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SHARP WELL-POSEDNESS RESULTS FOR THE GENERALIZED
BENJAMIN-ONO EQUATION WITH HIGH NONLINEARITY

STEPHANE VENTO

ABSTRACT. We establish the local well-posedness of the generalized Benjamin-
Ono equation dyu+HOZutuFdyu = 0in H3(R), s > 1/2—1/k for k > 12 and
without smallness assumption on the initial data. The condition s > 1/2—1/k
is known to be sharp since the solution map uo — u is not of class C*¥*1 on
H*(R) for s < 1/2 —1/k. On the other hand, in the particular case of the
cubic Benjamin-Ono equation, we prove the ill-posedness in H*(R), s < 1/3.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

1.1. Introduction. Our purpose in this paper is to study the initial value problem
for the generalized Benjamin-Ono equation

O+ HO*u+u*0,u =0, z,t€R,
(eBO) { u(z,t =0) =up(x), z€eR,

where k € N\ {0}, H is the Hilbert transform defined by

HF) = 2pv(u) (@) = F7 (i sam(©)f(©) @)

X

and with initial data uy belonging to the Sobolev space H*(R) = (1—02)~/2L?(R).

The case k = 1 was deduced by T.B. Benjamin ] and later by H. Ono [@] as a
model in internal wave theory. The Cauchy problem for the Benjamin-Ono equation
has been extensively studied. It has been proved in [[L] that (BO) is globally well-
posed (i.e. global existence, uniqueness and persistence of regularity of the solution)
in H*(R) for s > 3, and then for s > 3/2in [[LJ] and [{]. Recently, T. Tao [LF] proved
the well-posedness of this equation for s > 1 by using a gauge transformation. More
recently, combining a gauge transformation with a Bourgain’s method, A.D. Tonescu
and C.E. Kenig [ shown that one could go down to L?(R), and this seems to be, in
some sense, optimal. It is worth noticing that all these results have been obtained by
compactness methods. On the other hand, L. Molinet, J.-C. Saut and N. Tzvetkov
proved that, for all s € R, the flow map ug +— u is not of class C? from H*(R) to
H?(R). Furthermore, building suitable families of approximate solutions, H. Koch
and N. Tzvetkov proved in [E] that the flow map is not even uniformly continuous
on bounded sets of H*(R), s > 0. As an important consequence of this, since a
Picard iteration scheme would imply smooth dependance upon the initial data, one
see that such a scheme cannot be used to get solutions in any space continuously
embedded in C([0,T], H*(R)).

Key words and phrases. NLS-like equations, Cauchy problem.
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For higher nonlinearities, that is for k£ > 2, the picture is a little bit different. It
turns out that one can get local well-posedness results throught a Picard iteration
scheme but for small initial data only. This seems mainly due to the fact that the
smoothing properties of the linear group V (-) associated to the linear (BO) equation
is just sufficient to recover the lost derivative in the nonlinear term, but does not
allow to get the required contraction factors. On the other hand, for large initial
data, one can prove local well-posedness by compactness methods together with a
gauge transformation. Unfortunately, this usually requires more smoothness on the
initial data. We summurize now the known results about the Cauchy problem for
(gBO) equations when k > 2.

In the case of the modified Benjamin-Ono equation (k = 2), C.E. Kenig and H.
Takaoka [E] have recently obtained the global well-posedness in the energy space
H'/? (R). This have been proved thanks to a localized gauge transformation com-
bined with a L2} estimate of the solution. This result is known to be sharp since
the solution map ug — w is not C3 in H*(R), s < 1/2 (see [1F)).

For (gBQ) with cubic nonlinearity (k = 3), the local well-posedness is known in
H*(R), s > 1/3 for small initial data [[J but only in H*(R), s > 3/4, for large
initial data. Moreover, the ill-posedness has been proved in H*(R), s < 1/6 [[J.
In this paper, we show the ill-posedness of the cubic Benjamin-Ono equation in
H*(R), s < 1/3, which turns out to be optimal according to the above results.

When k > 4, by a scaling argument, one can guess the best Sobolev space in
which the Cauchy problem is locally well-posed, that is, the critical indice s. such
that (gBQ) is well-posed in H*(R) for s > s. and ill-posed for s < s. . Recall that
if u(x,t) is a solution of the equation then uy(z,t) = \/*u(Az, A%t) (A > 0) solves
() with initial data ux(z,0) and moreover

[un(; )l g = ATF2 ul, 0)|l 7.

Hence the H*(R) norm is invariant if and only if s = s, = 1/2 — 1/k and one can
conjecture that s. = si.

In the case of small initial data, this limit have been reached by L. Molinet and
F. Ribaud [E] This result is almost sharp in the sense that the flow map ug — u
is not of class C**1 from H*(R) to C([0,T], H*(R)) at the origin when s < s,
[L1). This lack of regularity is also described by H.A. Biagioni and F. Linares in
[2] where they established, using solitary waves, that the flow map is not uniformly
continuous in H**(R), k > 2.

