
Ko). Therefore, there exists C' > 0 such that, for any n € N, ||} v o < COOONT ||y|| oy +
C(n) ||v]| ;2. Since the injection of C*(Y) in L?(Y') is compact, this is a Lasota-Yorke inequality.
Hennion’s Theorem [Hen93] therefore shows that the essential spectral radius of Ly , is < 1. If
I — Ly, . is not invertible, there must therefore exist v € C'(Y) nonzero such that Ly v = v,

ie., ﬁN(e_ikS%‘i’YzT(N)v) = v. The operator £V is the transfer operator associated to the map
TY, which is ergodic on Y. Lemma 4 applies and shows on the one hand that |z|T(N) is almost
everywhere equal to 1 (hence |z| = 1) and on the other hand that v o T{¥ = 27 e=ikSN oy y,
almost everywhere. Raising this equation to the power Ky, we obtain that v¥° is invariant under
the operator Ly, .xo. But we have already proved that I — Ly, .x, is invertible on CL(Y).

As a consequence, v&0 = 0, and v = 0, which is a contradiction. This concludes the proof for
|k| S [1, Ko) O

To obtain an estimate on 73,9, we must also take into account the fact that I — Ly is not
invertible (its kernel corresponds to constant functions), which will add a residue in the integral
calculus of the previous proof. In the following definition, we introduce a tool which makes the
computation of this residue possible. We will write I for the open unit disk in C, and D for its
closure.

Definition 3.3. Let B be a Banach space, and let R; be operators acting on B, for j > 0. We
say that they form a renewal sequence of operators with exponential decay if

(1) There exist § > 0 and C' > 0 such that |R;| < Ce™%. We can thus define an operator
R(z) =Y. Rz for |z| < €.

(2) For any z € D — {1}, the operator I — R(z) is invertible on B.

(3) The operator R(1) has a simple isolated eigenvalue at 1. Let P = P(1) be the corresponding

spectral projection, and R'(1) = Y jR;. We assume that there exists p > 0 such that
PR(1)P = pP.

Proposition 3.4. Let R; be a renewal sequence of operators with exponential decay, on a Banach
space B. Let us define an operator T, by T, = Zzozl Zjl-i-m-i-jp:n Rj ... R;,. Then there ewist

C >0 and 0 < 1 such that, for anyn € N, ||T,, — P/ul| < CO™.

Proof. For z close to 1, the operator R(z) is close to R(1). Hence, it has an eigenvalue A(z) close to
1, with a corresponding spectral projection P(z) (and all these quantities depend holomorphically
on z). Let us compute the derivative X'(1).

We will denote with a prime the derivative with respect to z. For any = € B, R(z)P(z)xz =
A(2)P(z)x. Differentiating with respect to z and then multiplying on the left by P(z), we get
(omitting the variable z)

(3.22) PR'Px+ PRP'x = N'Px + APP'z.

Moreover, PRP' = P2RP' = PRPP' = APP’. After simplification, we obtain PR'Px = \ Pxz.
For z =1, PR'P = puP. Choosing x such that Pz # 0, we finally get

(3.23) N(1) = p#0.
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In particular, on a small enough disk O around 1, the function z — A(z) is injective, and takes
the value 1 only for z = 1.

The operators I — R(z) are invertible for z € D — O, hence also for z in a neighborhood of this
compact set. We can therefore choose a path « around 0 going along an arc of a circle of radius
> 1, and the inner part of 0O. It satisfies the equation

1 —n—1 -1
(3.24) T, - %Az (I - R(z))~" d=.

We modify v into a new path 4 which runs along the same arc of circle of radius > 1, and the outer
part of 0. To obtain an analogue of [EZd)), we need to add the residue of »~"~1(I — R(z))~!
inside O. We have (I — R(z))™! = (1 — A(2)) ' P(2) + Q(z) where Q(z) is holomorphic inside O
(whence without residue). The only pole is thus at 1, and we get

! [z_”_l(l — R(2)) " dz + LP.

(3.25) "= g e

On 7, |z| > € for some & > 0. As |(I = R(z))7!|| is uniformly bounded along 7, the integral
term is therefore O(e‘"‘s/). The remaining term gives the conclusion of the proposition. (]

We can now come back to the study of the transfer operator associated to U/, and more precisely
to the operators T}, o, which have not yet been estimated.

Corollary 3.5. For any C! function v on'Y, let Pv = Jv dpy. Then there exist C > 0 and
0 < 1 such that, for any n € N and any v € C1(Y),

1 _
Tn,OU - mp’v o S 09” ||’U||Cl .
Proof. We will use the fact that the Markov transformations Ty and U are mixing. Since these
transformations are topologically mixing (by the equality gcd{r(")(z)} = 1 for U), the mixing in
measure results e.g. from [Aar97, Theorem 4.4.7].

Let us show that R, is a renewal sequence of operators with exponential decay, on the
Banach space B = C*(Y). The exponential decay of ||R, ol is given by Lemma Bl Let
Lo.v=LN(="v) =Y 2"Rn0 = R(2).

Let us check that I — R(z) = I — Lo, is invertible for z € D—{1}. As in the proof of Lemma 2
the operators Lo, (for |z| < 1) have an essential spectral radius < 1 on C1. If I — L, , were not
invertible, there would exist a nonzero C! function v such that £ ,v = v. LemmaEZ implies that
|z] = 1and vo T = 2" v. Let us extend v to the whole space X (™) by setting v(z, i) = z'v(x,0).
Thus, the function v is bounded (and therefore integrable), and satisfies v o U = zU. This is a
contradiction since U is mixing.

For z = 1, R(1) = Lo simply is the transfer operator associated to TY. Tt has a simple
eigenvalue at 1 (the corresponding spectral projection being P), and no other eigenvalue of modulus
1. Let us compute PR'(1)P. We have

(3.26)

(3.27) PR, oPu = py{rN) = n}Pu.
As a consequence, Kac’s Formula gives PR'(1)P = (3 nuy {r™¥) = n}) P = p™M(XM)P.
We can then apply Proposition B4 and get the conclusion of the corollary. O

3.4. The exponential mixing. The estimates on T}, ; given in the previous paragraph will enable
us to describe M} for any k, and then the full transfer operator U.

For 2 € X denote by h(z) its height in the tower (i.e., if z = (y,4) with y € Y and
i <M (), let h(x) = i). We will write C%1(X ) x S!) for the set of functions v : X(V) xS! — C
such that 9v/dw® is C! for 0 < i < 5, with its canonical norm.

Theorem 3.6. There exist constants C > 0 and 0 < 1 such that, for any C>' function v :
XWN) xSt — C, for anyn € N and any (z,w) € XN x St with h(z) < n/2,

3.28 Uv(z,w) — [ vd(a™Y) @ Leb)| < CO™ ||v]| qs.1 -
C
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For the proof, we will need information on the operators T; ;, but we also need to describe
precisely the operators B; j, (defined in ).

Lemma 3.7. There exist & < 1 and C > 0 such that, for any k € Z, v € C1(X™)) and n € N,
(3.29) 1B ivllor < CA+ DO vl -

Moreover,

3.30 vdu™M| < 00" v 1 .
(3:30 J 7087 = 22 [ B | < 0"

Proof. For y €Y, let v,(y) = 0 if rV)(y) < n, and
) (y) -1
(3.31) vn(y) = v(y, v N y) —n)exp | =ik > by, ))
j=r (y)=n
otherwise. For z € Y, we then have By, yv(z) = LNv,(x) since B, yv(z) takes into account the

values of v on the set Z,, of points that enter Y after exactly n iterations, i.e., points of the form
(y, 7™ (y) — n) with 7N (y) > n.
Let us check that the function v,, belongs to C}\;E. First, since v,, vanishes for ¥) < n, we have

(3.32) 00 ()] < Lywryom [0llco < €™ @ o] o -

Moreover, if h € Hy,
—en er™ (ha
(333)  [D(wnoh) @)l < Livonsn([vller +knl[ollco) < C(1+ [k[ne™"e™ ) |fo]| oy

Hence, v, belongs to Cy° and its norm is bounded by C(1 + |k|)0™ [|v]|o:. Applying ), this
yields B29).

For 30), note that > 372 [\ Bjov = [wv since [y, Bjov is the integral of v on Z;. Therefore,

sy |f v—z [ B < B |[ Biorj< 3 IBatlen <O s
Jj= n+1 Y j=n+1

by B29). O

Corollary 3.8. There exist C > 0 and 6 < 1 such that, for any k € Z, any n € N, any x € X
with h(zx) <n/2, and any v € CH( X)),

(3.35)

Miv(z) — 1k:0/v dﬁ(N)’ < C(1+ [K[*0™ 0]l -

Proof. Assume first that € Y. Then (BIIl) simply becomes

(3.36) ro(z) = ZTnfi,kBi,k'U(z)-
If k # 0, then
(3.37) | T —i ke Bi gl on < Cckiont | Bigvllcn < Clk[*0" 0" ||v]| o1

by Lemmas and Bl Summing over i, we obtain the desired bound.
If k£ = 0, Corollary BH gives an additional term

> PBuu/u (X ) = 3 [ B a0 )
=0 1=0

= /’U dp™ /N (X Ny L o@m) = /v ™ +o(m)
by (B30). This proves B3H) for z € Y.
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If 2 has height j € (0,n/2], let us write z = U7(z'), so that
(3.38) ru(z) = eiiksjd’(z/)/\/lz_ju(x’).
The estimate for 2’ gives the desired conclusion (after replacing 8 with 6'/2). O

Proof of Theorem[EA. Let v: XV) x S! — R be a C*! function. We decompose it as v(z,w) =
> pez vk(x)e™ . Then

(3.39) = Mjv(x
by Bd). Therefore, if h(z) < n/2, Corollary B8 gives

Miun(o) = [ 42|+ 3 |t

}Z]"U(m,w) - /v d(a"™N) @ Leb)| <
kA0

<CY 1+ kI Jorllen -
keZ
With 5 integrations by parts with respect to w, we show that |[vg||cn < C ||v]|gs.a /(14 ]k]%). This
implies the theorem after summation. (I

Proof of Theorem [I] (under the assumption dN) =1). Let us first show that, on X(") x S,

(3.40) Hsz"v—/vd( M) @ Leb)|| < €O ||v]| gon

Ll
for some constants C' > 0 and § < 1. To do this, we decompose X ) as {x | h(z) > n/2} and
{z | h(xz) < n/2}. The first set has an exponentially small measure, its contribution is therefore

exponentially small. If x belongs to the second set, ‘U" v(z,w) ‘ < CO" ||v|| 5.1 by Theorem

BH This proves ([B21).
This implies that, for any functions v € C>! and u € L*°,

(3.41) }/uou" v d(#™) @ Leb) — (/ud( (V) ®Leb)) (/u d(a®™ ®Leb)>

< CO" [lull s vll s -

Take now f € L=(X x S') and g € C%(X x S!). The functions u = f o #™¥) and v = g o #V) are
defined on X™) x S, respectively bounded and in C*!. Moreover, 1)) shows that [|[v]gs. <

Cllgllcs- Since M aN) = f, BZ1) implies

)| [ e gaera - ([ rageran) ([a d(ﬂ®Leb)>‘ < CF Il s

Let n € Nand f € L. The linear operator

(3.43) gr—>/foT” g d(fi ® Leb) — (/fdu@Leb)) </gd(ﬂ®Leb))

is then bounded by 2|/ f||;~ in C° norm, and by CO" || f||,~ in C® norm. For any noninteger

€ (0,6), interpolation theory on the compact manifold X x S! (possibly with boundary) shows
that there exists a constant C, such that any operator which is bounded by A4 in C° norm and
by B in C% norm is then bounded by C,A'=%/6B%/6 in C* norm (see [IWi78, p. 200]). As a
consequence, we get

‘/foT"-gd(ﬂ@Leb)— (/fd(ﬂ@Leb)) (/gd(ﬂ@Leb))’

< Ca [l fllp 217/5(CO") 0 gl g -

This concludes the proof of the theorem for noninteger a. The general case follows readily. The
interpolation argument can also be replaced by an elementary (but less synthetic) convolution

(3.42)
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argument. The idea of using interpolation theory in this kind of setting was suggested by Dinh
and Sibony. (I

Proof of Theorem [I.] in the general case. If d = d™) > 1, the transformation U is not mixing,

and the arguments used above (especially in the proof of Corollary BH) do not apply any more.
However, they can be applied to the transformation U? and its invariant measure ﬂ(()N) (defined

in Paragraph Bl). As ﬂiN)ﬁéN) = [i, this implies Theorem [ for times n of the form kd. To

deduce the general case, one writes n = kd 4+ r with 0 < r < d and applies the theorem to the

time kd and to the functions f o 7" and g (which are respectively bounded and C¢). O
3.5. Proof of one implication in Proposition

Proposition 3.9. Let 1 : X x S! — R be a Hélder continuous function of 0 average, and define
o2 by @CIO). Then o > 0. Moreover, if 02 = 0, there erists a measurable function f : X x S!,
continuous on'Y x S, belonging to LP for any p < oo, such that ¥ = f — foT almost everywhere.

This is one of the implications in Proposition Theorem [CY will be required for the other
half, hence its proof is postponed to Paragraph L0

Proof. We have

(3.44) /XXSI <nzl1pofi>2:n/¢2+2§(n—i)/¢.¢oﬂ

i=0
Since Y, i |1 -1 o T*| < oo by Theorem [T this yields

(3.45) /st1 <§wor> =no’® + O(1).

As a consequence, o2 > 0. Moreover, if 02 = 0, the Birkhoff sums of v are uniformly bounded in
L?. By [Kac96], there exists an L? function f with zero average such that 1) = f — f o 7 almost
everywhere. We have to prove that f is continuous on Y x S' and belongs to every LP, p < oo.

Theorem B8 implies that there exist § < 1 and C > 0 such that, for any C°® function v :
X x S' = C, for any n € N, for any x € XV) with h(z) < n/2,

(3.46) Z/l"(vofr(N))(:c,w)—/v < CO™||v]| e -

Since |U™(v o #N)) (2, w) — Jv| < 2]v]|co, interpolation theory as above implies that, for any
a > 0, there exist C,, > 0 and 0, < 1 such that, for any z € XV) with h(z) < n/2,

U (vo 7™M (z,w) f/v

As ) belongs to C® and has vanishing integral, we can therefore define a function g on X (V) x S!
by

(3.48) g(z,w) = —Za”(woﬁ(N))(z,w).

(3.47) < Cal2 0l

This function is continuous on Y x S!; and belongs to LP for any p < oo (since |g(z,w)| <
C(1+ h(z)), this last function belonging to any LP because ™ {h(z) > n} decays exponentially
with n). Moreover, by construction, Z]g —g= L?(Q/J o (M),

We know that ) = f — foT where f € L?. As a consequence, o 7(N) = for(N) — forx(N)oyy,
whence U(1p o 7)) = U(f o #N)) — fo 7). We get

(3.49) g—for™M =U(g— forM).

