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Abstract

In this paper we present an approximation result concerning the first
eigenvalue of the 1-Laplacian operator. More precisely, for 2 a bounded

regular open domain, we consider a minimisation of the functional / |Vul|+
Q

2
n (/ |u| — 1) over the space W, ' (Q). For n large enough, the infimum
Q

is achieved in some sense on BV (Q2), and letting n go to infinity this pro-
vides an approximation of the first eigenfunction for the first eigenvalue,

2
since the term n (/ - 1) “tends” to the constraint |lu|l1 = 1.
Q

1 Introduction: the first eigenvalue for the 1-
Laplacian

In recent fields, several authors were interested on the study of the “first eigen-
value” for the 1-Laplacian operator, that we shall denote as the not everywhere
defined u — fdiv(lg—zl).

Due to the singularity of this operator, the definition of the first eigenvalue
can be correctly defined with the aid of a variational formulation: let A\; be
defined as

A= inf / [Vul. (1.1)
wewy Q) Jao
llulli=1
Notice that A; is well defined and is positive, due to Poincaré’s inequality.

In order to justify the term “eigenvalue” for A;, one must prove the existence
of an associated “eigenfunction”. As in the p-Laplacian case, an eigenfunction
will be a solution of (1.1). Unfortunately, since W11(£2) is not a reflexif space,
one cannot hope to obtain a solution for (1.1) by classical arguments.

This difficulty can be overcome by introducing the space BV (Q2), which is
the weak closure of W11(€), and by extending the infimum to that space, using
the features of BV (Q2): Density of regular maps in BV, existence of the trace
map on the boundary... However, these properties are not sufficient to obtain
solutions by classical methods, since the trace map —which is well defined on



BV (Q)- is not continuous for the weak topology. This new difficulty can be
“solved” by introducing —as it is the case in the theory of minimal surfaces and
in plasticity and also for related problems— a “relaxed” formulation for (1.1).
This relaxed formulation consists in replacing the condition {u = 0} on the
boundary by the addition of a term / |u| in the functional to minimize. The

a0
new formulation is then

inf /|Vu|+/ ). (1.2)
u€EBV(Q)

llufli=1

This problem has an infimum equal to A;. It can be seen by approximating
function in BV () by functions in W1(Q) for a topology related to the narrow
topology of measures. This topology is precised in section 2.

Then the existence of a minimizer of (1.2) in BV (Q2) can be proved, using
classical arguments, arguments which will be precised later in this paper.

To obtain the partial differential equation satisfied by a minimizer of (1.2),
equation which can be seen as an eigenvalue’s equation, the author used in [@]
an approximation of (1.1) by the following problem on W, ' t%(Q):

Aje i= inf |Vu|'Te, (1.3)
ueWy e (Q)
llulli=1

and proves that A\jy. converges to A\;. Moreover, if u. is a positive solution of
the minimizing problem defined in (1.3), u. converges weakly in BV (£2) to some

u which satisfies -
n
—div ( > A,
[Vl

in a sense which needs to be precised, and is detailed in the present paper.

Let us note that it is also proved in [@] that there are caracteristic functions
of sets which are solutions. These sets are therefore called eigensets.

Another approach is used in [B], ], where the authors use the concept of
Cheeger sets [@] In these papers, the authors present a remarkable construction
of eigensets for 2—dimensional convex sets 2. Among their results, there is the
uniqueness of eigensets in the case N = 2.

Our aim in the present article is to propose an approach of the first eigenvalue
and the first eigenfunction of the 1-Laplacian operator, using a penalization

method, which consists in replacing the condition [ |u| = 1 in (1.2) by the

2
introduction of the term n( |u| — 1> inside the functionnal to minimize.
Q

This provides in the same time, a new proof of the existence and uniqueness of
a positive eigenfunction.

2 Survey on known results about the space BV ({2)

We begin to recall the definition of the space of functions with bounded varia-
tion. Let Q be an open regular domain in RY, N > 1, and let M!(Q) be the



space of bounded measures in 2. We define

BV(Q) ={ue L' (Q),Vue M (Q)}.

Endowed with the norm / |Vu| + / |u|, the space BV () is a Banach space.