For large initial data, the local well-posedness of (gBO) is only known in H*(R),
s > 1/2, whatever the value of k. This have been proved in by using the gauge
transformation

(1.1) urds (e ey,

together with compactness methods. Note also that very recently, in the particular
case k = 4, N. Burq and F. Planchon [fl] derived the local well-posedness of (gBO)
in the homogeneous space H'/4(R).

In this paper, our aim is to improve the results obtained in [@] for large initial
data. We show that for all k > 12, (gBO)) is locally well-posed in H*(R), s > sj.
Our proofs follow those of [Ell] : we perform the gauge transformation w = G(u)
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of a smooth solution u of (gBO) and derive suitable estimates for w. The main
interest of this transformation is to obtain an equation satisfied by w where the
nonlinearity u*u, is replaced by terms of the form Py (u*P_u,) in which one can
share derivatives on u with derivatives on u*. Working in the surcritical case, this
allows to get a contraction factor 7% in our estimates. It is worth noticing that
v = v(s) verifies lim,_,,, v(s) = 0, and this explains why our method fails in the
critical case s = si. On the other hand, the restriction k£ > 12 appears when we
estimate the integral term

- rx k z
Py (e_lffoc“ u/ ukiQHuM)
—00
(see section 3.2). This term doesn’t seem to have a ”good structure” since the bad
interaction .
Qu [ (PR
— 00

forbids the share of the antiderivative ffoo with other derivatives.
1.2. Main results. Our main results read as follows.

Theorem 1. Let k > 12 and uo € H*(R) with s > 1/2 — 1/k. Then there exist
T =T(s,k, ||uollms) > 0 and a unique solution u € C([0,T]; H*(R)) of such
that

s+1/2
(1.2) D37 Zul[ poe 2, < 00,
(1.3) ||D;*1/4u||LiL%c < o0,
(1.4) | Poul|p2poe < o00.

Moreover, the flow map ug — w is Lipschitz on every bounded set of H*(R).

As mentioned previously, these results are in some sense almost sharp. However,
the critical case s = s, remains open. We will only consider the most difficult
case, that is the lowest values for s. More precisely we will prove Theorem El for
sp<s<1/2.

In the case k = 3, we have the following ill-posedness result.

Theorem 2. Let k = 3 and s < 1/3. There does not exist T > 0 such that the
Cauchy problem admits an unique local solution defined on the interval [0, T

and such that the flow map uo — u is of class C* in a neighborhood of the origin
from H*(R) to H*(R).

This result implies that we cannot solve (EBO|) with k¥ = 3 in H*(R), s < 1/3
by a contraction method on the Duhamel formulation. Recall that for small initial
data [[2], we have local well-posedness in H*(R) for s > 1/3. In view of this, we

can conjecture that (gB(Q) is locally well-posed in H*(R), s > 1/3.

The remainder of this paper is organized as follows. In section 2, we first derive
some linear estimates on the free evolution operator associated to (gBQ) and we
define our resolution space. Then we give some technical lemmas which will be
used for nonlinear estimates. In section 3 we introduce the gauge transformation
and derive the needed nonlinear estimates. The section 4 is devoted to the proof
of Theorem . Finally we prove our ill-posedness result in the Appendix.
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The author is grateful to Francis Ribaud for several useful comments on the
subject.

1.3. Notations. For two positive numbers z, y, we write z < y to mean that there
exists a C' > 0 which does not depend on x and y, and such that z < Cy. In the
sequel, this constant may depend on s and k. We also use v = v(s, k) to denote a
positive power of T" which may differ at each occurrence.

Our resolution space is constructed thanks to the space-time Lebesgue spaces
LPLY and LLLP endowed for T'> 0 and 1 < p, ¢ < co with the norm

1 lzzes = M Alzg qorpll oy and 1 flzg e = [ lze@ o oy

When p = ¢ we simplify the notation by writing L.

The well-known operators F (or *) and F~! (or ) are the Fourier operators
defined by f(¢) = Jg "™ f(z)dz. The pseudo-differential operator D is defined
by its Fourier symbol |£|*. Let Py and P- be the Fourier projections to [0, 4+o00]
and | — 00, 0]. Thus one has

iH=P, —P._.
Let n € C*(R), n > 0, supp n C {1/2 < [¢] <2} with > _n(27k¢) =1 for £ # 0.
We set p(&) = ng_3 n(277¢) and consider, for all k € Z, the operators Qy and Py
respectively defined by

Qr(f) = F 02O () and Pi(f) = F (2 F(€).
Therefore we have the standard Littlewood-Paley decomposition
(15) F=2_0Qi(N) =P+ Y Qi) = Rolf) + P(f).
JEL Jj=-2
We also need the operators
Parf =) Qif, Porf=Y Qif
i<k i>k

We finally introduce the operators P, = P, P and P_ = P_P in order to obtain
the smooth decomposition

(1.6) f=P_(f)+ Po(f) + Pi(f).

