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O�lZzZc ��eh[^wn\^e�ly`¤x�liabd)��� P}[o\fe�O�wn\^e�ly`«zZP:[]\fw�\fe�[]\^ehg<abP_[_��� P_[�¢¯ly`N|�\^e�ly`N[��ª��wy[^P�d%wyzbe�wy��P�[^ly`<\)aZ\^e���e�[^c P}[�x�liabd�wyxbxbdflI|%LNP d#��P}[
| l<P ´:|�e�P `<\f[�wnc_d^lZzZYI`NwyO�e�g<abP}[±��lyd%[^g<abP ��P}[�|�ly`�zZe \fe�li`N[�zZP�¢¯ly`N|�\^e�ly`b`NP O�P `<\�¥³wyd^e�P `<\}���±`N[]aNe \fPy�bab`NP O�c�\fLblZzZP�zZP�T¨ly`<\fP�¬
µ"wyd^��l�P_[]\�P O�xb��l�Yyc P
x�liabdrP}[o\fe�O�P_d�zZP}[r[]\fwn\^eh[o\fe�g<abP}[�P_`©aZ\fe���eh[^wy`i\���P
O�lZzZM ��P�wyxbxbdflI|%LNcy����w�O�c�\fLblZzZP
xbd^lix�l<[]c_P:P_[]\
wyxbxb��e�g<abc_P��¨��� lixZ\^e�O�e�[fw�\fe�li`�dfly�NaN[o\fP
zZP:��� wne���P
z�� ab` w³¥Ie�ly`«z�� w! wne�d^Pi��P_`«O�e�`be�O�e�[fwn`<\��hw¨O�l�YyP_`b`bP�P \���w�¥³wyd^ehwn`�|�P:zZa
| l<P ´:|�e�P `<\SzZP�\^d%w#"£`bc P�w³¥iP_| ab`ª`blyOr�bd^P�zZP)T�wy|%LªwnO�ly`<\�ab`N|�P_d]\%wne�`®�
$ ½ �_� » �&% 
 ���'� xZ\^e�O�e�[fw�\fe�li`
zbP#¢¯lydfO�Pi�Ze�`�|�P d^\^e�\^a�zZP_[_�N|�li`N|�P_xZ\^e�ly`
dfly�baN[]\^Pi�ZO�c�\fwyO�lIzbM ��P_[_�bwnc dflZzZYI`NwnO�ehg<abPy�
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K�LNwy`b§Z[�\^l
\^LNP�d^P}|�P `<\#e�O�xbdfl�¥yP_O�P `<\f[�ln¢"`IabO�P dfe�|_wn��O�P�\fLblZzb[#e�`©µ liO�xNaZ\fwn\^e�ly`Nwy� YD��abehz � YI`NwnO�eh| [	�­µ Y���
�wy`Nz�\fLbP
zZP_¥yP_��lix�P_O�P_`<\{ln¢�Lbe��yLªx�P_d]¢¯lid^O�wy`N|�P)| lyO�xbaZ\fe�`b�:|_wnxNwy�be���e�\^e�P_[_�N|�liO�xb��P ²ªwy`Nz
d^P}wn��e�[]\^eh|#xbdfly�b��P O�["¢¯lid{e�`�zZaN[]\^dfe�wy��wnxNxb��e�¬
|_w�\^e�ly`�["wyd^P�`bl�� wizbzZdfP_[f[]P}z:�IY�P `N�ye�`bP P_df["aN[^e�`N�r`IabO�P dfeh| wn� [^e�Orab�hw�\^e�ly`2� � `�\^LNe�[7| ly`<\^P ²<\}�<\^LbP�[]\^aNzZY
ln¢2\fLbP�[]liabd%|�P_[ ln¢
ab`�|�P d^\fwye�`<\oY
wy`Nz�P dfd^lid"e�`�µ Y �~d^P}[]aN� \%[�LNwy[��JP P_`ªwy`�e�`N| d^P}wy[^e�`b��dfP_[^P_wnd%|%L:\flyxbeh| ¢¯lyd�\fLbP���wi[o\7YiP_wnd%[_�

W"P�¢¯lid^P�zZeh[^| aN[^[^e�`b�©ly¢�ab`N| P d^\fwne�`<\oY wn`Nz P_d^dflyd
[]liabd%|�P_[
wn`�z \^LNP e�d
| ��wi[^[^e
�J| w�\fe�li`®�7\fLbP e�d¨zZP��N`Ne \fe�li` eh[�dfP O�e�`NzZP}z��
wi| |�lidfzbe�`b�S\^l�  �    ��Ç SO�P_d^eh| wy` � `�[o\fe \faZ\^P7ly¢J �P dfly`�wnaZ\fe�|_[�wy`N[� S[]\^dfly`NwyaZ\^eh| [�
°�³\fLbP�ab`N| P d^\fwne�`<\oY�e�`
µ Y � eh[��]w x�ly\^P_`i\fe�wy�
zZP���|�e�P `�|�Y�e�`
wn`IY�xbLNwi[]P lyd�wy|°\fe�¥Ie�\oY�ln¢ \^LNP O�lZzZP ��e�`b��xbdflZ|�P}[^[±\^LNwn\ eh[�zZabP{\flr�hwy|%§�ln¢�§<`Nl��7��P}zZ�yP��������­��K�Lbe�[�zZP��N`be�\^e�ly`
ab`�zZP df��e�`bP}[ \^LNP±[o\flZ|%LNwy[]\^eh|�`Nw�\fabdfP�ln¢Zab`N| P d^\fwne�`<\oYy� � `#\fLbP±| ly`<\^d%wndfYy��P_d^dflyd e�`rµ Y � [^e�O�ab�hw�\fe�li`N[ eh[®|���P_wyd^��Y zZP \^P_d^O�e�`be�[]\^eh|
wy`Nzªe�[SzZP��N`NP_z¨wy[��]w�dfP_| ly�y`Ne��}wn�b��P�zZP���| e�P_`N|�Y�e�`�wy`IY
xbLNwi[]P�lidSwy|�\^e�¥Ie \oY�ln¢�\^LbP�O�lZzZP_��e�`b��xbdflZ|�P}[^["\fLNw�\Seh[{`Nln\SzZabP)\^l
�hwy|%§:ly¢�§I`bl��7��P_zZ�iP��������­�kK�LbP}[]P�\o�"l�| ly`N| P xZ\%[7[]liO�P�\^e�O�P_[���P_wiz:\fl:|�ly`b¢¯aN[]e�ly`2�

� `�� � J��­�b[]liabd%|�P_[�ly¢�ab`�|�P d^\fwye�`<\oY
wy`Nz�P dfd^lid�wyd^P#wn`�wn��YI[^P_z
wn`�z�| ��wi[^[^e
��P_z�e�`<\^l�¢¯liabd7O�wne�`ª|_w�\fP �ylid^e�P_[��
�y��jkLIYZ[]eh| wy� O�lZzZP_��e�`b� �

�Çw!
�  [^[^abO�xZ\fe�li`N[�e�`¤\^LbP:j � �"�De�`<¥Ieh[^| e�z$#Nl�����¥Ie�[f|�liaN[�#Nl�����e�`N| lyO�xbdfP_[f[]e��b��P%#Nl�����|%LNP O�e�|_wn����Y+d^P}wy|�\^e�`b�ª�iwy[_�
\fdfwy`N[^e \fe�li`Nwn�>lyd�\fabdf�bab��P `<\&#Nl����ZP�\%|%'

�¯� 
ª SaZ²Ze���ehwndfYrO�lZzZP �h[��D[]\fwn\^P{P}gia�w�\^e�ly`2�y\fLbP dfO�lIzbY<`�wnO�e�|SxbdflyxJP d^\^e�P_[_�n\^d%wn`Nx�lid]\%[kxbdflyxJP d^\^e�P_[_�i|%LbP_O�e�|_wn�NO�lZzZP_��[_�
dfP_wi|°\fe�li`�wn`�z
d%w�\fP_[_�I\^abdf�bab��P `N| P�O�lIzbP �E�ZP�\f|%'

�Ç|�
 W"liab`Nzbwyd^Y�|�ly`�zZe \fe�li`N[(����wn���Ndflyab�iLb`bP}[^[_�n¢Çwyd)�NP_��z
|�ly`�zZe \fe�li`N[_�y¢¯dfP P ¬­[^abd^¢Çwy|�P{| ly`Nzbe \fe�li`N[ �<�yP_lyO�P�\fd^Y�zZP}[^| d^e�xZ¬
\fe�li`®�ZP�\%|%'

�Z� �Seh[f|�dfP�\^e��_wn\^e�ly`�wy`Nz�[^ly��aZ\^e�ly`*�7\^dfab`N|_w�\fe�li`�P dfd^lid��@[]xNwn\^ehwn��wn`Nz�\^P_O�xJlyd%wn�+
°�>e�\^P_dfwn\^e�¥yPr| ly`I¥yP_d^�iP `N| Py�JzZe�[f|�dfP�\fP��iP�¬
lyO�P�\fd^Y
d^P_xbd^P}[]P_`<\fw�\fe�li`®�IP�\%|�'

�b�7v7lyaN`NzI¬­l  �P dfdflyd��,�N`Ne \fP�xbd^P}|�eh[]e�ly`ªwndfe�\^LbO�P�\fe�|-'
�N��jkdfly�yd%wnO�O�e�`b��wy`Nz�aN[]P_d7P dfd^lid('
K�LbP#wn`�wn��YI[^eh[±wn`�z:g<aNwn`<\^e.��|_w�\^e�ly`
ln¢2ab`�|�P d^\fwye�`<\oY�wn`�z�P dfd^lid zZaNPS\fl)\^LNP_[^P�zZe  >P dfP `<\�[^lyaNdf| P_[kL�w³¥yP{�JP P_`�[]\^aNzZe�P_z
�IY

[^P ¥iP d%wn��wnaZ\fLblyd%[_�rj�wnd^\^eh|�aN��wyd^��Yy�®zZeh[f|�dfP�\^e��_wn\^e�ly`+P dfd^lid�L�wy[���P_P `«[]\^aNzZe�P_z�e�`*� �@L/�E�10�dfe�z�wyzNwnxZ\fe�li`�\fP_|%Lb`behg<abP_[	�@[]P_P�¢¯lyd
e�`N[]\fwn`�|�P	� Vb���i�I���@JZ�b�y�/�2
�LNw³¥iP#��P_P `ªxbdflyxJli[^P_z
\^l:|�li`<\^dfly�>\^LNe�[7P_d^dflyd}�kK�LbP�e�`�#NabP_`N|�P�ly¢D�iP liO�P \^dfe�|_wn� ab`�|�P d^\fwye�`<\oY:L�wy[
�JP P_`
wizbzZdfP_[f[]P}z�e�`$���}�Z�N�n�/�E�Z�7LbP_d^P}wy[±ab`N|�P_d]\%wne�`<\oY�d^P_��wn\^P_z�\^lr\^abdf�bab��P `N| P#O�lZzZP_��e�`b��LNwy[ �JP P `ª[]\^aNzZe�P_z�e�`3� �Z�n�Z���n�I�<���­�
K�LbP�e�`�#NaNP `N| P�ln¢�aN`N|�P_d]\%wne�`�xbLIYZ[^e�|_wn� xNwydfwyO�P \^P_df[ ¢¯lyd7�JlyaN`NzbwndfY
| ly`NzZe�\^e�ly`�[�LNwy[��JP P_`ªwizZdfP_[f[]P}z:e�`4� �n�/�E�

WIliO�P
[]liabd%|�P_[�ln¢7P dfdflyd�|_wn`«�JP
O�wyzZP�`bP �i��e��ye��b��P�\^L�wn`b§Z[�\fl�\fLbP
e�`N|�dfP_wi[]P�ly¢S|�liO�xNaZ\fwn\^e�ly`Nwy�±dfP_[^lyabd%|�P}[ �D[]aN|%L wy[
zZeh[f|�dfP�\^e��_wn\^e�ly` P dfd^lid_��e�\^P_dfwn\^e�¥yPª|�ly`I¥iP df�yP `�|�P
P_d^dflyd}��P�\%|n�65{l��"P ¥iP d}��ln\^LNP d�[]liabd%|�P_[rln¢�P dfd^lidrlid�ab`N|�P_d]\%wne�`<\oY«d^P_O�wye�`
[^e��i`be.��| wy`i\{wy`Nz
O�ly\^e�¥³wn\^P#¢¯abd^\^LNP d7dfP_[^P_wnd%|%L
e�`
\^Lbeh[&�NP_��z®�

K�Lbeh[�xNwyx�P_d�zbP_wn�h["�7e \fL�aN`N|�P_d]\%wne�`i\oY:wy`Nwn��YZ[]eh[ d^P_��wn\^P_z:\^l-#NaN|�\^aNwn\^e�`b��lyxJP d%w�\^e�`b��|�li`NzZe�\^e�ly`N[_� K+P�wndfP�e�`<\^P_d^P}[o\fP_z
e�`
g<aNwy`i\fe ¢¯YIe�`b�r\^LbP�e�`7#NabP `�|�P�ln¢®\fLbe�[�aN`N|�P_d]\%wne�`i\oY�li`
wnP_d^lZzZYI`NwyO�eh|{xJP d^¢¯lydfO�wn`N| P{¢¯lid"[^LNwnxJP�lyxZ\fe�O�e��_w�\fe�li`:xbabdfxJli[^Py��K�LbP
�N`�wn�J�yliwy�bln¢ \fLbeh[ []\^aNzbY�eh[�\fl�xbdflyxJli[^P{wn`�wn���ylydfe�\^LbO/\^l)\%wn§iP{e�`<\fl�wy|_|�lyaN`i\±\^Lbeh[±aN`N|�P_d]\%wne�`i\oY�e�`i\fl�wn`:wyaZ\^liO�w�\^eh|{[^LNwnxJP
lixZ\^e�O�e��}w�\^e�ly`ªxbdflZ|�P}zZabdfPy�

� `�\^LNP	�Nd%[o\)xNwyd]\�ly¢"\fLbP�xNwyx�P_d_�2\^LbP:lixZ\^e�O�e��}w�\fe�li`�xNd^li�b��P_O(ab`NzbP d�aN`N|�P_d]\%wne�`i\oY�e�[)zbP��N`bP}z¤wn`Nz¤wªdfP ¥Ie�P_� ly¢ \fLbP
xJli[f[]e��b��P)wnxbxNd^l<wy|%LbP}[k\flr\%wn§iP�e�`<\^l�wy|_|�liab`<\�aN`N|�P_d]\%wne�`i\oY
e�`�\^LbP)zbP_[^e��i`�xbdflZ|�P}zZabdfP�eh[7wy|%LNe�P_¥yP_z®�

� ` w«[^P_|�li`Nz xNwnd^\_���"P¨xbdflyxJli[^Pªw¤O�P \^LblZz \^L�w�\:dfP ��e�P}[�ly` O�P�\%w�¬­O�lZzZP_��[�\^l«P_[]\^e�O�w�\fP�[o\%w�\^eh[]\^eh| [�e�` w�\o� ly¬E��P ¥iP �
O�lZzZP ��e�`b��xbdflI| P_zZaNd^Pi�

� `:w�\fLbe�d%z�xNwyd]\}�n\fLbP{xbdflyxJli[^P_z�O�P�\fLblZz�e�[ zZP O�ly`�[o\fdfwn\^P_z��IY�lyxZ\fe�O�e�� e�`b�)w��7e�`b��[^LNwnxJP7ln¢®w��ba�[]e�`bP_[f[kwye�d%|�d%w�¢£\k�7e�\^L
ab`�|�P d^\fwye�`:¢¯d^P_P�¬¶[o\fd^P}wnO T�wy|%L�`IabOr��P_d_��K�LbP ly�ZmoP}|°\^e�¥yPSln¢ \^LNP xbdfly�N��P_O eh[k\fl�dfP_zZa�|�PS�Jln\fL:\fLbPSO�P_wy`
wn`�z�\^LbP ¥�wndfe�wy`N|�P
ly¢�\fLbP)zZd%wn��|�lIP�´:|�e�P `<\}�
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  zZP�\fP dfO�e�`beh[o\fe�|�[]e�O�ab�hw�\fe�li`Z¬­�Nwy[^P_zª[^LNwnxJP)lyxb\^e�O�e��_wn\^e�ly`¨xbdfly�N��P_O¦| ly`N[^e�[]\f[{e�`�O�e�`be�O�e�� e�`b�
w
|�li[]\{¢¯ab`�|°\^e�ly`