More useful is the weak topology for variational technics :

We define the weak topology with the aid of sequences, as follows: we say
that a sequence u,, — u weakly in BV (Q) if the following two conditions are
fullfilled:

o/|un7u|—>0 in L'(Q) when n — oo,
Q

. /&-un ¢—>/81u ¢, Vi=1,2,...N V¢ eC.(Q) whenn— oc.
Q Q

Let us note that the second convergence is also denoted as the vague convergence
of Vu,, towards Vu.

We shall also use the concept of tight convergence in BV (2): we say that a
sequence u,, converges tightly to v in BV (Q) if the following two conditions are
fullfilled:

o u, — u, weakly in BV (2) when n — oo,

o /|Vun| —>/|Vu| when n — oo.
Q Q

Let us note that the last assertion is equivalent to say that, for all ¢ € C(Q, RY),
/Vun~¢—> Vu-¢, when n — oc.
Q Q

We now recall some facts about embedding and compact embedding from
BV () to other LY spaces :

e If Q is an open C! set, then BV () is continuously embedded in LP((2)
for all p < %

e If Q is also bounded and smooth, the embedding is compact in L? () for
every p < .

Finally we recall the existence of a map, called trace map, defined on BV (Q),
which coincides with the restriction on 99 of u when u belongs to C(Q)N BV (Q)
or less classically when u € WH1(Q). This map is continuous for the strong
topology, and is not continuous under the weak topology. However the following
property holds: if u,, — w tightly in BV (Q), then

/ |ty —u| — 0 for n — oc.
a0

We end this section by enouncing a generalization of the Green’s formula :
this will allow us to give sense to the product o - Vu when o is in L (2, RY),
div o € LV (Q) and u € BV (), and will be useful to give sense to the partial
differential equation associated to the eigenvalue.

Let us recall that D(Q) is the space of C*°-functions, with support on €.



Proposition 2.1. Let 0 € L=®(Q,RY), dive € LY (Q) and u € BV (2). Define
the distribution o - Vu by the following formula : for any ¢ € D(Q),

(o-Vu,p) =— /Q(divo)ugo - /Q(O‘ -Vo) u. (2.1)

Then
(o - Vu, )| < [lollec{|Vul, |¢]).

In particular, o - Vu is a bounded measure which satisfies:
o+ Vu| < loflco[ V.

In addition, if ¢ € C() NCH(Q), the following Green’s Formula holds:

(U-Vu,@:—/Q(diva)ugo—/Q(U-Vgo) u—i—/ o Tu g (2.2)

o0

where T is the unit outer normal to OS2
Suppose that U € BV (RN \ Q), that uw € BV (Q) and define the function u

as:
_ u in €,

u= _

U in RV \ Q.

Vﬁ =Vu X0 + vU X(]RN\ﬁ) + (U — u) 539,

Then @ € BV (RY) and

where in the last term, U and u denote the trace of U and u on 9 and dgqn
denotes the uniform Dirac measure on 0. Finally, we introduce the measure
o -Vu on Q by the formula

(o-Va)=(0-Vu)xa+o- (U —u) don

where (o - Vu)xa has been defined in 2.1. Then o - Vu is absolutely continuous
with respect to |Vu|, with the inequality

|- V| < lo]|oo| V.

For a proof the reader can consult [[7], [B5], [

3 Presentation of the results

We now describe the approximation result here enclosed. For n € N*, let us
consider the following minimization problem:

2
A= inf / |Vu| +n (/ lu| — 1) : (3.1)
weEW, 1 (Q) Q Q

As it is done for analogous problem in [], let us introduce the relaxed formulation
associated :

2
o= inf /IVu|+/ |u|+n</ |u|1) (32
uweBV () Q o0 Q

We shall prove in the following section the result :



Theorem 3.1. Let Q be a piecewise C' bounded domain in RN, N > 1. For
every n € N*, the problem (3.2) possesses a solution u, in BV () which can
be chozen nonnegative. Moreover, u, satisfies the following partial differential
equation:

—div o, + 2n (/ Wy — 1) sign®(u,) =0 in Q,
Q

o € L2(Q,RY), |lonlle < 1, (3.3)

on - Vu, = |Vu,| in Q,

Uy, is not identically zero, —o, - 7 (uy,) = u, on 05,
where T denotes the unit outer normal to 9Q, on - Vu, is the measure de-
fined in Proposition 2.1 and sign™ (u,) is some function in L>() such that
sign™ (un )y = uyp, in Q.

