GENERALISED MERTENS AND BRAUER-SIEGEL
THEOREMS
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1. INTRODUCTION

In this article, we prove a generalisation of the Mertens theorem for prime
numbers to number fields and algebraic varieties over finite fields, paying
attention to the genus of the field (or the Betti numbers of the variety), in
order to make it tend to infinity and thus to point out the link between it
and the famous Brauer—Siegel theorem. Using this we deduce an explicit
version of the generalised Brauer—Siegel theorem under GRH, and a unified
proof of this theorem for asymptotically exact families of almost normal
number fields.

The classical Brauer—Siegel theorem is a well-known theorem which des-
cribes the behaviour of the quantity hR (the product of the class number
and the regulator) in a family of number fields with growing genus under
the conditions that the genus grows much faster than the degree and some
additional properties like normality or the Generalised Riemann Hypothesis
(GRH) to deal with the Siegel zeroes. These two hypotheses are of different
nature: omitting the first one changes the final result, while the second one
is a technical hypothesis. Tsfasman and Vladut [8] were able to remove the
first hypothesis, which led to the so called generalised Brauer—Siegel theo-
rem, and Zykin [10] was able to replace "normality” by ”almost normality”
in the second one using results of Stark and Louboutin. He also managed
to generalise the Brauer—Siegel theorem to the case of smooth absolutely
irreducible projective varieties over finite fields.

As for the Mertens theorem, proven by Mertens in the case of @, and
much later generalised by Rosen [5] both in cases of number and function
fields, it can be regarded as the Brauer—Siegel theorem in the finite steps
of the family. An explicit Mertens theorem leads therefore to an explicit
formulation of the generalised Brauer—Siegel theorem. We first recall the
formulations of the (generalised) Brauer—Siegel theorem and Mertens theo-
rem, then we prove their explicit versions for number fields and smooth
projective absolutely irreducible varieties over finite fields, and finally we
deduce the explicit generalised Brauer Siegel theorem.
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2. AROUND THE BRAUER—SIEGEL THEOREM

Let us now recall the notations and the definitions involved in the ge-
neralized Brauer—Siegel theorem, and state it for global fields and smooth
absolutely irreducible projective algebraic varieties (s.a.i.p.a.v.) over the fi-
nite field F,.. Throughout this paper we will write (N F') and (V') to say that
something is true in the case of number fields and s.a.i.p.a.v. respectively.

2.1. Number field case. Given a number field K, let (x be the usual zeta-
function of the field K and s be its residue at s = 1. Denote by ®,(K’) the
number of places of K whose norm is equal to ¢q. Let (K;);en be a family
of finite extensions of Q. Denote by g; := log /|Discr(K;)| the genus of K;
and n; its degree. Recall that (K;);en is said to be asymptotically exact if
¢q = 1lim ®,(K;)/g; exist for all prime powers ¢ and if ¢g := limr (K;)/g;
and ¢¢ = limro(K;)/g; exist, where 71 (K;) and r(K;) stand for the number
of real and complex places of K; respectively. We put ¢, = ¢r + 2¢c.
Being asymptotically exact is not a restrictive property. In fact, every
tower of global fields is asymptotically exact, and each family of number
fields contains an asymptotically exact subfamily. In the classical Brauer—
Siegel theorem, all these ¢, are equal to zero because of the assumption
nigi — 0

Theorem 1 (Classical Brauer—Siegel). Assume that the family of num-
ber fields (K;) is normal over Q or that GRH holds, and assume that
lim; n;/g; = 0. Then log h;R; ~ g;.

In order to prove this theorem, we need to use the class number formula:

_2n(2m)n

~ i

7K

The result can be reformulated in this way:

log K, 0

lim
v Gi
Suppressing this hypothesis leads to the Tsfasman-Vladut Brauer—Siegel
theorem (T-V B-S). This time, the ¢, are not always equal to zero:

Theorem 2 (T-V BS (2002)). Let (K;);en be an asymptotically exact family
of number fields. Assume either that GRH holds, or that (K;) is a family of
almost-normal number fields (We will say that a number field L is almost
normal if there exists a tower Ly C --- C L, = L of fields such that L; 1 is

log >y .

normal over L; for all i). Then the limit k = lim — exists and we have
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the following equality:
Z q
K = q ¢q log (F) < +OO,

where the sum is taken over all the powers of prime numbers.