In particular, for any n € N, g — f o #(N) = Z/Al"(g — for(M)),
Theorem B8 shows that, for any function v € C*!(X V) x S') with zero integral, U"v converges
to 0 in L?. By density, this convergence holds for any function v € L? with zero integral. In
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particular, un (g — foxN)) converges to 0, hence g — f o #¥) = 0. As g is continuous on Y x S*
and belongs to all spaces LP, p < oo, this concludes the proof. (I

4. STRATEGY AND TOOLS FOR THE LOCAL LIMIT THEOREM

4.1. Description of the strategy of the proof. Let us fix an integer M. We work with the
transformation U = UMN) on X(MN) (hence also with U(MN) on X (MN) x §1),

Let 1 : X xS! — R be a C® function with 0 average. We will also write 7 instead of
o #MN) on X(MN) 5 St To prove the local limit theorem for 1, we consider for t € R the
operator U (v) == U(e™¥v). If we understand well the iterates of U, we will deduce the asymptotic
behavior of [ e5"% since this quantity is equal to [ U} (1)

Instead of working with functions on X MN) x S! we have seen in the proof of the exponential
mixing that it is worthwhile to use Fourier series, and work on X(MN) x 7 If v is a function and
(vk)rez denote its Fourier coefficients, then the Fourier coefficients of e®®¥v are given by

(4.1) (€™ o) = > (€™ )ave

a+b=k

Applying then the operator u (which acts at the level of the k frequency by the operator My),
we obtain

(4.2) Urv)s Z Z J(x _M’(m ()i (2 vy (2).
1€Z Uz'=

(MN)

This is some kind of Markov operator on X X 7., for the “transition probability”

(4.3) Kfm,k)—%m’,l) = 1Um/:zx7($/)€7ik¢(z/)(eiw)kfl(x/)-

The equality z(z, 0 K(2,k)—(2',)) = 1 does not hold, so this is not a real transition kernel, but we
will nevertheless use the intuition of random walks. Let us in particular write, for n € N,

t,n t t t
(4.4) IC(I k)—(a',l) — E : K(wn@kn)_’(mnflakn—l) - 'IC(M,kz)—’(ﬂElakl)lc(lhkl)—’(lmko)'
ko=l,k1,....kn—1,kn=F
To=2',T1,...;Tp—1,Tn =T
In this expression, we consider trajectories of the random walk x,,x,—1,...,29. It may seem

unnatural to write things in that direction, but it is designed to give the “good” order when we
express things in terms of transfer operators. Let K! be the operator with kernel K¢, acting on
bounded functions on X MN) x 7. by

(4.5) ’Ctv(ka) = Z Kfm,k)—%m’,l)v(‘r/?l)'
(2,1)

By construction, the powers K& of K have kernels K. Moreover, U; corresponds to the operator
Kt at the level of frequencies, i.e., if v is a smooth function on X (MN) x S with Fourier coefficients
(Uk)kGZa

(4.6) U o)) = Y Kyt
(z',1)
To see that this expression and these computations are correct, we should check that

(4.7) 3 ‘/sz . ,yl)‘ < oo,

(z, k)eX(MN)xZ( )
which is always the case if ¥ is C? in the direction of S! (by two integrations by parts), and will
always be satisfied in the following. A priori, this does not prevent IC’(E;:,C)_}(Z,J) from blowing up
exponentially fast with n. However, ICE;:IC)H(E,J) is also the kernel of the operator obtained by

multiplying v with e®5»%  and then applying U™. Therefore,
(18) KLty = Lmar e (@)™ (@509),_ (a),
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and this quantity is bounded by J( (') < 1. Note that ([ES) can also be checked directly from
the formula [@3)), with several successive integrations.

We will let different operators (with kernels related to K"") act on spaces of functions from
XMN) 5 7 to C (or Y x Z to C if we only consider trajectories starting from Y x Z or ending
in Y x Z). If B is such a functional space, and v € B, we will sometimes write vi(x) instead of
v(z, k).

To understand the previous “random walk”, we will study its successive returns to the set
Y x [-K, K] where K is large enough. Indeed, outside of this set, we have a strong contraction
(by Theorem EZTI) hence excursions can be controlled. Only what happens inside Y x [- K, K| can
therefore be problematic, and we will use there an abstract compactness argument. Let us denote
by K’E;’?}Ce)ﬁ(z/,l) the “probability” of an excursion, i.e., of starting from (z,k) € Y x [-K, K], and
coming back to (2/,1) € Y x [-K, K| after a time exactly n, without entering ¥ x [-K, K] in
between. Formally, for (z,k) € Y x [-K, K] and (2/,1) € Y x [-K, K],

t,n,exc _ t t t
K= = > K k)= @1 bn 1)+ Kolaka) = @ k) Ko hn ) = (0.k0) -
ko=L,....kn=k
zo=x',x1,....Tn_1EX,Tn=20
(xi,ki) Y x[—K,K] for 0<i<n

Let Bx = ®|k|§K CL(Y). An element of By can therefore be seen as a function v on X x Z
such that vy is C* for |k| < K, and v, = 0 for |k| > K. We define then an operator R!, on Bx by

(4.9) (RLv)(z) = Z IC’(E;E’?}:)QE_‘;(I,J)UZ (z).
(',1)

For z € Y and |k| < K, let also (T}tv)g(z) = 2 ey X[~ K. K] IC’(E;E",C)_)(Z, pui(@'), ie., we consider
all the returns of the “random walk” to Y x [- K, K] and not only the first ones. This means that
Thv = lyx -k, k)K" (1y x - Kk, K)v) for v € Bg. By construction,

(4.10) Tﬁ:i > RL..R.

p=1j1++jp=n

This is a renewal equation, that we already met in the course of the proof of exponential mixing.
The main difference is that, for the mixing, each frequency was left invariant by the transfer
operator, which means we only had to consider random walks on X V) and excursions outside Y.
Here, since there is also some interaction between the frequencies, we have to localize spatially
(i.e,, on Y'), but also on the space of frequencies since the estimates given by Theorem Bl are not
uniform in k.

The proof will consist in understanding precisely the R’s, deducing from that good estimates
on T’s, and using these to reconstruct precisely enough Z;lt” We will thus need two technical tools:
on the one hand, a tool on perturbations of renewal sequences of operators (we want estimates
which are precise both with respect to n and t), and on the other hand good estimates on the
excursions outside of Y x [-K, K].

Before going on, let us give another expression of Kt™¢*¢ that will be needed later on, by
considering the successive returns to Y x Z. Let us define a function ¢y : Y x S! — R by

r(z)—1 i—1
(4.11) dy(zw)= > Y |Trw+> ¢(T')
i=0 j=0

It is the function induced by % and 7 on the set Y x S'. Let us denote by SY ¢y the Birkhoff

sums of 1y for the map induced by 7 on Y x S!. For z,2’ € Y and k,l € Z, let IC’(E;EY]C)_}(Z, n =

Lparn oy J N () e =ikSRin v (2) (itShin¥v ), (2/), which corresponds to the “probability” (for
the above random walk) of the first return in ¥ x Z. Considering the successive returns to
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Y x (Z — [-K, K]), we get for z,2’ € Y and k,l € [-K, K],

t,n,exc _ t,Y t,Y
(412) K =D > K gy = (prkip-1) - Ko er) = (0, 0)
P20 ko=lky,.okp—1 €[~ K K] kp=k
’
o= ,T1,..., Tp 1€Y,xp=2x

Lo MY (wi)=n
4.2. Perturbed renewal sequences of operators.

Definition 4.1. Let B be a Banach space, and let R; be operators acting on B, for j > 0 and

t € [—to,to] for some tg > 0. These operators form a perturbed sequence of renewal operators
with exponential decay if

(1) The operators R? form a renewal sequence of operators with exponential decay. We will

in particular write P and p for the associated spectral projection and coefficient, as in

Definition [Z3.
(2) There exist 6 > 0 and a,C > 0 such that, for all t,t' € [—to,to] with |t — /| < a, for any
j>0,||[RE=RY| < Clt —t]e%.

(3) Let us write R(z,t) = Y 2/ Rt for |z] < e®. For (z,t) close to (1,0), the operator R(z,t)
is a small perturbation of R(1,0). Therefore, it has an eigenvalue \(z,t) close to 1. We
assume that, for some o > 0, A(1,t) =1 — at® + O(|t]?).

We say that this sequence if aperiodic if, for any (z,t) € (D x [~to,t0]) — {(1,0)}, the operator
I — R(z,t) is invertible on B.

Theorem 4.2. Let Rﬁ- be a perturbed sequence of renewal operators with exponential decay. Let

(4.13) Tﬁ:i > RL...R.

p=1j1++jp=n

Then there exist 7o € (0,t0), 0 < 1 and ¢,C > 0 such that, for t € [—19,7o], for n.> 0,

t 1 Oét2 " on 2\n

(4.14) T . ——|1—— | P|| <CO"+Ct(1 —ct™)".

[ 1
Moreover, if Rﬁ- is aperiodic, one also has, for |t| € [10,to] and n > 0,
(4.15) ||| < Co™.
Proof. If v is a path around 0 in C, close enough to 0,

1 .

t_ —j—1 -1

(4.16) T = 5 ’Yz 77 I = R(z,t)) 7" dz.

By analyticity, this equality holds true for any path  around 0 bounding a domain on which
I — R(z,t) is invertible for any z.

Let us first show [I3) in the aperiodic case. Let ¢ # 0. The operators I — R(z,t) are invertible
for any z € . Since invertible operators form an open set, there exists an open neighborhood
I of t, and g; > 0, such that I — R(z,t’) is invertible for ¢’ € I and |z| < e®t. Taking for v the
circle of radius et, we obtain HT;/ < C(t)e=7e. If 7 > 0, the compact set [—tg, —7] U [T, o] can
be covered by a finite number of the intervals I;, and we get the following: there exist 6, > 0 and
C: > 0 such that, for any |t| € [, o], for any j > 0, HT;H < Cre~9% . This proves [@IH), if we
can choose 7 so that [TI4) is satisfied.

For [Idl), we work in a neighborhood of (z,t) = (1,0). There exist an open disk O around 1,
and 19 > 0, such that, for (z,t) € O X [—79, 79|, the operator R(z,t) has a unique eigenvalue \(z, t)
close to 1. Let us also denote by P(z,t) the corresponding spectral projection. These functions
depend holomorphically on z, and in a Lipschitz way on t.

We saw in the proof of Proposition B4 that X' (1,0) = u # 0. Reducing O if necessary, we can
therefore assume that z — A(z,0) is injective on O (and takes the value 1 only at z = 1).

When ¢ converges to 0, the function z — A(z,t) converges uniformly to z — A(z,0) (with a
speed O(t)). Since all these functions are holomorphic, the derivatives converge uniformly with
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the same speed. In particular, z — A(z,t) takes the value 1 at a unique point v(¢) in O, if ¢ is
small enough, by Rouché’s Theorem. Moreover, v(¢t) — 1 when t — 0.
Let us establish an asymptotic expansion of v(¢t). We have

v(t) v(t)
A0, 1) — (1, ¢) = /1 Nz ) ds = /1 (N (2,8) = N(1,0)) dz + N(1,0) (7(t) — 1).

Moreover, |N(z,t) — N(1,0)] < C(|lz = 1] + [t]) < C(y(t) = 1| + [t]). As A(y(¢),t) — M(1,t) =
1 — A(1,t) = at® + O(|t]*), we obtain

(4.17) N(1,0)(y(t) = 1) = at® + O(t) + O(Jt|[y(t) — 1)) + O(|y(t) — 1|*).

As N(1,0) = p # 0, this yields v(t) — 1 ~ at?/u. In particular, v(t) — 1 = O(¢?). Putting this
information back in the equation, we finally obtain

(4.18) () =1+ at?/pu+ O(F?).

The operators I — R(z,0) are invertible for z € D — O. By continuity, I — R(z,t) is invertible
for any z in a neighborhood of this compact set, and ¢ close enough to 0, say ¢ € [—79, 7). We
can therefore choose a path v around 0 made of an arc of circle of radius > 1, and the inner
part of 90, satisfying ([T for |t| < 7. We modify v into a new path 4 by replacing the inner
part of 9O with its outer part. To obtain an analogue of (IG), we should add the residue of
27971 — R(z,t))~! inside O. We have (I — R(z,t))"! = (1 — X\(2,t)) "' P(2,t) + Q(z,t) where
Q(z,t) is holomorphic inside O (whence without residue). The only pole is located at ~(¢), and
we obtain

1 . 1 .
(4.19) T) = 5 LZ_J_I(I — R(z,t)) "t dz + Wp(v(t), t)y()
On 7, we have |z| > e® for some 0y > 0. As |[(I — R(z,t))~!| is uniformly bounded on 7, the
integral term is O(e~%7). For the remaining term, we have WP(W(Q, t) = mP(l, 0) +
O(t). Making this substitution gives an error of O(|t||y(t)|=7) = O(|t|(1 — ct?)?), by EIR). We
get

1 .
t —j—1
Uil

(4.20) ‘ < Ce 7% 4 CJt(1 — et?).

Finally, if we replace v(t)™/~! with (1 — at?/u)?, the error is bounded, thanks to ([EIN), by
C(L—ct?) (L4 Ct*) —1) < O(1 —et?) (1 + CItP*) [t
If ¢ is small enough, (1 — ct?)(1 + CJt]*) < (1 — ¢t?/2). Finally,
JIHP(L— /2P < It~ et J4Y(1 — cf? /4P < [t](1 — et /4)) - 3 exp(—cjt?/4)
< Olt|(1 — ct?/4),

—c2*/4 i5 bounded on Rj. O

(4.21)

since the function x — ze

4.3. Estimates on the excursions. In this whole paragraph, we fix an integer M, a constant
A > 1 and a sequence (Yq)dez with 74 € (0,1] and v4 = O(1/|k|*) when d — +oo0.
We then choose an integer K such that

1
(4.22) vd| > K/2, i< A+ [d)er7
and
(4.23) K > K(A, M) given by Theorem 11
and
(4.24) vn>1, 2M" _1-n/2>2M"/K.
Let k = (ko, k1,...,k;) be a sequence of integers. We say that this sequence is admissible if

|k;| > K for any i € (0,7). We say that it is strongly admissible if, additionally, |k;| > K. We will
denote by d; = k; — k;_1 the successive differences.
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Lemma 4.3. Let k = (ko, k1,...,kj,) be a strongly admissible sequence. Let ¢n, ..., ¥, be func-

tions from Y to C, and let 1,. .. ,€j, belong to [0,1]. Assume that ||1il|pa.5e < €i7va;-
Let v° : Y — C, define a sequence of functions v' by induction, by v* = E%N(wivzfl). Then
Jo
] 9/10 | p100M N3 ||,,0
(429 ol = (Tt o .
i=1
Proof. We will use the following “virtual heights”
(426) 61 = max(|ki|, |ki71|/2]\/1; ey |k0|/2]\/“).

Their interest is that we will be able to control by induction the Dolgopyat norms HU’H Dy, (while

this would not be possible for the norm Dy, if the jumps d; are too large).
If |k;| > Bi—1/2™, we have (3; = |k;|. Then, by Theorem Il (and more precisely (Z3)),

HUiHDgi _ H‘C%N(wivi_l)”Dki < gLOOMN ||1/’i||c1@v]‘{f Ui_lHDZMki < gUOOMN Ui—1HD5i71 _
Otherwise, 8; = Bi—1/2™ > |k;|, and (using ZH))
(4.27) _ _ _ _
4, = IR s, <O Wil Jo < 0 Ve 0,

In both cases, we have similar equations, with a large gain or a small loss.
Let us show by induction on 7 that

(4.9 [0, < 0¥V a0 7)o

the result being clear for ¢ = 0.
Assume that the result is proved up to ¢ — 1, and let us prove it for i. If 5; = |k;],

(429) ||,UiHDﬁi < 9100MN€Z_,Ydi vi*lHDﬁiil < 9100MN5i('Ydi)9/10 ||’U

i71||
Dp;_y

since 74 < 1 for any d € Z. The inductive assumption concludes the proof.
If 8; > |k;|, consider ¢ the last time before i for which 3, = |k,|. Tterating EZ7) up to ¢, we get

(4.30) HviHDﬂ <& ...€417d; - - .'ydLH@*MN(FL) HULHDﬁL .

Moreover, 3; = 3,/2M(=4) and 3; > K since k is strongly admissible. Hence,
(4.31) |+ A4 |di] > |k — k| > @MOD 1), > (2M0-) _ 1)K,
Write J for the set of indexes a € (1,4 for which |d,| > K/2. Then Y, |d,| > (MG~ —1 —

(i —1)/2)K. By @Zd), we therefore get 3_ ; |d,| > 2M~9). By @Z), 74 < 1/(1 + |d|) for any
|d| > K/2. We obtain

1/10
/10 1 1
Yo - Ya) 0 < [l < B ( )
B ¥ e U A N W ey

acJ acJ

1 1/10
< ( < 9—M(i=1)/10
T\ Xaes Ida|> -

By Theorem EZT] 901N > 2-1/10, Ag a consequence, 2~ M(=4)/10 < gIOIMN(i—1)  Hence, we obtain
from (E30)
HUZ.HDB_ < G_MN(i_L) (’7111' - "ydL+1)1/10 “Ep-- '€L+1(,ydi . .’ydL+1)9/10 ||ULHD/3L

< LOOMN (i=0) & 9/10 o

s 81 (Vs - V) N, -

Using the induction assumption at ¢, we get [28) at i. This concludes the induction and the

proof of [EZR).