Moreover A p, converges towards A\ and u, converges towards the first eigen-

function u.

Remark 3.1. Clearly, u,, is not identically zero for n large enough as soon as
n> M.

Remark 3.2. From Proposition 2.1 (with U = 0), the conditions
on -V, = [Vuy,| inQ, —0p - 1 (Up) = u, on 09,

are equivalent to
On - Vi, = |Vu,| on QUON.

Remark 3.3. The identity o, - Vu,, = |Vu,| makes sense since

—div 0, = —2n (/ Uy — 1) sign™ (uy,),
Q

which implies that dive,, € L>®(Q), therefore oy, - Vu,, is well-defined by Propo-
sition 2.1.
We subdivide the proof of Theorem 3.1 into several steps :

e First step: We use some kind of regularization of the minimization problem
by introducing for some € > 0 and small

2
inf |Vul**e +n (/ |t — 1) .
ueEW, 1 TE(Q) Q Q

We prove that for n large enough, this problem possesses a solution which
can be chozen nonnegative and denoted by u,, ., which satisfies

{—div(|Vun,8|8_1Vun76) +2n (/Qu}l"f — 1) ui, . =0, inQ,

e Second step: We extend u, . by zero outside of ) and observe that the
sequence still denoted (u,, <) is uniformly bounded in BV (R"), more pre-
cisely

/ |Vun, |t < C.
RN



Then we can extract from u,, . a subsequence, such that u,, . — wu,, weakly
in BV(RY). The limit function belongs to BV (RY) and is zero outside
of Q.

e Third step: we prove that 0, = |Vuy, |7 Vu, . is uniformly bounded
in L9(Q2) V ¢ < co. Then we can extract from o, . a subsequence, such
that 0, — o0, weakly in L9(Q) V ¢ < o0, such that ||o|lcc < 1 and
On - Vu, = |Vuy,| in QU Q.

e Fourth step: we prove that w, is a solution of the minimizing problems
(3.2) and (3.3). We also prove that o, satisfies the problem (3.3).

o Fifth step: we establish that A\; ,, converges strongly to A; when n goes to
oo and that w, converges strongly to the first eingenfunction associated
to )\1.

4 Proof of the main result

We provide here the proof of Theorem 3.1, outlined as above.

Step 1: We prove here the existence and uniqueness of a positive solution for
the following approximation problem

>‘1+s,n = llIllf Il+€7n(u)v (4'1)
ueEW, T (Q)

where I14. ,, is the following functional

2
Den(u) :/ |Vu|' T +n (/ || e — 1) : (4.2)
Q Q

for some positive e given.

We first prove that A;i. . is achieved, using standard variational technics:
Let (u;); be a minimizing sequence for Aj4¢ . Without loss of generality, up
to replace u; by |u;|, one may assume that u; is nonnegative. Since Ijyc ., is
coercive, (u;) is bounded in W, ' ().

As a consequence, we may extract from it a subsequence, still denoted (u;);,
which converges weakly in W, 7¢(Q) to some function u, . € W, ' T(Q2). Fur-
thermore, by the Rellich-Kondrakov Theorem [[L0], [], [Jl, (u:); converges to
Up.e in LYE(Q).

Using the weak lower semicontinuity of the semi-norm [, |[Vu['*¢ for the
weak topology of W01’1+E (Q), one has:

2
Mo < / V15 4+ n ( / |15 — 1)
Q Q
2
X |V | +n (/Q 7 - 1) ] = Mten-
¢

Hence, up, ¢ is a solution of the minimization problem (4.1).