In their paper [§], Tsfasman and Vladut proved this theorem without
the assumption of GRH for asymptotically good families of almost normal
number fields (this means limn;/g; > 0), and Zykin [10] proved this is also
true for asymptotically bad families. In order to get this result, we have to
deal with two inequalities, but one of them is always satisfied :

Theorem 3 (BS Inequality). Let K = (K;)ien be an asymptotically ezact
family of number fields. Then

1 .
lim sup 08 K; < g ¢qlog (%) < +00.

! q

The difficulties come from the second inequality

1 .
ng)q log (L) < lim inf 08 %KZ,
p qg—1 v 9i

which requires technical assumptions.

2.2. Case of algebraic varieties over a finite field. Consider an alge-
braic variety X of dimension d, defined over a finite field [F,. Suppose that
X is smooth, projective and absolutely irreducible and let |X| denote the
set of its closed points. For p € |X| and k(p) its residue field, let deg(p)
be the degree of the field extension [k(p) : F,]. Define now for m > 1 the
®-numbers as before:

®pm = #{p € | X[ | deg(p) = m}.

Put X = X ® F where F = F, is the algebraic closure of F,. Let ¢ be a
prime different from p. Let b; = dimH*(X,Q,) for 0 < i < 2d be the Betti
numbers for the f-adic etale cohomology of X. X is smooth, so they do
not depend on ¢ and verify the equality b; = byy_; because of the Poncaré
duality. Let bx = max;—o_ 24b;. In the case of dimension 1, by = by = 1
and b; = g, so we have by = max(g, 1). In this theory the quantity by will
play the role of the genus of number fields (and function fields). Since the
asymptotic theory of varieties of dimension higher than 1 is not yet well
understood, we do not know exactly which quantity is the exact analogue
of the genus. We chose this number bx because it was easier to compute the
sums, but it might happen that the sum of b; or a certain sum of b;’s with
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coefficients depending on r could make a better choice. However, unless we
want to make r or d grow, all these choices are equivalent.

By the famous Deligne-Grothendieck theorem, the zeta function of X
verifies

S G

where

=
&

H 1 —w r Z/215

Jj=1

w; j being algebraic numbers of module 1 and Py(t) = 1—t, Py(t) = 1—rt
We will consider (x(s) = Z(X,r*), and »x = Res;—q(x.

Let us fix the dimension d, and let X go through a family of s.a.i.p.a.v.
of dimension d. We say that the family (X;);en is asymptotically exact if
bx, — o0, and if, for all m > 1, the limit ¢,m = lim; ®,m /bx, exist.

We can now formulate a generalisation of the Brauer—Siegel theorem for
varieties of dimension d. It was proved by Tsfasman and Vladut in the
function field case [§], and by Zykin (unpublished) in the case of d > 1,
using a different definition of bx.

Theorem 4. Let (X;)ien be an asymptotically exact family of s.a.i.p.a.v.
of dimension d defined over F,. Then rk = lim;log(sxx,)/bx, exists and we
have the following equality:

dm
K'_Z¢rmlog( 1>

Unfortunetaly, we do not know any reasonable interpretation of the resi-
due of the zeta function at s = d, such as we have for s = 1 through the
class number formula in the number field and function field cases .

3. MERTENS THEOREM AND ITS RELATION TO THE GENERALISED BS
THEOREM

If one wants to get an explicit version of the generalized Brauer—Siegel
equality, one need to know what happens explicitly between the residue s,
and ) . ¢4log -7 at the finite steps of the family. This is given by the
Mertens theorem.
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Theorem 5 (Mertens).

(V) I1 (1 - NE) = GAZX + Oy (%) ,

Pe|X|
deg(P)<N
1 e K 1
(NF) 11 (1——)— +O,C< g )
PEP§(K) NP logx log”z
NP<z
1 e K 1
NF —GRH 1—— ) = —
( ) H ( NP) logsﬁjL K(ﬁ)’
PEPf(K)
NP<z
where
(V) vx =7 + log (32x log ),
(NF) Yk =7 + log sk,

P¢(K) being the set of finite places of K, and N'P denoting the absolute
norm of the place P.