J
���7LNe�|%L

zZP_x�P_`Nzb[Sly`ªw�[]LNwyx�P
Γ

wy`Nzª[o\%w�\fP�¥³wyd^ehwn�N��P}[
W

� � `ªxNwnd%wnO�P�\fd^eh|�wnxbxbdfliwi|%LbP_[_�<\^LbPr[]LNwyx�P
Γ

eh[7d^P_xbdfP_[^P `<\^P}z
�IY�w�[^O�wn���
`IabOr��P_dSln¢±zbP_[^e��i`
¥�wyd^ehwn�b��P_[

x = (xi)i=1,...,n

�J�7Lbeh|%L�wndfP�|�li`N[]ehzZP_d^P}z
wi[7lyxb\^e�O�e��_wn\^e�ly`¨¥�wndfehwn�b��P_[_�7K�LbP)aN[^P)ln¢±[^aN|%L�w
xNwydfwyO�P�\^dfeh|"wyxbxbdfliwi|%L�wy����l��{[D\^l�dfP xb�hwy| P"\^LbP{e�`be�\^ehwn�N[^LNwyx�P7lixZ\^e�O�e��}w�\^e�ly`�xbdfly�N��P_O/ln¢>e�`��N`be�\^P�zZe�O�P_`N[]e�ly`��IYrw#xNd^li�b��P_O
�7e�\^L�w �N`be�\^P7`IabOr��P_d

n
ly¢Jab`N§<`Nl��7`N[ ��W<\fwn\^P7¥�wndfehwn�b��P_[

W
�¯eE� Pi�DxNL<YZ[^e�|_wn�!#Nl�� �NP �hzb[�
�zZP xJP `Nz�e�O�xb��eh|�e�\^��Y�li`�\^LbP{zZP}[]e��y`

¥�wndfehwn�b��P_[{\^Lbdflyab�iL
\^LbP�[o\%w�\^P�P_g<aNw�\fe�li`N[
E(x, W (x, a)) = 0

�N�7LNP dfP
a = (am)m=1,...,M

dfP xNd^P}[]P_`i\%[{[^lyO�P)xNwydfwyO�P \^P_df[
�7Lbeh|%L©zZP��N`bP�lyxJP d%w�\^e�`b��| ly`Nzbe \fe�li`N[�[^aN|%L©wi[�T�wi|%L«`<aNO��JP d}�kwn`b�i��P:ly¢{w�\]\%wy|%§>��P�\%|n� YDe�`Nwn����Yy�kw¨�iP `bP_dfwy�±xNwydfwyO�P \^dfe�|
[^LNwnxJP�lyxb\^e�O�e��_wn\^e�ly`
xbdfly�b��P O |_wn`
��P�P ²Zxbd^P}[^[^P_z�wy[��

T¨e�`be�O�e�� P
J (x, W (x, a)) x ∈ <n,

WIab�bmoP_|°\7\fl
C(x, W (x, a)) ≤ 0,

�]��


�7LbP_d^P
C

d^P_xbdfP_[^P `<\f[rwyzbzZe�\^e�ly`Nwy� �ÇxbLIYZ[]eh| wy� lidr�iP lyO�P \^dfe�|_wn�+
�|�li`N[o\fdfwye�`<\%[ �«WIP ¥iP d%wn� lyxZ\fe�O�e��_w�\fe�li` []\^d%w�\fP �ye�P_[rwn`Nz `<ab¬
O�P dfeh| wn��O�P�\^LNlIzN[S| wy`ª��P�| wndfdfe�P}z
liaZ\{\^l�[]li��¥iP)[]aN|%L�w�xNd^li�b��P_Oª��QSP ¥iP d^\^LbP_��P}[^[_�Nw�\oYIxbeh| wy�2wn���ylid^e�\^LbO \^l
[^ly��¥yP)[^aN|%L�w
xbdfly�N��P_O | wy`
�JP�zZP_[f|�dfe���P}z
wi["¢¯ly����l��{[��

�y�7|%LblIli[^P e�`be�\^ehwn�2zbP_[^e��i`�¥�wndfehwn�b��P_[
x

(0) '
k ← 0

'
�Z����P_�ye�`ªe \fP d%w�\^e�ly`

k
ln¢2\fLbP�lyxb\^e�O�e��_wn\^e�ly`ª��l<lix$'

�b�7[]li��¥iPS\fLbP)[]\fw�\fP�P_g<aNwn\^e�ly`N[
E(x(k), W (x(k), a)) = 0

YIe�P �hzZe�`N�r\fLbP)[]\fw�\fP#¥³wyd^ehwn�N��P}[
W (x(k), a)

'
�N��P_[]\^e�O�w�\^P�\fLbP)|�l<[o\�¢¯ab`N|�\^e�ly`

J (x(k), W (x(k), a))
wn`�z�xJli[f[^e��b��Y:e�\f[7�idfwizZe�P_`<\

∇J (x(k), W (x(k), a))
'

JZ��abx>zbw�\fP#\^LbP)zZP}[]e��y`
¥�wndfe�wy�b��P_[ \^l
x

(k+1) wy|_|�lidfzZe�`b�r\^l�\fLbP�lyxZ\fe�O�e��_wn\^e�ly`ªwn���ylydfe�\^LbO '
�b� �N`beh[]Lªe�\^P_dfwn\^e�ly`

k
ly¢�\fLbP�lyxZ\fe�O�e��_wn\^e�ly`
��lIlyx4'

e ¢�w�[o\flyxbxNe�`b��| d^e�\^P_d^e�ly`
e�[�dfP_wi|%LbP_z:\^LbP_`�WZK � j '
P �h[]P

k ← k + 1
0 � K � []\^P_x �@� 
��

K�Lbeh[±zbP�\^P_d^O�e�`beh[o\fe�|�lixZ\^e�O�e��}w�\^e�ly`�xNd^li�b��P_O/LNwi[��JP P `:[^ly��¥yP}z�aN[]e�`b���idfwizZe�P_`<\]¬­�Nwy[^P_z�O�P \^LblZzb[±lydkP_¥yli��aZ\fe�li`b`Nwyd^Y�wyxZ¬
xbdfliwi|%LbP_[2e�`�¥³wyd^e�lya�[��NP_��zb[_�n[^aN|%L�wy[�wnP_d^lZzZYI`NwyO�eh| [)� �N��JZ�i�}�Z�n�n�Z�³�b�n���y�/�E�³LIYZzZdflIzbY<`�wnO�e�|_[ � �I�<�#J��­�³\^aNd^�JlyO�wy|%LNe�`bP_d^Y-���_� �­�
\fLbP dfO�lIzbY<`�wnO�e�|_[����_�/�­�bP�\%|n�

���-, ./!�
��10 �&
���!'�324!#
5!#��
������6%��7
��6!'�38���9���
:8����;�+
�
�� ���<
>=
WIe�O�aN��wn\^e�ly`Z¬­�Nwy[^P_z
zZP}[]e��y`ªlyxb\^e�O�e��_wn\^e�ly`ªe�`ªwyP dflZzZYI`NwnO�eh| ["LNwy[{��P_P `�wn`¨wi|°\^e�¥yP#dfP_[^P_wydf|%L
\^lyxNe�|�¢¯lid7\^LbP��hwy[]\{YyP}wnd%[�wn`Nz
eh[{`bl�� wnxbxN��e�P_z�\^l
e�`NzbaN[o\fd^ehwn� xNd^li�b��P_O�[ �Nwi[{[^Lbl��7`�e�`¨xbdfP ¥Ie�lyaN[�dfP�¢¯P_d^P_`N|�P}[ � YNlyd{w���ly`b��\fe�O�Pi�Nlyxb\^e�O�e��_wn\^e�ly`ªP�²ZP_df| e�[^P_[
�"P dfPS| wyd^dfe�P_z�lyaZ\ `bP �i��P}|°\^e�`b�)aN`N|�P_d]\%wne�`i\oYi� � \"e�[±O�wne�`b��Y�zZaNP7\^l�\^LbPS¢Çwy|°\±\^LNwn\7µ Y �{¬­�Nwi[]P}z�zZP_[^e��i`�O�P�\^LNlIzbly��ly�ye�P_[k� P_d^P
zZP_¥yP_��lix�P}z
�IYªµ Y �~P ²Zx�P_d]\%[ �Z�7Lbl��"P dfP#`bln\7¥yP_d^Y:¢ÇwnO�e���ehwnd7�7e�\^Lªab`N| P d^\fwne�`<\oY:wn`Nwy��YZ[^e�[7wy`Nz�O�wy`Nwn�iP O�P `<\}�

5Sl�� P_¥yP d}��wyxbxb��e�|_w�\fe�li`�ln¢±[^aN|%L�zZP \^P_d^O�e�`be�[]\^eh|)O�P \^LblZzb[#| wy`���P_wyz¨\^l
aN`bP�²ZxJP_|°\fP_z�x�P_d]¢¯lid^O�wn`�|�P)��li[f[]P}[{e�`�xbd%wy|�\^eh|�P
wy`Nz
aN`Nwy|_|�P xb\fwn�N��P�d^P}[]aN� \%[ � � `NzbP P_z®�I\^LbP#xbdfP_[f|�dfe��JP_z
lyxZ\fe�O�e�� P}z�zZP}[]e��y`
eh[7[]ab�bmoP_|°\�\fl�e�`bLbP_d^P_`<\"�iP lyO�P \^dfe�|_wn�>¥�wndfe�wn\^e�ly`N[
zZaNP�\fl
O�wn`IaZ¢Çwi|°\^aNd^e�`b��\fly��P d%wn`N| P_[_� T¨lid^P_l�¥yP d}�blix�P_dfwn\^e�`b�
|�li`NzZe�\^e�ly`N[_� []a�|%L�wy[�T�wy|%L¨`IabOr��P_d_� wy`b�y��P�ly¢±w�\]\%wy|%§>�JP�\f|y�
wyd^P:[^ab�ZmoP}|°\�\^l¨¥�wyd^ehwn�be���e \oY�wy`Nz�dfwy`NzZliO #NaN|�\^aNwn\^e�ly`N[_��K�LbP_d^P ¢¯lydfPy� \fLbP	�b\f`bP_[f[�ly¢ \fLbP:lyxb\^e�O�wy�±zZP}[]e��y`�xbdfP_zZeh|°\fP_z��IY
µ Y � eh[�aN[^aNwn����Y:`bln\{li�Z\fwye�`NP_z�e�`ªxbd%wy|�\^eh|�Py�bzbabP�\^l��yP_lyO�P�\fd^eh| wy�>ab`N|�P_d]\%wne�`<\oY:wn`Nz
lyxJP d%w�\fe�`N��| ly`NzZe�\^e�ly`
ab`N| P d^\fwye�`<\oYy�

K�l�l�¥yP_df| lyO�Pk\fLbe�[ zZe�´�| ab��\oYy�ydfly�NaN[o\kwy`Nz�d^P_��ehwn�be���e \oY<¬­�Nwy[^P_zrzZP_[^e��i`�O�P \^LblZzb[±wndfP�zbP ¥yP_��lix�P}z �n\fLNw�\±wi[^[^P_[f[D\^LNP7P  >P_|°\%[
ly¢�aN`N|�P_d]\%wne�`i\oY�ly`¤\^LNP
zZP_[^e��y`¤x�P_d]¢¯lid^O�wy`N|�P�zZabdfe�`b�ª\^LbP
lyxZ\fe�O�e��_w�\fe�li`¤xbd^lZ| P_zZabdfPy�
K�LbP�ly�bmoP_|°\fe�¥iP�ln¢ �2��?�9;8.� � �.8.� 3@�
O�P�\fLblZzb[{eh[7\fl�O�e�`be�O�e��_P)\fLbP)xJP d^¢¯lydfO�wy`N|�P#��li[f[{zZabP)\^l:P_¥yP dfYZzbw³Y%#NaN|�\^aNwn\^e�ly`N[_�N�7LNP dfP_wy["\fLbP�wye�O¦ln¢ �2�-A ��
@?-� A � �$	BA�?,
R8-�,�
� �.8.� 3@� O�P�\fLblZzb[Seh[7\fl:O�wn`Nwy�yP�\^LNPr|�li`N[^P_g<abP `�|�P_[{ln¢�P�²I\^dfP O�P�P_¥yP `<\%[ �Ç[^P P��N�yabdfP���¢¯dflyO � �y� �+
��{K�LbP)xbdfP_[^P `<\S�"lydf§:eh[
¢¯lZ|�a�[]P}zªly`
\^LbPrzZP ¥iP ��lyxbO�P `<\{ly¢�`IabO�P_d^eh| wy�®O�P�\^LNlIzN[7¢¯lydSd^li�baN[]\SzZP_[^e��i`ªe�`ª\fLbP�¢¯d%wnO�P �"lydf§�ln¢�dfP_wn��eh[o\fe�|�wyP dflIzbY<`�wnO�e�|
xbdfly�N��P_O�[_��T¨lydfP l�¥iP d}�_�"P7[]abxNx�l<[]P"e�`�\fLbP�`bP�²I\±[^P_|°\fe�li`N[�\^LNwn\�ab`N|�P_d]\%wne�`<\oY�ly`b��Y)lydfe��ye�`Nw�\fP_[2¢¯d^liO�#NaN|�\^aNwn\^e�`b�#lyxJP d%w�\^e�`b�
| ly`NzZe�\^e�ly`�[ �kRS`N|�P_d]\%wne�`i\oY:zbabP#\^l��iP lyO�P \^dfe�|_wn�J\^li��P_dfwy`N|�P}[ eh[�`bly\SwyzbzZdfP_[f[^P_z:LNP dfPy�

\�\^]
_�`#acb�d

in
ria

-0
01

36
49

4,
 v

er
si

on
 2

 - 
15

 M
ar

 2
00

7



� ����� 9���� 3@���,
�9

everyday fluctuations extreme events

pe
rf

or
m

an
ce

 lo
ss

Frequency of event

Reliability is
not an issue

ca
ta

st
ro

ph
e

applications
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Impact of event
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� `
wyP dflZzZYI`NwnO�eh| [_�/�Nd%[o\±wn\]\^P_O�xZ\f[±\^l)dfP_zbaN|�P�\fLbP [^P `N[^e�\^e�¥<e�\oY�ly¢>\^LbP lyxZ\fe�O�wn�JzZP_[^e��y`�\^l)lix�P_dfwn\^e�`b�)|�li`NzZe�\^e�ly`N[ |�li`N[]eh[]\^P_z
e�`©[^ly��¥<e�`b��Orab��\^e�x�lie�`<\rlixZ\^e�O�e��}w�\fe�li`«xbd^li�b��P O�[ ��\^l+xbdfP ¥yP_`<\�¢¯d^liO w�x�l<[^[^e��N��Y¤[]P_¥yP_d^P:zZP_�yd%wyzbwn\^e�ly`�e�` \^LbP�l  J¬­zZP}[]e��y`
xJP d^¢¯lydfO�wn`N| Py��  O�ab��\^e�x�lie�`<\±lixZ\^e�O�e��}w�\fe�li`�xNd^li�b��P_O | ly`N[^e�[]\f[�e�`�d^P_xb�hwy|�e�`b��\^LNPS|�l<[o\�¢¯ab`�|°\^e�ly`�e�`�\^LbP |��hwy[f[]eh| wy�I¢¯lydfO�ab�hw�¬
\fe�li`4�]��
°�I\fLNw�\7eh["P ¥�wn��aNw�\fP_z:¢¯lyd7w�x�wnd^\^eh|�ab�hwnd7[^P�\�ln¢�lix�P_dfwn\^e�`b�r| ly`Nzbe \fe�li`N[

a
�Z�IY:wr�"P e��yL<\fP_z:[^abO·ly¢

N
| li[]\ ¢¯aN`N|°\fe�li`N[

P_¥³wy��a�w�\^P}zªw�\{zZe  JP_d^P_`i\S[^P�\%[�ln¢DlyxJP d%w�\^e�`b��|�li`NzZe�\^e�ly`N[
(ai)i=1,...,N

�

T¨e�`be�O�e��_P N∑

i=1

ωiJ (x, W (x, ai)) x ∈ <n

N∑

i=1

ωi = 1,

WIaN�ZmoP_|�\7\^l
C(x, W (x, ai)) ≤ 0 i = 1, . . . , N.