< liminf
1——+00




We now prove that this weak solution solves the following partial differential
equation:

—divoy, . + 2n (/Qu}l"f — 1) uy, . =0 inQ,

One Vipe = |Vup [T in Q, (4.3)
Upe >0 inQ, u,.=0 on Q.
Indeed, for every h € D(2), we have:
DIiien(tne) - h
=(1+e¢) [/ |Vt | 'V, . - VA 4 2n (/ upts — 1> / ufmh]
Q Q Q
=(1+ e)/Q {div (|Vtine|" ' Vune) + 2n (/Q upts — 1> un] h
=0.
Thus, we get:
—div (|Vtn,e [ Vg, ) + 2n (/Q uts — 1) uy, . =0, (4.4)

in a distribution sense.

Since un is a weak solution of equation (4.4), by regularity results (as
developped by Guedda-Veron [@, see also Tolksdorf [@]), one gets that u, . €
CHe(Q) ¥V a € (0,1). Moreover, since u, . is a nonnegative weak solution of
the equation (4.4), by the strict maximum principle of Vazquez (see [i]), un,.
is positive everywhere. Hence, setting o, . = |Vun,8|€71Vun,g, we have shown
that u, . € CH*(Q) N W, ' T(Q) is a positive solution of (4.3).

Lemma 4.1. The problem (4.3) has a unique positive solution

Proof of Lemma 4.1. Let u and v be two positive solutions of (4.3). Then we
have:

—div [ope(U) — One (V)] + 2n [a(u) — a(v)] u® +2n a(v) (v —0v°) =0, (4.5)

where a(u) = /u“‘e —1.
Q

Case 1: ullite > [[v][1+e.

Let us multiply (4.5) by (u —v)* then integrate. It is clear that
2n [a(u) — a(v)] /Q u(u—v)t >0.
So we get that:
/Q[Un,g(u) —0ne(0)] - V(u—0v)" 4+ 2n a(v) /Q (uf —v%) (u—v)t <0. (4.6)
We know that

/Q[O’nys(’(ﬂ —opne(v)] - V(u—v) >0. (4.7)



On the other hand it is clear that
/ (u® —v%) (u—v) >0. (4.8)
Q

So, we can conclude that:

/ [On.e(w) —0ne()] - V(u—0v)T +2n a(v)/ (u® —v%) (u—v)T > 0. (4.9)
Q Q
So from (4.6) and (4.9), we obtain that
/ [0n.e(w) —ne()] - V(uw—0v)t +2n a(v)/ (u® —v%) (u—v)" =0.
Q

Q
Then / (u® —v°) (u — v)* = 0, which implies (u —v)" =0, i.e. u <v. Using

l|ull14e > [|v]|14¢, one finally gets u = v a.e.

Case 2: ||ull14e < [Jo]l14e-
We use the same arguments as in the Case 1, just replacing (u — v)™ by (v —
u)™. O

Thus, we have proved the existence and uniqueness of a positive solution to
the problem (4.1).

Step 2: We prove here that lir%)\prsm =AM
£—
Proposition 4.1. For every n € N*, we have:

lim sup )\14_5,” S )‘1,71

e—0

Proof of Proposition 4.1. Let 6 > 0 be given and ¢ € D(Q) such that

2
I n () :/ Vol +n (/ lo| — 1> <A+
Q Q

But lin6[1+g,n(<p) = I1,»(¢), hence,
E—
limsup Aiqen < A1 + 0.
e—0

0 being arbitrary, we get imsupAitc n < A1 pn. O
e—0

Let now u, . be the positive solution of the minimizing problem (4.1). Using
Poincaré’s and Holder’s inequalities, we get

1

14¢ c

/ Up edr < C’/ [Vupclde < C </ |Vun1€|1+€dz> ||+
Q Q Q

S C/AlJrs,n-

These inequalities show that (un.c)eso and (Vg ec)eso are both bounded in
LY(Q). This means that (uy,c)e>0 is bounded in BV (Q2). We denote by u,, the
limit of some subsequence in BV for the weak topology.

In step 4 we shall precise this limit. In particular we shall obtain u,, as the
restriction to £ of some limit of extended functions w, . by zero outside of 2.



Step 3: we obtain o, = ‘V“" as the weak limit of 0, = |Viy c|* Vg, ..