The function field case and the number field case are due to Rosen, who
proved them following the classical proof of the Mertens classical theorem
[2]. But he paid no attention to the behaviour of the constants in field
extensions. Unfortunately we did not know about his work before having
ended ours. Mireille Car also proposed in [I] a different proof in the case
of function fields. In the number field case, we also follow the classical
Mertens proof with small variations in order to get an explicit version of
this theorem, which takes into account the genus and the degree of K. In the
case of varieties over finite fields, we present a natural proof using explicit
formulae. We prove in fact the following sharper results:

Without assuming GRH, we have to deal with exceptional zeroes. A real
zero p of (i is said to be exceptional if 1 — (8¢)™! < p < 1. A number
field has at most one exceptional zero. A real zero p is a Siegel zero if
1-(32¢9)'<p<1.

Theorem 6. Let K be a number field.

1
1—p

(NF) ZQ)qlog (%) = loglog x + v +log sx + 71 (x) + To(x),

q<z

and there exist effective constants C,cy,cy such that, for all z > Cn g2,
1
log x’

n ()] <
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, if K has an exceptional zero p,

1
<
|72(2)| CQlogx
= 0 otherwise.

The condition on x does not allow us to have explicit results as in the
case where GRH holds, but these results, combined with theorem [3] lead us
to the unified proof of the Brauer—Siegel theorem, and to other nice results
around the Brauer-Siegel theorem and the family of ¢,.

Corollary 1. Let (K;) be an asymptotically exact family of almost normal

number fields. Then the limit lim;_ loi:’(i = Kk exists and verifies the

Y glog 1 =&,
q q_l

the sum being taken over all prime powers q.

following equality:

We cannot suppress the hypothesis of normality, because of exceptional
zeroes that can appear in the family. But we can say something more in
the general case:

Proposition 1. Let (K;) be an asymptotically exzact family of number fields.

(i) Assume that lim; % = 0. Then K exists and equals 0.

(i1) Assume that the family (K;) is asymptotically good (i.e. ¢ >0 ),
and that there are infinitely many Siegel zeroes in the family. Then

Y gglog — < golog —
q

g—17— Qboo.

If we assume GRH, there is no condition on x, and we have the following
result, which leads to an explicit version of the generalised Brauer—Siegel
theorem.

Theorem 7 (GRH Mertens theorem). Assume that GRH holds. Then

Tdm

N
(V) W;CD,M log (rdm — 1) =log N + v + log (s¢x log )

1 r%
co(3)mo ()

(NF —GRH) Z(Ih]log (%) =loglogx + v + log sk

q<z
log x 1
+7LKO(\/E>+QKO<%)>
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where the constants involved in the O are effective and do not depend either
on X, or on K.

Corollary 2. Let (K;) be an asymptotically exact family of number fields,
and (X;) of s.a.p.a.i.v. of dimension d. Assume GRH in the number field

log sk . log »x . .
ot =k (resp. lim;_o L = k) exists,
i

case. Then the limit lim;_, i

and we have:

9 r
(V) > Sqlog —n+O<N),

q<rN ¢-1
q log x
NF — GRH 1 = .
( GRH) q;%ogq_l FH_O(\/E)

4. PROOF OF THE MERTENS THEOREM

4.1. Proof in the number field case. In order to prove the Mertens
theorem for number fields, we follow the nice proof of the classical Mertens
theorem of [2] as Rosen does in his article, but we use another counting
function for prime ideals. In addition, we need a precise version of the
Mertens theorem, so we will have to do the work once again, sketching
Rosen’s proofs.

Let K be a number field, let n = [K : Q| be its degree and g =
1 log |Discr(K)|. Put 7(z) := #{P € P(K)|NP <z}. One can estimate
m(x) by the following bound due to Lagarias and Odlyzko, and improved
by Serre [0]:

Consider the Li-function defined by

Li(z) = i
, logt

Theorem 8 (Prime ideals theorem).
(NF) 7(x) = Li(x) + A(s),
where, for all x such that

(C1) logz > c3ng?

[A@)| < Li(a?) + crwexp (—cs n” F logh(a),

the term in Li(z”) is only there if (i has an exceptional zero p. Under
GRH, one has the stronger result available for all x > 2:

(NF —GRH) IA(z)] < cx? (29 + nlog ).

First, we will give an asymptotic expression for ) /\% :
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Proposition 2.
1
Z —— =loglogz + B + o(1).
NP<zx NP
Proof : We have the formula:

Z L_/m dt +A($)+/xA(t)dt
xNP_ , tlogt x 5 12

Let us first not take into account the dependancies on n and g. As
P

log tr’

Li(t7) ~ p<1,

/Li(t”)t_gdt is convergent.
2

In order to prove the convergence of the second term, we need the follo-
wing lemma:

Lemma 1. For all x such that
1
C2 log z > 32%¢;*nlog” n—,
2
Co
we have

exp <_02n_% log% ZL‘> <log %z.