From @ZR) at jo, we obtain in particular

(4.32) [ 2 < 0NN 0er g (yay -7, ) 00,
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As HUOHDk < HUOHC“ this concludes the proof. O
0
Lemma 4.4. There exists a constant C' (depending on M, A,{va}, K) satisfying the following

property. Let (ko,k1,...,k;) be an admissible sequence. Let Yn,...,1; be functions from'Y to C,

and let 1, ..,¢; belong to [0,1]. We assume that ||v;]|oa3: < €iva, -
X M N ) .
Let v° : Y — C, define a sequence of functions v’ by induction, by v* = E%N(wivzfl). Then
<4.ss> PR R L

Proof. We write jo = j/2 or (j — 1)/2, depending on whether j is even or odd.
Let ¢; = e*ikiSJS\}Nd)le/}i, so that v* = ﬁMN(cpivifl). We have |¢Z(z>| < Ei’Ydiegsr(MN)(z) and
fOI' h S 7‘{]\41\]7

ID(gi o B)(@)|| < [ D 0 h) (@) + kil | D(SYrndy © h)(@)|| [ (ha)]
< CEi’Ydi€3ET(MN)(hz) + C|k‘i|7“(MN) (h-T)Ei’ydie%T(MN)(hm)

< C|ki|5i,ydi€4ar(MN)(hm)

)

for some constant C' > 1 depending only on M and A. Let B = Cmax]|k;|, this shows that
H%Hcﬁwﬁs < €i7d;-
We can apply 4] between the indexes 1 and jo, to get

ij"||c1 max|k | (H €i7d; > 9100MNjo ||UO||01 + 9~ MNjo ||UO||L2)

< Co=MN (H 6%) (maox [ki]) [|0°]] o -

i=1

Applying [Z4) between the indexes jo + 1 and j, we obtain

J
7]l < Clmax hil) | T eiva, | (000NN G50 o[y + 97N G=0 e )
i=jo+1
We will use the bound on ||vj°||Cl given by the previous equation, and the bound on ||v%]|,

from Lemma (if jo = 0, this lemma does not apply since the sequence (ko) is not necessarily
strongly admissible, but the estimate [2H) is trivial in this case). We obtain:

J
HUchl <C (H zsmdi> 01MN (max |ki[)2 HUOHC‘l

i=1

Jo J
+C (H 5173/10> H €ivd, | (max |ki|)940MNj HvoHcl

i=jo+1

< COMNI (max |k;])? (H 5173/1()) [0/ o -

Assume first that max |k;| < 2(|ko| + jK). As 040MNJ ;2 < C930MNJi e obtain the conclusion of

. 9/10 1/3
the lemma (by bounding directly (ngl Vdi) by ( z 1 Vds ) ).

Assume now that max |k;| > 2(|ko| + jK). We have |ko| + 3 |d;| > max |k;|. Denote by J the
set of indexes > 1 for which |d;| > K. Then

(4.34) > ldi| > max[k;| - |ko| — jK > maxk;]/2.
i€J
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By @&Z2), 74 < 1/(1 + |d[)%%/17 for any |d| > K. We get

) 17/30 2
()" < <HieJ(1+1 ) < (o) <l

z€J|dJ
Finally,
9/10 j 17/30 j 1/3 j 1/3
sl () = ot (T ) (Tl ) (1T
-1 i=1 i=1
This yields again the conclusion of the lemma. (]

5. PROOF OF THE LOCAL LIMIT THEOREM

We fix a C® function ¢ : X x St — R with vanishing average, and a real number to > 0. We
will study the operators 7; := 7 (e*¥-) for |t| < to. We will first choose M, A, a sequence 4 and
an integer K so that the results of Paragraph B3 apply. All these choices will depend on ¢ and
to.

5.1. Choosing the constants. Let 1)y be the function defined in {ZI0]). There exists a constant
C(v) such that |SY ¢y (z,w)| < C(x)r™ (x). More generally, as 7 is an isometry in the fiber
direction S!, we even have

(1) ] 380 (0] £ COH o),
In particular, for any |¢| < to,
4
(5.2) 0" sy vview)| < C(to, ¥)r™ ().
ot ©

Let us denote by Fén’t) the d-th Fourier coefficient of eS% %Y in the circle direction. Making 4
integrations by parts in the circle direction and using the previous equation yields

Clto, p)r™ (z)* _ C'(to, e @)
|Fl§n,t) (1‘)| S ( 05 1/1)7" ((E) S ( 0> w)e
1+ |d* 14 |d]*
There also exists C'(n, tg, 1) such that, for any h € H,,,

(5.3)

(n)
P (hz)

(5.4) HD(Fé"’t) o h)(ac)H < O to, )

We fix once and for all an integer M such that

"(to, 1) Y3
(5.5) 92OJMNZ ( ’ ) ) < gIOMN

1
= 1+ |d|
and
C'(to, ¥)
100M N : 0,
dez.
Let 4 = min (1, C:j_tl‘;rf)). By (B4)), we can then choose a constant A such that
(5.7) |F ) L <
CA{N

for any d € Z. Finally, we choose K satisfying ([E2Z2)—E24]).

All the constants C' we will consider until the end of this section may depend on M, A, {74}, K.
We will work on the space XMN) with the map U = UMN) | to prove Theorem for t €
[—to, to]. We will freely use all the results that we proved in Section Bl Formally, we proved these
results for X, but the same arguments hold verbatim in X MN),
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As in the proof of Theorem [I7], we will assume until the end of the proof that dMN) =1, ie.,
UMN) s mizing. Only at the end of the proof will we give the modifications to be done to handle
the general case.

5.2. The renewal process. As in Paragraph BT, let us define a space Bx = @<k cl(y),
endowed with the norm of the supremum of the C'!' norms of the different components. We will
see an element v of By as a set of functions (vi)|xj<x Where vi corresponds to frequency k, and
then [|v]|z, = supy <k [[vkllor. We will also write [[v|co = sup [Jvkco-

For z € C, t € [~to,to] and k = (ko,...,k;) an admissible sequence, we formally define an
operator Q% (z) on C*(Y), by

(5.8) Ql(z)v = LN (2 NN LN O M (T pMN Oy,

Intuitively, this operator applies to a function of frequency kg, and gives a function of frequency
k;. If B is a Banach space of functions from Y x Z to C, it is therefore more natural to consider an
operator Q! (z) from B to B, defined by (Q}(z)v)r = 0if k # k;, and (Q} (2)v)k, = Q% (2)vk,. This
applies for instance if B = By (and |ko| < K, |k;| < K). We will occasionally use the operators
Q% (2), but the technical estimates will be formulated in terms of Q% (2).

Lemma 5.1. The operator Q(z) acts continuously on C'(Y) for any t € [~to,to] and any
z| < €%, and its norm is bounded by C(1 + k2)9?0MNJ 1AL Moreover, the map z — QL (z
0 =174 k

i

is holomorphic from {|z| < e**} to End(C*(Y)) the set of continuous linear operators on C*(Y).
There exist a > 0 and C > 0 such that, for all |t —t'| < a, for any admissible sequence k,

J
5.9 H t At ‘ <Ot —'|(1 + k2)§20MN 1/3
(5.9 Q) = QO 0y O 10 DO T 0
Finally, if |t| < a,
J
(5.10) HQ;@H < O(L+ k) (CJty#1 | 420 g2 NI T 71/,

i=1

Proof. To estimate the norm of Q;(z), we use the estimate given by Lemma B4 taking ¢; = 1

and ; = 2 ESMVD IE 2] < €26 we have [[ihi]| pase < HF,;MN’”\ eac S 7ai- We obtain
i MN i €
MN
! 1/3 j
5.11 H j ‘ <O +k G3OMNT,
(5.11) U gy = 0+ (T

If |2| < €%, each function ¥;1,(mn)s,, tends to 0 in C]’\L‘ﬁ\f when n tends to infinity. As a conse-
quence, z — Q% (z) is a uniform limit of polynomials on any compact subset of {|z| < e**}, and is
therefore holomorphic there.

To prove the rest of the lemma, we will use the following inequality (which can easily be proved
by 4 integrations by parts): there exists C' > 0 such that, for any ¢,t’ € [—tg, to] and for any d € Z,

(5.12) HFéMN*“ — piMN) <Ot — ']y

A, e
M N

To prove ([BH), let us write Qj,(2)v — QL (2)v as

J
MN/ rMN) (MN,t) »MN MN /_pMN) (MN,t) (MN¥')\ pMN
E Ekj (Z Fdj ‘ij,l c Ekb (z (de — de >£kb,1(
b=0
(MN) (MN,t") »MN MN (MN) __(MN,t")
T 3 r ,
z Fdz>71 ‘Ckbfz("'ﬁkl (Z Fd1 U))

Fix b. To estimate the corresponding term in this equation, we will again use Lemma B4l Let
W = zT(MN)FéiMN’t) fori > b, ¥, = zT(MN)FélMN’t ) for i < band Yy = z’”(MN)(FIEZMN’t) —FLEZMN”: )).
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Let also ¢; = 1 for i # b. Then ;, ¢; satisfy the assumptions of Lemma B4 for i # b. Let finally
gy = C|t' —t| (where C is as in (EIZ)). If ¢’ is close enough to ¢, we have g, < 1, and the
assumptions of Lemma B4 are again satisfied by ([&I2).

Using this lemma, we obtain (after summation over b)

613 ok QLG <0G+ — 0+ k) <H71/3>93°MNJ'||%||01-

As (j + 1)§30MNI < CH2OMNI | we get ([BT).
Finally, to prove (I0), note that FLEMN’O) =0if d # 0. As a consequence, (I2) applied to
HF (MN.t) < C|t|y4. We can therefore apply Lemma B to e; = 1 if d; = 0, and

t' = 0 gives
=Cl|t|if d; # 0, to obtain E10). O

Let us then define formally an operator R(z,t) on Bx by R(z,t) = ZQ;(Z), where we sum
over all admissible sequences k with |ko| < K and |k;| < K, i.e.,

(5.14) (R(z,t)v) = Z Z Q1(2) vk,

ko,ki,....kj—1
[ko| <K
k=(ko,k1,..., kj_1,k) admissible

A,s

The coefficient of 2™ corresponds to considering the first returns to Y x [—K, K| after a time
exactly n. By ([EIZ), this is exactly the operator R! defined in [X). Using the estimates in
Lemma BTl our next goal is to prove that the operators R satisfy the assumptions of Theorem
Indeed, this theorem will thus provide us with a good estimate for T (defined in EI0)),
which is the main building block of Z4".

Lemma 5.2. The formal series R(z,t) defines an holomorphic function on the disk |z| < e
uniformly bounded in t € [—to,to]. In particular, there exists C' > 0 such that, for anyt € [—to,to],
for any n €N, for any v € Br, ||Rjvllz, < Ce " |v] 3, -

Moreover,
(5.15) |IR(z,t)v — R(z,t')vHBK <Clt-1| vl 5,
In particular, for any n € N, for any v € Bx, |Riv — Rhv § Clt —t'e " [Jv]| g, -
Proof. As §20MN Y e } < 1, the estimates given by Lemma BTl are summable. This directly
implies the lemma. 0

Lemma 5.3. There exists a constant C' such that, for any z with |z| < €%, for any t € [—to, to],
for any v € By,

(5.16) [1R(z, t)v HUHBK +Cllvflo -

||BK — 2

Proof. Fix an integer P. We define a truncated series R(z,t, P) by summing as in R(z,t) along
admissible sequences k = (ko,k1,...,k;), but with the additional restrictions sup |k;| < P and
j < P. When P tends to infinity, R(z,t, P) converges (in norm) to R(z,t), uniformly for (z,t) €
{|z| < €%} x [~to,t0]. We will show that, for any P € N, there exists C(P) such that

(5.17) [1R(z,t, P)ollg, < IIUIIBK +CP) [vllgo -

This implies the desired result, by choosing a 1arg‘e enough P.

Let k be an admissible sequence of length j > 0. Iterating j times the equation ([Z3)) (applied

to the functions v; = 2" e~iks SIVIN‘bYF(MN It))

v e CYY),

, we obtain a constant C(k) such that, for any

J

< g (H ) lollgs + C) o] co

(5.18) HQ; (2)v
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The operator R(z,t, P) involves only a finite number of admissible sequences. Denoting by C(P)
the sum of C'(k) over these admissible sequences, we obtain for any v € By

P J
IR(z,t, Pyvll, < 0100MNI <Z’7d> [vllg, + C(P) [[v]lco
j=1

dez
9100MNZ,yd 1
S 1— 9100]\/11\[ Z'yd ||U||BK + C(P) ||1)HC’0 S § HUHBK + C(P) ||v||CO ’

by B.4). 0

Corollary 5.4. For anyt € [—tg,to] and for any |z| < €%, the operator R(z,t) acting on By has
an essential spectral radius bounded by 1/2.

Proof. This is a consequence of Hennion’s Theorem [Hen93] (or more precisely of the version
without iteration of this theorem given in [BGKO6, Lemma 2.2], since the operator R(z,t) is a
priori not continuous for the C° norm). g

Definition 5.5. Let 1) : X x S — R be a C® function. We say that it is continuously periodic if
there exist a > 0, A > 0 and f : X x St — R/\Z measurable such thaty = f — foT +a mod \
almost everywhere, and f is continuous on Y x S'. Otherwise, we say that v is continuously
aperiodic.

Proposition [LT0 says that aperiodicity and continuous aperiodicity are equivalent. However,
we will be able to prove this equivalence only at the complete end of our arguments. Until then,
it will be more convenient to work with the notion of continuous aperiodicity.

Proposition 5.6. For any z € D — {1}, the operator I — R(z,0) is invertible on Br. Moreover,
if the function v is continuously aperiodic, the operator I — R(z,t) is invertible on By for any

(Z,ﬁ) € (E X [_tO;tO]) - {(1’0)}'

Proof. Let |z| <1 and t € [—tg, to]. If the operator I — R(z,t) is not invertible, its kernel contains
a nonzero function v = (v_g,...,vK) by Corollary B4l Let us define a function vy, for |k| > K,

by
v = Z Z Q(2)Uky-

p=1k=(ko,k1,....k;j—1,k) admissible
[ko| <K

Lemma BTl implies (after summation over the admissible sequences) that Y-, , llvxllcn < oo.
Moreover, for any k € Z,

”’(MN) k]
(5.19) v =y LMV NNy,
leZ

This equation is indeed a consequence of the construction of the vg’s if |k| > K, and of the fact
that v is a fixed point of R(z,t) if |k| < K.

Let us define a continuous function g on Y x S! by g(z,w) = 3", o5 vk(2)e?™. As v is nonzero,
g is also nonzero. The invariance equation (9 translates into the following for g:

(5:20) Uiy (: =g
where Uy is the transfer operator associated to the map which is induced by U = UMN) on Y.

Lemma 4 yields |z| = 1 and goUy = etSunvy zT(MN)g. Let us extend ¢ to the whole space
XMN) 5 S by setting

T(AlN)eitS}CIN’lby

i—1
(5.21) g(z,i,w) = 2'g(x,0,w) exp itzwouj(:c,w)

§=0
This function is bounded (since g is bounded on Y'), nonzero, and satisfies g o U = ze'*¥y.

If t = 0, we obtain g ol = zg. But the map U is mixing (this was proved in Theorem B and
in ZT) for UN), the same proof holds for UMN)), As a consequence, z = 1.
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Ift #0, let f: XMN) x S' — R/277 be the logarithm of g, and let a be such that z = e~%.
Then t1p o #MN) = fold — f +a mod 2w, and f is continuous on Y x S ¢ XMN) » St (we
have reintroduced the projection #™™) in the notations since we will soon be confronted to lifting
problems). In general, f is not constant on the fibers of #MN) “and can therefore not be written
as forMN) ip R/277Z. However, since the fibers of #(™N) are countable, [(Gou(, Theorem 1.4]
shows that there exist A of the form 27/n for some integer n, and f:X xS - R/AZ, such
that f = fo7#MN) mod A almost everywhere. As a consequence, t1) = fo7T — f +a mod A,
and f has a continuous version on ¥ x S (since this is the case for f). Hence, ¢ is continuously
periodic. (I

Lemma 5.7. The operator R(1,0) has a simple eigenvalue at 1. The corresponding spectral
projection is given by (Pv)o = [, vo dpy, and (Pv)p = 0 if k # 0. Denoting by R'(z,t) the
derivative with respect to z of R(z,t), we have PR'(1,0)P = pMN)(X(MN)p,

Proof. We have (R(1,0)v), = LMNuy, it is therefore sufficient to know the spectral properties of
the operators LM¥ (for |k| < K) to conclude. For k # 0, there operators have a spectral radius
< 1, while for k£ = 0 there is a simple eigenvalue at 1, the corresponding eigenprojection being
given by integration (as we saw in the proofs of Lemma and Corollary BH). This yields the

desired formula for P.
As PRIP = juy {r®™MN) = j} P for j > 1, we have

(5.22) PR'(1,0)P = ZjMY{T(MN) =j}P= M(MN)(X(MN))P,
by Kac’s Formula. (I

5.3. Estimate of the perturbed eigenvalue. In this paragraph, we prove the following estimate
(which is necessary to apply Theorem EZ).