Let 0pe = |Viune|" " 'Vug,, one sees that o, is uniformly bounded in

L (Q). Let us prove that oy,  is uniformly bounded in every L9(2), for all ¢ <

0. Indeed, let ¢ > 1 be given and let £ be such that g < 1+5 Then

(o)< (]

Then we may extract from it a subsequence, still denoted by o, ., such that
on,e tends to some o, weakly in L?(Q2), for all ¢ < oo and o, . tends to oy, a.e.,
when ¢ tends to 0.

We observe now that ||, [|eo < 1. For that aim, let  be in D(, R"V). Then

’/ on - 77’ < hmlnf /ame -77’ Sligélf/gl|Vun,g|a|n|
1

ﬁia 1+e
< hmmf (/ [V, 5|1+E) </ |77|1+6>
Q

1
. =
< liminf (A4epn) T (/ |77|1+8)
e—0 Q
S/ ).
Q

is uniformly bounded in every LI(Q),q < oc.

e
1+e \ 1He 1+e(l—q)
B |Q| Oree < (.

This implies that ||y, |l < 1.
Let us now observe that ug, .
Indeed, let ¢ be given and let £ be small enough, such that q < %, then

1
q 1 1+e(l—q)
< / |uzg|q> < < / |un,s|1+8) o5 < e
Q ’ Q

Then wy, . = uj, . converges weakly, in every L?(Q2), g < oo, up to a subsequence,
to some w,,, when ¢ tends to 0.
Let us prove that 0 < w,, <1 and (w, — 1)u, = 0. For the first assertion,

let n € D(Q),
= ™=
1+e €
Laneal < (o)™ ()
Q Q Q

1
. 14¢e
< liminf (A4e,) T (/ |77|1+8)
e—0 Q
S/Inl.
Q

Hence 0 < w, <1, Vn e N*.
To prove that (w, — 1)u, = 0, let us observe that wu, . — u, in L*(Q)
strongly for all k < % and wy, . — w, in LYT1(Q) weakly, therefore

/ Wp,elne — | WpUp, Wwhene —0
Q Q



Finally,

/ Wpty, = lim [ wy cup e = lim u}f: = / Up,.
Q e—=0 Jo e—=0 Jo ’ Q
Using the fact that 0 < w,, <1, one gets the result.

Passing to the limit in (4.4), one gets:

—divo,, + 2n (/ Uy — 1> wy = 0. (4.10)
Q

Step 4: Extension of u, . outside Q2 and convergence towards a solution of
(4.3).

Let uy, . be the extension of u, . by 0 in RN \ﬁ Since 1y, = 0 on 012, then
Upe € WHIFTE(RY) and (W, ) is bounded in BV (RY). Then one may extract
from it a subsequence, still denoted (uy, ), such that

Upe — Uy In Lk(RN), Vk< when ¢ — 0,

N -1
with v, = 0 outside of Q and
Vi — Vo, weakly in M'(RY) when e — 0,

We denote by wu,, the restriction of v, to 2. We use in the above some limit o,
of 0y e = |[Vn |71 Vu, . obtained in the third step.

Multiplying the equation (4.4) by @, ., where ¢ € D(RY), and integrating
by parts, one obtains:

/ e V(iinep) + 21 (/ Al 1) / e =0,
Q Q Q

or equivalently

[Vt [ o Voo ([ e -1) [ ato=o
RN Q RN RN

(4.11)
Since 0, — oy, in L1(Q) for all ¢ < oo, in particular for any o > 0, oy, ¢
tends weakly towards o, in LYT%(€). Since 1,  tends strongly towards v, in
L¥(Q), k < 325, one obtains that:

/ On,elne - Vo — / Onpln - Vi,  when € — 0.
Q Q

By passing to the limit in the equation (4.11) and defining, up to extracting a
subsequence, the measure 1 on RY by: lim. o |V (w,)|' T = u, one obtains:

<u,w>+/onun~vw+2n </ vn1>/ Vnp = 0. (4.12)
Q RN RN

On the other hand, multiplying equation (4.10) by v, where ¢ € D(RY), one
gets

/ on - (Vo) +/ Ontin - Vo +2n (/ Uy — 1) / unp =0. (4.13)
QUBN Q Q Q

10



Substracting (4.13) from (4.12), one gets
w=oy,-Vu, in QUIN. (4.14)
This implies in particular, according to Proposition 2.1, that
lp| < |Vu,| in QUOQ,
and