2. LINEAR ESTIMATES AND TECHNICAL LEMMAS

2.1. Linear estimates and resolution space. Recall that (gB() is equivalent
to its integral formulation
t

(2.1) u(t) = V(t)uo ¥ k1 )

V(t —7)0, (u* 1) (1)dr,

where V (t) = F~'e' €8l F is the generator of the free evolution. Let us now gather
the well-known estimates on the group V(-) in the following lemma.

Lemma 1. Let ¢ € S(R), then

(2.2) IV®ellrgprz < el
(2:3) IDY*V(ellizerz S llellez,
(2.4) 1DV ellire < lelles-
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Moreover, for 0 <T < 1, we have
(255) 1PV()ellrzre S [1Poellre

The estimate (@) is straightforward whereas the proof of the Kato smoothing
effect (P.3) and the maximal in time inequality (R-4)) can be found in [ Estimate

(B-4) has been proved in [ff.
These estimates motivate the definition of our resolution space.

Definition 1. For s < s < 1/2, we define the space X5 = {u € §'(R?), ||lul|xs <
oo} where 0 <T < 1 and

(2.6)  ullxs = lullzzems + D5 2ull poe 2 + D57 40l Larse + || Poull L2 Los -
Thus lemma [| implies immediately that for all p € S(R) and 0 < T < 1,
(2.7) IV®ellxs < lellae

We now give some families of norms which are controlled by the X7 norm. This
will be usefull to derive some nonlinear estimates in the sequel.

Definition 2. A triplet (o, p,q) € Rx [2,00]? is said to be 1-admissible if (o, p,q) =
(1/2,00,2) or

2 1 1 1 2 1
(2.8) 4<p<oo, 2<q<o0, —+4+-<-, a=—-—4+-——.

poq 2 poq 2
Proposition 1. If (a — s,p,q) is 1-admissible, then for all u in X7,
(2.9) Dz ullrprs < [lullxs.-

Proof : The inequality
(2.10) D5 20l e 2 S Hlullx

yields the result when («,p,q) = (1/2,00,2). Assume now (a,p,q) # (1/2,00,2).
Let r € [4;p]. Then according to Sobolev embedding theorem,

D51 2| e SIIDE 4 ul|arse S llullxs.
By interpolation with (R.10) we get for all 0 < 6 < 1

s+1_(1—-1)9
D220 o200 S

We deduce (E) by taking 6 = r/p since the assumption r > 4 is equivalent to
2,11
> + P <s. [l
We list now all the norms needed for the nonlinear estimates.
Corollary 1. Foru € X}, the following quantities are bounded by |lul|xs .

Ni=lullpprse, 4<p<(3-5)"" No=T""[ufs,

N3 = T7U||u||L§/(175)L§,k/S’ Ny = Tﬁ””“”ﬂ;(%m*lL;%*%)*lv

N5 = T7V||U||Lgk/4st<%f%>*lv Ne = T*”||u||L:(1,§)71L6k/S,

N7 = T_VHUHL;HLZTMHI), Ng = T_VHUHL;k—l)(g—grlLg—l)(%ﬂ—%)*la
Ny = ||D;_2S+GEU||L;%735>*1LlT/gsa Nio = [|Dzulrs,.,

Nu = IDE575u gy Nz = 1Dl g

where e,v > 0 are small enough.
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Proof :
(i) Let 4 <p < (% — s)71. By separating low and high frequencies,
lull Lorze S I1Poullrzoge + 1PDEP~1 2| oo S luflxy.-
Here we used that P is continuous on LPLL, 1 < p,q < oo, and the 1-
admissibility of (1/p —1/2,p, c0).
ii)-(vii) We evaluate the norm of the form N = ||u||;» ;¢ with p > 2 and g < co. Fix
zbp

0 > 0 small enough so that « = s — s, — 2§ > 0 and i — 3 > 0. Then using
the previous decomposition, Bernstein and Holder inequalities, we get

N ST"|[Poullezze + TV PDYull | aos-i-
LEL,"

One complete the proof by noticing that the triplet (o — s, p, (% -0 is
1-admissible.
(viii) Following the same idea, we write
Lk (g g 26
Ns STV Poullpz e + | PDF T Qk)““L;k*l)(%*%)*lLgf“’lx%sfé*é)*l
for an appropriate § > 0. Once again, (25 (s — s, — 2%) —s,(k—1)(2 -
)7 (k—1)(% — § —6)7!) is l-admissible.
(ix)-(xii) Note finally that the triplets (1 —3s+ 6¢, (3 —3s)~*,1/3¢), (0,6,6), (1/2—
3e,1/e, (3 —2¢)7") and (1/2 - 5,3/s, (3 — 2)~') are l-admissible. [J
We now turn to the non-homogenous estimates. Let us first recall the following
result found in [[L1].