Theorem 5.8. Denote by A\(1,t) the eigenvalue close to 1 of R(1,t), for smallt. Then
2t2
(5.23) M1,t) =1 — pMN) (X<MN>)UT +0(t%),

where o2 is given by ([CIW).

The proof will take the rest of this paragraph. We will write R(t) and A(¢) instead of R(1,t)
and A(1,t), since we will only consider z = 1.

Let f* be the eigenfunction (in Bx) of R(t) for the eigenvalue A(t), normalized so that [ f¢ =1
(this is possible since [ fJ = 1 and f! converges to f° in Bg). Note that f* = f°+4 O(t) and
A(t) = 14 O(¢) (since R(t) = R(0) + O(t) and the simple isolated eigenvalues, as well as the
corresponding eigenfunctions, depend in a Lipschitz way on the operator). Moreover, fJ = 1, and
£ =0 for k #0.

Lemma 5.9. We have \(t) = 1+ O(t?).

Proof. We have (R(t)f*)o = >_ Q}(1)f{, where the summation is over the admissible sequences
k = (ko,...,k;) with |ko|] < K and k; = 0. If j > 2, there are at least two nonzero differences
d; = k; — k;_1, and the sum of the corresponding terms is therefore bounded by Ct2, by (&I0). If
J = 1but kg # 0, the difference is nonzero, which gives a O(t) factor. As ff = O(t), the resulting
term is therefore also O(t?). Tt remains (R(t) f*)o = Q¢ oy(1)f§ + O(t*). As R(t)f* = A(t) f* and
J f& =1, we obtain after integration

A(t) = /Y Qoo (1) fL+ O(t2) = /Y £ (FMND £y 4 0(2)
- / (SN Y (=9 £t () 4 O(#2).
Y xSt
As [ fE =1, we get

(5.24) At) =1+ /(e“sfmw —D(fE -1+ /(e“sfww — 1)+ 0.
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Since f§ = 2+ O(t) = 1+ O(t), the first integral is O(t?). For the second one,
(5.25) /(e“%wy —1) = it/S}\}wa +0(t?) = MNit/ Y+ O(t?) = O(t?)
X xSt

since [¢ = 0. This finally yields A\(t) = 1+ O(¢?). O

Define a function g on Y by gi(z) = [ S} vy (z,w)e™* dw.
Lemma 5.10. The function gi belongs to C}WEN Moreover, there exists a constant C' > 0 such
that, for any small enough t and for any k € Z,
Ct?

(MN.#) )
(5.26) HFk o — ztgk’ <

1,e
CMN

Proof. Write

F,EMN’t)(:c) — 1o — itgr(z) = / (eitsﬁNwY(z*“) -1- itS}\;Nﬂly(x,w)) e~ duw

Sl
1
= —t2/ (1-wv) (/ 5}\/4wa(96,w)2eits}v/mwy(l’“)”e_ik“ dw) dv.
v=0 St
This gives (B26) after 4 integrations by parts with respect to w. O
Lemma 5.11. For any |k| < K, we have in C*(Y)
(5.27) fo=f2+it Yy LN (gr) + O(F).
n=1

Note that g belongs to le\fN, which implies that LMV g, € C1(Y) by Theorem EZIl The series
> nen LN LMN g is therefore convergent in C1(Y): for k # 0, the spectral radius of £}V on
CH(Y) is < 1 and the convergence is trivial. For k = 0, there is still exponential convergence for
functions with zero average, which is the case of gg because [ = 0.

Proof of Lemma Il As A(t) = 1+ O(t?), we have
_ R()f* — R(0)f°

ft;foz/\(t>fsz0+0(t) . +0(t)
= () - rop L o)L BO RO o o
Since R(t) — R(0) = O(¢) and f* — f° = O(t), we obtain
(5.28) (1 -royl =L - BO_EO o o

The operator R(0) simply acts by (R(0)v)r = LyNwvk. Let us study (R(t)f%)r = >, Q(11,
where k is an admissible sequence beginning by 0 and ending by k. If the length of this admissible
sequence is at least 2, there are two nonzero differences, and we obtain a term bounded by O(#?).
Hence,

(5.29) (B() ) = Qlo sy (D1 +0(%) = LN (EM™Y) +0(%).

Applying Lemma B0 and using the fact that £3'%V is continuous from Czlv’ng to CH(Y), we get in
cH(y)

(5.30) (R()fO)r = Le=o + LY g + O(t?) = (R(0) fO)r + it Ly N g, + O(t?).

Let by, = Zn>0 E,i”N”gk. Denote by h the corresponding element in By, so that the k-th compo-
nent of (I — R(0))h is equal to LN g;.. The equations (Z8) and E30) imply that

t _ £0
(5.31) (I - R(0)) (f : / ih) = O(t).

As I — R(0) is invertible on the set of elements v of Bx with [ v = 0, this shows that (f*— f°)/t—
ih = O(t), which is the desired conclusion. (]
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Let Uy be the map induced by U = UMN) on Y x S'. The associated transfer operator Uy
acts on each frequency k by EQ/I N From the spectral properties of the operators E{CW N we obtain
the convergence of the series

5% = / (Shindy)® +2) / SNty - Sinty o Uy
Y _ Y
(5.32) o
= [ Stvor? +23 [ @Sty - Shiwur.
Y )Y

Lemma 5.12. We have \(t) = 1 — 52%t2/2 + O(t3).

Proof. Let us estimate (R(t)f%)o. We have

(ROfo= > > QLS+ > QL) fh.

1<|k|<K k=(k,k1,...,k;—1,0) admissible k=(0,k1,...,k;_1,0) admissible

In the first sum, f} = O(t). If there are two nonzero differences in the admissible sequence k, we
therefore obtain terms bounded by O(#3) by ([EI0). In the second sum, we also get O(t3) unless
there are at most two nonzero differences, which is possible only for the sequences k = (0,0) and
k=1(0,¢,...,£,0), where ¢ is repeated a number of times, say j, and |¢| > K. Hence,

(ROfMo= Y LMVECGD )+ LN FEMND Y 43T Qlo g o) D8+ OE).

I<|k|I<KE
We have
MN, MN, MN,
(5.33) Qo) (Do = LN (FGINO YN FEMND pMN - pMN (pIMND gty |y,

As there are two nonzero differences in these admissible sequences, the contribution of these terms
to R(t) f{ is O(t?). Moreover, FO(MN’t) =140(t). If we replace FO(MN’t) by 1, we get an additional
error of O(¢) in each term. It can be checked as in the proof of ([E3) that these errors are summable.

In the same way, f¢ may be replaced by 1 since the error is O(t). We get

(ROfo= Y LMVEGIDfLy 4 LMN (SN £t
1<|EISK
+ 305 N EGIND LN MDY 4 o),
7>0 || >K

For |[¢| > K and j > 0, we have HEéVIva o < C(1+ 2)3MNT ||yl o1 for any function v,
MN

by Lemma EE4l Hence, (B226]) enables us to replace FZ(MN’t) and FSyN’t) respectively with itgy
and itg_y, the additional errors being summable and giving a term of order O(t3). Using also the
estimates on ff of Lemma [BIIl we obtain

(ROfo =12 > S LMN (g LMNr gy + LMV (FMNY gt
1<|k|<K n>0

=2 )Y LMV (g oLy ge) + O(F).

[|>K j>0

To estimate EMN(FO(MN’t)fé), we write, in Cy7y,

2

t
(5.34) FMND () = 1+ itgo(z) — =

5 / S&Ndjy(:c,w)Q dw + O(tg).
Sl
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Consequently, by Lemma BT and since [ f§ =1, [go =0,

/EJMN( (MN,t) f0> / (MN,t) fo
Y Y
2

= /Yz'tgofé N %/Y /S1 Synty (z,w)? fi(x) dw + O(t?)

oo t2
:HQZ / go LMV gy — = / Sty (@0 +0(°),
. JY Y xSt

Finally, as A(t fy tf5 = fy (t)f*)o, we obtain

(5.35) A<t>=1—5 Siviv @ =2 X3 [ gtV g+00)

2
Y xSt ke€Z n>0

and the sum is absolutely converging. To conclude the proof, it is therefore sufficient to show that,
for any n > 0,

(5.36) 3 / gLy, — /Y Sty Sy o U
«S1

kez
We have

/g—kﬁﬁmngk Z/g—kﬁMN"( ik Ein Sindveli g)) = /g-kowe—“ki? ShindvoUd g
v Yy
= sy Uz, 0)e™® 4o | e~k X720 ShunéyoUi(2)
/Y </S1 unYy (Uyz, o)

X (/ Sy Ny (z,w)e” dw) dpy ().
st

Let ' =w — Z;Zg SY,n®y o Ul (), so that the previous formula becomes
(5.37)

/g—kﬁi\m"gk :/ ( SlewaYOU?(iﬂ,wl)eikw/) (/ Shan by (,w)e™™ dw) duay ()
Y Y St St

For any u,v € L2(Y x St), we have

(5.38) /st1 w = Z/ </ ek’ dw> </S v(z,w)e dw> dpy (),

keZ

where the series on the right converges absolutely. This is simply Parseval’s equality in each fiber
S!, integrated with respect to x. Together with (E231), this yields (230 and concludes the proof
of the lemma. (|

Lemma 5.13. We have 6% = pMN) (X (MN))52
Together with Lemma BT this concludes the proof of Theorem
Proof. We will show that

(5.39) &2 / % d(p™MN) @ Leb) +2Z/ V- old” d(p™N) @ Leb).
X(J\lN)XSI

- (MN) ><Sl
Since uMN) projects on pMN) (X (MN)) 5 this will imply the result of the lemma.

It is easy to convince oneself of (E39) by expanding the expression of S}, %y in 62 and then
gluing back together the different pieces to get the right member of (&39). However, this process
involves series which are a priori not convergent, which is a problem. We will therefore do the
computation in a different way, inspired by [Gon(4al, Proposition 4.8].

Let us define a function ¢ on X (MN) x S! by ¢ = > un (v). This series converges by Theorem
B0, and defines a function belonging to L?(XMN) x S for any p. Moreover, ¢ = Utp + Uc. Let
a be the restriction of ¢ to Y. The previous equation implies that a = ?/AlyS}CIwa +Uya. As a
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consequence, the function @ = a — [a is equal to 300, U (SY;yty) (and this series is indeed
converging, since [ SY; vy = 0). In particular,

) 7= [ (St 2 [ Shyera= [
Y xSt

Y xSt Y xSt

(Sarntv)? + 2/ Shnty - a.

Y xSt
The explicit relationship between a and ¢ then makes it possible to show (as in the proof of
[Gou4al, Proposition 4.8]) that this quantity is equal to [y (g1 (¢* +2¢¢), which proves (B39)
given the definition of c. (|

5.4. Reconstruction of Z]f Let us assume from now on that o2 > 0.

We proved in the previous paragraphs that the sequence R!, is a perturbed renewal sequence
of operators with exponential decay, in the sense of Definition EEJl and that it is aperiodic if
the function ¥ itself is continuously aperiodic. We can therefore apply Theorem and get the
following estimate on 77 (defined in @I0)):

Proposition 5.14. Let P be the operator on By defined in Lemma[5. 7} There exist 70 > 0, ¢ > 0,
C >0 and 0 < 1 such that, for any n € N, t € [—19,79] and v € Bk,

1 a2\ "
t — —
T~ e (1 %2) P

SCO" + 11— ct*)") [[v]lg,, -

(5.41) ‘
Bk

Moreover, if ¥ is continuously aperiodic, we also have for any |t| € 70, to],

(5.42) 750 g, < CO™ 0|, -

We recall that T is also given by Tiv = 1y><[_K,K]’Ct’n(lyX[_KJ(]U). As we have a good
control on K* outside ¥ x [ K, K], the information given by Proposition BT will therefore make
it possible to reconstruct precisely K. As a first step, we will estimate Pty := 1yle€t’n(1yxzv).
As in ParagraphB2 we thus define operators A!, B! and C! using the kernel K! along trajectories
of the “random walk” of length n, starting and ending in Y x Z, with the following additional
restrictions. For the operator A!,, we only sum over the trajectories that enter in Y x [— K, K] after
a time exactly n, for the operator B! over the trajectories starting in Y x [—K, K] and staying
out of it for the next n iterates , and for the operator C!, over the trajectories spending all their
iterates outside of Y x [— K, K|. Formally, for n > 0,

t,Y t,Y
Al v(z, k) = Z Z K k) =y 2y 1) - .K(ml,kl)_)(z[hko)v(aco, ko),

p>0 ko€[—K,K]k1,...kp_1,kp=ke[—K,K]
L0, T1,.-3Tp—1,Tp==T

Sz rM N (@i)=n
and B!, C! are defined in an analogous way.
By construction, the operator P! satisfies:

(5.43) Pl=CL+ Y ALT!B,
a+i+b=n

as long as this expression makes sense. We therefore need to introduce different Banach spaces
of functions from Y X Z to C such that the operators Af,, B!, and C! are well defined between
these spaces. In addition to By, let us denote by B! the set of functions v from Y x Z to C such
that Y, o, (1+ k%) [vkllcryy < 00, with its canonical norm, and by B? the set of functions v from
Y x Z to C such that 3, oy [[vkllo1(yy < co. We will consider Al as an operator from Bk to B2,
B} as an operator from B! to By, and C! as an operator from B! to B2. It should of course be
checked that these operators are bounded for these respective norms. This is done in the following
lemma.

Lemma 5.15. There exists C' > 0 such that, for any n € N* and any t € [—to, to],

649 Al < O™ (Bl < OHE™, |kl o < O
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Proof. Let us start with A. If k = (ko,...,k;) is an admissible sequence, we have defined an
operator Qf(z) in Paragraph B2 by (Qf(2)v)r = 0 if k # kj, and (Q},(2)v)x, = Qk(2)vk,. We
define an operator A(z,t) from By to B? by

o0
(5.45) Az t) =) > QL ().

Jj=1k=(ko,k1,...,k;—1,k;) admissible

|ko| <K, |kj|>K
By construction, A% is the coefficient of z" in this series. Moreover, summing the estimates of
Lemma BTl over admissible sequences with |ky| < K and |k;| > K, we obtain that A(z,t) is
holomorphic on the disk {|z| < €2} (as a function from Bx to B?). Summing the estimates (EI0)
for small ¢, we also get that A(z,t) is bounded by C|¢| (since the number of differences in such an
admissible sequence is at least 1). As a consequence, A(z,t) is bounded by C|t| for t € [—t, to]
since this inequality is trivial outside of a neighborhood of 0. Thus, the coefficient of 2™ in A(z,t)
decays at least like C'|t|e~*™. This concludes the proof of the estimate of AY,.
For B!, we argue in the same way, using the fact that it is the coefficient of 2™ in the series

(5.46) > > QL(2).

J=1 k=(ko,k1,....,kj—1,k;) admissible
[ko|>K,|k;| <K

; j 1/3

05 = ORI 1 et e
‘ J

< OltlgMNI T 43,

i=1

o) el o,

Since this quantity is summable with respect to k, the series (B40l) is holomorphic on the disk
{|z| < €?¢} and bounded by C|t|. We conclude as above.
Finally, C! is the coefficient of 2" in the series

(5.48) > > Q1(2),

Jj=1 k=(ko,k1,...,k;_1,k;) admissible
|ko|>K,|kj|>K

which defines an holomorphic function from B! to B? in the disk {|z| < €%°} (by summing the
estimates of Lemma [B]). This yields the desired estimate for C%. O

We have defined a projection P on Bx, which can be extended to an operator from B! to B2,
as follows: (Pv), = 0if k=0, and (Pv)o = [, vo dpy.

Corollary 5.16. There exist constants 7o >0, ¢ >0, C > 0 and 8 < 1 such that, for any n € N,
t € [~710,70] and v € B,

1 o2t2\"
t — —
Pv M(MN)(X(MN)) (1 5 ) Pv

(5.49) ‘ < OO + [t —et®)™) |o]l g1 -

B2

Moreover, if ¥ is continuously aperiodic, one also has for any |t| € |70, to]
(5.50) | Bioll 52 < CO™ [[v]lga -

Proof. We write P! = AT Bl +Cl 4> L ityen. icn ALT} B, as an operator from B' to B2. The
term A4 T, Bf gives the desired asymptotics, by Proposition BTl (and since Af and Bf are simply
trivial extension and restriction operators). The term C! is O(6™) by Lemma Hence, we

should estimate the sum >, .., ., Al T{Bj, whose norm is bounded by

(5.51) Cltl Y e (0" + (1 —ct?))e ™,
a-+i+b=n
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again by Lemma T8 and Proposition BEI4 The term Y e~%%@?¢~<? is exponentially small in n,
while the remaining term is bounded by

. . , - 1 g Clt|(1 — ct?)"