�E� 


K�Lbeh[�[o\fdfwn\^P_�yY¤LNwy[r�JP P ` wnxbxN��e�P_z \^l¤wne�d]¢¯lie��"zZP_[^e��i`©e�`©lidfzZP_d)\fl+dfP_zZa�|�P:\fLbP¨zZd%wn��l�¥iP drw�T�wi|%L dfwy`b�yP
lyd�lyxZ\fe�O�e�� P
\fLbP+[^LNwnxJP�wn\
|�dfabeh[]P+wn`Nz �hwn`Nzbe�`b� #Ne��iL<\�|�li`NzZe�\^e�ly`N[�[]e�O�ab��\fwy`bP liaN[^��Y �Ç[^P P¨¢¯lid
e�`N[]\fwn`�|�P ���³�<�7�
Vb�"�i� �+
��/K�LbP�O�wye�`
zZe�´:|�ab��\oY
d^P_��wn\^P_z�\fl�\^Lbeh[Swyxbxbdfliwy|%L�e�[{\^LbP��"P ���2§I`bl��7`	�]x�lie�`<\]¬­lyxb\^e�O�e��_wn\^e�ly`ªP  >P_|�\ ����\^LNP�[]li��ab\^e�ly`¨zZP xJP `�zb[S| d^e�\^eh| wy����Y
li`«\^LbPª|%Lblie�| P:ln¢{lix�P_dfwn\^e�`b��|�li`NzZe�\^e�ly`N[

(ai)i=1,...,N

�¤WIe�`N| P
`bl+d^P}giaNe�dfP O�P `<\�eh[re�O�xJli[^P_z«¢¯lid)\fLbP
| li[]\�¢¯ab`�|°\^e�ly` w�\
ly\^LbP_d�lix�P_dfwn\^e�`b�¤|�ly`�zZe \fe�li`N[_�k\^LNP
lixZ\^e�O�e��_P d�YIe�P_��z w�zZP_[^e��i`©¢¯aN����Y©wyzNwnxZ\fP_z«\fl�\^LbP

N
lyxJP d%w�\^e�`b��|�ly`�zZe \fe�li`N[�ab`NzZP_d

| ly`N[^e�zbP d%w�\^e�ly`
(ai)i=1,...,N

�}wy`Nz�\^LbP�lixZ\^e�O�e��_P_z�zZP}[]e��y`#xbdfP_[^P `<\%[>x�P_d]¢¯lid^O�wn`�|�PkzZP_�yd%wyzbwn\^e�ly`{¢¯lid®e�`i\fP dfO�P_zZehw�\fP�lyxJP d%w�\^e�`b�
| ly`NzZe�\^e�ly`�[ � � \±��wy[ []Lbl��7`�e�` � �
V ��\^LNwn\ e�`�lyd%zZP d�\flrw³¥ilyehz)\fLbPSxJlye�`<\]¬­lyxZ\fe�O�e��_w�\fe�li`�P  >P_|�\_�i\^LbP `<aNO��JP d

N
ly¢ lyxJP d%w�\^e�`b�

| ly`NzZe�\^e�ly`�[�[^LblyaN��z#�JP±�hwndf�yP_d \^LNwy`�\^LNP±`IabO��JP d
n
ln¢bzZP}[]e��y`�¥³wyd^ehwn�N��P}[ �2K�LNP dfP�¢¯lydfPy�_\^LNe�[DwnxbxNd^l<wy|%L�| wy`b`bln\���P"|�ly`�[]ehzZP dfP_z

wi[7w�[fw�\fe�[]¢Çwy|�\^lid^Y:wy`N[]�"P d"\fl�d^li�baN[]\7zbP_[^e��i`�xbdfly�N��P_O�[_�
WIliO�P e�O�xbd^l�¥iP O�P `<\%[±ly¢®\^LbP�| ��wi[^[^e�|_wn�JO�ab��\^e�xJlye�`i\{wyxbxbdfliwy|%L
LNw³¥yP ��P_P `
d^P_x�lid]\fP_z�e�`$� ��� �2wn`Nz3� �@V �E� � `
\^LbP�¢¯lid^O�P d}�

w�d%wn`�zZlyO¦|%Lblyeh|�P�ly¢D\fLbP)lix�P_dfwn\^e�`b�:|�li`NzZe�\^e�ly`N[
(ai)i=1,...,N

e�`�w��ie�¥iP `ªe�`i\fP df¥�wn�
[amin, amax]

¢¯lid{P_wi|%Lª| li[]\{¢¯ab`N|�\^e�ly`
P_¥³wy��a�w�\^e�ly`��"wi[SxbdflyxJli[^P_z¨\^l�w³¥ilyehz
\^LbPr\^P}zZe�lyaN[#|%Lblie�| P�ln¢klix�P_dfwn\^e�`b��| ly`Nzbe \fe�li`N[ � � `�\^LbP���wn\]\fP d}�>w
`bP � [^|%LbP_O�P���wy[
xbdflyxJli[^P_z®�b| wn����P_z ���2���7A"�=�,���$� � �"!#
��$����� �?���(�1�#� �N\^LNwn\{d^P_��e�P_[�li`¨wyzbwyxZ\^e�¥yP�wyz�moaN[o\fO�P `<\f[Sln¢D\^LbP��"P e��yL<\f[

(ωi)i=1,...,N

\^l
wi|%Lbe�P_¥yP
w�|�ly`�[]eh[o\fP `<\�dfP_zZa�|°\^e�ly`«ly¢�\^LbP
|�li[]\)¢¯ab`�|°\^e�ly`

J
l�¥yP_d�w¨d%wn`b�iP:ln¢7lyxJP d%w�\fe�`N��|�ly`�zZe \fe�li`N[_� � ` � �Z���7wyzbwyxZ\^e�¥yP

�"P e��n\fLN[�eh[)wn�h[]l
xbdflyxJli[^P_z+e�` | ly`�moaN`N|°\fe�li`��7e�\^L«wª`bP_� [f|%LbP_O�P�\fLNw�\�xJP dfO�e \%[#\^l�wyaZ\^liO�w�\^eh| wy����Y�wizbz�`NP � x�lie�`<\f[�\^l
xbdfP ¥iP `<\�¢¯d^liO·l  J¬¶zZP_[^e��i`���li[f[_�

C�� [�� M 	 ½ ���_� » �y�b� ¹ ��P+P�� ½ �b�RQ

K�Lbeh[�wnxbxNd^l<wy|%L¤xbdflyxJli[^P_[�\fl�O�e�\^e��iw�\fP:\fLbP
zbP�\^dfe�O�P_`<\fwn�"P  >P_|�\f[rln¢{\fLbP
� lidf[]\]¬¶| wi[]P�xJP d^¢¯lydfO�wy`N|�Pi�+K�LbP
ly�bmoP_|°\fe�¥iP:ln¢
[^aN|%L¤w
O�P�\fLblZz�eh[ \^l¨zZP \^P dfO�e�`NP�w
[]L�wnxJPy�®�7Lbl<[]P��"lyd%[o\�x�P_d]¢¯lid^O�wn`�|�P)¢¯lid#lyxJP d%w�\^e�`b�ª|�li`NzZe�\^e�ly`N[�¥�wndfYIe�`b��e�`¤w��ye�¥yP `
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e�`<\^P df¥�wn�E�beh[7wy[��ylIlZzªwy[�xJli[f[]e��b��Py�kK�LbP_`®�Z\fLbP)wne�O eh[�`bln\7\fl�ly�Z\%wne�`
w�[fw�\fe�[]¢Çwy|�\^lid^Y%�b\f`bP_[f[�¢¯lid7dfwy`NzZlyO #NaN|°\faNw�\fe�li`N[�ln¢
lix�P_dfwn\^e�`b�
| ly`Nzbe \fe�li`N[ � �NaZ\#\^lªP `N[^abdfP�\fLNw�\#\fLbP�x�P_d]¢¯lid^O�wn`�|�PrzbP �yd%wyzNw�\^e�ly`+w�\�\^LbP��"lyd%[o\#lyxJP d%w�\fe�`b�
|�li`NzZe�\^e�ly`N[�eh[�wy[
[^O�wn���2wy["xJli[f[]e��b��Py�

YNlyd)w
�ye�¥yP_`�[^LNwnxJP�zZP���`bP_z��IY
x
��[]abxNx�l<[]P�\^L�w�\

ã(x)
d^P_xbd^P}[]P_`<\f[ \^LbP�lix�P_dfwn\^e�`b�ª|�ly`�zZe \fe�li`N[�¢¯lyd��7LNe�|%L�\^LNP:|�li[]\

¢¯ab`�|°\^e�ly`ªeh[�\^LNP�� lidf[]\"l�¥iP d7w��ye�¥yP_`�d%wn`b�iP
[amin, amax]

�
T�wn²Ze�O�e�� P

J (x, W (x, a)) a ∈ [amin, amax],
WIaN�ZmoP_|�\7\^l

C(x, W (x, a)) ≤ 0.

�@� 


K�LbP)| lydfd^P}[]xJly`�zZe�`N�r|�l<[o\7¢¯aN`N|°\fe�li`
¥�wy��abP#eh[��

Jmax(x) = J (x, W (x, ã(x))).
�¯� 


K�LbP_`®�Z\fLbP)[]L�wnxJP�lixZ\^e�O�e��}w�\fe�li`
xNd^li�b��P_O·�JP_|�liO�P_[��
T�e�`be�O�e��_P

Jmax(x) x ∈ <n.
�$J 


K�Lbeh[�xbdfly�b��P O �JP ��ly`b�<[{\fl
\fLbP�|��hwy[f[Sly¢±�"P ����§I`bl��7` �]T¨e�`NT�wn²!��xbd^li�b��P O�[ � [^e�`�|�Pr¢¯lyd�P_wy|%L�[o\fP x+ln¢k\fLbPrO�e�`be�O�e��_wn\^e�ly`
xbdfly�N��P_O ��J 
���\^LNP"O�wn²Ie�O�e��}w�\fe�li`�[]aN�bxbdfly�b��P O �@� 
2LNwy[�\^l��JP�[^ly��¥yP}z��Nd%[o\}��� abP \^l�\^LNP"zZe�´:|�ab��\oY�\fl�[^ly��¥yP"[]aN|%Lrxbdfly�b��P O�[
�¯\^LNwn\S| wn`ª�JP�`bly`b¬­zZe  >P dfP `<\^ehwn�b��P�
��bw�zZe�[f|�dfP�\fP�¢¯lydfO�ab�hw�\fe�li`
eh[7ln¢£\fP `¨wyzZlixZ\^P}z
e�`ªxbd%wy|°\fe�| P �IY�d^P_xb��wi|�e�`b� �Ç� 
"�IY��

T�w�²Ze�O�e�� P
J (x, W (x, ai)) i = 1, . . . , N,

WIab�ZmoP}|°\7\^l
C(x, W (x, ai)) ≤ 0,

�@� 


�7LbP_d^P
(ai)i=1,...,N

e�[�w�zZe�[f|�dfP�\fe��}w�\fe�li` ln¢{\fLbP
e�`<\^P_d^¥�wy�
[amin, amax]

�© S� \fLblyaN�yL \fLbeh[�¢¯lid^Orab�hw�\^e�ly` []P_P O�[rzbe  >P dfP `<\
\fLNwn`ª\fLbP)O�aN� \fe�xJlye�`<\Swnxbxbdfliwi|%L®�Ze�\SLNwy[{��P_P `¨[]LNl��7`
e�`ª\^LNP)|�ly`<\fP�²I\{ln¢kwne�d^¢¯lye��®zZP_[^e��i` �Ç[^P P	� �
V �2
"\^L�w�\{\fLbP_[^P�xbdfly�b��P O�[
|_wn`¨�JP)O�w�\^LNP O�w�\fe�|_wn����Y�P_g<abe�¥³wy��P_`<\Sab`NzZP_dS[^lyO�P�wy[f[^abO�xZ\^e�ly`N[_� K�LNP dfP�¢¯lydfPy�b\^LbP�zbe�[f|�dfP�\fP�wnxbxNd^l<wy|%L��Ç� 
7\^P `�zb[Swy��[^l�\^l
xbdflZzZaN| P�dfP_[^ab��\f[ \^L�w�\)zZP xJP `�z�| d^e�\^eh| wy����Y¨ly`�\^LbP:|%LNlyeh|�P�ln¢ lix�P_dfwn\^e�`b��| ly`Nzbe \fe�li`N[

(ai)i=1,...,N

��T¨lydfP��yP `NP d%wn����Yi�>\^Lbeh[
wyxbxbdfliwy|%L�ly`N��Y�e�O�xbdfl�¥yP}[#\^LNP:� lidf[]\]¬¶| wi[]P�xJP d^¢¯lydfO�wn`N| P:wn`Nz«zZlIP}[�`bln\�|�ly`�[]ehzZP d)\^LbP��y��ly�Nwy�k��P_LNw³¥Ie�lid)ln¢�\fLbP	�b\f`bP_[f[
�7LbP_`ªlyxJP d%w�\^e�`b��|�li`NzZe�\^e�ly`N[&#�aN|°\faNw�\fPy�

C�� [�� [ D�F � ¹ ���b� %7� F � % º �#GÇ����P+PD� ½ �b�RQ

K�LbP �Nwy[^eh|7e�zbP_w�ly¢®e�`<\^P_d^¥�wy��wn`�wn��YI[^eh[�e�[±\^lrzZP�\fP dfO�e�`bPS\^LbP e�`<\^P_d^¥�wy�Ne�`:�7Lbeh|%L�\^LbP�|�li[]\±¢¯aN`N|°\fe�li`:¥�wndfe�P}[kwy[k\^LbP lyxJP d%w�\^e�`b�
| ly`NzZe�\^e�ly`�[ #NaN|�\^aNwn\^P)e�`�w��ye�¥yP_`ªe�`<\^P_d^¥�wy�@��K�LbP `2��w�\o�"ln¬­ly�ZmoP}|°\fe�¥iP lixZ\^e�O�e��}w�\^e�ly`¨xNd^li�b��P_O eh[S[^ly��¥yP}z �Z\^L�w�\ | ly`N[^e�[]\f[{e�`
O�e�`be�O�e�� e�`b��\^LNP�O�P}zZehwn`ª¥�wn��abP#ln¢D\^LbP)| li[]\"¢¯aN`N|°\fe�li`®�b�7Lbe���P#O�e�`be�O�e�� e�`b��\^LNP�P�²I\^P_`i\{ly¢�e�\f[7e�`<\^P_d^¥�wn� ly¢D¥�wyd^ehw�\fe�li`®�

WIaNxbx�l<[]P�\fLNw�\)lix�P_dfwn\^e�`b�ª|�ly`�zZe \fe�li`N[�#Na�|°\^a�w�\^P�e�`�\^LbP�e�`<\^P_d^¥�wn�
[amin, amax]

� Yblyd)w
�ie�¥iP `¤[]LNwyx�P:zbP��N`bP}z��<Y
x
�

\fLbP lix�P_dfwn\^e�`b��| ly`NzZe�\^e�ly`�[
â(x)

wy`Nz
ã(x)

\fLNw�\�dfP_[^x�P}|°\^e�¥yP_��Y�|�lid^dfP_[^xJly`Nz�\fl)\^LNPS�JP_[]\�wy`Nz��"lyd%[o\ | li[]\±¢¯ab`�|°\^e�ly`�¥�wn��abP_[_�
wyd^P#ly�b\fwne�`bP}z
�IY
[^ly��¥Ie�`b��\fLbP#\o� l�¢¯li����l��7e�`N��[^ab�bxbdfly�N��P_O�[��

T�wn²Ze�O�e�� P
J (x, W (x, a)) a ∈ [amin, amax],WIaN�ZmoP_|�\7\^l
C(x, W (x, a)) ≤ 0;

�­� 


T¨e�`be�O�e�� P
J (x, W (x, a)) a ∈ [amin, amax],

WIab�ZmoP}|°\7\fl
C(x, W (x, a)) ≤ 0.

��L 


K�LbP)| lydfd^P}[]xJly`�zZe�`N���JP_[]\Swn`Nz
�"lyd%[o\7|�l<[o\�¢¯ab`N|�\^e�ly`ª¥�wn��abP_[SwndfP �

Jmin(x) = J (x, W (x, â(x))) Jmax(x) = J (x, W (x, ã(x))).
��V!


K�LbP_`®�Z\fLbP#\o� ly¬Eli�ZmoP_|�\^e�¥yP#[]L�wnxJP�lixZ\^e�O�e��}w�\fe�li`�xbdfly�N��P_O·e�[S[]li��¥iP_z��

T¨e�`be�O�e�� P { (Jmax(x) + Jmin(x)) /2
(Jmax(x)−Jmin(x))

x ∈ <n.
�o�}� 


µ li`i\fdfwyd^Y�\^l�\^LbP�xbdfP ¥Ie�liaN[kO�P \^LblZzb[_�<\^LbP e�`<\^P_d^¥�wy�Jwy`Nwn��YZ[]eh[kwnxNxbd^l<wy|%L�|���P_wyd^��Y�zZP��N`NP_[ d^li�baN[]\"zZP}[]e��y`:wi[ wr|�lyO�xbdflyO�eh[]P
�JP�\o�"P P_`�\o� lS�yliwy��[��>e�`�|�dfP_wy[^P�\fLbP �b\f`bP_[f[�ln¢I\^LbP"[]YZ[]\^P_O¡wy`Nz#dfP_zZaN| Pk\fLbP �b\f`bP_[f[®¥�wyd^ehw�\fe�li`N[ � �SP}[]xbe�\^P±\^Lbeh[�e�O�xbdfl�¥yP_O�P_`<\_�
\fLbP�O�P�\fLblZz¨LNwi[ [^P ¥iP d%wn�®zZd%w³�7�Nwy|%§Z[_�ZY�e�d%[o\}�N\fLbP)\o�"l
[^ab�bxbdfly�b��P O�[ wndfP�[]e�O�e��hwnd{\^l$�@� 
7¢¯lyd{\fLbP��"lyd%[]\]¬¶| wy[^P�wnxbxNd^l<wy|%L®�
  [{P�²Zxb�hwne�`bP}z
wy��l�¥iPy�b[^ly��¥Ie�`b�:zbe�dfP_|�\^��Y:\^LNe�[7§Ie�`Nzªln¢�xbdfly�b��P O�[7eh[�\fP_zZe�lyaN[{¢¯lydS| lyO�xb��P�²ªwnxbxb��eh| w�\fe�li`N[_� WIlyO�P)[^ln¢£\o��wndfP_[
P ²Ieh[]\_� \fLNw�\�wyaZ\^liO�wn\^eh| wy����Y¨x�P_d]¢¯lid^O e�`<\^P_d^¥�wn��wy`Nwn��YZ[]eh[ �-5{l��"P ¥iP d}�>wi[#P�²Zxb�hwne�`bP_z�e�`6� �i� �­� \fLbP e�d�aN[^P�e�`+\^LbP:| ly`<\^P ²<\#ln¢
µ Y � []li��¥iP d%[#P�²ZLbe��be�\f[�[]e��y`be.��|_wn`<\rzZe�´:|�ab��\^e�P_[_�kzZabP
\^l¨\fLbP
wy���ilydfe \fLbO�e�|�| lyO�xb��P�²Ze�\oY+ly¢S[]aN|%L | lZzZP_[_�+WIP}|�ly`�zZ��Yi�D\^Lbeh[
wyxbxbdfliwy|%L:zbl<P}[k`bly\ \%wn§iP{e�`<\flrwy|_|�liab`<\k\^LbP(�b\f`bP_[f[±¥�wyd^ehw�\fe�li`N[ke�`N[^e�zZPS\^LbP e�`<\fP df¥³wy�

[Jmin(x),Jmax(x)]
� � `b��Y�P�²I\^dfP O�P

P_¥yP `<\%[7wndfP#| ly`N[^ehzZP dfP_z:¢¯lyd�\^LNP)[]LNwyx�P#lixZ\^e�O�e��}w�\^e�ly`ªxbdfly�N��P_O �o�}� 
°�
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L ����� 9���� 3@���,
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C�� [���� N �}�Z��G@� �#GÇ�y� %"�1P�PD� ½ �b�RQ

� `ª\fLbP�[]\fw�\fe�[]\^eh| wy��wyxbxbdfliwy|%L2�Zly`bP)| ly`N[^e�zbP d%[�\^LbP�#NaN|°\faNw�\fe�`N�:lyxJP d%w�\fe�`b��| ly`NzZe�\^e�ly`�[
a = (am)m=1,...,M

wi[{[^wyO�xb��P}[7ln¢
d%wn`NzblyO ¥�wndfe�wy�b��P_[

A = (Am)m=1,...,M

�®�7Lbli[^Pr[]\fwn\^eh[o\fe�|_wn��|%LNwydfwi|°\^P_d^eh[]\^eh| [Swyd^P�§I`bl��7` �ÇO�P}wn`
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A )m=1,...,M
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m
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�� � `bP:wy��[^l¨[]abxNx�l<[]P}[#¢¯lyd�\fLbP:[fwn§yP�ly¢7[^e�O�xN��eh|�e�\oY�\fLNw�\)\fLbP�d%wn`NzZliO ¥�wndfehwn�b��P_[
(Am)m=1,...,M

wyd^P:e�`NzZP_x�P_`NzZP_`i\}�+K�LbP
[o\%w�\fe�[]\^eh| wy� |%LNwydfwi|°\^P_d^eh[]\^eh| [#ln¢{lix�P_dfwn\^e�`b��|�li`NzZe�\^e�ly`N[r| wy` ��P
zZP�\fP dfO�e�`bP}z¤�IY
P ²IxJP dfe�O�P_`<\fwn�#O�P_wi[]aNd^P_O�P_`<\f[�lyd
P `b�ie�`bP_P dfe�`N�©P�²ZxJP dfe�P_`N|�Pi� 0#wnaN[f[^e�wy` jkdfly�Nwy�be���e�\oY � P `�[]e�\oY Ybab`�|°\^e�ly`�[4�Çj � YN[�

lyd
\fd^ab`�| w�\fP_z 0#wna�[^[^e�wy`
j � YN[ wndfP ly¢£\^P_`
a�[]P}z�e�`ªxbd%wy|°\fe�| P-�@[]P_P	� �y� �®¢¯lid7e�`N[]\fwy`N|�P 
°�

K�LbP"O�wne�`r| ly`N[^P_g<abP_`N|�P ln¢b\fLbe�[�wi[^[^abO�xZ\^e�ly`�e�[�\^L�w�\D\^LbP�|�l<[o\D¢¯ab`N|�\^e�ly`�ly¢b\^LNP"xNd^li�b��P_O¡e�[�wn�h[^l w{d%wn`�zZlyO¡¥�wndfe�wy�b��P
J
�

 7|_|�lyd%zZe�`b��\fl�\fLbP���li`
Q{P_abO�wn`b`b¬­T¨lid^�iP `N[]\^P_d^`:zbP_|�eh[^e�li`�\^LbP_lydfY � �Z�b�y� �E�<\fLbP �JP_[]\7|%Lblyeh|�P e�[±\^LbP_`:\flr[^P ��P_|°\"\^LNP�zZP}[]e��y`
�7Lbeh|%L ��P_wizb[�\fl�\^LNP
�JP_[]\rP�²ZxJP_|�\^P_z �b\^`bP}[^[_�+K�LNe�[�e�[r§I`bl��7` wy[)\^LbP
T�w�²Ze�O�abO���²ZxJP_|°\fP_z��kwy��aNP$�ÇT���� 
r|�dfe \fP dfe�li`®�
K�LbP�zZP}|�eh[]e�ly`�lyd7zZP}[]e��y`�\^LNwn\7O�e�`be�O�e��_P_["\^LNP�dfeh[]§�eh[�§I`bl��7`�wi[±\fLbP"� W�w³YiP_[ � zZP}|�eh[]e�ly`��{wy`Nz:eh[7[^ly��aZ\^e�ly`�ln¢2\fLbP�¢¯ly����l��7e�`b�
xbdfly�N��P_O �

T¨e�`be�O�e��_P
µJ =

∫

Ω(A)

J (x, W (x, a)) ρA(a) da x ∈ <n,

WIaN�ZmoP_|�\7\^l
P [C(x, W (x,A)) ≤ 0] ≥ p.

�o�i��


Ω(A)
wy`Nz

ρA

wyd^P#\fLbP)d%wn`b�iP#wy`Nz�\^LbP�j ��Y ly¢D\fLbP)d%wn`NzblyO·¥�wndfehwn�b��P
A

��K�LbP `2�b\^LNP�T ���/| d^e�\^P_d^e�ly`�moaN[]\ | ly`N[^e�[]\f[{e�`
O�e�`be�O�e�� e�`b�
\^LbP�[]\fw�\fe�[]\^eh| wy��O�P}wn`

µJ

ln¢±\^LbP�|�l<[o\�¢¯ab`N|�\^e�ly`®� � `bPr|_wn`�`Nln\^eh|�Pr\^L�w�\�\^LbP�|�li`N[]\^d%wne�`i\�e�[�`bl��~P ²Zxbd^P}[^[^P_z
�7e�\^L�w�xbdfly��wn�be���eh[]\^eh|S¢¯lid^Orab�hw�\^e�ly`,��\^LbP)xNd^li�Nwn�be���e \oY

P
\^L�w�\{\fLbP)|�li`N[o\fdfwye�`<\

C(x, W (x,A)) ≤ 0
e�[{¥yP dfe.�NP_zª[^Lblyab�hz
��P

�hwndf�yP_d \fLNwn`¨w�xbdfP_[f|�dfe��JP_z�¥�wn��abP
p
�

K�Lbeh[
wyxbxbdfliwi|%L eh[�w©[]e��y`be.��|_wn`<\:e�O�xbdfl�¥yP_O�P `<\:l�¥yP_d:xbdfP ¥Ie�liaN[�O�P�\fLblZzb[_� K�LbP�dfly�baN[]\�zZP}[]e��y` xNd^li�b��P_O eh[:`Nl��
| ly`N[^e�zbP dfP_z:�7e�\^LNe�`ªw�dfe��ylydflya�[±[]\fw�\fe�[]\^eh| wy�J¢¯dfwyO�P_� lid^§>�DK�Lbe�[�wy����l��{[k\fl�\fwn§iPSe�`<\^l�wy| | lyab`<\"\^LbP#d%wn`NzblyO #NaN|�\^aNwn\^e�ly`N["ln¢
\fLbP �N\^`bP}[^["e�`:\^LNP lixZ\^e�O�e��}w�\^e�ly`
xbd^li�b��P Oª�I�baZ\7wn�h[]l�\^lr|_wndfP wy��liaZ\±\fLbPS¢¯dfP_g<abP_`N|�Y�ly¢2lZ| |�aNd^P_`N|�P ln¢ \^LNP P_¥yP `<\%[ �<\^L�wn`b§Z[
\fl�j � YN[_��K�LbP `2�2\fLbP
O�li[]\�xbdfly��wn�b��P�P ¥iP `<\f[�L�w³¥yP:wª�hwndf�yP d�e�`�#NaNP `N| P
e�`¤\^LbP
zbP_|�eh[^e�li`¤\^LNwy`«P�²I\^dfP O�P
wy`Nz�ab`b��e�§iP ��Y
P_¥yP `<\%[ �

5Sl�� P_¥yP d}�bxbdfly�N��P_O �]�y��
SzZlIP_[S`bln\#wyzbzZdfP_[f[7\fLbP�¥�wyd^ehwn�be���e \oY
ln¢�\^LNP �b\f`bP_[f[_�SK�LbP�O�P}wn`�¥�wn��abP)ly¢�\^LbP �b\^`NP_[f[Seh[{\fLbP
li`b��Y:| d^e�\^P_d^e�ly`:\^LNwn\�eh[�|�li`N[]ehzZP_d^P}z�e�`
\^LbP"�2W�w³YyP_[ � zZP_| e�[^e�li` �°� Yblid P_`b�ye�`bP P_d^e�`b�rxbd^li�b��P O�[ �Ili`bP�wy��[^l��"lyaN��z
��e�§yPS\^l�[]P_��P}|°\
w�zZP}[]e��y`�¢¯lidk�7Lbeh|%Lr\fLbP �b\f`bP_[f[�eh[�`bly\ []aN�ZmoP_|�\�\^l��hwndf�yP�¥�wndfe�wn\^e�ly`N[�wi[�lyxJP d%w�\fe�`b��| ly`NzZe�\^e�ly`�[ #NaN|�\^aNwn\^Py��K�LbP_`®�iw�[^P_| ly`Nz
| d^e�\^P_d^e�ly`:eh[ ln¢£\^P_`)molie�`bP}z�\^lr\^LNP T ���~| d^e�\^P_d^e�ly`®�i\^L�w�\ dfP ��e�P_[ ly`�\fLbP O�e�`be�O�e��_wn\^e�ly`:ly¢®\^LNP ¥�wndfehwn`N| P

σ2
J

ln¢®\fLbP"�b\f`bP_[f[��

T¨e�`be�O�e��_P { µJ =

∫

Ω(A)

J (x, W (x, a)) ρA(a) da

σ2
J =

∫

Ω(A)

(J (x, W (x, a)) − µJ)2 ρA(a) da
x ∈ <n,

WIaN�ZmoP_|�\7\^l
P [C(x, W (x,A)) ≤ 0] ≥ p.
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K�Lbeh[Dwnxbxbdfliwi|%L)wne�O�[�wn\DzZP \^P dfO�e�`Ne�`b�#w7\fdfwizZP�¬­l  ���P \o� P_P `�\^LbP"P�²ZxJP_|°\fP_z��N\^`bP}[^[�wn`�z#\^LbP"P�²ZxJP_|�\^P_z��b\^`NP_[f[2¥�wndfehw�\^e�ly`
wi[±lix�P_dfwn\^e�`b��|�li`NzZe�\^e�ly`N[±dfwy`NzZliO���Y�#NaN|°\faNw�\fPy�k S� \fLblyab�iL�\^LNe�["wnxbxNd^l<wy|%L�e�["[fw�\^eh[]¢Çwy|°\flydfY�¢¯dflyO \^LNP lydfeh| wn�Jwn`Nz:xbdfwi|°\fe�|_wn�
¥Ie�P �7xJlye�`i\%[ �Ie�\f[7wyxbxb��e�|_w�\^e�ly`
e�["`bly\�[]\^d%wne��n\fLZ¢¯lydf�"wydfz®�®j�wnd^\^eh|�ab�hwndf��Yi�y\fLbP#P_[]\^e�O�w�\^e�ly`
ln¢®\fLbP#O�P}wn`
wn`Nz�¥�wyd^ehwn`N| P |_wn`
�JP
\fP_zZe�lyaN[7¢¯lyd{|�liO�xb��P ²ªµ Y � wnxNxb��eh| wn\^e�ly`N[_��K�Lbeh[�e�[f[]aNP�e�[7zZP \fwye�����P}z
e�`
\^LNP�`NP�²I\S[]P}|°\fe�li`N[ �
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K�LbP#[]\fw�\fe�[]\^eh| wy�Jwyxbxbdfliwi|%L:zZP_[f|�dfe��JP_z�wn�Jl�¥yP{dfP ��e�P_[ ly`:\fLbP�P_[]\^e�O�wn\^e�ly`�ln¢2[]\fw�\fe�[]\^eh| wy� gia�wn`<\^e�\^e�P_[ d^P_��wn\^P}z�\^lr\^LbP�d%wn`NzZliO
| li[]\±¢¯ab`N|�\^e�ly`

J
�Z[^aN|%L
wy[k\^LbP O�P_wn`

µJ

wn`�z�\^LbP ¥�wndfe�wy`N|�P
σ2

J

� � `bPS[^abxbxJli[^P_[±\^L�w�\±\fLbP |%L�wnd%wy|°\fP dfe�[]\^eh| [kln¢ \^LNPSd%wn`NzZliO
lix�P_dfwn\^e�`b��|�ly`�zZe \fe�li`N[

A
wndfP�P�²bwy|�\^��Y:§I`bl��7`®�b[^aN|%L
wi[�e \%[7j � Y

ρA

�be�\f[�O�P_wy`
µ

A

wn`�z
e�\f[7¥�wyd^ehwn`N| P
σ

2

A

�
K�LbP�d%wn`NzZliO�¥�wndfe�wy�b��P

J
e�[7wy`
liaZ\^xbab\"ly¢Dw�|�lyO�xb��P�²�`IabO�P dfeh| wn� [^e�Orab�hw�\^e�ly`
\^lIly�E�Z[]a�|%L�wy[�w�µ Y �~[]li��¥iP d}�y�7LbP_d^P}wy[

A
eh[�wn`�e�`NxbaZ\�xNwnd%wnO�P \^P d}�rK�LNP dfP�¢¯lydfPy�>\fLbP�O�wne�`+eh[f[]abP�eh[�\^LbP�P}[o\fe�O�w�\fe�li`+ly¢ liaZ\^xbab\#aN`N|�P_d]\%wne�`i\oY+wy| | lyd%zZe�`b�:\fl�\fLbP

§I`bl��7��P_zZ�iP#ln¢�e�`bxbab\{ab`N|�P_d]\%wne�`<\oYy�ZeE� Pi��\^LbP�xbdflyx�wn�iwn\^e�ly`:ly¢DaN`N|�P_d]\%wne�`i\oY�\fLbdflyab�iL
\fLbPrµ Y � []li��¥iP d}�
K�Lbeh[�xbdfly�b��P O | wn`ª�JP)wyzbzbd^P}[^[^P_z3� �<� �2�IY:P e�\^LNP d{zZP \^P dfO�e�`Ne�[]\^eh|#lyd{[]\^lZ|%LNwi[o\fe�| ¥Ie�P_�7x�lie�`<\f[_�

M ��C���C � ¹ � ¹ �!�0G F G@� �#GÇ� �XG ¹i¼ P ½ G F �
YNlyd{w��ye�¥yP_`
zZP}[]e��y`ªzZP \^P dfO�e�`NP_z
�IY

x
�Z\^LNP)[o\%w�\^eh[]\^eh| wn� O�P}wn`

µJ

wn`Nz�¥�wndfe�wy`N|�P
σ2

J

wyd^P#zZP���`bP_z
�IY��

µJ =

∫

Ω(A)

J (x, W (x, a)) ρA(a) da,
�o�}� 


σ2
J =

∫

Ω(A)

(J (x, W (x, a)) − µJ)2 ρA(a) da.
�o�_�!