Proof of the lemma: Put y = log%x et ¢ = n%/CQ. Consider f(y) =
y*exp—%. We have to prove that f(y) is less than 1 if y is big enough.
We prove that f is decreasing for y > 4c. Assume first that ¢ < e. Then

y = 16¢ verifies the inequality f(y) < 1. Indeed

f(16¢) = 2'0cte™10 = 2 <1
el2pd =
If ¢ > e, then y = 32clog ¢ fits. Indeed,
220 1 4
fly) = 3944 log4(c) e—32loge _ - og4 c <1
c c
this estimate finishing the proof. |

Therefore we have exp (—02 n=s log%(t)> = O((logt)~?), and

s 1S convergent.

/x t exp (—02 n~% log? (t))dt
2
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We obtain the convergence of the second integral with x — oo, because, for
t big enough:

|A(t)] < Li(#*) + ¢t exp (—cgn’% logé(t))

Finally we get

Z = loglogx + B + o(1).
NP<z NP

O
We make now the residue appear continuing the asymptotical expansion
of 3 <+ by the calculation of the constant term B.

Proposition 3.

B= Z{log( ! ) A/lp}+’y+10gReSs 1Cxe(8)-

Proof : For a complete proof, we refer to the article of Rosen [5], but let
us still give the sketch of the proof. Write C'(z) = loglogz + B + €(x). For

6 > 0 define
1
:Z 140
PNP+

and

f(0) = g(0) —log ((1 +9).
After some computation using the Abel transform, we find g(0) = B — v —
logd + O(d). Comparing with log (x(1 +0) = —logd + log Ress—;(x(s) +
O(0), we get f(0) = B—~—logRess—;(x(s)+O(9). Taking the limit when
0 — 0, we obtain:

B= Z{log( > NP}+7+logRess 1Cre (8)-

We finally conclude that

P
Z log N = loglogx + v + log Res;—; Ck (s) + o(1).
NP<x NP -

Let us now estimate the error term

as the function of n and g.
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Proposition 4. There are computable constants such that:

(GRH) For any © > 2 we have |e(x)| <caz (6g + 3nlogx +2n),

—(1+1=p)7")

+ 2¢1 log !

1
Forxz >>1, we have |e(x)| <cy
plo

x >> 1 meaning that x must verify conditions (C1)and (C2), the term in
p being present only if (x has an exceptional zero.

Proof : Assuming GRH, we obtain directly:

le(x)] < cx: (29 + nlogx) +/ ct2 (29 +nlogt)dt

le(z)] < ez (29 + nlogz) + 2cx’%(n logz +2n + 2g),
and finally:

(GRH) le(z)| < ca™2 (69 + 3nlogz + 4n).

If we do not believe in GRH, we have to use the prime ideal theorem
again : for x verifying (C1),

|A(x)] < Li(2”) + ¢,z exp (—cg no logﬂx)),
Consider first the term A, := Li(z”). Put

er(z) = Ay (2)a~) — / N

Let ¢4 be a constant such that Li(z) < c;zlog™ z (for example (1 —
log2)™'). One has

e dt
lex(z)|/ca < +/ —
plogx . pt¥rlogt

We can then easily bound the first error term by the following;:

e (@)|/ea < (1+@=p)").

. We now have to deal with the second error term
Ag(x) = cprexp <—cg nz log%(a:)).

Using Lemma [1] for « verifying the condition (C5), we have:

plogx

exp (—02 nz log% a:) <log %z.
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Put -
o) = afo)a™ = [ Aa(o)t

Thus, for = verifying the hypotheses (C'1) and (C2) (note that condition
(C2) is very weak as compared to condition (C'1)) and « > e, we obtain:

e(z) < e1(log™ 2 +log™' 1) < 2¢1log™ ! x.
U

End of the proof of the Mertens theorem: Let us start with the equality

1
Z —— =loglogx + Bk + ex(z).

NPSxNP
One has
NP 1 1
Z log( >:10g10g$+ Z {log (1——) —i——}
NP NP -1 ot NP NP

+ v+ log Ress— 1 Cx () + ex ().