2\ 2\n 2\—1 J
132 G0 < O - (- e) e < o o
This is bounded by C|t|(1 — ¢t?)™ if ¢ is small enough.

When 1) is continuously aperiodic, the equation (h0) is proved in the same way by combining
BEZ22) and Lemma BETH O

The next step in the reconstruction of K" is to understand ]551) = 1yle€t’n(v). We will
let this operator act on the space B° of functions v from X MN) x 7 to C such that 3, ,(1 +

|k[3) [vkllor(x vy < 00, and take its values in B2. Let us also define an operator P from B° to
B? by (Pv); = 0 for k # 0, and (Pv)y = Sx i) vo da™MN) (recall that a(MN) is a probability
measure on X (MN)whose restriction to Y is py /uMN) (X (MN)Y),

Proposition 5.17. There exist constants 7o > 0, ¢ > 0, C > 0 and 0 < 1 such that, for any
n €N, te[-m,7] and v € BY,

242\
Pty — (1 ﬂ) Pu
2 B

Moreover, if 1 is continuously aperiodic, one also has for any |t| € [ro, to]

(5.52) \ < C@ + (1 — et2)) 0]l go

(5.53) ’ Pty

- < CO" ||v]|go -
Proof. Let us define an operator D!, which corresponds to considering the trajectories of the
“random walk” starting from Y x Z and staying outside of ¥ x Z during a time n, so that
Pt = Ziﬂ.:n PfD;. Formally, for z € Y,

(5.54) Dlv(z, k) = Z ’szn,kn)a(znq,knfl) . 'Kle,kl)a(zo,ko)”(%’ ko).
koo =k
2 @Y for 0<i<n
We will first study D!, as an operator from BY to B. As the dynamics of U between two returns
to Y is trivial, D!, can be explicitly described as follows. Recall that a point x in X (MN) is a pair
(y,i) where y € Y and i < r(MN)(y). The preimages of (x,0) under U™ which do not enter Y in
between are exactly the points (hz,r™™N) (hx) —n) where h € Hy,y is an inverse branch of TV

whose return time 7M™ o b is > n. Let v € B°. For k,l € Z, let us define a function vy, on'Y by

n

v (Y) = Laaumy (ysn (Y, 7 y) —n).

Here, (y,7MN)(y) — n) is a point in X (MN) | ¢=#Sné is a function on X MN) and (e*5»%),_; is
the k — I-th Fourier coefficient (in the w direction) of the function =% on X(MN) x Sl 5o it is
also a function on X MN) We have defined vg, so that Dhv(x, k) =37, EMNv’k”l(z).

Let us now estimate ||D}v||z in terms of [|v]|z. As 3 belongs to C*', the k — I-th Fourier
coefficient of e%n% is bounded by Cn®/(1+ |k —1|°). As 7(MN)(2) > n, we get

5 2erMN) (1)

n
- < —en_- 00000
T —ip = Clulle ™ 7

(MN) (4)) — n)efikanb(y,r(MN)(y)fn) (eitSn?) (MN)(

k—1 (yv r

(5.55) g (@) < Cluill o

and, for any inverse branch h,

nd 6287‘(MN) (z)
(5.56) || D(vg; 0 )| o < Cllurllen (1 + |k/’|)nm <Cllulle: 1+ |’f|)€_mm-

As a consequence,

EN

C(1+ |k
(557) H’UZJHCL% < ( | |)
MN

S Thppop e e
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By Theorem 211, HEMN

< Cllvg lllcl 2. Finally,

CHY)
—en 1+ [k
(5.58) |1 Drollg = ; (1 + k) [[(Dro)ill e yy < Ce™ ;m leilles
If 1 is fixed,
1+ |k 145+ 1 L+ 7P+ 5
5.59 —_— = — < C —— < C(1+|{|°).
(5:59) %:1+|k:—l|5 z]: L+ ~ z]: L+ 55— (L1
Consequently,
(5.60) D5l < Ce™ Jlullgo -
In Pflv = Ziﬂ.:n PfDﬁ-v, let us replace P! with (1 — ¢%t?/2)'P/u™N)(X(MN)y L B! where

E! is an error term. The control of E! given by Corollary B8, combined with the computation
made at the end of the proof of this lemma, gives

(5.61) > NEIDY| g0 <C Y (0 +[t(1 = ct®))e™ < (0" + [t (1 — ct®)").

i+j=n i+j=n

Hence, there is only one term left to be estimated in P,‘iv, with frequency 0, given by

1 o2\’
. e Y (1-TC Div)o duy.
(5.62) I, (N (X (MN)) <1 9 > /Y( i0)o dpy

1+j=n

For all u,v € R holds |e* — €”| < |u — v|e™®*() . As | [ (Div)o| < Ce™ ||v]| 50, we obtain

n o242 n—j 22\ 2
Z <1 - T) / (Djv)o dpy — <1 - T) Z/ (D%v)o
=0 Y j=0"Y

o242 o242 o242\ 7 ]
S C (1 — —) Z] log (1 — T)‘ (1 — T) 6_8'7 ||UHBO

o2t?
<ce(1- 7) ol g0

Let us define a function f on XMN) x S by f(z,w) = >, vp(z)e™. If Z; ¢ XMN) denotes the
set of points in X MN) which enter into Y after exactly j iterates, we have

(5.63) / (Div)o duy = / fe5i¥ A(p™MN) @ Leb).
Y Z; xSt

Since the measure of Z; decays exponentially fast,

(5.64)

/ (Djv)o duy — / £ d(u™N) @ Leb)
Y Z]‘ xSt

<c / 3 1w < Gl il
X 1

J

Finally,

> / £ d(p™MN) @ Leb) — / £ d(u™MN) @ Leb)
§j=0 Zj xSt X(MN) st

o0

<Clflleo Y wMN(Z5) < Clollge 0"

j=n+1
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Combining these different estimates, we obtain

(1 a2t2\" 1
n — T 9 M(MN)(X(MN))

/ £ AN g Leb) + O(F" + [t/(1 — ef?)™)
X(IVIN) XSI

a2t2\" p
= (1 - —) / vo dpMN) £ O(0™ + [t](1 — ct®)™).
2 X(MN)
This proves (ER2). Finally, (B53)) is proved in the same way, by using (&h0). O

Let U; denote the operator acting on functions on X MN) x S' by 4, (v) = U(e"¥v), where U
is the transfer operator associated to U.

Theorem 5.18. Assume 02 > 0. Then there exist constants 7o > 0, ¢ > 0, C > 0 and § < 1 such
that, for any C>' function v : X(MN) x S — C, for any n € N, for any t € [—70, 70] and for any
(z,w) € XMN) x S such that h(x) <n/2,

a’t?

Po(z,w) — (1 — —— ' v d(pMN) e z)) (0" —et®)™) |Jv]| s -
ot - (1= T ) [ 0dG 9 Leb)| < CORE@IE -+~ ol

(5.65) 5

Moreover, if ¥ is continuously aperiodic, we also have for any |t| € [r0,t0] and for any (x,w) with

hiz) <n/2

(5.66)

afu(x,w)‘ < CO" |[v]] g -
Note that this theorem implies Theorem B taking simply ¢ = 0 (and a different value of ).

Proof. Define w in B® by w(z,k) = [ v(z,w)e”™ ™ dw, so that v(z,w) = Y w(z, k)e™. As
v e C*>! w belongs to BY and ||wl||go < C'||v||gs.1-

For z € Y, we have Uv(x,w) = S kez(Piw)y(z)e* by construction of Pt. Hence, Proposition
BT implies that, for z € Y and ¢t € [—79, 70]

R 2t2 n ~ 2t2 n
pote) - (1-75) 4] < ‘(P,imo(:c) (1-%5) [
Plw — (1 - ﬂ) Puw
2 g
< CE" + (1 = ct®)") [[wllgo < CO™ + [t(1 = ct®)™) 0]l s -

+ Z (Phw)k(x)]

keZ*

S ‘

This proves (B6H) for the points z with h(x) = 0.
Assume now that j = h(z) € (0,n/2]. Let 2’ be such that_ij’ =z, and let w’ = w—S;¢p(z), so
that U7 (2,w’) = (z,w). Then UlMv(x,w) = S =Iy(2! '), Using the result for (z/,w’),

we get
R ) ., 242 n—j
Urv(z,w) — etSv ) (1 - UT) /v

Since n — j > n/2, this last term is bounded by 6™/ 4 |t|(1 — ct?)™/2, which is compatible with
(E58) (upon changing the values of § and c).

Moreover, |eSi¥(@w") _ 1| < C|t|j. Replacing e®%i%(" ) by 1 in BD), we add an error
which is bounded by C|t|h(z)(1 — o?t2/2)"/2. This is again compatible with (£64). Finally,

242 n—j 242\ " 242 242 n—j
(-5) -(-T) [=ipee(i-50) (-T) ey

still compatible with (26H). Doing all these substitutions, we obtain (B6H).
Finally, (B60) is proved in the same way, by using (B53]). O

(5.67) S OO + (L —ct®)" ) o]l s -

<J
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Proof of Theorem [LTA Theorem B enabled us to prove Theorem [ page The same argu-
ments make it possible to deduce Theorem [[TA from Theorem BIX when dMN) = 1.

When d = d™N) > 1, let us show (CIZ) ((CI3) is analogous). Applying the previous arguments
to the transformation U?, which is mixing, we almost obtain [[CIZ) for times n of the form kd,
with a slight difference: since o2 is replaced with

(5.68) / (Sarb)* + 2 Z(de)(sdzp) 0 T74 = do?,

we in fact obtain

’/eitskdw.foT”-gd(ﬂ@Leb)— (1—d¥)k (/f d(ﬂ@Leb)) (/gd(ﬂ@Leb))

S CO" + [t —et)*) 1 fll e gl
To really obtain (ILIZ), we thus have to bound (1 — 0%t2/2)% — (1 — do*t?/2)*. We have

o?t? kd o2t? k
1— — —(1—-d—
(-5) - ()
242 242 242 kd 242 k
§‘kdlog<1%>klog(ld%>‘~max<<107> ,<1dUT)

< CEJt]*(1 — ct®)k.

By (ZT0), this term is bounded by Ct?(1 — ct?/2)¥. This concludes the proof for times n = kd.
If n is a general time, it can be written as kd + r with 0 < r < d. The theorem at time kd,
applied to the functions e®5*¥ f o 77 and g (respectively bounded and Hélder continuous) gives
almost the result, the factor (1 — 02¢2/2)" simply being replaced with (1 — o?t2/2)k4. As above,
one checks that the resulting additional error term is still compatible with ([CI2). O

5.5. Proof of Theorem Assume first that v is a C% function, with 02 > 0. Theorem [T
for f = g = 1 shows that the characteristic function of S, /+/n converges to e~/ 2, which
is equivalent to the convergence of S, /\/n towards the gaussian distribution A(0,0%). This
concludes the proof in this case.

Assume now that 1) is only C“, with zero average, and with o > 0. Let 1. be a C® function,
close to ¢ in C*/2, with corresponding asymptotic variance o2. Theorem [T (applied in ce/ 2)
shows that the variance of S, (¢ — 1¢)/+/n is uniformly small in n. This implies on the one hand
that the distributions of S,1/y/n and S,v./\/n are close, and on the other hand that o2 is close
to o2, In particular, if € is small enough, 02 > 0. As S,1./+/n converges to N (0,02), this implies
that S, //n is close in distribution to A'(0, 0?) if n is large enough. Therefore, S,1)/+/n is indeed

converging to N (0, 02). O
5.6. Regularity in the cohomological equation.

Proof of Proposition [[3 We proved half of the proposition in Proposition B9 It remains to prove
that, if 99 = f — f o T for some measurable f, then o2 = 0. If o2 > 0, Theorem [Cd implies that
Sp1p//n converges to a gaussian distribution. However, S,1/v/n = (f — f o T™)/y/n converges
in distribution to 0, which is a contradiction. Hence, o2 = 0. O

Proof of Proposition 10 Let ¢ : X x S' — R be a C% function. We have to show that 1 is
periodic if and only if ¢ is continuously periodic.

If v is continuously periodic, it is trivially periodic. Conversely, suppose that 1 is continuously
aperiodic, but it is nevertheless possible to write ¥ = u —uo7 +a mod A, where u is measurable
and a € R.

If 02 vanished, 1 would be continuously periodic by Proposition [L¥, which is a contradiction.
Hence 02 > 0. As 1 is continuously aperiodic, it satisfies Theorem [[T2 (because (CI3) has been
proved under the sole assumption of continuous aperiodicity). In particular, for ¢ # 0 and for
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any functions f, g which are respectively bounded and C°, [ etSn¥ f o T"g — 0. By density, this

convergence to 0 holds for any f,g € L2. However, for t = 27/), f = e and g = e~ %,
(569) /eitsnwf o Tng — /eit(u—uoT"—i—na)eituo’T”e—itu — eitna
which does not converge to 0. This is a contradiction. [

6. PROOFS FOR FAREY SEQUENCES

6.1. A general criterion for the weak Federer property. We would like to prove that some
measures  satisfy the weak Federer property. In the introduction, we have seen that this prop-
erty is quite easy to check for Lebesgue measure. However, in view of the application to Farey
sequences, it is desirable to have a sufficiently simple criterion, that does not apply only to abso-
lutely continuous measures. In this paragraph, we describe such a criterion.

Let us consider a riemannian manifold Z endowed with a measure p such that, for any p > 0,
infyez p(B(z,p)) > 0. We assume that Z is partitioned in a finite number of subsets Y7,...,Y),
and that each set Y; admits a (finite or countable) subpartition modulo 0, into sets (W; ;)ien(;)-
Let also T' be a map which sends each set Wy ; diffeomorphically to one of the Y;. We can define
H,, as the set of inverse branches of T . Such an inverse branch h is not defined on the whole
space Z, only on one of the sets Y; = Yj(;,). We assume that:

(1) There exist £ > 1 and Cy; such that, for any € Wi ; and v tangent at Z in z, x||v] <
HDT(SC)’UH < Cyj vl B

(2) Let J(z) be the inverse of the jacobian of T' with respect to p. There exists C' > 0 such
that, for any h € Hy, ||D((log J) o h)|| < C.

(3) For any C > 1, there exist D > 1 and 19 > 0 such that, for any 7 < 1, for any 1 < j < p,
there exist disjoint balls B(z1,Cn), ..., B(z,Cn) which are compactly included in Y,
sets Ai, ..., Ay with A; C B(x;, DCn) NY; such that, for any 2/ € B(z;, (C — 1)n), holds
w(B(xh,m)) > u(A;)/D, and a finite number of inverse branches hy, ..., h, € H; defined

respectively on Yj,,...,Y;, such that, for any ¢ € [1,¢], there exist € Y}, and v a unit
tangent vector at x with
(6.1) [ Dhy(a)o] > Cn,
such that:
k k

(6.2) U B(ai.Cn) c | A

i=1 i=1

and

k 4
(6.3) Y; = (U Ai> L <|_| hi(yﬁ)> mod 0.

(4) The transformation T is uniformly quasi-conformal, in the following sense: there exists
K > 0 such that, for any h € |J,,cyy Hn defined on a set Yj, for any z,2" € Y; and any
unit tangent vectors v and v’ respectively at x and z’,

(6.4) |IDh(z)v]l < K | Dh(z')v']| .

The first two properties are uniform expansion properties, analogous to the similar requirements on
Ty in Definition [LA The difference is that the full shift structure has been replaced by a subshift
of finite type, since such a structure will naturally appear in the proofs for Farey sequences. The
third property is a kind of weak Federer property, but not on the whole space, rather on the images
of branches whose size is at most C (by the requirement (@])). It is therefore much easier to check
than the true weak Federer property. Finally, the last property of uniform quasi-conformality will
enable us to iterate the dynamics, to get information at scales which are not covered by the third
assumption.
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Proposition 6.1. Under the previous assumptions, the sets h(Y;yy) (for h € U, e Hn ) uniformly
have the weak Federer property (for the measure p).

Proof. The quasi-conformality assumption shows that it is sufficient to prove that each set Y;
satisfies the weak Federer property: if sets A; as in the definition of the weak Federer property
can be constructed on Yj, they can be transported to h(Y;) by the map h. In this process, one
loses only harmless constant factors, and this implies the uniform weak Federer property. From
this point on, we shall therefore work only on Y}, for each 1 < j < p.