Lemma 2. Let (a1,a2) € R?, (v1,12) € Ri, and 1 < p1,q1,p2,q2 < 0o such that
for all p € S(R),
D2V (@)l o pa ST el 22,

D2V (t)ellprapse S Tl L2
Then for all f € S(R?),

t
(2.11) HD;” /0 V(t— T)f(T)dTHL;oLg ST f pee 2
t
(2.12) HD;“*M/O Vit —T)f(T)dT‘ prom S T2 1l e 22

provided min(py, q1) > max (P2, g2) or (1 = 00 and P2, Ga < 00), where Po and ¢
are defined by 1/pa=1—1/pa and 1/Ga =1 —1/qo.

Using lemma E we infer the following result.

¢
Lemma 3. For all f € S(R?), the quantity H/ V(t— T)f(T)d’rHX can be esti-
0 T

mated by
(2.13)

||f||Li%+%)*1L;%7%S)*1a HszHLZéf’a HDzil/QfHLach%a ||D;+1/4f|‘L‘;/3L;-

Moreover,

t
s+1/2 - s
(214) [z [vie=nsear]), ., <108 0a.
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Proof : (R.13) follows from (R.11))-(2.19) since the triplets (s, (3 — £)7*, ( +
%)71), (0,6,6), (1/2,00,2) and (—1/4,4,00) are 1-admissible. Inequality (@) is
proved in [, proposition 2.8. [J

2.2. Technical lemmas. In this subsection, we recall some useful lemmas which
allow to share derivatives of various expressions in LPLZ? norms. One can find

proofs of lemmas fH in [[L1], .

Here f and g denote two elements of S(R).
Lemma 4. If « >0 and 1 < p,q < oo, then
105 (FPllzrs, SUApzrp 1D2gllczepee + 19l o o 1 D2 fll 22 20

where 1 < p1,p2,q2,P1,P2,q2 < 00, 1 < q1,q1 <00, 1/p1+1/po=1/p1+1/Pa=1/p
and 1/qi+1/qa =1/q1 +1/q2 = 1/q.
Moreover the cases (p1,q1) = (00,00) and (p1,G1) = (00, 0) are allowed.

Lemma 5. If0<a <1 and1l < p,q < oo then
IDZF(Fllezrg S 1 (Ollpepa 1DG fll ez a2
where 1 < p1,p2,q2 <00, 1 <q1 <00, 1/p1+1/pa=1/p and 1/q1 + 1/92 = 1/q.
Lemma 6. If0<a<1,0<f<1—aand 1l <p,q < oo, then
||D£([D§af]g)||L§LqT S ||g||L§1LqT1||Dg+ﬂf||L§2LqT2

where 1 < p1,q1,p2,q2 <00, 1/p1 +1/pa=1/p and 1/q1 +1/g2 = 1/q.
Moreover, if B> 0 then q1 = o0 is allowed.

Lemma 7. Ifa >0, 3>0 and 1 < p,q < oo then
1D P (fP-DJg)Lorg S DT fllpes o 1D gl oo oo

where 1 < p1,q1,p2,q2 < 00, 1/py +1/p2 = 1/p, 1/q1 +1/q2 = 1/q and v > «a,
Y1+ v =a+ 0.
As in [E], we introduce the bilinear operator G defined by

6(r.9) =7 (3 [ S () + seate - eli(enate - e

i

We easily verify that

(215) G(f; f) = aac_l(fachm) = 8;1(7Z(P+fz)2 + Z(Pffz)2>
and
(2.16) G(f,9) = 0y '(—iPy fo Pygs + iP_ fP_gy).

Lemma 8. If0<a <1 and1 < p,q < oo then
HDgG(f,!])HLquT < HDllfHLﬁquTl HDJZQHLQZL"TZ

where 0 < y1,72 <1, m+v2 =a+1, 1 <pi,q,p2,q <00, 1/pr +1/p2 =1/p
and 1/q1 +1/q2 = 1/q.

We will also need the following lemma in order to treat low frequencies in the
integral term.
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Lemma 9. Ifa >0 and 1 < p,q < oo then
IPo(F D2 nzeg S DT Flloze sy 1D gllze pse + 1PofN o s 1DS Pogll 2

where y1,72 > 0, &« = y1+72, 1 <pi, qi, Pi, i < 00, 1/p1+1/p2 =1/P1+1/p2 =1/p
and 1/q1 +1/g2 =1/q1 +1/¢2 = 1/q.

Proof : We split the product fDgg as follows :
(2.17) fDgg=PyfPyDg+ Py fP_Dig+ P_fP.Dig+ P_fP_Dgg.