We can bound the remainder term in the following way:

> {log(l—j\%)—i—j\%} <) Nlpz.

NP>z NP>z

This sum can be calculated easily under GRH using the prime ideal theo-
rem:

1 >~ dt >~ 1 |A(x)]
D(z) = —— = — t2dA(t) <
(@) N;x'/\/]x /x t210gt+/w <)_xlogx+ x2

+2/ |A(t)[t2dt,

therefore
1 10g+3nlogz 2n

(GRH) for any > 2 we have D(z) < Tlog e + NG + —

Without GRH, we can use the bound for m(x) (see [6]) valid for

(C3) log x > c5 glog2gloglog 12g :

m(z) < cgxlog ™ (z).

1 dm(t
=Y g [

NP>z z

We have
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and, for x sufficiently large,

o oo 2
+2 / w03 dt < 2¢q / 2log ™! (H)dt < 0,
- . xlogx

Dla) — ™)

xr2

Putting all this together, we obtain the following. For x verifying (C),
(Cg) and (03)

NP
Z log (m) =loglogz + v + log Ress—; (k ()

NP<z
1 1 1
+0 + @) ,
log x 1—p log

where the term in p is there only if K has an exceptional zero. The classical
Mertens theorem follows by an easy application of the Taylor expansion.
Under GRH, we obtain a stronger result true for x > 2:

NP
Z log <m) =loglogx + v + log Ress—; (k ()

NP<zx
log x 1
O — Ol —
o ( Vi ) i (ﬁ) |

which leads to the Mertens theorem under GRH.

4.2. Proof in the case of algebraic varieties. We first establish the
Mertens theorem in the case of smooth absolutely irreducible projective
algebraic varieties. The generalised Brauer—Siegel follows immediately from
it.

For any sequence (v,,) such that the radius of convergence p of the series
> vpt™ is strictly positive, put

+00
¢m,v (t) = Z Umntmn7
n=1

and 1, (t) = 1¥1,(t). For t < %p, we have the explicit formulae:
Theorem 9 (Explicit Formula).

400 2d—1 b; )
Z fq)rfwf,v = 2ﬂv(t) + %(Tdt) + Z (_1>1 wv<r%wi,jt)
f=1 i=1 j=1
Proof :[3] O

Choose N € N et take v,(N) = % if n < N and 0 otherwise. Applying
this explicit formula with ¢t = =%, we get :

So(N) = S1(N) + So(N) + S3(N),
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where
N
So(N) = _n = Jmran,
n=1 m/n
Mg
S1(N) = —,
Yo
S N) = 3
»(N) Z —
2d—1 bi N 1
S3(N) :Z(_l)l ZE(Tﬁ_dww)n
i=1 7j=1 n=1
Lemma 2.
N df
r 8 60
0< ;‘I)rf 10grdf—_1 = So(IN) < N 7dN/2 + N a5
Proof of the lemma: Let us first transform the expression of Sp:
N E(N/f)
So(N)=D" D7 [ ¥ (fm)
f=1 m=1
N E(N/f) 1
Z Tdfmm.
=1 m=1
Then evaluate Sy:
r r
O<Z(I)rf IOg df _SO( ) Z@’Tf logm— Z rdfmm
f=1 f=1 m=1
N oo 1
=> % >
f=1 m=E(N/f)+1
As 1/m < 1/(E(N/f) + 1), we get:
N f N D s
0< ; ®,slog ——— 1 So(N ; E(N/f) + 1)(r¥)ENID (7dl — 1)’

In order to deal with ®,; we use
pdf 41 2=1 if/2),
P, ; < Tl Zf L
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Let b = bx = max;(b;). We obtain:

1 2d—1
O < V14>
f i=1
2d—1
1 f—1
< e r1gprtt
f rz —1
1
< = <rdf—|—1+267‘df 2)
f
Thus
N & (4 1+ 200 5) (10— 1)
T 1
0< ; q)rf log raf _ - SO( ) N ; rdfE(N/f)

We split our sum in two in the following way: for f > E(N/2) where
E(N/f) =1, and for f < E(N/2) where we use fE(N/f) < N — f.

rif EQv/2) 2+ Abr*%
O<;<I>rf10g )~ SlV) < _Z TN
N f
1 24+4br2
TN > rdf
[>E(N/2)
8+ 12br 7
N rdN/2
We finally obtain the following inequality:
N df
P 8 60b
0< Z P, s log a1 So(N) < N 7dN/2 + N pd+55"

F=1
[ |
In order to estimate S; we use the following well-known inequality (see

[21):

Lemma 3. | .
— < S{(N) —=log N — v < —.
NN+1) ~ 1(N) —log N =7 < &
Lemma 4.
rd =1 1
0<1 — S5(N) = < )
- Ogrd—l 2(N) Z nrdn = pdN(N 4+ 1)(rd — 1)

n=N+1
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Proof of the lemma: Sy is the partial summation of the entire function
log % The inequality comes from the estimation of the remainder term.