We want to constructs sets A; as in the definition of the weak Federer property. The third
assumption of the proposition gives some of these sets, but to get the other ones we will need to
iterate the dynamics. Thus, the construction will be inductive.

For any 1 < j < p, let us fix a point a; € Y}, and a unit tangent vector v; at a;. Let also
p > 0 be such that the balls B(a;, p) are compactly included in Y;. Fix a constant C' for which
one wants to prove the weak Federer property, and consider 7 small enough. We will say that an
inverse branch h € H,, defined on Yj, is (C,n)—good, or simply good, if ||Dh(a;)v,|| > KCn/p.

We will prove the following fact: there exists a constant M such that, if h € H, is a good branch
defined on'Y;, then there exist disjoint balls B(x1,Cn), ..., B(xg, Cn) compactly included in h(Y;),
sets Aq, ..., Ar with A; C h(Y;) N B(z;, MCn) such that any ball B(x},n) included in B(x;, Cn)
satisfies w(B(x},n)) > p(A;)/M, and good branches hi,...,he € Hyi1 defined respectively on
Y;,...,Y;, such that

k k
(6.5) U B(z;,Cn) C U A;

and
k y4
(6.6) h(Y;) = (U Az—) y <|_| mw) :

This fact easily implies the proposition: we first apply it to the inverse branch Idy, (which is
obviously good if 1 is small enough), and then by induction to the inverse branches which are
produced by the fact at the previous step. This process terminates, since there is no good branch
in ‘H,, if n is large enough.

To prove that fact, we will use the assumption (3) for the constant C' = max(K?2C, K*C/p).
Let 9 and D > 0 be given by (3), for this value of C. Let n < ng. Let h € H,, be a good branch,
defined on a set Y;.

First case: assume that n/(K ||Dh(a;)v;i|) > no. The image of the ball B(a;, p) contains the ball
B(haj, p||Dh(a;)v;|| /K ), which itself contains B(haj, Cn) since h is good. Moreover, for z,z’ € Y
holds d(hz, ha') < d(x,z’)K || Dh(a;)v,|| < diam Y%. In particular, if M > diamY/(Cno), we get
h(Y) € B(haj, MCn). We can thus take a ball B(ha;, Cn) and a set A1 = h(Y"). To conclude, we
should check that u(B(2',n)) > M~'u(4;) for any 2’ € B(haj, (C — 1)n), if M is large enough.

Since the iterates of T' have a uniformly bounded distortion,

p(B(',m) _ p(h~'B(a',n))

p(di) u(Y') .

Moreover, h~!B(z',n) contains B(h~'z’,n/(K ||Dh(a;)v;||)), which itself contains B(h~'z’,np).
The measure of these balls is uniformly bounded from below. This concludes the proof in this
case.

Second case: assume now that n/(K |Dh(a;)v,||) < no. Let nn = n/(K ||Dh(a;)vj]|), it is
bounded by 19. Hence, the assumption (3) gives sets A1, ..., A, balls B(x1,Cny,), ..., B(zk, Cnp)
and inverse branches hy, ..., hy defined respectively on Yj,,...,Y;,. We will show that the balls
B(hxy,Cn), ..., B(hxy, Cn), the sets A; = h(A;) and the inverse branches hohy, ..., ho hy satisfy
the conclusion of the fact.

Let us first show that the inverse branch h o h; is good. By definition of h;, || Dh;(a;,)v;, || >
Cnn/K > K2Cn/(p||Dh(a;)v;||). We have D(h o h;)(a;,)v;, = Dh(h;a;;)Dh;(a;,)vj,. Moreover,

(6.7)
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| Dh(z)v| > K= ||v|| || Dh(a;)v;||. Therefore,
K2Cn

ID(h o hi)(aj, vy, || = K=" || Dhi(aj, )v;, e |
e s p |1 Dh(a;)v;||

| Dh(aj)v;|| > K~*

|Dh(a;)v;l| = KCn/p.

This shows that h o h; is good.

The set hB(z;,Cny) contains the ball B(hx;, Cny, | Dh(a;)v;|| /K), which itself contains the
ball B(hz;,Cn) because C > K2C. Moreover, for any ' € B(hx;, (C — 1)n), the set h='B(x2',n)
contains the ball B(h='2’,n/(K ||Dh(a;)v;||)) = B(h=a’,np). As the distortion of the iterates of
T is uniformly bounded, we obtain for any 2’ € B(hx;, (C — 1)n)

p(B@' ) _ p(h~ B m) _ p(Blha’ )
1(As) 1(As) - (A
Finally, as A; C B(x;, DCny,), A; is contained in B(ha;, DCnp K ||Dh(a;)v;||) = B(ha;, DCn). O

(6.8) >D %

The previous criterion easily implies that Gibbs measures in dimension 1 have the uniform weak
Federer property:

Proposition 6.2. Let T be a C? uniformly expanding map on the circle S', and let 1 be a Gibbs
measure corresponding to a C! potential. Then there exists a subset Y of S' such that T is
nonuniformly expanding with base Y, for the measure .

Proof. Let d be the topological degree of T, and let zg be a fixed point of T. Let Y = Z = S —{x¢}.
Then S' — T~ (z0) it the union of d intervals Wi, ..., W;, each of them being sent by 7" onto Z.
These intervals form a partition (modulo 0) of Z satisfying the first four points of Definition [
(forr; = 1,1 < i < d). If we can prove that T satisfies the assumptions of the previous proposition,
the proof will be complete. The assumptions (1) and (2) are clear, the fourth is equivalent to the
bounded distortion for Lebesgue measure since we are in one dimension. Let us check (3), for
some C' > 0. Let 19 be small enough so that, for any € Z and any inverse branch h € H,
|h'(x)] > Cno. We take no ball B(z;,Cn), no set A;, and all the inverse branches h € H. Then
[E2) is empty, hence trivial, and @3 is also trivial. O

6.2. Farey sequences. Let r > 1. Let T be the map on X = [0, 1] given by (1), and let 7 be
its extension to [0,1] x R/(logr)Z defined in (LX), using a function ¢. This function is not C!
on [0,1], which seems to be a problem since we always worked with a function ¢ of class C*. To
avoid this problem, we can simply work with the disjoint union X = [0,1/2] U [1/2,1], on which
¢ is C'. All our results in the previous sections have been formulated for transformations on
X x R/2xZ, but the same results hold verbatim on X x R/vZ for any v # 0, and in particular for
v = logr. Henceforth, we will simply denote R/(logr)Z by S' and apply without further notice
the preceding results.

Let zg = 1/2, and set a,, = ha(xp—1), i.€., z, is the preimage of x,,_; under the left branch of
T. Explicitly, , = 1/(n +2). Let I; = (j,x;_1). Let also I; = 1 — I; be the symmetric of I;
with respect to 1/2. Let Y = (x1,20) = (1/3,1/2), and denote by Ty the map induced by T on Y.
Its combinatorics can be described as follows: a point of Y is sent by T in (1/2,1), it spends some
time ¢ > 0 there, is then sent back to (0,1/2), and increases (for j > 0 iterates) before entering
back in Y. The points with this combinatorics form an interval I; ; :== T~Y(L)NT~""1(I;41), and
THIF( ;) =Y. Letting 7, ; =i + j + 1, we thus obtain a partition of Y that satisfies the first
point of Definition [C4

Proposition 6.3. The map T is nonuniformly expanding of base Y, in the sense of Definition
for the partition {I; ;}i>0 >0 and Minkowski’s measure p. Moreover, it is mizing.

Proof. The first point of Definition [[4l is clear. For the second one, note that the jacobian of T'
for Minkowski’s measure is everywhere equal to 2 by definition. Hence, the jacobian of Ty on I; ;
is constant (equal to 2°77T1) and D((logJ) o h; ;) = 0. The third point is trivial. For the fourth
one, we have for any ¢ > 0

(69) / ea”l“ — ZM(Ii,j)eg(i+j+1) — Z27i7j7360(i+j+1),
Y
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which is finite as soon as ¢ < log2. The mixing of T is a consequence of the equality ged{r; ;} = 1.

Thus, we just have to prove the uniform weak Federer property. To do this, we will use
Proposition Bl Let Yy =Y, and let Y7 be its symmetric with respect to 1/2. Let Z = Yy U Y1,
and let T be the first return map induced by 7" on Z. It sends each interval T~1(I;)NY; bijectively
to Y7, and each interval T~1(I;) NY; bijectively to Yy. If we prove that T satisfies the assumptions
of Proposition Bl this will conclude the proof of the uniform weak Federer property, since the
inverse branches of the iterates of Ty are in particular inverse branches of iterates of T.

Assumptions (1) and (2) of Proposition Gl are trivial (since J is constant on each monotonicity
interval of T'). For the fourth point, the quickest argument is certainly to use the fact that all the
inverse branches of the iterates of T are homographies (hence with vanishing schwarzian derivative)
which can be extended to the whole interval [0,1]. Koebe’s Lemma [dMvS93, Theorem IV.1.2]
directly yields the uniform quasi-conformality.

Hence, we just have to check point (3). It is sufficient to check it on Yp, since everything is
symmetric with respect to 1/2. If J is an interval, we will denote its length by |J|. Then |I,] is
a decreasing sequence, with |I,,41|/|I,| — 1 when n — oo, since 7’(1) = 1. As a consequence,
K, = T~Y(I,) NY, satisfies |K,,11|/|Kn| — 1, and there exists C' > 0 such that |K,,| < C|K,|
for all m > n. Finally, u(K,) =27""2.

We will use the following fact: for any C > 0, there exists D > 0 such that, for any in-
terval J included in an interval K, with |J| > C~YK,|, then u(J) > D 'u(K,). To prove
this fact, we apply once the map T, which sends K,, to Y7, and J to an interval J’ satisfying
|J'| > C~'K~1|Y1| by quasi conformality. Hence, u(J’) is uniformly bounded from below. As
w(J) /(Y1) = pu(J)/p(Ky), this proves the fact.

We can now prove the third assumption of Proposition Bl on Yy. Let C' > 1. We will construct
inverse branches h1, ..., hy, balls B(x1,Cn),..., B(xy,Cn) and sets Ay, ..., Ay as follows, if 7 is
small enough.

Let N be maximal such that |K,| > Cn for n < N. We take £ = N, and let hy,...,hs be
the inverse branches of T whose images are the intervals Ki,...,Ky. Then h; is defined on Y7,
of length 1/6, and the length of its image K; is > Cn. Hence, there exists a point y; € Y; with
h!(y;) > 6Cn. This proves (G1I).

We decompose the remaining interval as a union of intervals of length 2C7, excepted maybe
the first one whose length belongs to [2Cn, 4Cn). Let us denote this decomposition by Jo, . .., JIp.
Since |Kn| = o(}_,,< y [Kn|) when N — oo, we have p > 2 if 7 is small enough. Let us define
sets Aq,...,Ap by A; = J; for i > 1, and A1 = Jy U J;. Let B(z;,Cn) = Ji—y for i > 1, and
let B(z1,Cn) be the leftmost part of Jo. For i > 1, the ball B(x;,Cn) is not included in the set
A;, it is strictly to its left. The balls are disjoint, and A; C B(x;,5Cn). Let us show that they
satisfy the desired conclusion: we have to prove that, for any interval J of length 27 included
in B(z;,Cn), then u(J) > D~ 'u(A;) holds for some constant D (independent of 7). Either J
contains an interval K, or it intersects such an interval along a subinterval of length at least
n. Moreover, |K,| < C|Kyxi1| < CCn. In both cases, the fact we proved above implies that
1(J) = D™ u(Ky).

We first deal with i« = 1. As |K,41] ~ |Ky|, the set Ay is covered by UZ:1 Knyp if N is
large enough (hence, if 7 is small enough). These 7 intervals have comparable measures since
w(Kpm) =272 hence u(A;) < Cu(Knyx) for 1 <k < 7. As u(J) > D~ 1u(K,) for at least one
these K,,’s, we indeed conclude u(J) > C~1u(Ay).

Assume now i > 1. There exists an interval K,, intersecting J with u(J) > C~!'u(K,). Since
A; is located to the right of K, we get

(6.10) pA)SCY p(Ky) =C Y 272 <0272 < Cu(Ky).
This also concludes the proof in this case. ([

Lemma 6.4. The function ¢ is not cohomologous to a locally constant function.
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Proof. Assume by contradiction that there exists a C! function f such that ¢y — f + f o Ty is
constant on each interval I; ;, equal to some number a; ;. The interval I ; contains the point
r = 3/2 —+/5/2, with Ty (z) = 2. Necessarily, a1 = ¢y (z). In the same way, the interval Iy,
contains ' =1 — \/§/ 3, invariant under Ty, which gives az1 = ¢y (2').

Let now y = 1 — 1/6/4. This point belongs to I; 1, but Ty (y) € I>1, and TZ(y) = y. Then

(6.11) oy (y) + oy (Tyy) = ar1 + a1 = ¢y (x) + oy (a').
However, it is possible to compute explicitly ¢y (y) + ¢y (Tyy) — ¢y (z) — ¢y (a’), and check that
this quantity is nonzero (approximately equal to —0.013). This is a contradiction. ([

The previous proposition and lemma show that the results of Paragraph[[3 apply to 7. How-
ever, this is not sufficient to prove Theorems [Tl and [CZ since these results are pointwise while
the results of Paragraph are averaged. We will therefore need an additional ingredient. Let
X (™) be the extension of X defined in Paragraph Bl and let #("), #(") be the corresponding
projections.

Lemma 6.5. For any n € N, there exists a constant C(n) such that, for any integrable function
u: X xSt — C, for almost all (z,w) € X x St and for any k € N,

(6.12) Tru(z,w)=C(n) > 27" wo #™)(a!,w).

() (z')=x
Proof. Let B be the o-algebra of Borel measurable subsets of X x S!, and let B’ = (7(")~1(B).
This is a sub-o-algebra of the Borel o-algebra on X x S!. A function v on X x S can be

written as u o #(™ if and only if v is B’-measurable.
Let us first prove that

(6.13) (T u) o 7™ = EU*(uo7™) | B).
To do this, let us write E(U*(wo7™) | B)) = vo ™. As i ® Leb = 7 (1" ® Leb), we have
for any measurable function f on X x S!
(6.14) / vf =/ vo ™ forM :/ EU*(uor™) | B')for™.
X xSt X (n) xSt X (n) xSt

As f o 7™ is B'-measurable, we get

/ vf:/ ak(uoﬁmwow:/ o 7 f o 7 ok
X xSt X (n) xSt X (n) xst

:/ UOﬁ'(”)fOTkOﬁ("):/ uf oTF.
X (n) xSt X xSt

This last equality shows that v = 7%, and concludes the proof of E13).

The set X(") is endowed with a countable partition A such that =(™) is injective on each
element of the partition. Let us define a function F on X () as follows: on each set a € A, let
F = di™/ d(fo W‘(:)). This is the local Radon-Nikodym derivative of (™ with respect to
(™)) i, As win)ﬂ(") = fi, we have > () (), F'(z") = 1 for almost every z € X. Let us show
that the conditional expectation with respect to B’ is given by
(6.15) E(w | B)(z,w) = Z F(2' (2, w).

() (" )=n(") (z)

Let us indeed define a function w on X x S' by

(6.16) wiz,w)= Y F@wa,w) =Y Lem L) 2)u((r)) e, w).

(") (z/)=x acA
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If f is a measurable function on X x S!,

= T,w ﬂ(") 1) ﬂ(") o w) di(z) dw
/Xxslfw—Z/w(n)(a)f(, JE()  e)o((r) ) dji(a) d

acA
= Z f@™a’ Wz, w) da™ (z') dw = / for™y,
acAda X (n) xSt
This proves (E1H). Together with (GI3), this implies the lemma if we can prove that
(6.17) F(z') = C(n)2~ "1,

As Ty is the first return map to Y, the jacobian of 7(!) for the measure (") on Y is equal to 1.
Since 1™ is proportional to i) on Y, this implies that F is constant on Y, equal to a constant
C(n). This proves ([I1) for points with zero height.

The jacobian of T for [ is equal to 2, while the jacobian of U is equal to 1 on the set of points
that do not come back to the basis. By induction over h(z'), this implies (GI). O

Corollary 6.6. There exist constants C > 0 and 0 < 1 such that, for any C® function f :
X x St — C, for any (z,w) € X x S,

(6.15) 7 w) ~ [ 1] < O fen-

Proof. Since everything is symmetric with respect to 1/2, and continuous, it is sufficient to prove
the assertion for almost every x € (1/2,1).