It is sufficient to consider the contribution of the first two terms. For the first one,
we remark that

Po[Py fP4 (D3 g)] = Po[Po(Py f)Po(P+ D3 g)]
and thus using the continuity of Py on LELZL,
P[Py fP+(Dgg)llere S [[Po(Pyf)Po(PyDgg)llrers
S HPOfHLilLilHD;LPOQHL?L?-

For the second term in (.17) we have typically contributions of the form Py[Py(Py f)Py(P-D%g)]
which are treated as above, and Py[Py fP_D&g]. Using decomposition ([L.F), one
can write

Po(PofP-D2g) = Po( D Qi(Pef)P;(P-Dig)+ 3 Py(Pyf)Qi(P-Deg))
JEZ JEZ

+Py( Y ZQj(erf)Qkfj(prgg))'

Ip|<2 jEZ

By a careful analysis of the various localisations, we get

Po(PfP-D2g) = Po[ 30 30 Q,(Pef)Qsp(P-D3g)]

Ip|<1I€Z
Here we define the operators Q? = 2_’\jDin. It follows that
Po(P: fP-D3g) = Po| 3 3 Q7 (P D2 QT (P- DY)
IpI<1I€Z

Thus using Cauchy-Schwarz and Hélder inequalities, and Littlewood-Paley theo-
rem,

PPt Deliey, 5 | 3 (i peprs?) (1@ ponrgP)
JEL

Pra
pISL i€z ek
1 1
M P v1 £12 ) 2 Z Y1 P v2 12 2
s (S penzs?) |, (2105 P-02gP) ...
JEL v T JEZ ® T

S ||Dglf||L§1L§} HDJZQHLQZL?FZ U
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3. NONLINEAR ESTIMATES
3.1. Gauge transformation. By a rescaling argument, it is sufficient to solve
(3.1) ur + Huge = 2uFuy

(equation with minus sign in front of the nonlinearity could be treated in the same
way). If u € C([0,T]; H®(R)) is a smooth solution, we define the gauge transfor-
mation

x

(3.2) w=Py(eFu), F=Fu)= / uF (y, t)dy.

— 00
The rest of this subsection is devoted to the proof of the following estimate.

Proposition 2. Let be k > 12 and s < s < 1/2. Let u € C([0,T]; H*(R)) be a
solution of the Cauchy problem associated to ) with initial data ug € H®(R).
Then there exist v = v(s,k) > 0 and a positive nondecreasing polynomial function
pr such that

lullx; S lluollas + T pr(llullxs)lullx;
(3-3) +([luollfr + T pr(llullxz)

Proof : We start by splitting u according to ([.). Then, using that [Piu| =
| P_u| (since u is real), we deduce

(3.4) lull . < 1 Poullxz + || Prullx;.

|Ds+1/2

ull x3.) W gz

For the low frequencies, we use the Duhamel formulation of (gB0)), lemma B and

(B to get
[Poullx; < I1Pouollms + | PoDy*u* L1z
< lluollzrs + llu**Hpa e,
S U R +TV U k+1
” OHH ” ||L§+1L;k(k+1)

S luollas + T [ullx;.-

Now we consider the second term in the right-hand side of (B.4). As mentioned
in [@], P, u satisfies the dispersive equation

Oy (Pyu) + HOX(Pyu) = Py (eFufw,) — Py (eFufd, P_(e7Fu)) + i Py (u?F+h).

Thus, according to lemma E

t
1Pl S IV@Ouollxg +]| [ V=P dbwnwar]|
0 T

k D F .k —iF
+||D3u? +1||L2/Tf> + [P (e u 0, P-(e™" U))”L(I%%HL(T%

,ZITS)—I
Obviously,

k
B S |[u®|l ol D3l e, < IullZsg | Dol e, S T lull 3

Live can also set F = % ffoo uF in the non-rescaled case us + Huge = uFug.
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Term C' has a structure Py (fP_g,) thus by lemma ﬂ

c < ||D;/2(eiFuk)||Lg/5L%||D;/2(e_iFu)|| B

Li/sL(T%*%S)

S Ci0s.

~

Using lemmas @-E, we infer

oS ||D;/2u’“||Lg/sLsT nal L R
Ed T
1/2
S ||u| (k nE-H-! L DIC = 1.>*1||Dr/ ull L¥°L (%*%Sfl

” k( )~ 1 k(———) 1

DR
m

12/s
T
T [full%; + TVHuk”L;/(l*S)L?T/S||u||X;

T |lull %, +T7|lull %

AR YA

(3.5)
and in the same way

Cy S ||D1/2u|| L3/ep <§—25) 1 +||D1/2 _ZFH (———) EECES | (575)

Ly "L
< 1D Lo d-a ol G-z el jg-o-r )
3:6) < lullxs +T”IIUII’““-

Combining (B-§) and (B.§), C is bounded by
C S T (i + Il 3 + 1l S Tprllullxs )l x;.