K�LbP}[]P�e�`<\^P_�yd%wn�h[7| wn`N`bln\{�JP�wn`�wn��Yi\fe�|_wn����Y
P ¥�wn��aNw�\fP_zª[^e�`N| P�`bl:wn`�wn��Yi\fe�|_wn�>¢¯lid^Orab��wn\^e�ly`
ln¢
J

e�[ w³¥�wne���wy�b��Pi�kK2l�P}[o\fe�O�wn\^P
\fLbP Oª�kli`bP
[^Lblyab�hz«P_e \fLbP drxbd^l�¥IehzZP
wy`©wn`Nwy��Y<\fe�|_wn�±wyxbxbdfl³²Ie�O�w�\fe�li`�ly¢7\^LbP
|�l<[o\r¢¯ab`N|°\fe�li` lyd�zZeh[^| d^P \^e�� P�\fLbP�e�`<\^P_�yd%wn�h[ �
K�LbP��hw�\]\fP dª[]li��ab\^e�ly` eh[
giaNe \fP�[^e�O�e���wyd
\fl©\fLbP�O�ab��\^e�x�lie�`<\¨wnxbxNd^l<wy|%L®�{[^e�`�|�P+\^LbP�e�`<\fP �yd%wn�h[:�JP_| lyO�P��"P e��yL<\fP_z [^abO�[
ly¢�| li[]\�¢¯ab`N|°\fe�li`N[:P_¥�wn��aNw�\fP_z ¢¯lyd
[^lyO�P¨xbdfP_[f|�dfe���P}z©lix�P_dfwn\^e�`b�«|�ly`�zZe \fe�li`N[_� K�LbP_`®�"\^LbP¨¢¯lid^O�P_d:wnxbxbdfliwi|%L a�[]e�`b�«wn`
wyxbxbdfl³²Ie�O�w�\fe�li`

J̃
e�[{aN[]a�wn����Y:xNd^P ¢¯P dfd^P}z��

µ̃J =

∫

Ω(A)

J̃ (x, a) ρA(a) da,
�o�RJ 


σ̃2
J =

∫

Ω(A)

(J̃ (x, a) − µJ)2 ρA(a) da.
�o�}� 


M ��C�� M N � ½ �RQ��b�_��G@� �XG ¹<¼ P ½ G F �
K�l�P_[]\^e�O�w�\fP�\^LbP
O�P}wn` wy`Nz¤¥�wndfe�wy`N|�P�ly¢"\fLbP
d%wn`�zZlyOV¥³wyd^ehwn�N��P

J
�Dly`bP
|_wn` [^e�O�xb��Y�aN[]P�[o\%w�\^eh[]\^eh| wn�±P_[]\^e�O�wn\^lidf[�e�`©w

| ��wi[^[^e�|_wn� T¨li`i\fP�¬]µ"wndf��l�wnxbxNd^l<wy|%L®�� ¡[^wyO�xN��P#ln¢DlyxJP d%w�\fe�`b��|�li`NzZe�\^e�ly`N[
(ai)i=1,...,N

ly¢D[^e��_P
N

eh[��yP `NP d%w�\^P}z
wi| |�lidfzbe�`b�
\fl�\^LbP�j � Y

ρA

�kK�LbP_`®�bab`I�behwy[^P_z�P_[]\^e�O�w�\flyd%[ ly¢2\fLbP�O�P_wn`¨wy`Nz
¥�wyd^ehwn`N| P�wyd^P �

MJ =
1

N

N∑

i=1

J (x, W (x, ai)),
�o��� 


S2
J =

1

N − 1

N∑

i=1

(J (x, W (x, ai))−MJ)2.
�o�#L 


K�Lbeh[�wnxNxbd^l<wy|%L�zbl<P}[#`bln\)[^a  >P d#¢¯dflyO �]x�lie�`<\^¬ElixZ\^e�O�e��}w�\^e�ly`+P  >P_|�\ ��[^e�`N|�P�\^LNP�[fwnO�xb��P
(ai)i=1,...,N

e�[��iP `bP_dfwn\^P_z�dfwy`Z¬
zZliO���Y©wi| | lyd%zZe�`N��\fl+\fLbP¨j � Y

ρA

� 5{l��"P ¥yP_d_�±e \:eh[�� P_���7§I`bl��7`©\^LNwn\�\^Lbeh[�[]\^lZ|%LNwy[]\^eh|ªwnxbxNd^l<wy|%L dfP_g<abe�d^P}[�w+�hwndf�yP
[fwnO�xb��P{\flrxbdfl�¥Ie�zbPSwn`
wi| | abdfwn\^P{P}[o\fe�O�wn\^e�ly`:ly¢ \^LbP#[o\%w�\fe�[]\^eh| [_�'Yblyd7µ Y � wyxbxb��e�|_w�\fe�li`N[ �Iw�zbe�dfP_|�\�T¨li`<\^P�¬]µ"wndf��l�O�P \^LblZz
eh[)`bly\�|�li`N|�P_e�¥�wn�N��P�xbdfP_[^P `<\f��Yi��Q{P_¥yP_d]\fLbP ��P_[f[ ��w¨|%LbP_wyx�P_d�wnxbxNd^l³²Ze�O�wn\^e�ly`

J̃
ln¢�\^LbP�|�li[]\�¢¯ab`N|�\^e�ly` |_wn`¤��P�a�[]P}z¤e�` w

T¨li`<\^P�¬]µ"wndf��l�wyxbxbdfliwy|%L:\^l�P_[]\^e�O�w�\fP \fLbP�O�P_wy`ªwy`Nz
\^LbP�¥�wndfehwn`N| Py�Zwy[7[^ab�y�iP_[]\^P}z
e�`$� �i��� �

M̃J =
1

N

N∑

i=1

J̃ (x, ai),
�o�#V 


S̃2
J =

1

N − 1

N∑

i=1

(J̃ (x, ai)− M̃J)2.
�@�y� 
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 Sxbxbdfl³²Ie�O�w�\fP±\fLbP{|�l<[o\�¢¯ab`N|�\^e�ly`�e�[�O�wy`Nzbw�\flydfY#¢¯lyd�dfly�baN[]\kzZP_[^e��y`®�ywi[DP�²Zxb�hwne�`bP_z�wn�Jl�¥yPi�³\^l#e�`<\fP �yd%w�\fP±\fLbP7|�l<[o\�¢¯ab`N|�\^e�ly`
l�¥iP d�\^LNP{dfwy`b�yP�ly¢Jlix�P_dfwn\^e�`b��|�ly`�zZe \fe�li`N[�lid�\^l)P}[o\fe�O�w�\fP�\^LbP [o\%w�\^eh[]\^eh| wn��|%LNwnd%wy|�\^P dfeh[o\fe�|_[�a�[]e�`b��w�T¨ly`<\fP�¬]µ"wndf��l#O�P�\fLblZz �
K�� l�xJli[f[]e��be���e�\^e�P_[SwndfP P ²ZwyO�e�`bP}z
e�`
\^LbP�`NP�²I\S[]P}|°\fe�li`N[���KDw³YI��lid7WZP dfe�P}[��ÇK{W7
"lid{v{wyzZehwn�XW�wi[]eh[ Ybab`N|�\^e�ly`N[ �Çv W YN[�
°�

M � M ��C � � º % ½ ��� ¹ �RG ¹ �r��P+PD� ½�� G � �Z�#G ½ F

K�LbP:| li[]\�¢¯ab`N|�\^e�ly` | wy`+�JP
wyxbxbdfl³²Ie�O�w�\fP_z��IY+��e�`bP_wyd)K{W
J̃L

lyd)g<aNwyzbdfwn\^eh|�K{W
J̃Q

e�`�\^LbP
¥<eh|�e�`be�\oY�ln¢"\^LNP:P�²ZxJP_|°\fP_z
lix�P_dfwn\^e�`b��|�ly`�zZe \fe�li`N[

µA

�

J̃L(x, a) = J (x, W (x, µA)) +

M∑

m=1

∂

∂Am
J (x, W (x,A))

∣∣∣∣
µ

A

(am − µm
A ),

�@�b��


J̃Q(x, a) = J (x, W (x, µA))+

M∑

m=1

∂

∂Am
J (x, W (x,A))

∣∣∣∣
µ

A

(am − µm
A )

+
1

2

M∑

m=1

L∑

l=1

∂2

∂Am∂Al
J (x, W (x,A))

∣∣∣∣
µ

A

(am − µm
A )(al − µl

A).

�@�i� 


K�LbP�a�[]P#ln¢D\^LNP���e�`bP_wyd7wnxbxbdfl³²Ze�O�wn\^e�ly`$�E�Z��
"ly¢�\fLbP�|�l<[o\7¢¯ab`�|°\^e�ly`
\fl�P}[o\fe�O�wn\^P�\^LbP�e�`<\^P_�yd%wn� �o�RJ 
"YIe�P_��zN[7w�YDe�df[]\]¬ � d%zZP d
��Y � 
kwyxbxbdfl³²Ze�O�w�\fe�li`�ln¢>\^LbP�[o\%w�\fe�[]\^eh| wy��O�P_wy`®��K�Lbe�["wnxNxbd^l<wy|%L�eh[k§I`bl��7`:wy[k\^LbP YDe�d%[o\^¬ � d%zZP_d YDe�d%[o\^¬­T�lyO�P `<\(��Y � Y�T3

O�P�\fLblZz��

(µ̃J )FO = J (x, W (x, µA)).
�@�y� 


K�LbP�aN[^PSly¢ \^LbP���e�`bP}wnd wyxbxbdfl³²Ze�O�w�\fe�li` �@�Z� 
�ly¢®\^LbP�|�l<[o\ ¢¯ab`N|°\fe�li`:\fl�P_[]\^e�O�w�\fP{\^LNP e�`<\^P �idfwy� �]�_� 
±xbdfl�¥<ehzZP}[kw��Nd%[]\]¬­lyd%zZP d
wyxbxbdfl³²Ie�O�w�\fe�li`
ln¢�\^LbP�¥�wyd^ehwn`N| Py�ZYIe�P �hzZe�`N�r\fLbP YDe�d%[]\]¬ � dfzZP_d{WIP_| ly`NzI¬¶T¨liO�P_`<\���Y � WZT3
"O�P \^LblZz��

(σ̃2
J )FO =

M∑

m=1

(
∂

∂Am
J (x, W (x,A))

∣∣∣∣
µ

A

)2

(σm
A )2.

�@�n�!


 S� \fP df`Nw�\fe�¥iP ��Yy�k\fLbPªaN[^P�ly¢S\^LNPªg<aNwizZd%w�\^eh|
wnxbxbdfl³²Ze�O�wn\^e�ly` �E�y� 
rln¢ \^LbP¨| li[]\r¢¯ab`�|°\^e�ly` YIe�P_��zN[�w�WIP}|�li`NzI¬ � dfzZP_d �EW � 

wyxbxbdfl³²Ie�O�w�\fe�li`
ln¢�\^LbP�O�P}wn`®�kK�LbP�WZP_|�li`NzI¬ � dfzbP d Y�e�d%[o\^¬­T¨liO�P `<\��@W � Y�T3
"O�P�\fLblZz
d^P}wyzb[��

(µ̃J )SO = J (x, W (x, µA)) +
1

2

M∑

m=1

∂2

∂Am∂Am
J (x, W (x,A))

∣∣∣∣
µ

A

(σm
A )2.

�@� J 


� ¢�\^LbP�g<aNwyzZd%w�\fe�|±wnxbxbdfl³²Ze�O�wn\^e�ly` �@�i� 
�ln¢Z\fLbP7|�li[]\2¢¯aN`N|°\fe�li`�eh[�P_O�xb��l�YiP_z#\flSP}[o\fe�O�w�\fP±\fLbP"¥³wyd^ehwn`�|�Py��w{¢Çwnd�O�lydfP |�liO�xb��P ²
¢¯lid^Orab��wreh[�ly�Z\%wne�`bP_z �<\fLNw�\7dfP_g<abe�d^P}[±\fLbP�\^Lbe�d%z�wy`Nz�¢¯lid]\fL�O�lyO�P_`i\%["ln¢

A
�kK�LbP `2�I\^LbP)WIP}|�ly`�zI¬ � d%zZP_d�WIP}|�li`NzI¬¶T¨lyO�P `<\

�EW � WZT3
DO�P�\fLblZz�aN[^aNwn����Y�d^P_��e�P_[�li`�\fLbP7e�`<\fP �yd%w�\fe�li`�ly¢ �]�_� 
DaN[^e�`b��\^LbP7��e�`NP_wndkwyxbxbdfl³²Ze�O�w�\fe�li` �E�Z��
Dly¢�\fLbP{|�l<[o\�¢¯ab`N|�\^e�ly`
wy`Nz�\^LbP)[^P_| ly`NzI¬­lyd%zZP_d P}[o\fe�O�w�\fe�li`�ly¢�\fLbP�O�P_wy`4�E�@J 
��b�7Lbeh|%L
YIe�P �hzb[��

(σ̃2
J )SO =

M∑

m=1

(
∂

∂Am
J (x, W (x,A))

∣∣∣∣
µ

A

)2

(σm
A )2+

1

4

M∑

m=1

L∑

l=1

∂2

∂Am∂Am
J (x, W (x,A))

∣∣∣∣
µ

A

∂2

∂Al∂Al
J (x, W (x,A))

∣∣∣∣
µ

A

(σm
A )2 (σl

A)2.

�@�y� 


5Sl�� P_¥yP d}�be�¢kly`bPr[]abxNx�l<[]P}[7\^L�w�\
A

e�[Sd^aN��P}zª�<Yªw10#wyaN[^[^ehwn`¨j � Y"�N\fLbPrg<aNwizZdfwn\^eh|)wnxNxbd^l³²Ze�O�w�\^e�ly`��@�i� 
{|_wn`¨�JP�P}wy[^e���Y
P_O�xN��l�YiP_z�e�`¨|�li`�moab`N|�\^e�ly`
�7e \fL
\^LbP)[^P_| ly`NzI¬­lyd%zZP_d P}[o\fe�O�w�\fe�li`ªln¢2\fLbP�O�P_wy`��E�@J 
��kK�LbP `2�Z\^LbP�W � WZT O�P \^LblZz
d^P}wyzb[��

(σ̃2
J )SO =

M∑

m=1

(
∂

∂Am
J (x, W (x,A))

∣∣∣∣
µ

A

)2

(σm
A )2+

1

2

M∑

m=1

L∑

l=1

(
∂2

∂Am∂Al
J (x, W (x,A))

∣∣∣∣
µ

A

)2

(σm
A )2 (σl

A)2.

�@�<� 
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  [:| wy` �JP�[]P_P `®� ¢¯lyd�\fLbP Y � Y�TXO�P�\fLblZz �E�n� 
��"\^LbP¨O�P_wy` ly¢ \fLbP�|�l<[o\�¢¯ab`�|°\^e�ly` eh[:[^e�O�xb��Y«\^LNP�|�li[]\�¢¯ab`N|�\^e�ly`
P_¥³wy��a�w�\^P}z�wn\�\fLbP�O�P_wn`+¥�wn��abPrly¢ lix�P_dfwn\^e�`b��| ly`NzZe�\^e�ly`�[ ��K�LNe�[�wi[^[^abO�xZ\^e�ly`+e�[�li`b��Yª\fd^aNP�¢¯lid���e�`bP_wyd#[^YZ[o\fP O�[_� � `�\fLbP
W � Y�T O�P \^LblZz$�@�@J 
°�Zwr| lydfd^P}|°\fe�li`r\fP dfO�e�["wyzNzZP_z�\fLNw�\�aN[^P_[±\^LbP#[^P_|�li`Nz:zZP_d^e�¥�w�\fe�¥iP_[kly¢®\^LNP�| li[]\±¢¯ab`N|�\^e�ly`®��QSln\^P \^L�w�\
\fLbP ��df[]\#zbP dfe�¥�w�\fe�¥iP_[ LNw³¥yP�`bl�e�`�#NaNP `N| Prli`¨\^LbP�O�P_wy`�¥�wn��abP�ly¢k\^LNP�| li[]\S¢¯ab`N|�\^e�ly`®�)K�LNPrP}[o\fe�O�w�\fe�li`�ly¢�\^LbP�¥�wndfe�wy`N|�P
dfP_g<abe�d^P}[D\^LbP&��df[]\±zZP dfe�¥³wn\^e�¥yP}[�e�`�\^LNP Y � WZT¦O�P�\fLblZz �@���!
�wn`Nzr\fLbP{[]P}|�li`Nz�zZP dfe�¥�wn\^e�¥yP_[�e�`�\^LbPSW � WZT¦O�P \^LblZz �E�n�³¬o�i�/
��

  xJly��YI`blyO�ehwn�±wyxbxbdfl³²Ie�O�w�\fe�li`�ln¢"\^LNP
|�l<[o\#¢¯ab`N|�\^e�ly` |_wn`«wn�h[]lª�JP:ly�b\fwne�`bP}z�aN[^e�`b��w �®P}wy[]\]¬oWZg<aNwndfP_[%� �DW7
 �b\^\^e�`b�
wyxbxbdfliwy|%L2�ie�`N[]\^P_wiz�ln¢�aN[]e�`b��K{W�¢¯dflyO \^LNP `bliO�e�`Nwy�>lyxJP d%w�\^e�`b��|�ly`�zZe \fe�li`N[_� � `
\^LNwn\7|_wy[^Py�<`bl�zZP dfe�¥�wn\^e�¥yP_[ wndfPSdfP_g<abe�d^P}z �
�bab\
[]P_¥yP d%wn�{µ Y �(wn`�wn��YI[^P_[rO�a�[o\:�JPªx�P_d]¢¯lid^O�P_z®� T¨lid^P_l�¥yP_d_��\fLbP¨|�li[]\�¢¯ab`N|�\^e�ly` ¥³wy��aNPªwn\�\^LbP¨`bliO�e�`Nwy��lyxJP d%w�\^e�`b�
| ly`NzZe�\^e�ly`�[�ly�Z\%wne�`bP_z
�IY
µ Y �~eh[7aN[^aNwn����Y�zZe  >P dfP `<\�¢¯dflyO�\fLbP�ly`bP�xNd^P}zZe�|�\^P}z
�IY��DW �N\]\^e�`b���

K�LbP=Y � WbT�O�P�\fLblZz���wy[�wnxbxN��e�P_z�\^l
ab`N| P d^\fwne�`<\oYªxbd^lixNwn�<w�\fe�li`¨e�`¤wnP_d^lZzZYI`NwyO�eh| [Se�` ���_�Z� �<�I� �i� �­��µ lyO�xNwyd^eh[^ly`N[
�JP�\o�"P P_` Y � WZTVwy`NzªW � WZT O�P�\^LNlIzN[7wndfP xbdfl�¥Ie�zbP_z:e�`�� �<� �­�±WIlyO�P#d^li�baN[]\"lixZ\^e�O�e��}w�\fe�li`�xbdfly�N��P_O�[�e�`ªwnP dflZzZYI`NwnO�eh| [
LNw³¥iP �JP P_`
wizbzZdfP_[f[]P}z:aN[^e�`b��\fLbP Y � WZTVlyd{W � WbT O�P�\fLblZzb["\^l�[^ly��¥yP \^LbP#xbdfly�b��P O �]�y� 
(�@T ��� | d^e�\^P_d^e�ly` 
 � �n� �®lid \fLbP
\o�"ln¬­ly�ZmoP}|°\fe�¥iP xbdfly�N��P_O �o�³� 
 � �I���­�

M � M � M � �b¾+GÇ� %����b��G@��� � F �y��G ½ F �
v{wizZehwn�7W�wy[^e�[ YNab`N|°\fe�li`N[	�Çv W Y�[ 
#wyd^P�`bli`Z¬ExJly��YI`blyO�ehwn�De�`<\fP dfx�li��wn\^e�ly`�O�P \^LblZzb[#¢¯lid�[^|_w�\]\fP dfP_z+zbw�\%w$� �y�/�E��K�LbP Y�LNw³¥yP
�JP P_`¨¢¯lyab`�z
\^l:�JP�¥iP dfY�wy|_|�abd%w�\fP#¢¯lyd{LNe��iLb��Y
`bli`Z¬E��e�`bP_wydSzbw�\%w�e�`¨Lbe��iL�zZe�O�P_`N[^e�li` � � �E�{v W Y�[S[^P P §
wn`�wyxbxbdfl³²Ie�O�w�\fe�li`
ly¢�\fLbP)|�l<[o\�¢¯ab`N|�\^e�ly`ªln¢D\^LNP ¢¯lid^O �

J̃RBF (x, a) =

Nc∑

j=1

ωj(x) φ(‖a− aj‖),
�@�@L 


�7LbP_d^P
(aj)j=1,...,Nc

wndfP{| wy����P_z�v W YN[ |�P_`i\fP d%[ ��WIP_¥yP d%wn�Zd%wyzbe�wy�Z¢¯ab`N|�\^e�ly`N[
φ

|_wn`��JPS|�li`N[]ehzZP_d^P}z ��YNlydk\fLbP{xbdfP_[^P `<\±[]\^aNzbY
w 0#wyaN[^[^ehwn`:¢¯aN`N|°\fe�li`
eh[7P_O�xN��l�YiP_z��

φ(r) = e−
r2

s2 ,
�@�@V 


�7LbP_d^P
s
eh[7w�x�wnd%wnO�P�\fP d�| wn����P_z
w�\]\fP `IaNwn\^e�ly`:¢Çwi|°\flyd}��WIaNxbx�l<[]P�\fLNw�\�\^LNP#| li[]\ ¢¯aN`N|°\fe�li`
¥�wy��abP�eh[�§<`Nl��7`:¢¯lyd7w�[]P \7ln¢

Nclix�P_dfwn\^e�`b��| ly`NzZe�\^e�ly`�[{\fLNw�\#|�lydfdfP_[^x�li`Nz
\^l�\^LbP�v W Y |�P_`i\fP d%[
(ai)i=1,...,Nc

��K�LbP `®�>\fLbP��"P e��yL<\%[
(ωj(x))j=1,...,Nc

wyd^P
zZP \^P_d^O�e�`bP_z�¢¯dflyO�\fLbP�e�`<\fP dfx�li��wn\^e�ly`ª|�ly`�zZe \fe�li`N[��

J (x, W (x, ai)) =

Nc∑

j=1

ωj(x) φ(‖ai − aj‖) i = 1, . . . , Nc.
�Ç�i� 


K�LIaN[_�
(ωj(x))j=1,...,Nc

eh["\^LbP)[^ly��aZ\^e�ly`
ln¢D\^LNP#¢¯ly����l��7e�`b����e�`bP_wyd{[]YZ[]\^P_O �



φ(0) φ(‖a1 − a2‖) . . . φ(‖a1 − aNc
‖)

φ(‖a2 − a1‖) φ(0) . . . φ(‖a2 − aNc
‖)

. . . . . . . . . . . .
φ(‖aNc

− a1‖) φ(‖aNc
− a2‖) . . . φ(0)








ω1(x)
ω2(x)
. . .

ωNc
(x)





=





J (x, W (x, a1))
J (x, W (x, a2))

. . .
J (x, W (x, aNc

))





.
�Ç�N��


K�LbP7O�wn\^dfe ²�ly¢�\fLbP{[^YI[]\^P_O/eh[�ly�I¥Ie�liaN[^��Y)[^YIO�O�P \^dfe�|y� � \keh[kwn�h[^l�xJli[^e�\^e�¥yP�¬¶zZP��N`be�\^P�e ¢J\^LNP{v W YN[k| P `<\^P_df[
(aj)j=1,...,Nc

wyd^P
zZeh[]\^e�`N|°\}� � `bP�|_wn`�`bln\fe�| PS\fLNw�\�e \7eh[�w)¢¯ab��� O�w�\fd^e�² � 5Sl�� P_¥yP_d_�ie \%["zbe�O�P `�[]e�ly`

Nc

eh[ a�[]aNwy����Y�O�lZzZP d%w�\fPSe�`�xbd%wy|�\^eh|�P�wn`Nz
e�\f[�e�`<¥iP d%[]e�ly`¨eh[ `bln\�\^e�O�P�| ly`N[^abO�e�`N�N�#K�LbPrwn\]\^P_`IaNw�\fe�li`¨¢Çwy|�\^lyd

s
| wy`���P�lyxb\^e�O�e�� P}z�lid zZP \^P dfO�e�`NP_z�P ²Zx�P_d^e�O�P `<\fwy����Y

�IY:\fLbP�aN[^P d}�'Yblyd�\fLbP�xbdfP_[^P `<\{[o\faNzZYi�I\^LbP�P_O�xNe�dfe�|_wn�>¢¯lid^Orab��w�eh[7wyzZlixZ\^P}z3� �i�/� �

s = dmax(MNc)
− 1

M ,
�Ç�<� 


�7LbP_d^P
M

eh[ \^LbP�`IabO��JP d�ln¢�lyxJP d%w�\^e�`b��|�ly`�zZe \fe�li`N["ab`NzZP_d7|�ly`�[]ehzZP d%w�\fe�li`
a = (am)m=1,...,M

wn`�z
dmax

\fLbP O�wn²Ie�O�aNO
zZeh[]\fwn`�|�P��JP�\o�"P P `ªv W YN[S|�P `<\fP d%[ �

K�l�d^P_xbdfP_[^P `<\ \fLbP�| li[]\"¢¯aN`N|°\fe�li`¨¥³wyd^ehwn�Ne���e \oY
aN[]e�`b��\^LNe�[{\^P_|%LN`be�g<abPi�N[^lyO�P�|�li[]\7¢¯ab`N|�\^e�ly`ªP ¥�wy��aNwn\^e�ly`N[7wyd^P#dfP_g<abe�d^P}z �
\fLNw�\ | lydfd^P}[]xJly`�z�\^l#\fLbP{v W YN[±|�P `<\fP d%[

(aj)j=1,...,Nc

��K�LbP_[^P�P ¥�wn��aNwn\^e�ly`N[�[^LblyaN��z��JP{��lZ|_w�\^P}z�e�`�w#d^P_�ye�ly`r\^LNwn\±zZP xJP `�zb[
li`�\fLbP)j � Y

ρA

�"K�Lbeh[7x�lie�`<\S�7e����®��PrzZe�[f|�a�[^[^P_z
�hw�\^P_d7¢¯lyd{w�xNdfwi|°\^eh| wy�®wnxbxN��eh| wn\^e�ly`®�"K�LbP `®�N\^LbP)wyxbxbdfl³²Ze�O�w�\fe�li`�ly¢�\fLbP
| li[]\"¢¯aN`N|°\fe�li`¨e�[��baNe���\{�IY�[^ly��¥<e�`b�r\^LbP)[^YZ[o\fP O �@�b��
��
� `N| P�\^LNP�wyxbxbdfl³²Ie�O�w�\fe�li`
eh[�|�lyO�xbab\^P_z®�N\fLbP�| li[]\{¢¯ab`N|�\^e�ly`�[o\%w�\^eh[]\^eh| [S|_wn`��JP�P}[o\fe�O�wn\^P_z®�JP_e \fLbP d�aN[^e�`N�:`IabO�P dfe�|_wn�

e�`<\^P �idfwn\^e�ly`+ln¢ e�`<\^P_�yd%wn�h[-�]�#J 
�wy`Nz*�]�_�!
Slid#aN[]e�`b�¨T¨li`i\fP�¬]µ"wndf��l�P_[]\^e�O�w�\^P}[	�o�#V 
�wn`Nz �@�y� 
°��K�LbP�|�liO�xbaZ\fwn\^e�ly`Nwy�k|�l<[o\
dfP �hw�\fP_z
\^l�\^LNP_[^P�P}[o\fe�O�wn\^e�ly`N[_�Z�7Lbeh|%L
dfP_g<abe�dfP li`b��Y�v W YN[7P_¥³wy��a�w�\^e�ly`�[ �Zeh[�`bP �i��e��ye��b��Py�
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WIe�`N| P#\^LbP�|�liO�xbaZ\fwn\^e�ly`
ln¢�\^LbP�|�l<[o\�¢¯ab`�|°\^e�ly`¨zZP_d^e�¥�w�\fe�¥iP_["e�[7w�zZe�´:|�ab��\7\fwi[]§>�Ze�¢DxJli[f[]e��b��Py�I\fLbP�[o\flI|%L�wy[]\^eh|S¥Ie�P �7xJlye�`i\7eh[
xbdfP�¢¯P_d^dfP_z�e�`:\fLbPSxNd^P}[]P_`i\�[o\faNzZYi��K�LNP `®�<¢¯lyd"P_wi|%L:zZP_[^e��y`:¥�wndfehwn�b��PS[^P�\_�I[^lyO�P | li[]\±¢¯ab`N|�\^e�ly`:P_¥�wn��aNw�\fe�li`N[ wyd^PSx�P_d]¢¯lid^O�P_z
\fl��babe��hz
w�zNw�\fwy�Nwy[^Py�y\^LNwn\ eh[±a�[]P}z�\^l�|�li`N[o\fd^a�|°\ wy`
wnxbxNd^l³²Ze�O�wn\^e�ly`�ln¢ \fLbP#|�li[]\k¢¯ab`�|°\^e�ly`
wy[k\^LbP�lyxJP d%w�\fe�`b�r|�ly`�zZe \fe�li`N[
¥�wndfYy�'YDe�`Nwn����Yi�Nw�T¨ly`<\fP�¬]µ"wndf��l�O�P�\^LNlIz
eh[�aN[^P_z�\^l�P_[]\^e�O�w�\fP \fLbP�O�P_wy`

MJ

wn`�z�¥�wyd^ehwn`N| P
S2

J

�
  \o�"ln¬­ly�ZmoP}|°\^e�¥yPSlyxZ\fe�O�e��_w�\fe�li`
xbdfly�N��P_O �]�}� 
±[^LblyaN��z
��P�[^ly��¥yP_z�\^l�d^P}zZaN| P{\^LNP�O�P}wn`
ly¢®\^LNP#| li[]\ ¢¯aN`N|°\fe�li`
wi[±�"P ���

wi[�e \%[7¥�wndfe�wy`N|�Pi� � `
\^LNP�xbd^P}[]P_`<\7[]\^a�zZYy�Z\fLbeh["\fwy[^§:eh[{wy|%LNe�P_¥yP_z
�IY:e�`<\fd^lZzZaN| e�`N��w��"P e��yL<\^P}z�[^abO ln¢2\fLbP#\o�"l�| d^e�\^P_d^ehw�wy[
| li[]\"¢¯aN`N|°\fe�li`��

Jλ = λMJ + (1− λ)S2
J .

�Ç�i� 

R []e�`b� zZe  JP_d^P_`<\��"P e��yL<\%[�wn����l��{[r\^l¤\fdfw³¥iP �7wn��ly`N��\fLbP¨j�wndfP�\^l�¢¯dfly`<\_� � ` \^LNPª¢¯aZ\^abdfPy���"Pªxb��wy`©\fl«aN[^P
P_¥yli��aZ\fe�li`NwndfY
wy���ilydfe \fLbO�[ lid7�iwyO�P�[]\^d%w�\fP �ye�P_[�zZP}zZeh| w�\fP_z
\^l�Orab� \fe ¬­ly�bmoP_|°\fe�¥iP#xbd^li�b��P O�[ �
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� �¦���ª6����"�#������� ��� $ � ��,4�
�702��,�� $ �%��� 1 �
�"���2������� 35���D� � 1 � �����

� ��� � 
�!#) *6�+� 9$�&���;
 �6�$
���!'�
[���C���C � ¹ �_�_�y�N� ¹
K�LbP�\fP_[]\f| wi[]P�|�li`N[]ehzZP_d^P}z�LbP dfP#|�lydfdfP_[^x�li`Nzb[�\fl�\^LbP�lyxZ\fe�O�e��_wn\^e�ly`
ly¢®\^LNP��7e�`b��[]L�wnxJP ly¢�w��NaN[]e�`bP}[^[�wne�d%|�d%w�¢£\ �@|�liabd]\fP_[^Y
ly¢Djkehwn�i�ye�l� �P_d^l � `Nz � 
°�b¢¯lyd{wr\^d%wn`N[^ly`Ne�| d^P_�ye�O�Py��K�LbP�`bliO�e�`Nwy� lyxJP d%w�\^e�`b��|�li`NzZe�\^e�ly`N[7wyd^P#zZP���`bP_z
�IY�\^LNP#¢¯d^P_P�¬¶[o\fd^P}wnO
T�wi|%L�`IabO��JP d

M∞ = 0.83
wn`�z�\^LbP e�`N| e�zbP `N| P

α = 2◦
� � `be�\^ehwn����Yi�y\fLbPS�7e�`b��[^P_|�\^e�ly`�eh[±[^abxbxJli[^P_z�\fl�|�lid^dfP_[^x�li`Nzr\^l�\fLbP

Q  Sµ" ~�y�b�³��wye�d^¢¯lye��E��K�LNP�e�`be�\^ehwn� �7e�`b�:[^LNwnxJP#e�[SzZP xbeh|°\fP_z
e�`1�N�iabdfP%�E� 
��kK�LbP#\^P}[o\^¬­|_wy[^P eh[{zZP}[^| d^e���P}z
e�`¨zZP xb\^Lªe�`�� ���­�

YDe��iabdfP��7� � `be�\^ehwn�2�7e�`b��[^LNwnxJP)wn`�z
O�P_[^Lªe�`�\^LNP)[]YIO�O�P�\^dfY:xb�hwn`NPy�

K�P [^abxbxJli[^P{\fLNw�\ \^LbP ¢¯d^P_P�¬¶[o\fd^P}wnO T�wy|%L�`IabOr��P_d eh["[]ab�bmoP_|°\ \^lrdfwy`NzZlyO #NaN|�\^aNwn\^e�ly`N[_�'Yblid [^e�O�xb��e�| e \oYi�I� P�wy[f[]abO�P
\fLNw�\�e�\f[)j ��Y eh[ 0#wna�[^[^e�wy`+�7e�\^L wª�ie�¥iP `�O�P_wn`

µM

wn`Nz�¥�wndfe�wy`N|�P
σ2

M

�
K�LbP�O�P_wy`¤T�wy|%L¤`IabO��JP d�| lydfd^P}[]xJly`�zb[ \^l
\fLbPr`NlyO�e�`�wn��T�wy|%L�`IabOr��P_d

µM = 0.83
wn`Nz�e \%[�[]\fwy`Nzbwydfz¨zZP_¥Ie�wn\^e�ly`�eh[

σM = 0.0166
� Y�e��yaNd^P���zZP xbeh|°\%[ \^LbP�T�wy|%L

`IabOr��P_dSzZeh[o\fd^e��baZ\fe�li`®�

0.78 0.8 0.82 0.84 0.86 0.88
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YDe��iabd^P�� �©jkdfly�Nwy�be���e�\oY
zZP_`N[]e�\oY�¢¯ab`�|°\^e�ly`ªly¢�\fLbP#¢¯d^P_P�¬¶[o\fd^P}wnO·T�wi|%L�`IabOr��P_d_�

K�LbP
�yl<wn�"ln¢ \^LbPªlyxb\^e�O�e��_wn\^e�ly` e�[r\^l�dfP_zZaN| P
\fLbP¨zZd%wn�+| lIP�´:|�e�P `<\
CD

[]aN�ZmoP_|�\�\fl�\fLbP¨|�li`N[o\fdfwye�`<\r\^LNwn\�\fLbP
��e�¢£\
| l<P ´:|�e�P `<\