We work in X)| where N is given by Theorem EZIl Note that d¥) is equal to 1, since (V)
takes the values 2N and 2N + 1. Applying Theorem B8 to the function v = f o 7V, we get: for
any n € N, for any 2/ € XW) with h(2') < n/2,

07 (f o 7)) (o ) — /f' < CT ]l

Together with Lemma B3 this yields

‘jﬂnf(wi) _ /f‘ <C Z gro—h(=") 4 Z 9—h(z") I £ll oo -

(N (z")=z,h(z')<n/2 (N (z")=z,h(z')>n/2

(6.19)

To conclude, it is thus sufficient to prove that, for € (1/2, 1), the cardinality of

(6.20) {2/ | 7 ™(2') = 2, h(z') =k}

grows at most polynomially with k. If we write a point of X(™) as a pair (2, ) with 2/ € Y and
§ < rMN)(z"), it is easy to check that U* induces a bijection between the set {E20) and the set of
points in T7%(z) N'Y whose first k iterates under T spend a time t < N in Y. If ¢ is fixed, such
a point is determined by the combinatorics (i1, j1, .. ., %, ji, 9t+1) of times spent in [1/2,1], then
in [0,1/2], then in [1/2,1], and so on, with the constraint that the sum of these lengths is k (we
recall that we assume z € (1/2,1)). As a consequence,

2
L

(6.21) Card{z’' | 7™ (') =z, h(z') =k} < g2 < Ok,

~
Il
o

This quantity indeed grows polynomially. ]

Proof of Theorem Il If f is a continuous function on [0,1] x S*, then [ f dj, = ’f’”f(l,O).
Hence, Corollary shows the theorem for C® functions. The case of C® functions is then
deduced by interpolation, just like at the end of the proof of Theorem [ O

Proof of Theorem LA If ¢ is a C® function which is not a coboundary, we show like in the proof
of Corollary B8 (but using Theorem BI8 instead of Theorem B that, for [t| < 79,

(622 s - (1-55) [i] <@+ a - isie.

2
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Moreover, if ¢ is aperiodic, for 79 < [t] < o,
(6.23) |7 f(,0)| < CO | o -

As 7,71(1,0) = E(e" Zk=1¥(Xx))  this implies the limit assertions in Theorem [CA

The automatic regularity properties still have to be checked. If ¢ = f— fo7 with f measurable,
let us show that f is continuous on [0, 1]. Proposition [C¥ shows that f is continuous on Y x St.
As T is an homeomorphism between Y x S' and [1/2,1] x S, we conclude from the equality
foT = f—1 that f is continuous on [1/2,1] x S'. Finally, as 7 is an homeomorphism between
[1/2,1] x S' and [0,1] x S, we obtain with the same argument the continuity of f on the whole
space.

We argue in the same way for the cohomological equation in R/AZ, by using Proposition

C1a O
APPENDIX A. CONTRACTION PROPERTIES OF TRANSFER OPERATORS

In this appendix, we prove Theorem EZTlon the contraction properties (in C'* norm or in Dolgo-
pyat norm) of the transfer operator associated to a map Ty, where T is a nonuniformly expanding
map of base Y. Henceforth, the notations and assumptions will be those of Theorem 11

A.1. Contraction in the C! norm. In this paragraph, we introduce the tools to prove the first
part of Theorem X1l However, the choice of the constants N and 6 of Theorem Bl will only be
possible at the complete end of the proof, in the next paragraph.

We will use several times the following distortion lemma, whose proof is completely standard
and will be omitted.

Lemma A.1. Let J™(x) be the inverse of the jacobian of Ty at the point x. There exists C' > 0
D(J™ o h)(:c)H < CJ™ o h(z)

mns

and J™ o h(z) < CJ™ o h(y).

For small enough ¢, we define an operator £, acting on functions from Y to C, by L.u(x) =
S J(hax)u(hx)es™ ). 1f Hy C 'H, we will also denote by L. s, the same operator but where the
sum is restricted to the inverse branches belonging to Hy. The following elementary estimates will
be used again and again in all the forthcoming arguments.

Lemma A.2. There exists a function o(e) which tends to 0 when € — 0 such that ||Lc|| ;2,2 <
ea(E) and ||£€HCU—>CU S ea(E)_

Moreover, if eg > 0 is small enough, for any~ > 0, there exists Hy C 'H with a finite complement
such that ||Ley mollp2p2 <.

Proof. We have

(Le myu(z))? = <Z J(h:z:)u(hx)e”(h””)> < <Z J(h:z:)u(hx)2> (Z J(hx)eQET(’””)> .

heHy h€eHg heHy

Consequently, [|£Lc moull . < [Jullp2 - sup,ey (X hem, J(hx)eQ‘”(hz))l/Q. We have J(hz) < CJ(hy)

for any h € H and all 2,y € Y, hence > J(hx)e?™h®) < O3 J(hy)e?™ (™). Integrating this
inequality with respect to y, we get

(A1) > J(ha)e*r ) < Ny / (hy)e* ™M) dpy (y) = C @) duy (y).
heHg he€H, Ho(Y)
This quantity is finite if € is small enough, by the fourth assumption of Definition [[4 Taking the
complement of Hy small enough, it can even be made arbitrarily small. This proves the second
point of the lemma.
For the first point, we have to be slightly more precise. For any z, we have ") < 1 4
2er(hx)e?7 (") Hence, using the inequality J(hz) < CJ(hy) for any h € H and z,y € Y, we get

Z J(hx)e* ) < Z J(hz) + 2¢ Z r(ha)e?™h) <1 4 Ce Z J(hy)r(hy)e2 (),
heH heH heH heH
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Integrating with respect to y,

(A.2) Z J(hx)e®rhe) <1 4 CE/ r(y)e* @ duy (y),

heH Y
and this last integral is uniformly bounded if ¢ is small enough. This gives the desired estimate
for the action of £, on L? and C°. O

Let us prove a lemma which will easily imply E3]).

Lemma A.3. There exist eg > 0 and 0y < 1 such that, for any A > 0, n € N and € < €, there
exists C > 0 such that, for any ¢ € C/*¢ and v € CH(Y),

n n er™ (z
(43) " ollen < 05 (sup lol/e™ ™) oll s + C ol olen-

Proof. First, since |¢(z)| < |[¢]| 0. =7 (@) we have

(A.4) 1L @v)llgo < W lleac IL2101co < 1l € ol co,

by Lemma [A4l This gives the desired control in the C° norm. For the C' norm, we differen-
tiate L™(Yv) = > 5ep J®) (ha)h(hx)v(hx). If we differentiate J) (hx), we use the estimate
||D(J(”) o h)(z)|| < CJ™ (hzx) given by Lemma Al and get the same bound as for the C° norm.
If we differentiate 1)(hz), its derivative is bounded by A [|¢)[|a.- e”(n)(}”), and using the same

argument as for the C° norm we obtain the same bound (with an additional factor A, which is
not a problem since C is allowed to depend on A in the statement of the lemma).

Finally, if we differentiate v o h, we have ||D(v o h)(z)|| < k=" ||Dv(hz)||, and we therefore get
a bound

—n n —n () (x n r(?)
< ID0en €101 < 7 ol (sup ol ) 22 )
xTE

<K lolln (Sup |w<x>|/e”(")“)) e
€Y

If ¢ is small enough, x~'e®®) < 1. This concludes the proof. (I
We now turn to the proof of ). As a preliminary estimate, let us first consider the case
Y = =™ for all i, in the following lemma.

Lemma A.4. There exist No >0, 0y < 1, C > 0, €9 > 0 and a function o : (0,e9) — R4 tending
to 0 when ¢ — 0, satisfying the following property. For any N > Ny and € < g, for any C*
functionv:Y — C,

(A.5) DX V)| o < 63 1Dvll o + CeNE o] o

Proof. We have LNv =3, 5, J(N)(hz)e”(m(hz)v(hz). By Lemma &1 J™) (hz) < CJN) (hy),
and ||[D(JW™) o h)(z)|| < CJP™)(hx). Moreover, since h contracts the distances by at least ™V,
lv(hz)| < |v(hy)| + Ck=N || Dv||. Hence,

TN (h)es ™ WDy (ha)| < €TV (hy)e™ ™ D fo(hy) | + CrmN TN (hy)e= ™ 4D | Dol o
Integrating this equation over y and summing over the inverse branches, we conclude

(A.6) LN |(z) < C/e”(N)|v| +Ck™N | D[ co /e”““.

But fe”(N) = [£N1 <eNel by Lemma A2 In the same way,

1/2
(A7) Jer <ol ([ =) < ol evenr

We obtain (for some different function a(e))

(A.8) LY l(x) < CeNE o]l o + Cr™NeN ) || Dol o -
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Let us now bound D(LNv). We can differentiate J™) (hx). As |[|[D(J™) o h)(z)|| < CTJP) o h,
we obtain a term which is bounded by CLY |v|. If we differentiate v o h(z), the resulting term is
bounded by

(N)

(A.9) R_NZJ(N)(h:E)e”(N)(h””) Dol go < Ck™N || Dv|| o /e” :

bounded by Cr~NeN®) || Dy|| . We have proved that

(A.10) HD(Eévv)Hco < Ok NeNal) | Dvl| o + CeNE |y .

Taking ¢ small enough so that x~'e*(0) < 1, and Ny large enough, this implies the lemma. [
The following lemma essentially proves (4.

Lemma A.5. There exist Ny >0, 0y <1, C >0, &0 > 0 and a function a : (0,e9) — Ry tending
to 0 when ¢ — 0 such that, for any N > Ny, for any A > 1, the following holds. Let ¢ < gg, let
Y1, ...,y € C]‘?,’E, letv:Y — C be a C* function. Let v° = v and v' = LN (;v'~1). Then

(A.11) [0l or < CA (H |1/}i||C]13’E> (eévn [v]lgn + eNrete) ||UHL2) _
=1

Proof. Note first that two points x and y of Y can be joined by a path of uniformly bounded length,
since diam(Y) < oco. If v is a C* function, this implies |v(z)| < C||Dv||c0 + |v(y)|. Integrating
with respect to y,

(A12) follen <C1Dollcn + [ Tl
Let us first prove a preliminary inequality. For any C! function w and any integer i,
(A.13) DY w)]| oo < 06 1 Dwll o + CeN* ) ]| 2,
by Lemma [A4] (applied to the time Ni). Applying (AI2) to LN w, we obtain
(A.14) LN w]| 5o < COYY || Dw| o + CeNE [fw]] 1 .

Let now w be a Lipschitz function. It is a uniform limit of C*! functions wy,, with ||[Dwy o0 <
C Lip(w). Taking limits in the previous equation for w,,, we get

(A.15) |£Nw]| 5o < COY Lip(w) + CeN ) w1 .

Let finally v be a C! function. The function |v| is Lipschitz, and its Lipschitz coefficient is bounded
by || Dvl| 0. We conclude

(A.16) €570l o < COF 1 DV]l o + CeM o] a
We can now prove the lemma itself. We will write v; = |[¢)s|oa.-. In particular, |;(z)] <
N
;=™ @) Hence, '] < i LV As v (@) = D en TN (ha)ap; (ha)vi~—! (ha), we have
esr(N)(hm)|vi71(h1,)|

|Dv (2)]| < (Z | o n) (@)

+ 3 T (ha) Ae ™ B [ ()|

+ 3 TN (ha)es ™ M) || Dh(a) | HDv“(/z:wH)'

We will bound these three terms. For the first one, ||D(J(N) oh)(z)|| < CJWN) (hx). This term is
therefore bounded by Cy; ... 71 ||LY 0P| o, Which can be estimated with (AI6). For the second
term, we have a similar bound, with an additional factor A.

For the third term, we bound ||Dh(z)|| by £, and 3 J(N)(hx)e”(m(’”) = LN1(z) < eNel®)
by Lemma Taking e small enough, we can ensure that k= 'e® < (increasing 6y if
necessary).
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We have proved that
(A.17) DV || o < (L + A)yi .. (COY* | Dol co + CeN ™ o]l 12) + 70 | Do ™| o -

Iterating this equation inductively over i yields

1DV o < (H%) ((1 +A)D 00" OO DUl o + CNEE o] a) + 05" ||Dv||co>
=1 =1
< (H %) (CO+ Aoy ™ | Dvl o + CeN™ ) o] 12 + 07 | D] o)

<c (H%> ((+ 032 Dol o + CN ] )

This gives the estimate of the lemma for ||Dv™|| 0. Thanks to ((AI3), this also implies the desired
bound for |[v™ |- O

The following technical lemma will be needed later on.
Lemma A.6. There exists a constant C7 > 0 such that, for any n € N, for any x € Y,

3" I (ha) |D(SY by o h)(@)|" < Ci.
heH
Proof. 1 h = hy o+ hy, then S ¢y (x) = 371 (¢y © hi)(hi1 ... nx). Thus,

n

(A-18) ID(SY ¢y o )(@)||* < © <Z r(hi... hlx)n_“‘l) ,

i=1

We will use the convexity inequality (3" a;x;)* < (3 a;)® Y a;z}, which comes from the convexity

of x — 2% when Y a; = 1 (the general case can be reduced to that specific case). We take
a; =k~ and x; = r(h; ... h12), and obtain
(A.19) ID(SY ¢y o h)(@)||" < S w7 (h; ... hiz)*.

Let Fo(z) = Y, noen (i 570 (i . hax)*) T (hy, ... hiz), The sum that we want to esti-

mate is bounded by CF,(x). As J™ (hz) < CJ™ (hy) by Lemma Al we have F,(z) < CF,(y).
Hence, F,,(z) < C [ F,. Finally, a change of variables yields,

(A.20) /nfzn / r(T2 1) dpy (o Zn /r g/{yj . O

A.2. Contraction for Dolgopyat’s norms. To prove the contraction for Dolgopyat’s norms,
we will essentially follow Dolgopyat’s arguments as they are presented in [AGY06l Section 7], with
additional technical complications due to the facts that the involved functions are unbounded, and
that we want estimates which are uniform in M in Theorem 211

We will need the following lemma, proved in [AGY06, Lemma 7.5].

Lemma A.7. There exist constants Cy > 1 and C5 > 0 such that, for any ball B(x, Cor) which
is compactly included in'Y , there exists a C function p : Y — [0,1], vanishing outside B(x,Car),
equal to 1 on B(x,r) and with ||p|| o < Cs/r.

Later on, we will use oscillatory integral arguments. To do that, it will be important that the

phases of eikSN v oh vary at various speeds when one uses different inverse branches h. This is
ensured by the following lemma.

Lemma A.8. There exist Cy > 0 and an integer Ny > 0 such that, for any N > Ny, there exist
inverse branches hi,ha € Hy and a continuous unitary vector field y(x) on'Y such that, for any
rey,

(A.21) |D(SNdy o h1)(@) - y(x) — D(Sx ¢y © ha)(x) - y(x)| = Cu.
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Proof. First step. Let us show that there exist C’ and N’ such that, for any N > N’, there exist
inverse branches hy, ho € Hy, a point € Y and a unit tangent vector y at x such that

(A.22) ID(SN ¢y © h1)(x) -y — D(SNéy o ha)(x) - y| > C".

We argue by contradiction, so assume it is not the case.

Let us fix an inverse branch h € H, and consider the sequence of inverse branches hA™. Then
D(SY ¢y o h™)(z) -y = Y p_, D(¢y o h)(hF~'z)Dh*1(z) - y. As ||D(¢y o h)| is bounded and
| DR*=1(2)|| < k7%, this series converges normally, to a continuous 1-form w(z) - y. Let zo be
any point in Y, the series ;- (¢y o h¥ — ¢y o h¥(z()) even converges in C', and its sum ¢ is a
C! function with D1 = w.

Let now h’ € H be another inverse branch. Let us consider h, = h" 1o h’ € H,. Since we
assume that (A22) does not hold, D(SY ¢y o hy,) — D(SY ¢y o h™) converges pointwise to 0. But
D(SY ¢y 0 hy) = D(¢y o h') + 3721 D(¢y o h)Dh*~1DR'. Letting n tend to infinity, we get
(A.23) Di(@) -y = D(éy o W)(x) -y + Db(W'a) Dl () - y.

Hence, D((¢y + ¢ —1poTy)oh’) = 0. Therefore, the function ¢y + 1 — 1) o Ty is constant on each
set W'(Y), b’ € H. This contradicts the fact that ¢y is not cohomologous to a locally constant
function, and concludes the proof of the first step.