In order to study the contribution of A, we decompose e u*w, as

eiFUkwm — Di/Q(eZFUkHDi/Qw) _ [Di/Q iF k]HDl/Q
Therefore, according to lemma [, and using the fact that Py is continuous on L} L32.,

A S DT HD Pw)ll s, + 1D/ 2, e T M THD 2wl (s LT -3

L(f’
< A+ Ay

Note that A; cannot be treated by lemma [, so we use lemma A.13 in [{f]. This
leads to

A S D) Lo 3/23||Di/2(6*iFU)||L3,S -2+ 6P 1D 2wl e 2
S AuCy + AL D50 e s
By 1emmaH we bound the contribution of A1 by

A S |IDiR La-§ oz F 1D N Lor2e osllU || 170y 2/
L, L z T Ed T

k k
< ||u| (k D(E-5)- IL;{C 1)(2571)71||D;u||L2T+||u||Ll;(17§)’1L(;k/sHUHLE/(l*S)L?ﬁ/S
< Tl + Tl
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To treat A1z = ||u[|Lrzs We use the Duhamel formulation of (BQ) and lemma P,

t
Az S IV (@uollpers + H/ V(i — )osu+ ()]
¢ 0 LiLy
S lwollms + ||Di’“+1/2+3euk+l||L<175>71L<%+zs>fl
z T
and setting ¢’ = £(s — sx) — & > 0 it follows that

.+1/243¢, k+1
|| D3rt1/2432 kit ||L;175)71L(T%+2€)71

< |[DaH RT3y

1/e <l—25/)*1||uk|| (=3 (—spN™1 Z(s—sp)1
L/ L;? L, 3 L2

S Tlullx;

k
u _
||LI;(1—%(57‘9,€)) 1 Lo

k
< Tl
Finally, according to lemma H we write

~

Ay S DY) poss o 1D (e W)l . 1o
z T Ly "Ly

S G0y

S TYpr([lullxs) llull xs.,

witch complete the proof of (B.3). O

3.2. Estimate of ||D§+1/2w||LgoLzT . Now our aim is to estimate the term ||D§+1/2w||LzoLzT

which appears in @) More precisely we will prove the following proposition.

Proposition 3. Letk > 12 and sy, < s < 1/2. For all solution u € C([0,T]; H>*(R))
of with initial data ug € H>*(R), we have the following bound,

(3.7) D5 2wl e 2 S pre(l[uoll ) luoll s + T (llull ) [l
where py, s a positive nondecreasing polynomial function.

Proof : Following [[L1], we see that w satisfies the equation

wy + Hwee = Py[2e” T (—ku*P_u, — iP_uy,)]
(3.8) —ik(k—1)Ps (e*iFu / u’“*ZumHuz).

— 00

Thus using the Duhamel formulation of @) and lemma E we infer

1D 2wl pere S 1DV (6)w(0)]| oo 2

+|| Py [2e7F (—kuF Py — iP_uyy)]

t
(3.9) +[[pyere / Vit )Py (e /
0

— 00

||L;%+§)71L;%7275)71

x

uk_2quuz)dTH

L L,
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The first term of right-hand side can be bounded by

IDFFY2V (£)w(0) || oo 12, o)

e ug | e

lluoll = + 1D~ (e F 0 uf) | 1/ ol 12+
[ uollzzs (1 + fJug||z+)

k
l[wollrs (1 + l[uol|7-)-

AN AN AN N A

On the other hand, according to lemma ﬁ, we see that

||P+[26_iF(*kukauz - Z‘Pfuzz)]HL(%+§)*1L(% %
x T

3/s7 (53— %)
i/sLTZ 3

-

< ||D;/2(efiFuk)||Lg/5L%||D315/2u||L _

~Y
S Cillullxs
S TVulliE + T lull 5

Thus it remains to estimate the integral term in (B.9), that is, the last one. For
this purpose, we split it as

/ W PugHu, = PO/ uk*QUzHquLPJF/ uk*QUIHuIJrP,/ w2y Huy,
= I+ II+1I1I.

By symmetry, it will be enough to consider the contributions of I and I1.
Contribution of [
Using a commutator operator, we decompose

DS (e Ful) = Di(e " u)I + DS, Ile™Fu.

Therefore thanks to lemma Bl we obtain

t T
HD;"’U2 / V(t—rT1)Ps (e_iFu/ Po(uk_2uIHuI))dT’
0 —00

Lo L2,
. xr
< HDi(eﬂFu) [m Po(uF?u, Huy,) Lhs
xr
+HDi/4 {D;, Lm Po(uk72uIHuz)}eszu‘ L
< D+E.

The contribution of D is treated as follows.

x
D £ 1D T wlipna| [ A Pu)|
—o0 Tz
S (UD5ullipn + 102 e pellul, a0 )P 20,6 ),
Fi
S T ull a0+ e o) [P0 =20, )y -
S T ullg (0 ) I Po(a 20,6 )y oo

lluoll 2 + le™ || oo | D3| 2 + |D5e™ | paeluoll g -
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The low frequencies term is estimated with lemma [§. We get

| Po(u"20,G(u,w))|| 1,1/
LILT

< |‘D;72S+66uk72 ||L;/(1725)L1T/35 |‘D5576€G(u, u) HLi/25L1T/(1745)