CL

[^LblyaN��z�`bln\{�JP���l�� P_d�\^LNwy`ªw�xbdfP_[f|�dfe���P}z
¥�wn��abPi�Z\^LNwn\S|�lid^dfP_[^x�li`Nzb[ \^l
99, 9%

ln¢D\^LbP���e�¢£\{¢¯lyd�\fLbP�e�`Ne \fe�wy�
[^LNwnxJP{w�\�`bliO�e�`Nwy�ZlyxJP d%w�\fe�`b�#|�li`NzZe�\^e�ly`N[_��K�LbP7|�ly`�[o\fdfwye�`<\�e�[�\%wn§iP `�e�`<\^l)wi| |�liab`<\Da�[]e�`b��w�x�P_`Nwn��e��}w�\fe�li`�wyxbxbdfliwy|%L2�2K�LbP
wyP dflIzbY<`�wnO�e�|r|�lIP�´:| e�P_`i\%[#wndfPr|�liO�xbaZ\^P}z�a�[]e�`b�ªwn`�e�`I¥Ie�[f|�ehz #Nl�� [^ly��¥yP_d_�)K�LNPrO�P_[^L�P_O�xb��l�YiP_z+|�lyaN`i\%[#�b�y�³����`blZzZP}[
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�_� ����� 9���� 3@���,
�9

wy`Nz
e�`N| ��a�zZP_[{w�dfP��N`NP_zªwndfP_w�\^l:wi| |�aNdfwn\^P ��Y:| wyxZ\^aNd^P�\^LNP)[]LblZ|%§:��w³¥yP%�Ç[^P P����yabdfP)� 
°� K�LbP#`bP�²I\S[^P_|°\fe�li`N[7zZP}[^| d^e���P#\fLbP
[^LNwnxJP�xNwydfwyO�P \^P_d^e��_wn\^e�ly`®�i\^LbP�#�l�� [^ly��¥yP d7wy`Nz:\fLbP�lyxb\^e�O�e��_wn\^e�ly`ªwn���ylid^e�\^LbO |�ly`�[]ehzZP dfP_z:¢¯lyd�\fLbe�[S[o\faNzZYy�

[���C�� M � �Z��� � ¹ � ¹ ��G��y�Z�#G ½ F

K�LbP�[^LNwnxJP zZP ¢¯lydfO�w�\^e�ly`�e�[DxNwydfwyO�P \^P_d^e�� P}z#aN[]e�`b�S\^LbP YbdfP P ¬/YNlydfO � P�¢¯lid^O�w�\fe�li`1��Y Y ��
�wyxbxbdfliwi|%L®�2K�LbP Y Y�� \fP_|%Lb`behg<abP
lid^e��ye�`Nw�\fP_[�¢¯dflyO \^LbP�µ lyO�xbaZ\fP d(0�d%wnxNLbe�|_[&�NP_��z � �@V/�E� � \ wy����l��{[�\^LNP�zZP�¢¯lid^O�wn\^e�ly`ªln¢kwn`¨li�ZmoP_|�\Se�`�w
� �/lydS�&�/[^xNwy| Py�
dfP �<wnd%zZ��P}[^[®ln¢Z\^LNP dfP xbdfP_[^P `<\%w�\^e�ly`#ly¢b\^Lbeh[�ly�ZmoP}|°\_� � `N[]\^P_wiz�ln¢bO�wy`be�xNab��wn\^e�`b�{\fLbP�[]abd^¢Çwy| Pkln¢Z\fLbP"ly�ZmoP}|°\Dzbe�dfP_|�\^��Yy���IY#aN[]e�`b�
| ��wi[^[^e�|_wn�7W ¬oWIxb��e�`bP}[)lid W c_� e�P d)x�wnd%wnO�P�\fP dfe��}w�\^e�ly`�ln¢"\^LNP
[]aNd]¢Çwi|�Py��\^LNP�Y Y��·\^P}|%Lb`behgiaNP_[)zZP��N`bP}[�w¨zZP ¢¯lydfO�wn\^e�ly`4�NP_��z
l�¥iP d7\fLbPr[^xNwy| P�P Or��P}zbzZP_z�e�`�w:��wn\]\^eh|�P��7Lbe�|%L¨eh[{�Nabe���\�wndflyab`Nz�\fLbP�li�ZmoP_|�\_� W"Y
\fdfwy`N[]¢¯lydfO�e�`b��\^LNPr[^xNwy| P�|�lIlyd%zZe�`Nw�\fP_[
e�`N[^e�zZP#\fLbP��hw�\]\fe�| Py�Z\fLbP Y Y �¡\^P}|%Lb`behgiaNP#zbP�¢¯lydfO�["\^LbP�li�ZmoP_|�\_�bdfP �<wnd%zZ��P_[f[±ly¢�e�\f[7�iP lyO�P \^dfe�|_wn� zZP_[f|�dfe�xZ\^e�ly`®�

T¨lid^P#xbdfP_| e�[^P ��Yy��|�ly`�[]ehzZP d w�\^LbdfP P ¬­zZe�O�P `N[^e�ly`Nwy� LbP�²bwnLNP_zZd%wn� �hw�\^\^eh|�P)P_O��JP_zbzZe�`b��\fLbP)ly�bmoP_|°\7\fl:�JP)zZP�¢¯lid^O�P_z®� YDe��n¬
abdfP �Ç�!
S[]Lbl��{[ wn`¨P ²ZwyO�xb��P�ln¢±[^aN|%L�w��hw�\^\^eh|�P��Nabe���\�wndflyab`Nz¨w:d^P}wn��e�[]\^eh|��7e�`b�N�S  ��lI|_wn�D|�lIlyd%zZe�`Nw�\fP�[]YZ[]\^P_O

(ξ, η, ζ)
e�[

zZP��N`bP}z:e�`:\^LNP �hw�\^\^eh|�Py�<�7e�\^L
(ξ, η, ζ) ∈ [0, 1]× [0, 1]× [0, 1]

��� abdfe�`b��\^LbP#zZP ¢¯lydfO�wn\^e�ly`®�i\^LNP�zZeh[^xb��wi|�P_O�P_`<\
∆q

ln¢®P}wy|%L
xJlye�`<\

q
e�`N[^e�zZP�\fLbP���wn\]\fe�| P�e�[�LbP_d^P�zZP��N`bP}z��IY
w�\fLbe�dfzI¬­lyd%zZP_d W"c_� e�P d"\^P_`N[]lid7xbdflIzbaN|°\��

∆q =

ni∑

i=0

nj∑

j=0

nk∑

k=0

Bni

i (ξq)B
nj

j (ηq)B
nk

k (ζq)∆Pijk .
�Ç�y�!


Bni

i

�
B

nj

j

wy`Nz
Bnk

k

wndfP�\^LbP W"P df`N[]\^P_e�`
x�li��YI`bliO�e�wy��[�ly¢�lyd%zZP_d
ni

�
nj

wn`Nz
nk

�Ç[^P P�¢¯lyd7e�`N[]\fwn`�|�P%���#L �2
��

Bn
p (t) = Cp

n tp (1− t)n−p.
�Ç�4J 


(∆Pijk)0≤i≤ni,0≤j≤nj ,0≤k≤nk

wndfP7� P_e��iL<\^e�`b�)|�lIP�´:| e�P_`i\%[ �ilydk| ly`<\^dfly�bxJlye�`<\f[kzbe�[^xb�hwy|�P_O�P `<\f[_�y�7Lbeh|%L:wndfP�aN[^P_z�\^l�O�li`Z¬
e�\^lid�\^LbP)zZP ¢¯lydfO�w�\^e�ly`ªwn`�z�wyd^P�|�li`N[^e�zZP_d^P}z
wi[7zZP_[^e��i`�¥�wyd^ehwn�b��P_[7zbabd^e�`b��\^LNP)[]LNwyx�P#lixZ\^e�O�e��}w�\^e�ly`
xbdflZ|�P_zbabd^Pi�

η

ζ

ξ

YDe��iabdfP�� � ��²bwyO�xN��P�ly¢ Y Y �~�hw�\]\fe�| P)wndflyab`�z
w��7e�`N�N�

K�LbP�Y Y�� \fP_|%Lb`Ne�g<abP�zZP_[f|�dfe��JP_z�wn�Jl�¥yP)eh[�� P_����[]aNe \fP_z¨\fl�| lyO�xb��P�²�[]L�wnxJP�lyxb\^e�O�e��_wn\^e�ly`®�J\fLNwn`b§Z[S\^l
\^LbPr¢¯ly����l��7e�`b�
xbdflyxJP d^\^e�P_[��

� \^LbP�e�`Ne \fe�wy� [^LNwnxJP
| wy`«��P�P�²bwy|�\^��Y+dfP xNd^P}[]P_`i\fP_z6�¯`Nl�zZP�¢¯lid^O�wn\^e�ly`«lZ| | abdf[)�7LbP `©wy��� � P_e��iL<\^e�`b��|�lIP�´:| e�P_`i\%[�wyd^P
� P_d^l 
 '

� \^LbP)zbP�¢¯lydfO�w�\fe�li`
eh[7x�P_d]¢¯lid^O�P}z
�7LNwn\^P_¥yP d"\fLbP)|�liO�xN��P ²Ie�\oY:ly¢�\fLbP)[]L�wnxJP%�¯\^Lbeh[7eh[{wr¢¯d^P_P�¬E¢¯lydfO \^P}|%Lb`behgiaNP�
 '

� �yP_lyO�P�\fd^eh| [^e�`b�yab�hwndfe�\^e�P_[D| wn`��JP \%wn§iP `�e�`<\^l�wy|_|�liab`<\&�¯\^LbP�e�`be \fe�wy�b[]L�wnxJP"e�`N| ��aNzbe�`b�#e�\f[�[^e�`N�yab�hwndfe \fe�P}[2eh[�zZP ¢¯lydfO�P}z 
�'

� \^LbP)[^O�lIln\^LN`bP_[f[�ln¢�\^LbP)zZP ¢¯lydfO�w�\^e�ly`
eh[7|�ly`<\fd^li����P_z$�£\^LNP�zZP�¢¯lid^O�wn\^e�ly`
eh[7dfab��P_z��<Y W P_d^`�[o\fP e�`�xJly��YI`blyO�ehwn�h[ 
('

� \^LbP�`IabO��JP d�ly¢�zZP_[^e��y`
¥�wyd^ehwn�b��P_["zZP_x�P_`Nzb["ly`
\^LbP�aN[^P d�� [�|%Lblie�| P��£\fLbP�zZP�¢¯lid^O�wn\^e�ly`:eh["e�`NzbP xJP `NzZP_`<\�ly¢®\^LNP�[^LNwnxJP
e \%[]P_� ¢�
�'

� e \{`Ne�| P ��Y
zZP_wy��[��7e�\^LªOrab� \fe ¬­��P ¥yP_� d^P_xbdfP_[^P `<\fwn\^e�ly`$�¯\^LNwy`b§Z[�\^l�\fLbP W"c � e�P d{zbP �ydfP P�P ��P ¥�wn\^e�ly`
xbd^lix�P_d]\oY7
��
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K�LbP Y Y�� \^P}|%Lb`behg<abP�eh[:e�O�xb��P_O�P `<\^P}z e�` \^LbP�[]LNwyx�P�lyxZ\fe�O�e��_w�\fe�li` xbdflI| P_zZaNd^P�wy`Nz eh[:aN[^P_z \fl©|�li`<\^dfly�{\fLbP�[^LNwnxJP
zZP ¢¯lydfO�w�\^e�ly`�¢¯lyd{| lyO�xb��P�²�wyxbxb��e�|_w�\fe�li`N[�e�`¨wyP dflIzbY<`�wnO�e�|_[(�@[]P_P	���i���®¢¯lid{zZP�\%wne���[�
°�

K�LbP Y Y � ��wn\]\^eh|�P7eh[��baNe���\"wyd^liab`Nz�\^LbP{�7e�`b���7e�\^L
ξ
�
η
wn`�z

ζ
e�`�\fLbPS|%LblidfzZ�7eh[^Py�y[^xNwn`I�7eh[]P7wy`Nzr\^Lbeh|%§I`bP_[f[kzZe�d^P}|°\fe�li`N[

dfP_[^x�P}|°\fe�¥iP ��Yy��K�LbP���wn\]\^eh|�P#eh[�|%Lbli[^P `:e�`
lyd%zZP d \^l��b\�\^LbP#xb�hwn`b¢¯lydfO�ln¢®\fLbP#�7e�`b� �Ç[^P P(�N�iabd^P�� 
��kK�LbP `®�I\fLbP#��P}wyzZe�`b��wn`Nz
\fdfwye���e�`N�)P_zZ�iP_[ wndfP7§yP xb\)�b²ZP_z
zZabdfe�`b�)\^LbP lyxZ\fe�O�e��_w�\fe�li`��IY�¢¯dfP P_� e�`b��\^LNP |�li`<\^dfly�bxJlye�`<\f[±\^LNwn\"|�lid^dfP_[^xJly`Nz�\^l

i = 0
wy`Nz

i = ni

� � ` ���yabdfP��b� �N����P_z�O�wyd^§iP d%[{|�lid^dfP_[^x�li`Nz
\^l
¢¯d^li� P_`�|�li`i\fd^li�2xJlye�`<\f[_�J�7LNP dfP_wy[SP O�xZ\oYªO�wndf§yP_df[ |�lydfdfP_[^x�li`Nz�\^l
O�l�¥Ie�`N��|�li`<\^dfly�Dx�lie�`<\f[_��T¨lid^P_l�¥yP_d_�J|�ly`<\fd^li��xJlye�`<\f[#wndfP�li`b��Y¨O�l�¥iP_z¨¥iP d^\^eh| wn����Yy��K�LbP�xNwnd%wnO�P�\fP dfe��}w�\fe�li`¨aN[]P}z�e�`�\fLbP
xbdfP_[^P `<\ []\^a�zZY
| lydfd^P}[]xJly`�zb["\^l

ni = 9
�
nj = 1

wn`�z
nk = 1

wn`�z¨|�lyaN`i\%[
(10− 2)× 2× 2 = 32

zZP_�ydfP P}[7ln¢�¢¯dfP P_zblyOª�
K�LbP Y Y �~O�P�\fLblZz
e�[{wy��[^l�aN[]P}z�\^l�zZP�¢¯lid^O \^LbP#O�P_[^Lªe�`¨wi| |�lidfzNwn`N| PS�7e�\^L
\^LbP��JlyaN`NzbwndfY
zZeh[^xb��wi|�P_O�P_`<\_�

[���C�� [ � ¹ � ½ ¾ º F � �0GÇ�
� F � % º �#GÇ�
$ ½ ¾ ¹ %�G F H K�Lbeh[�[o\faNzZY eh[�d^P}[o\fd^eh|°\fP_z \^l+\^LbdfP P ¬­zZe�O�P `N[^e�ly`Nwy� e�`I¥<eh[f|�ehz©|�liO�xbd^P}[^[^e��b��P1#Nl��{[��yl�¥iP df`bP_z¤�IY¤\^LNP �±ab��P_d
P}gia�w�\^e�ly`�[ ��K�LbP_`®�Z\^LNP)[o\%w�\^P#P}gia�w�\^e�ly`�[7| wn`
�JP��7d^e�\]\fP `ªe�`
\fLbP)|�li`N[]P_d^¥�wn\^e�¥yP{¢¯lid^O �

∂W

∂t
+

∂F1(W )

∂x
+

∂F2(W )

∂y
+

∂F3(W )

∂z
= 0,

�Ç�i� 


�7LbP_d^P
W

wndfP�\^LbP�|�ly`�[]P_d^¥�w�\fe�¥iP #�l��/¥�wndfe�wy�b��P_[
(ρ, ρu, ρv, ρw, E)

���7e�\^L
ρ

\fLbP:zZP_`N[]e�\oYy� −→
U = (u, v, w)

\^LbP�¥iP ��lI| e \oY
¥iP_|°\flyd7wn`�z

E
\^LbP#\fln\%wn�>P `bP_d^�iY�x�P_d7ab`be�\{ln¢D¥yly��abO�Py� −→

F = (F1(W ), F2(W ), F3(W ))
e�["\fLbP�¥yP}|°\flyd"ln¢2\fLbP)|�li`I¥yP_|�\^e�¥yP

#Nab²IP}[ �N�7Lbli[^P�|�lyO�xJly`bP_`<\f[7wndfP��ye�¥yP `
�IY �

F1(W ) =




ρu
ρu2 + p

ρuv
ρuw

u(E + p)




F2(W ) =




ρv
ρuv

ρv2 + p
ρvw

v(E + p)




F3(W ) =




ρw
ρuw
ρvw

ρw2 + p
w(E + p)




.
�Ç�I� 


K�LbP�xNd^P}[^[^abdfP
p
eh[�ly�Z\%wne�`bP_z
¢¯dflyO�\fLbP�x�P_d]¢¯P}|°\{�<wy[7[]\fw�\fP#P_g<aNw�\fe�li`$�

p = (γ − 1)(E −
1

2
ρ‖
−→
U ‖2),

�Ç� L 


�7LbP_d^P
γ = 1.4

eh[�\^LNP�dfwn\^e�lrly¢�\fLbP)[]xJP_| e
�J| LNP_w�\S| lIP�´:|�e�P `<\f[_�

N PD�b��GÇ� %7¾�G@�_�y� ¹ �#G �y�b��G ½ F  S`¨ab`N[]\^dfaN|°\fabd^P}z
O�P}[]L2��|�liO�x�l<[]P}z�ly¢k�b�y�³����`blZzZP_[Swn`Nz¤�������y�;J)\fP�\fdfwyLbP_zZd%wn� P_��P_O�P `<\f[_�
eh[k�iP `bP_dfwn\^P_z�wndflyaN`Nz)\fLbP{�7e�`b�N�ie�`�|���aNzZe�`b�)w#d^P��N`bP}z�wyd^P}w�e�`�\fLbP{¥Ie�| e�`Ne \oYrln¢J\^LbPS[^LblZ|%§ �@[]P_P&�N�yaNd^P��@� 
 