[ |
Let us recall first that:
’r’d 2d—1 b; v
_ i+1 i g
log Ress—q(log 7 ((s)) — log i ;(—1) ;bg (1 —r2 Wi,j)-
Compute now S3 :
Lemma 5.
2d—1 b; ‘ b
S3(N) — —1)t log (1 — 274y, ) < — .
SN 2T M= et
Proof of the lemma: Consider
2d—1 bi _
R(N) = |S5(N) = 3" (=1)"* Y log (1 - r%—dwi,j>|.
i=1 j=1
One has
2d—1 ' b; 00 1 .
ROV =Y -1 3 (),
i=1 j=1 n=N+1
therefore
2d—1 b; 1 00
N) < X _d\n
R( ) — N+ 1 Z (7"2 ) 9
=1 j=1 n=N+1
2d—1 i
_ 1 b(r d)N—i—l
- N+1 P 1— r%fd
and
b 2d—1
R(N) < rz,
(r2 = )N + 1)reV =
which leads to the result. [ |

Putting everything together: We deduce then, that for N big enough,

al 1\ % 1 1
logH 1_7"71” =—log N — v+ log 1_ﬁ — log 1_ﬁ
f=1

r2

1 =N
— log (log rRess—qCx) + O (N) +b0 ( N ) :
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where the constant involved in O does not depend on K. O

5. PROOF OF THE GENERALISED BS THEOREM

5.1. Without GRH. If we do not believe in the generalised Riemann hy-
pothesis, we have to take into account the conditions on x which forbid us
to take the limit. Consider an asymptotically exact family (K;) of number
fields, and divide it into three subfamilies. The first one consists in all the
fields that have no exceptional zeroes, we include in the second one the
fields that do have exceptional zeroes but no Siegel zero, and the last one
contains the fields that have a Siegel zero. If one of them is finite, we omit
it.

Let us focus on the second and the third families, the case of the first one
being much easier because of the absence of the p-term (or take p = 0 in
the following). Let us specialise the Mertens theorem in z = 607192(1_’))71,
where C' is big enough to allow x verify all the three conditions. Thus, for
g big enough and M an explicit constant:

3 ?gbg( q )__bg% §A4bgg_1%x1—pX
g q—1 g g g

qgecn 92<1fp)71

Lemma 6. Consider the family (K;) and its exceptional zeroes p;. Suppose
that

limlog(1 — p;)/g: = 0.

Then k exists and we have

q
m:quqlogq_l.
q

Let us assume the lemma. Look first at the second subfamily still denoted
by (K;). Bach (g, has an exceptional zero verifying 1 — (8¢)™' < p <
1 — (329)7%, thus (1 — p)~! < 32¢g. Taking the logarithm, we see that this
family verifies the condition of the lemma.

The case of the third subfamily, which is still denoted by (K;) for the
sake of commodity, is not so easy, because p can go very close to 1. In order
to control the magnitude of the term in p, we need to assume that the fields
are almost normal (or some additional condition as below). Indeed, thanks
to Stark we know that a Siegel zero p of an almost normal number field K
is also a Siegel zero of a subextension of K of degree 2 over Q (see [7]). In
addition, we can estimate (1 — p)~! as follows [4]:

Lemma 7. Let K be a number field of degree ng > 1. Then

nk
1 < %I_(l (Q_K) .
1 —pK n
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Let (k;) be a family of quadratic extensions of Q having the same Siegel
zeroes as (K;) and let us apply this lemma :

—log(1 — pk,) = —log(1l — pg,) < —log s, + 2log (gg )
Thus we obtain

log(1 — px;) _ _log 7,

JK; 9K;

As k; C K;, gk, > gg,; the first and the last term of the right side of the
inequality tend to zero with . The second term, if positive, can be bounded
by g, 'log k; and we use the classical Brauer-Siegel theorem for quadratic
fields which says that it tends to 0. We then apply the lemma to deduce
the generalised Brauer—Siegel theorem.