~

+||P0Uk_2HL;1J,TS>*1L;%fsrlHPOazG(UvU)HLi/zng—%)*l
S R TR Ll P
+||U|Lk 2L°°|| UQUHii/sL(T%*%S)*l
Note that in order to bound the norm Ng = ||D1725165y)| L3 e we have

to impose k > 12. Indeed, for € > 0 small enough, the trlplet (1- 35 + be, (
3s)71,1/3¢) is 1-admissible if and only if

350 >4 and 2(2-85)43e<
2 2

N | =

if and only if s > 5/12=1/2—1/12.
To bound E by lemma

€T
E 5 TV Dalc/4|:Dgsm/ PO(uk_2quur>}€_lFu‘ 4/3 7 1/(1—¢)
. LYY
s—3/4 k—2
S TYD; Py (u (%G(u,U))IIL;H%)AL;/(I,E)HUHL;%S)AL%O
N T”HPO(U’C_QGZG(U’U))HL;LITMH)||U||X;
S Tl

Contribution of 11
We split the term I7 into

II=1L +1I,+1Is

with
I, = /Z Py (u* 2 P_ (uyHuy)),
I, = /I Py (Py (u*7?) Py (uy Huy)),
= [ PP P )

Contribution of II;
The treatment of I1; is similar to the one of I. We write

Di(eFully) = Di(e " Fu)I 1 + [Di, I1L)e " u
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and thus

| D2 / Vit P, (e u / RS (usHu)) ) dr|
0

—o0 LyLy
xr
< HD;(e_’Fu) /_OO Py (uF=2P_ (umHuz))} Lis
xr
+ ’D;M [D;,/ P+(uk72P,(uIHuz))}eﬂFu‘ L
— o z L
< D'+ FE.
We first bound D’ as
DS Dk g | [ Pat P ()|
LV LypLg
< Mullxg (U ull %) 1P (w2 P02 G (u, w)) |y 17029
S TYullxs (1 lull i) 11 P+ (0?2 PL0p G (u, )| 1o
xT
and using lemma ﬂ, we get
||P+(uk_2P_(')mG(u, u))||L19(175)
< ||D;_25+68uk_2||L51£/(1735)L1T/3a ||D92£S_68G(u, U)||Li/25L;/(lf4a)
S ||uk_3||L;337%735)*1L%0 ||Di_28+66u”L;%,SS),lLlT/BE H asc+1/2_38u||ii/5L(T%—zs)*l
< ulks-

Next, E’ is estimated as follows

xT
E < T D;/‘*[D;,/ E(M*QP,(%H%))}(WIL’ e
oo Ly/3l/=e
—3/4 7 (k-2
S TP 2P0, ) gyl
< T”||P+(Uk_2p—3mG(UaU))||L1/T<1—e>||u||X;
k
< Tl

Contribution of 11,
A decomposition of ©*~2 into low and high frequencies, an integration by parts,

and formulas ([2.13-p.14) give
(3.10)
112:/ 15+[P+P§,4uk*2P+PZ,3aIG(u,u)]+/ P[Py Ps_3u* 2P, 0,G(u,u)]

— 00 — 00

= Py[Py P<_quF 2Py Py 3G(u,u)] — iPyG(P<_qu* ™2, P> 30, G(u,u))
+ ip+G(PZ*3ax_1uk_27 G(’U,, u))
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We bound the first term by
t
HD;+1/2 / V(t — )Py (e~ FuPy [Py Pe_yub 2P, Po_3G(u, u)])(T)dTH
0 - - X3

5 k2
S uPp[PrPeyu™ " PLPs_5G(u, U)]HLig%rlL(T%—%rl

S ||u||L;k—1><g—§)*1L;ﬁ—l)(%—ﬂ—é)*l
X||P+Pﬁf4uk_2P+P273G(u’U)”Lg(nkfl)[k(%+§)*%]*ngffl)[k(%*%s)*%]*l
S ||U||L;k71><%7§>*1Lgc—n(%—té)*l
x| uf =2 E%?%*%)’ILE%(%S*%)’I||G(u’u)||L2/25L(Tl’4’TS)71
Sl Izgklflﬂ%f%)*lLgvflﬂzs—sf%)*l HDi/QuHii/sL(Té*Z’TS)A

(31D Tlluli

The other terms in (B.1() are teated in the same way via lemma E
Contribution of I3

In order to share the derivative on G(u,u) in IT3 with lemma ﬁ, we first integrate

by parts

x

II3 = Py [P_u""?P G (u,u)] — Py [/ P,azuk_2P+G(u,u)}.

— 00
Then we see that the first term can be estimated exactly as (B.11). Finally for the

last term in the previous equality we repeat the proof for the contribution of I1;.
O

4. PROOF OF THEOREM

In this section we briefly recall the standard arguments which yield well-posedness
for (gBQ)) ; we refer the reader to for details. We choose k£ > 12 and s < s <
1/2.