Second step. Let us fix an arbitrary branch h € H. Then D(S) ¢y o h?) = Zg;z‘) D(¢y oh)Dh*
is uniformly bounded independently of p, by a constant ¢y. Fix N > N’ (given by the first step)
such that cos ™ < C’/4. Let hy and hs be the inverse branches given by the first step, at time N,
and let zy and yo be a point in Y and a tangent vector at this point, satisfying the conclusions of
the first step. We extend y¢ to a continuous vector field on a neighborhood U of z, still satisfying
E.

Since py has full support in Y, puy (U) > 0. Hence, U intersects [~ Upes, R(Y), since py is
supported on this last set. Let z; be a point in the intersection, and let {5 € Hj be the inverse
branch of T% such that z; € £,(Y). Since the diameter of £;(Y) tends to 0 when k — oo, £(Y)
is included in U for large enough k. In particular, there exist £ > 0 and an inverse branch ¢ € Hj
such that £(Y) C U.

Let y1(x) = Dl(z)~! - yo(¢x). For any p € N, and j € {1,2}, we have

|D(Syi w11y 0 hP o hjo ) (x) - yi(x) — D(Sx 40y © by o l)(w) - y1 ()]
= |D(Sy ¢y o h?)(hjlx)Dh;(€x) - yo(Lx)| < co || Dhy(Lx)|| < con™™ < C'/4.

Moreover,

|D(Sh 4@y © b o £)(x) - y1(x) — D(Sy by 0 ha o £)(x) - y1 ()|
= [D(Sx ¢y o h1)(@) - yo(x) — D(SX¢y o ha)(x) - yo(z)| > C".
Adding these estimates, we obtain
|D(S;/+N+k¢)y ohP ohyol)(z) yi(x) — D(S;/+N+k¢y oh? o hyol)(x)-yi(x)] > C'/2.

We conclude the proof by taking y(x) = y1(x)/ ||y1 (). O

We recall that we defined a constant C in Lemma [AZ6 and a constant C4 in Lemma [A8

We fiz once and for all a constant Cy > max(4Cq,10). We also fix an integer N which is
larger than the integers No given by Lemmas A and A8, and such that k=~ < 1/1000 and
Cy > 205~ NC.

From this point on, the Dy norms and the cones & will always be defined with respect to the
constant Cy. The following lemma essentially proves (2.

Lemma A.9. There exists a function o : (0,e0) — Ry which tends to 0 when e tends to 0 such
that, for any e < eg, M > 0 and A > 0, there exists K > 0 such that, for any |£| > |k| > K, for

any C! function v:Y — C and any function ¢ € Cﬁ’f\,,
(A24) 12 o)l < Wl €N ol
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Proof. Let u be such that (u,v) € Eymy(Ch). Let

1/2
(4.25) a=||w||cm< > J<MN><hx>u<hx>2> ,

h€eH N

we will show that there exists a(¢) (independent of M) such that (eMNe(E) g, LMN () € £(Co).
We have

(A.26) LN o)l < Y TNV () (hayu(ha).
heH N

We bound «(hx) by [[¢]| 4. esr ™™ (h2) and use Cauchy-Schwarz inequality. We conclude
MN

MN 1/2 1/2
ILMN ()| < [¥lleas (Z JOIN) () 2" )(hm)) . (Z J(MN)(hx)u(hx)Q)
= LYN1(2)Y? - a(x).

The coefficient £V 1(x)'/2 is bounded by a coefficient of the form e™~N¢(¢) by Lemma
Let us now estimate the derivative of

(A.27) ACMN(w’U) Z J(MN)(hx) _’kSMN¢Y(hI)1p(h$) (hx).
heHunN

If we differentiate JMN)(hz), its derivative is bounded by CJ™MN)(hz) by Lemma [AJl and
the resultmg term is therefore bounded by par CeMNe()j(x) as above. If we differentiate
e~ kS1néy () we use Cauchy-Schwarz inequality and Lemma A to obtain a bound

|l€| ||1/}||CAE (Z J(MN) hSC HD SMN¢Y Oh ) (ZJ (MN) 4ET(A4N)(hI))1/4

1/2
- (Z JMN) (hx)u(hz)Q)
< Oy|k|eMNeE) g ().
The derivative of 1 o h is bounded by Aes™ ™" (h2) ||| ca ; and the resulting term is therefore

bounded by AeMN()g(zx). Finally, if we differentiate v(hz), we use the inequality ||Dv(hz)|| <
Cok~MN2M |¢)y(hx), so that the resulting term is bounded by Cox~MN2M|¢|eMNa()g(z). Finally,

(A.28) | DLYN () (2)|| < (C + A+ Cyk| + Cor™ N 2M|e)eMN @) ().

The choice of N and Cj implies that this term is bounded by Co|¢|e™N()q(x) if K is large
enough.
Let us finally bound the derivative of i, or rather of 4?(x) = ||1/J||§1&]5V ST IMN) (ha)u(hx)?. If

we differentiate the jacobian, the resulting term is bounded by C@2. If we differentiate u?, this is
bounded by

2 Ilelim > TN (ha)~ M N u(ha) || Du(ha) |
<2 ||¢||§fﬁv KMV 2M1Cy Y T TN (hayu(ha)? = 2102 kMY Coir®.
Hence,
(A.29) 2a(z) | Di(z)| = | Di(z)?|| < 2(C/2 4+ 2M s~ MNCy[e))a(z)?.

Dividing by 2a(z) and using = < 1/1000, we obtain the desired bound || Di(z)|| < Coll|u(x) if
|| is large enough.
We have proved that (eMNe(®) g, LMN (yw)) € £(Cp). Hence,

(A.30) 1K (o) p, < "™ all e < N o [lull g

Taking the infimum over the quantities |lu|| 4 for (u,v) € € y(Cp), we obtain the lemma. O
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From this point on, we concentrate on the proof of ). For v € C1(Y) and ¢ € Caja, we
will estimate EkM N (yv) by starting from v and applying M times the operator E,iv , which has
good contraction properties thanks to the phase compensation phenomenon given by Lemma [A.d
A technical issue in this argument is the fact that the functions yv, LY (1v),... ,E,(vM_l)N(wv)
are not C! on Y, since the function ¢ is quite wild at the beginning (it is only bounded by
64”(MN)(I), so smoothness is only regained after application of E{CW N). To deal with this issue, we
will introduce intermediate degrees of smoothness, keeping track of the smoothness that has not
yet been regained, as follows.

If Z is a subset of Y, n € N and € > 0, we will say that (u,v) € E(Co, Z,n, ) if the functions u
and v are C'! on Z and |v| < e, [|Dul] < Colklu and || Do|| < Co|kz|e”(n)u on Z. In particular,
&k = Ex(Co, Y, 0,¢) for any £ > 0. We will also write [[v]|p, (., ) for the infimum of [ul| ;. over
the functions u such that (u,v) € & (Co, Z,n,¢).

Lemma A.10. There exists a function o : (0,e9) — Ry which tends to 0 when ¢ — 0 such
that, for any A > 0, n > 0, € < gg, and for any Z C Y, there exists K > 0 such that, for
any |¢] > |k| > K, for any pair of functions (u,v) € Sge(CO,T;NZ, nN,¢e), for any C' function
X : Ty NZ — [3/4,1] with | Dx|| o < |k| such that | LN v(z)| < EN(e”(Nn)Xu)(ac), holds

(A.31) (eNE LN (U2 LNy) € £(Cy, Z, (n — 1)N, €).

Note that the lemma also applies for (u,v) € Sg(Co,T;NZ, nN,e) or Egg(C’O,T;NZ, nN,e),
since these cones are contained in Egp(Co, T;NZ, nN,e).

Proof of Lemma[A Il The proof is similar to the proof of Lemma One should only check
that the additional terms coming from the function y are harmless in the estimates. This is
ensured by the choice of N and Cy. O

By Lemma [A-8 we can fix two inverse branches h; and hy of T{/V as well as a vector field yo(x)
satisfying the conclusion of the Lemma. Smoothing it, we obtain a C! vector field y such that
1 <|lyll €2 and, for any x €Y,

ID(SN ¢y o hn)(2) - y(x) = D(Sxoy o ha)(x) - y(x)| > Ca/2.
Since ||Dhj(x)| < k= and Cy > 205~V Cy, this implies that

ID(SN oy © hi)(@) - y(z) — D(Sydy © ha)(x) - y(x)| > 5Co max (|| Dhy(z) - y()|, | Dha(z) - y(x)I])-

Informally, this equation ensures that the difference between the arguments of e~ kSN év (h12)
and e~ RSNy (h22) yaries quickly when 2 moves slightly in the direction of y(z). Using this, it is
possible to prove the following lemma (see [AGY06L Lemma 7.13] for a detailed proof):

Lemma A.11. There exist 6 > 0 and ¢ > 0 satisfying the following property. Let |k| > 10
and xg €Y be such that the ball B = B(xo, (¢ + 9)/|k|) is compactly contained in' Y. Consider
(u,v) € Ex(Co, h1 BU haB,0,0). Then there exist 1 with d(xg,z1) < (/|k|, and j € {1,2}, such
that, for any x € B(z1,0/|k|),

= hSx oy (um) 7O (o (hy) + e~ MO (2ma) ) (g o (s )|
< %J(N)(hjz)u(hj:c) + TN (hg_jz)u(hg_jz).
If H is a set of inverse branches of Ty, we will write H(Y') = (J,cy h(Y).

Lemma A.12. There exist 61 < 1 and a function a : (0,e9) — Ry tending to 0 when ¢ — 0
satisfying the following property. Letn > 0, let H be a finite subset of Hnn. Denote by H™=DN <
Hn—1)n the set of inverse branches TY oh for h € H. Then, for any H, there exists K(H) such
that, for any |k| > K(H), for any function v, for any e < o,

N N _ Na
(A.32) 128l by -3 v e.tnoryy S 07 €Y N0l vy commy -
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Proof. Increasing H if necessary, we can assume that, for any h € H®~ DN the branches hy o h
and hg o h belong to H. Let (u,v) € E3,(Co, H(Y),e,nN).

Let h € H®UN  we will work on h(Y), and use the weak Federer property for the constant
C = C3(¢/d + 1) (where Cs is given by Lemma [A7). Definition provides us with constants
D > 0 and no(h(Y),C). Since the weak Federer property is uniform over the inverse branches of
Ty, we can even choose D depending only on C, and not on h.

We apply the definition of the weak Federer property to n = §/(Ca|k|). If |k| is large enough,
we indeed have n < no(h(Y),C) for any h € H®= DN (here, the finiteness of H is crucial). We
obtain disjoint balls B(x1,C2((/é + 1)n), ..., B(xk, C2(¢/d + 1)n) compactly contained in h(Y),
and sets Ajp,..., A contained in B(z;, Dn), whose union covers h(Y), and such that, for any
1] € Bai, (Co(C/5+1) — L)), holds puy (B(x!n)) > pay (As)/D.

On each ball B = B(z;,C2(¢/d + 1)n) = B(w;, (¢ + 8)/|k|), we apply Lemma [AT]] to the pair
of functions (u(x)e”(nm(z), v(z)) (which belongs to Esx(Co, Ty ¥ B,0,0)). The conclusion of this
lemma gives a ball B = B(z},0/|k|) as well as an index j € {1,2}. We will write type(B}) = j.
Let B! = B(x},6/(C2k)) = B(z},n). By Lemma [A there exists a function p; equal to 1 on B/,
vanishing outside of B!, whose C! norm is bounded by C|k|.

Let us then define a function p on Ty " (hY) by p = (Ztype(B;):j pi) o T on h;j(hY) (for
Jj=1,2) and p = 0 elsewhere. Finally, let x = 1 — cp where ¢ is small enough. Then [|x| -1 < ||

if ¢ is small enough, and |LYv] < £V (Xue”(nm) by construction (using Lemma [ATT]). Hence,
Lemma [AT0 implies that (V) LN (x2u?)V/2, LNv) € £,(Co, h(Y), (n — 1)N, ).

We glue together the different functions x obtained by varying h, to obtain a function (that we
still denote by x) on H(Y). We sill have (eNE) LN (xy2u?)1/2 LNv) € £,(Co, H=VN(Y), (n —
1)N, ). If we can prove that ||£N(x*u?)'/2||,, < B|ull s where # < 1 is a constant which is
independent of everything else, then the proof will be finished.

Let @ = LN (x%u?)'/2. We have

a(z)* = < Z J(N)(hx)x(hx)Qu(hx)2> < ( Z J(N)(hx)x(hx)4> . ( Z J(N)(hx)u(hx)4> .

heHn heHn heHn

Let Y1 = UB/, and let Y2 be its complement. On Y1, the factor ) ,cs . TN (hx)x(hax)* is

bounded by a uniform constant By < 1, hence @(z)* < oL (u*)(z). On Ya, we only have
a(z)t < LN (ut)(z).

Let w = LN (u*). Since ||Du| < 3Colk|u, there exists a constant C such that || Dw|| < C|k|w.
Integrating this inequality along a path between two points yields w(z) < eCI*14= ¥y (y) for any
x,y. In particular, since A; C B(z;, CDd/(Ca|kl)), there exists C such that, for any = € A; and
y € B!, we have w(z) < Cw(y). Integrating this inequality,

Ja,w <0 fB;/w
py (Ai) = v (BY)
But py (A;) < Dpy (B]') by definition of the sets A;, hence [, w < C [, w. The balls B} are

pairwise disjoint, so we conclude [y, w < C’ [}, w for some constant C".
Let E be large enough so that (£ + 1)5y + C' < E. Then

(E+1)/a4§(E+1) ﬁow—l—(E—l—l)/wS(E—i-l)ﬁo/ w+E w—i—C'/ng/w.
Y Ys Y1 Y Y1
Hence, ||if|1. < 5 [w = 55 [ u*. This is the desired inequality. O

Lemma A.13. There ezist 02 < 1 and a function « : (0,e9) — Ry which tends to 0 when e — 0
satisfying the following property. For any M > 0, ¢ < gg and A > 0, there exists K > 0 such that,
for any C* function v:Y — C and for any ¢ € C]@’]EV, for any k| > K,

(A.33) 1£2Y o), < MY a0,

N
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Proof. We will give the proof for odd M (the proof for even M is analogous and even simpler).
We will decompose Hpsy as the union of a finite set H; (to which we will apply Lemma [AT2])
and a set Hy which will yield a small enough contribution. Let H C H have finite complement.
We will take for H; the set of inverse branches in Hj;ny which are the composition of branches
not belonging to H, and for Hy its complement.
Let w = 1g,(vy¥v and w' = 1g,y)v. We will first estimate HEQ/[Nw'HDk. Let u be such

that (u,v) € Eymy. Let 4 = ||1/)||Cﬁ; (Chem, J(MN)(h:c)u(hz)Q)l/Q, the computation made in the

proof of Lemma A0 shows that (eMNE)q, LMNw') € £,(Cp).
We have

(A.34) i < |\¢||§AAJ,; > L%LonL?,

a+b=MN-1
where Lo p is similar to the operator £, but the sum is only done over branches belonging to H
(this operator has already been defined before Lemma[A2). This lemma shows that, if H is chosen
small enough, then [|Lo g||;>_, ;> can be made arbitrarily small. Hence, if H is small enough (in
terms of M and €), we have

MN/3 MN/2
(A.35) 1N ||, < O = 02 [ eas (0l -

Let us fix such an H. Since M is odd, it can be written as M = 2m+ 1. The set H; is finite and
fixed. In particular, there exists a constant B such that, for any z € Hy(Y), | DY(z)|| < B[] pa. .
MN

If |k| is large enough (in terms of B), this yields

(A.36) HwHDBMk(Hl(Y),MN,s) < HQ/’HCAAJ; ||U||D2Mk :
Iterating m times Lemma (with x = 1), we obtain
mN mN o
(AS?) Hﬁk wHng(HY"Jrl)N(Y),(erl)N»E) S € © ||w||c]€4’f\] ||’U||D2Mk
We then apply inductively Lemma If |k| is large enough, we obtain for ¢ > m
iN iNa (i—m)N
(A.38) ||£k wHDk(H§M7“N(Y),(M—i)N,e) <e () ||1/)||C1€”5V 0; ||’U||D2Mk .

For i = M =2m + 1, we conclude
MN MNa MN/2
(4.39) JEd ], < M e OV
Adding up the inequalities (A3H) and [(A39), we get the conclusion of the lemma. O

Proof of Theorem Zdl. We choose 6 € (271/(1010N) 1) such that 6'°° is larger than the constants
6y given by Lemmas and [A8 and than 6 given by Lemma If € > 0 is small enough,
Lemma (applied to M N) shows (). Moreover, [Z3)) is implied by Lemma Finally,
&3) is a consequence of Lemma [A0 and ) follows from Lemma [AT3 O
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