. We still have to prove the first lemma.
Proof of the lemma: Put

®, q
=1 — )9
fo(@) ;o8 (q — 1) a(),
where d,(q) =1if g < eCna*(1=0)"" () otherwise. Now let the genus tend to
infinity (gk, being ¢; again). As

log s,
sup > fy(q) < sup —=—4 41,

i>>1 i ;
q 9i

0<—

+ 29,

this last quantity being well defined because of basic inequality of [§], and
we can apply the Fatou lemma, and obtain:

Z ¢qlog ( ) Zlugmf fa:(q)

< lim inf Z f4:(q¢) = lim inf

1—00 1—00 [

log 2:¢

Combining this result with the Brauer—Siegel inequality (theorem , we
deduce the existence of the limit of log;Ki , which equals > 4 Pqlog (ﬁ) [ |
Remark that in the case of the first subfamily, the proof becomes ea-
sier, because we do not have to deal with the p-term. The bound in the
Mertens theorem is only in log g/g. Specialising in x = e“"9” instead, and
suppressing the p-term in f,(q¢) (¢ > 60"92), we obtain the generalised
Brauer—Siegel theorem. O
Let us now prove Proposition [T}
i. Recall the following key-lemma of Stark.
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Lemma 8 ([7] Lemma 8). Let k be a number field of degree ny, > 1. Assume
that there is a 3 € R such that

1—

<pg<l1
Snilgr — &

and Cx(B) = 0. Then there is a quadratic subfield F' of k such that (p(5) = 0.

Assume as before that (K;) has an infinite number of Siegel zeroes which
do not verify the condition of the lemma.

Let us split as before the family (K;) into three subfamilies. The first one
containing the fields that do not have an exceptional zero, the second one
consisting in the fields that have zeroes that do not verify this lemma and
the last one consisting in those whose Siegel zeroes verify the condition of
the lemma. If one of these families is finite, we omit it. The first and the
third cases have already been treated before, so let us consider the second
subfamily. Let us call it (K;) again. We still have to bound g~'log 1%0.
Their exceptional zeroes verify

1
log1 < 8+ logn!+logg.

As logn! < nlogn, we deduce that

llog 1 < nlogn _i_mlogg’
g “l=p g g
where m is an explicit positive constant. Therefore this quantity tends to
0 and this completes the proof.
ii. Suppose now that the family (K;) is asymptotically good, and that an
infinite number of them admit a Siegel zero. Then, because of Louboutin’s
lemma, we obtain

1 1 1 i i i
— log S—Og% +n—logeg—.
g ~l—=p gi gi ni
This leads to the result, since ¢, = lim % U

5.2. Assuming GRH. In the number field case, let (K;) be a family of
fields with g; — oo. Starting with the Mertens theorem, dividing by g;,
taking g; — oo (we can do it because this time there is no condition on z),
we obtain the Brauer—Siegel theorem. Indeed, the last paragraph shows that
the limit of log >, /g; exists, and the asymptotical result follow directly.
In the variety case, let (X;) be a family of smooth absolutely irreducible
projective algebraic varieties over F,.. We assume either the result of Zykin,
or use the bounds for ®,; that we needed for the Mertens theorem, in order
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to prove that the series

Tdm .
Z ¢pm log ————is convergent,
ram —1
and that

lim — Z Pym log ——— ~dm = Z Gpmlog —Zo— dm _

b—oo b
for any function f of b verifying the conditions :
blim f(b) = o0,
b
lim f(0) = 0.

b—oo b

This is a bit technical but not hard (for the case d = 1 see [9]).

Using this result in the Mertens theorem (we put N = f(b), divide by b
and make b — o0) gives us that the limit of log sy, /bx, exists. We divide
now by by, (for any N) in the Mertens theorem and make bx, — oo in order
to obtain our version of the Brauer—Siegel theorem for varieties.

One could likely obtain similar results in the non-smooth case, using
the virtual Betti numbers. We hope to do this in further work. Let us
conclude by the following remark. The explicit Mertens theorem is much
more interesting than its application to the generalised Brauer—Siegel theo-
rem, because it contains more information, and can be therefore useful, for
example if we would like to look at the problem in the classical way, putting
all our attention to the residues s; instead of to the convergent series, and
consider the limit of s;/g; in the tower.
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