We start by taking a sequence (ug), in H*°(R) such that uf — wug in H*(R)
and ||uf|| s < |Juol|lms- Now let u,, € H®(R) be the solutions of (gBQ) with initial
data ufl. Then bounds (B.3) and (B.3) imply the a priori estimate

(4.1) lunllxs S pr(llugllas)lluglms + T pr((lunllxz)lunll xs-

This allows us to obtain the existence of a T > 0 small enough and a solution
u € X3 of (EBQ).

Using the integral equation (2.1) and (B.3)-(B.79) it follows that for all 0 < t; <
to < T,

[u(tr) —ut)llms < sup (Ju(t) —u(t))]

tEfty,ta]
t
S Ju(t) — (e x1243+H/Vt7'r<91uk+1 TdTH
Jutt) = u(t) e o + | [ V= mpu ]
< o(l).

This shows that u € C([0,T]; H*(R)).
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We now turn to the proof of the uniqueness and the dependance of the solution
upon the data. In this purpose we must establish the estimate

lur—uallxs < pr(lluoallms+luo 2l me) luo, 1 —vo 2l ms +T"pr([Jua | x5 +luall xz) [lur —uz | x5
for u1, ug two solutions of (gBJ) associated to initial data u 1 and ug o respectively.

We process exactly as in section 3 with the gauge transformation

x
w=w —wy, w; =Pyl Puy), F :/ uf (y, t)dy.
—0oo
The main new ingredient to use is the estimate

B G <y ol

for any real functions f1, f2 as explained in [[L1].

APPENDIX

This subsection is devoted to the proof of theorem f. As in 13, i3, L], it is a
consequence of the following result.

Lemma 10. Let s < 1/3. Then there exists a sequence of functions {hy} C H*(R)
such that for oll T > 0,

Ihnllae <1

= 400
HS

(A-1) lim  sup H /Ot V(t — )0, (V(s)hy)4)ds

N—=+00 (0,7

We show first that lemma @ implies the result.
Suppose that theorem E fails. Since the flow-map ¢ — u(yp) is of class C* at the
origin, we have the relation

F(u, ) :=u(p) = V(t)e+ /0 V(t — s)u(s)0,u(s)ds = 0

which together with the implicit function theorem yields
&Bu t 4
v(t,x) == G—@(t’z’o)[hjv’ o hn] =31 V(= 5)0:((V(s)hn)™)ds.
0
Hence
sup [[o()|[ e S Ihwlles S 1,

)

witch contradicts (JA-1)).
Proof of lemma [10
For each integer N, we define the function hy though its Fourier transform by

hy(€) = a PN (1 () + x2(9))

where x1 = X[N,N+a]> X2(§) = x1(=¢) and o = N=% 6 > 0 to be chosen later.

Observe that hy is a real valued function since hy is even. Moreover, an obvious
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calculation yields ||hn || gs =~ 1.
We now want to estimate |0] :

t
B(o,t) =~ el / e P ((V(s)hn)*)ds
0

4 t
~ a_2N_4S§0€ip(£0)tZ/ e iP(E0)s (eiP(E0)3y )T (iP(€0)sy ) ¥4 g
n=0"0

where we defined p(§) = £J¢| and f** = f % ... x f. The function v, is supported
in [4N,4N + 4a] which is disjoined with the supports of v, n = 0,1,2,3. Conse-
quently,

(€05 t)X[4N 4N+4a](60)

R

t
a2 N gy ein(Elt / / o= P(0)s iP(E0—€1)3 D (61 —€2)3 gip(E2—2) yip(Ex)s
0 JR3

xx1(€o — &1)x1 (& — &2)xa (&2 — &3)x1(€3)dErdEadEsds
o 4s in(€o)t eitP(80,61,62,83) _ 1
o N goe /]RN" P(60551362363)
xx1(8o — &1)xa (€1 — &2)xa(§2 — &3)x1(83)dE1dEadSs

with P(&o,&1,82,83) = —2 Z?;l §i(§j—1 —&;)- For (§—1 —&;) and &3 in [N, 4N +
4a], we have

12

Pl &) 2 N? and  |So W L) oy 21,
P(&0,61,&2,83)

witch yields

|17(§07t)|X[4N,4N+4a] (o) 2 0472N74S|§0|X’f4(§0)-

By straightforward calculations,

* . siniaéy /2\ 4
XiH(6) ~ / exp (— &1 (4N + 2a — €)) (7/) dé;
R &

and hence x3*(4N + 2a) ~ o®. By a continuity argument, x;*(¢) ~ o for all
& € [AN,4N + 4a). This proves that

19(€0, 1) [X[an,an+4a] (€0) 2 NN ant4a) (S0)
and finally

AN+4a

1/2
H’U”Hs z aN—4s+1(/ (1 + |§|2>Sd§) z aN—4s+1Nsa1/2 z N_3S+1_39/2.
4N

Since s < 1/3, we can choose § > 0 such that —3s+ 1 — 30/2 > 0 and it follows
that ||v||g= — +oo. O
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