/ |V (tn,e) |8 — |[Vv,| when e — 0.
RN RN

Finally recalling that according to proposition 2.1 , one has Vu,, - 0,, < [Vuy|
on QU 0N one derives that

|Vo,| =0n - Vo, in QUOIN.
Recall that from Proposition 2.1
Vun = Vupxa — tn doa 1,

N
on - VU, = 0, - VUunXa — 0p - T URdaq,

we have obtained

N
On* MUy, = —U, on O0f.

{an -V, = [Vu,|  in Q,

Then u, is a nonnegative solution of (3.3). Moreover, the convergence of [V, |
is tight on €2, i.e.

/|Vun1€|—>/ |Vun|+/ Up, whene — 0.
Q Q a0

Indeed, one has /|Vun76|1+5 — /|Vun| +/ u, when ¢ — 0. Using the
Q Q a9
lower semicontinuity for the extension u, . and Holder’s inequality, we get

lim [ |V, | :/ [V +/ up, < lminf [ |Vuy, (|
Q Q o0 Q

e—0 e—0
1

1+e -
< liminf </ |vun,€|1+€> |Q| =
e—0 Q

The result is proved.

Step 5: The convergence of 4., towards A\;
In this step we explicit the relation between the values Aiy., when n is
large, and the first eingenvalue A\; defined in the first part.

Theorem 4.1. Let u,, be a nonnegative solution of 4.4, then, up to a subse-
quence, as n — o0, (uy) converges to uw € BV (), u >0, u # 0, which realizes
the minimum defined in (1.2). Moreover

lim Al,n = )\1.

n—oo

11



Proof of the Theorem 4.1. For Ay, and A; defined as above, it is clear that we
have:
limsup A1, < A (4.15)

Let (un), be a sequence of positive solutions of the relaxed problem defined in
(3.2). We begin to prove that (u,), is bounded in BV (). For that aim let

2
us note that by (4.15), one gets that n (/ Uy — 1> is bounded by A;, which
Q

2
implies that lim,_ . (/ Up — 1) = 0. Then
Q

lim Uy = 1,

n—oo Q
Hence, (uy)y is bounded in L'(Q).
Using once more (4.15), one can conclude that (u,), is bounded in BV(9).
Then, the extension of each u, by zero outside of Q is bounded in BV (RY).
One can then extract from it a subsequence, still denoted wu,,, such that

u, —u weakly in BV(R™) when n — oo,

obviously u = 0 outside of Q and u > 0 in Q. By the compactness of the Sobolev
embedding from BV (2) into L'(Q), one has ||u|11(q) = 1. Using the lower semi
continuity of th total variation [,y |Vu| with respect to the weak topology, one
has (since u,, — u in L(Q))

2
Alg/ |Vu|§/ |Vu|+n(/ u—l)
RN RN RN
2
/|Vun|+n</ unl)]
RN RN

<limsup A, < A1

n—oo

< liminf
n—oo

Then one gets that
lim Al,n = )\1.

n—oo

Since u = 0 outside of ©, one has on RY Vy = Vuxa — um 850 and then

/ |Vu|:/|Vu|+/ u.
RN Q o0

Moreover, one obtains that:

2
lim n(/un—l) =0,
n—oo O

lim |Vun|:/ |Vu|+/ ).
n—eeJa Q o0

Then, we get the tight convergence of u,, to u in BV ().

and

12



Let us observe that sign™(u,) converges to some w, 0 < w < 1 in every
_N_

L(£2),V q < oo. Using the convergence of u, to u in LI(2), V ¢ < w5, one
gets
/ Uy = / upsign™ (u,) — / u=1 when n — co.
Q Q Q
As a consequence
2n</un1)/un*>)\1 when n — oo,
Q Q
and then also
—Qn(/un—l) — A1 when n — oo.
Q
This ends the proof of the main result. O

The author thanks the referee for its remarks and advices which permit to
improve this paper.
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