��Dj±d^l�¥IehzZP_zr\^L�w�\
\fLbP #Nl�� zZliO�wye�`

Ω
eh["zbe�[f|�dfP�\fe��_P_z:�IY:w�\^P \^d%wnLbP}zZd^e��_wn\^e�ly`

Th

�Zwrzbe�[f|�dfP�\fe��}w�\^e�ly`
ln¢�P}g<aNw�\fe�li`3�Ç�i� 
 w�\"\^LbP#O�P_[^L
`blZzZP
sieh[�ly�Z\%wne�`bP_z¨�IYªe�`i\fP �idfwn\^e�`b�3�Ç�i� 
7l�¥iP dS\^LbP�¥yli��abO�P

Ci

�>\^LNwn\ eh[S�Nabe���\�wndflyab`Nz¨\^LbPr`blZzZP
si

�IYrmolie�`Ne�`b���NwndfYZ|�P_`i\fP d%[7ln¢
\fLbP#\^P \^d%wnLbP}zZdfw�wy`Nz:\fd^ehwn`N�y��P_[�|�li`i\%wne�`be�`b�

si

wy`Nz�O�ehzZxJlye�`<\f[7ly¢�\fLbP�P_zZ�iP_[�wyz�m]wy|�P_`<\"\fl
si

�

V oli
∂Wi

∂t
+
∑

j∈N(i)

Φ(Wi, Wj ,
−→σ ij) = 0,

�Ç� V 


�7LbP_d^P
Wi

d^P_xbdfP_[^P `<\f[�\^LNP�| P ���bw³¥yP_dfwy�yP_z�[o\%w�\^P7wy`Nz
V oli

\^LbP7¥ily��abO�P ly¢N\^LNP{|�P ���
Ci

�
N(i)

eh[D\^LbP{[^P�\�ln¢�\^LbP7`NP e��yLI��lid^e�`b�
`blZzZP}[ �

Φ(Wi, Wj ,
−→σ ij)

e�[ wn`�wyxbxbdfl³²Ze�O�w�\fe�li`ªln¢�\^LNPre�`<\^P �idfwy�®ln¢�\fLbP�#NaZ²ZP_[��Ç�<� 
7l�¥iP d7\fLbPr�JlyaN`NzbwndfY
∂Cij

��P \o� P_P `
Ci

wn`�z
Cj

�I�7Lbeh|%L
zZP_x�P_`Nzb[�li`
Wi

�
Wj

wy`Nz −→σ ij

\^LbP#e�`<\^P �idfwy�>ln¢�wrab`be�\7`blydfO�wn�>¥yP}|°\^lid l�¥iP d
∂Cij

�kK�LbP}[]P�`IabO�P dfe�|_wn�
#Nab²IP}[{wndfP�P ¥�wn��aNw�\fP_z�aN[^e�`b��aNx<�7e�`NzZe�`b���bwy| | lyd%zZe�`b��\fl�\^LbP)wyxbxbdfl³²Ie�O�w�\fP�v7e�P O�wy`b`¨[]li��¥iP d�ln¢�v7lIP	�

Φ(Wi, Wj ,
−→σ ij) =

−→
F (Wi) +

−→
F (Wj)

2
· −→σ ij − |AR(Wi, Wj ,

−→σ ij)|
Wj −Wi

2
.

�¯�<� 


AR

eh["\^LbP�m]wi|�li�be�wy`�O�wn\^dfe ²
ly¢2\fLbP�#NaZ²ZP_[7¢¯lyd�\^LNP)v7lIP#w³¥iP d%wn�iP []\fw�\fP�wn`Nz�¥yP_d^e.�NP_[��

AR(Wi, Wj ,
−→σ ij)(Wj −Wi) = (

−→
F (Wj)−

−→
F (Wi)) ·

−→σ ij .
�¯����


 ¦Lbe��yL lyd%zZP d�[^|%LNP O�P
eh[�ly�Z\%wne�`bP_z©�<Y«e�`<\^P_d^xJly�hw�\fe�`b�+��e�`bP}wndf��Y¤\fLbP�xNL<YZ[^e�|_wn�"¥�wndfe�wy�b��P}[)¢¯dflyO
si

\^l+\^LNP
O�ehzZxJlye�`i\�ln¢
[sisj ]

���JP�¢¯lid^P)P}g<aNw�\fe�li` �¯�i�!
7eh[{P_O�xN��l�YiP_z
\^l
P ¥�wn��aNw�\fP�\^LNP�#NaZ²ZP}[ �SQSlZzbwn���yd%wyzZe�P `<\f[SwndfP)ly�Z\%wne�`bP_z
¢¯dflyO w��"P e��yL<\^e�`b�
w³¥iP d%wn�yP�ly¢�\^LbPrj{�	0#wn��P df§<e�`¨�yd%wyzbe�P_`i\%[S| lyO�xbaZ\fP_z¨li`�P_wi|%L¨\^P \^d%wnLbP}zZd^li`�|�li`i\%wne�`be�`b�

si

� � `�lidfzZP_d7\^lªw³¥ylie�zª[^xbabdfe�liaN[
l<[^| e�����wn\^e�ly`N[�ly¢ \fLbP�[^ly��aZ\^e�ly` e�` \^LbP�¥Ieh|�e�`be�\oY©ln¢�\^LNP�[]LNlI|%§>��w«[]��lyxJP¨��e�O�e�\fw�\fe�li` xbd^lZ| P_zZabdfPªaN[^e�`b�¤\fLbP �kwy`Z¬­ S����wyzbw
��e�O�e�\^P_dSeh[{e�`i\fd^lZzZa�|�P_z®��K�LNP)d^P}[]aN� \fe�`b��zZe�[f|�dfP�\fe��}w�\fe�li`
[f|%LbP O�P)P ²ZLbe��Ne \%[Sw�\fLbe�d%zªlyd%zZP_dSwy|_|�abd%wy| Y:e�`ª\fLbP)dfP �ie�li`N[7�7LbP_d^P
\fLbP)[]li��ab\^e�ly`
e�[7dfP �iab�hwnd}�
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�}� ����� 9���� 3@���,
�9

� G � ¹ G F � ¹ HN���Z�#G ½ F   ��df[]\±lyd%zZP_dke�O�xb��eh|�e�\"�Nwi|%§I�"wydfz�[^|%LNP O�PSeh[kP_O�xN��l�YiP_z�¢¯lyd±\^LbPS\^e�O�PSe�`i\fP �idfwn\^e�ly`�ln¢ �@�@V 
��i�7LNe�|%L
YIe�P �hzb[��

V oli
∆t

δWi +
∑

j∈N(i)

Φ(W n+1
i , W n+1

j ,−→σ ij) = 0,
�¯�I� 


�7e�\^L
δWi = W n+1

i −W n
i

��K�LNP `®�D\^LNP
��e�`bP}wndfe��}w�\fe�li`�ly¢�\^LbP�`<aNO�P_d^eh| wy� #Nab²IP}[)xbdfl�¥Ie�zbP_[#\fLbP�¢¯ly����l��7e�`b��e�`<\^P_�yd%w�\fe�li`
[f|%LbP O�P%�

(
V oli
∆t

+ Jn
i

)
δWi = −

∑

j∈N(i)

Φ(W n
i , W n

j ,−→σ ij).
�¯�<� 


5SP dfPy�
Jn

i

eh[�\^LNP��iwi|�li�be�wy`©O�w�\fd^e�² ly¢ \fLbP �Nd%[o\:lidfzbP d�`IabO�P dfe�|_wn�&#Nab²IP}[ ���7LbP_d^P}wy[�\fLbP¨d^e��yL<\�LNwy`Nz []ehzZP¨ln¢ �Ç�i� 
�eh[
P_¥³wy��a�w�\^P}z
aN[]e�`b��Lbe��yLªlidfzZP_d{wnxbxNd^l³²Ze�O�wn\^e�ly`N[_��K�LbP�dfP_[^ab� \fe�`N��e�`<\^P_�yd%w�\^e�ly`ª[f|%LbP O�P�xbdfl�¥Ie�zZP}[�w�Lbe��iLªlyd%zZP d{[^ly��aZ\^e�ly`
ln¢
\fLbP)[o\fP_wizZY:xbdfly�b��P Oª�

[���C���� � PD��G � G �y�b��G ½ F � %�H ½ ��G¯�#Q �

K�LbP7lixZ\^e�O�e��}w�\fe�li`�wy���ilydfe \fLbO~aN[^P_zre�`�\^LNP"xNd^P}[]P_`i\k[]\^aNzbY�eh[�w j�wyd]\fe�| ��P{WI��wndfO � xZ\^e�O�e��}w�\fe�li` �Çj W � 
�wnxNxbd^l<wy|%L®�³\fLNw�\�eh[
P_O�xN��l�YiP_z�e�`:| ly`�moaN`N|°\fe�li`��7e \fL:w#O�ab��\^e�¬E��P ¥iP �bx�wnd%wnO�P�\fP dfe��}w�\^e�ly`�[]\^d%w�\^P_�yYi��K�LbP{O�P \^LblZz�eh[kzZP_[f|�dfe���P}z�e�`:zZP_xZ\^L�e�` ���}���­�

j W � wy���ilydfe \fLbO·��wy[ �Nd%[]\{e�`<\^dflZzZaN| P_zª�IY��#P_`b`bP_zbY�wn`�z��±��P_d^LNwyd]\�� �
L/�E�Jwy[{w�[^e�O�xb��e.�NP_z¨[^lZ|�ehwn�®O�lZzZP �E� � \ O�e�O�e�|_[
\fLbPS�JP LNw³¥Ie�lydkly¢ �be�d%zb[ #NlZ|%§<e�`b�)wy`Nz�e�[±�Nwy[^P_z�li`�ab`NzZP_d^��YIe�`b��d^ab��P_[k\^LNwn\±P `�wn�b��PS[^aNzbzZP_`:zZe�dfP_|�\^e�ly`:|%LNwy`b�yP}[ �i[^|_w�\]\fP dfe�`N�N�
dfP �id^liabxbe�`b�N�{P \f|y�·K�LbP_[^P+O�l�¥iP_[
wyd^P+O�ln\^e�¥�w�\fP_z e�` `�w�\^aNd^P��IY ¢¯l<lZz []P_P §Ie�`N�©lyd
xbdfP_zbwn\^lidf[�w³¥ylyehzZe�`b�©wy`Nz |_wn` �JP
e�O�xb��P_O�P `<\^P}z�e�`¨w�[]e�O�xb��P)wy���ilydfe \fLbO ¢¯lydS�y��ly�Nwy�JlixZ\^e�O�e��}w�\fe�li`�xbaNd^xJli[^P%���#VZ�b�i�b�b�4J��­�

K�LbP�wy���ilydfe \fLbO�|�ly`�[]eh[o\%["e�`
�babe���zbe�`b��\fLbP�\^d%w�moP_|�\^lid^e�P_[ ln¢�\^LbP#xNwyd]\fe�| ��P}[ ly¢�w�[]��wndfO e�`�\^LNP#[^P_wydf|%L�[]xNwi|�P�ln¢�zZe�O�P_`Z¬
[^e�li`

n
��K�LbP}[]P�\^d%w�moP}|°\flydfe�P}[ wyd^P�wyz³moa�[o\fP_z�zZYI`NwnO�eh| wn����Yª\^l
\fwy§yP�e�`<\fl
wi| |�liab`<\ \fLbP�e�`Z¢¯lydfO�w�\^e�ly`�|�li����P_|�\^P_z�wn�Jlyab\�\fLbP

| li[]\�¢¯aN`N|°\fe�li`+¥�wn��abPi��µ li`N[]ehzZP_d#wª[^P�\�ln¢
p

xNwnd^\^eh|���P_[ \^L�w�\)|�li`N[o\fe \faZ\^P}[�\^LbP:[^��wndfO
��K�LbP���lZ|_w�\^e�ly`+ln¢"P_wy|%L+xNwnd^\^eh|���P
iwn\ \fLbP�\fe�O�P�[o\fP x

(k)
e�[#zZP \^P dfO�e�`NP_z��IYªe�\f[#|�lIlyd%zZe�`Nw�\fP_[

(x
(k)
i )1≤i≤p ∈ <

n
�#K�LNPr�JP LNw³¥Ie�lyd ln¢±P}wy|%L�xNwyd]\fe�| ��Pre�[ \fLbP `

|%LNwydfwi|°\fP dfe��_P_z��<Y�e \%[{¥iP ��lI| e \oY
(v

(k)
i )1≤i≤p ∈ <

n
� � `be�\^ehwn����Yi�NxNwyd]\fe�| ab��P���lZ| wn\^e�ly`N[7wyd^P�d%wn`NzblyO���Y�|%Lbli[^P `ªe�`ªw:�ye�¥yP `
e�`Z¬

\fP df¥³wy�
[xMIN ,xMAX ]

� ��P ��lZ|�e�\^e�P_[�wndfPSe�`be�\^ehwn��e��_P_z
dfwy`NzZlyO���Y��7e \fL�wrO�wn²Ze�OrabO�O�lIzbab��a�[
(xMAX − x

MIN )/2
5{P_`N|�Pi�

xNwyd]\fe�| ��P}[S|_wn`�|�l�¥iP d{L�wn��¢�ly¢�\^LbPre�`Ne \fe�wy��e��_wn\^e�ly`¨e�`i\fP df¥�wn��zbabd^e�`b��\fLbP���df[]\{\^e�O�Pr[]\^P_x®�S "\ P}wy|%Lª\fe�O�Pr[]\^P_x®��\^LbPr¥yP ��lZ|�e�\oY
ly¢DP}wy|%L
xNwnd^\^eh|���P#e�["\fLbP `ªabx>zbw�\fP_zªwy|_|�lidfzZe�`b�r\^l�[^lyO�P�|�dfe \fP dfe�w �

� \^LbP�x�wnd^\^eh|���P�e�`bP_d]\fe�w ��xNwydfwyO�P \^P_d
ω
'

� \^LbP��JP_[]\{��lI|_w�\fe�li`�P_¥yP d"¢¯liab`Nz
�IY�\^LbP�x�wnd^\^eh|���P
i
�
(x?

i )1≤i≤p

�¯e�`NzZe�¥<ehzZaNwy�®O�P O�lydfY7
('

� \^LbP��JP_[]\{��lI|_w�\fe�li`�P_¥yP d"¢¯liab`Nz
�IY�\^LbP)[^��wndfO �
x

?
�Ç| ly����P}|°\fe�¥iP�O�P_O�lid^Y7
��

5SP `N| Py�Z\fLbP�¥yP_��lZ|�e�\oY:ly¢2\^LNP�xNwnd^\^eh|���P
i
e�[SzZP��N`NP_z
e�`ªxbd%wy|�\^eh|�P��IY �

v
(k)
i = ωv

(k−1)
i︸ ︷︷ ︸

���	��
 ��
+ c1r1(x

?
i − x

(k)
i )︸ ︷︷ ︸

�
�	��
 ��
+ c2r2(x

? − x
(k)
i )︸ ︷︷ ︸

���	��
 ��
1 ≤ i ≤ p,

�¯�y� 


�7LbP_d^P
r1

wy`Nz
r2

wndfP�ab`be�¢¯lydfO���Y+zZe�[]\^dfe��baZ\^P}z�d%wn`NzblyO `IabO��JP d%[
∈ [0, 1]

�)K�LbP�\^P_d^O �� | lydfd^P}[]xJly`�zb[7\fl�\fLbP�e�`NP d^\^ehwb�
�7LbP_d^P}wy[ \^LNPr\fP dfO�[ �� wy`Nz �� | lydfd^P}[]xJly`�zª\^l¨w�\^\^d%wy|�\^e�ly`N[S\^l���wnd%zb[S\^LbP�e�`NzZe�¥Ie�zZa�wn�kwn`�z�|�li����P_|�\^e�¥yP�O�P O�lydfe�P}[ ��K�LbP
xNwyd]\fe�| ��P#��lZ| w�\fe�li`�eh[�\fLbP `ªabx>zbw�\fP_z
�IY�\^e�O�P�e�`<\fP �yd%w�\fe�li`�zZaNd^e�`b��w�\^e�O�P)[o\fP x
ln¢���P_`b�n\fL�ab`Ne \oY��

x
(k+1)
i = x

(k)
i + v

(k)
i 1 ≤ i ≤ p.

�¯�4J 


c1
wy`Nz

c2
e�`4�Ç�y� 
"wndfP |_wn����P}z�\fd^aN[]\7|�lIP�´:|�e�P `<\%["wy`Nz
wyd^P�[]P \ \fl�\fLbP#¥�wn��abPS\o�"l1� �
L/�E�kK�LbP_`®�I\^LNPS\o�"lrdfP �hw�\fP_z:wn\]\fdfwi|°\^e�ly`

\fP dfO�["e�`4�Ç�y� 
±YIe�P_��z
\^LNP xNwyd]\fe�| ��P \^l�l�¥yP_d #�Y�\fLbP#��lZ| wn\^e�ly`N["|�lid^dfP_[^xJly`NzZe�`b��\fl�\fLbP#e�`�zZe�¥IehzZaNwy�>wy`Nz
| ly����P}|°\fe�¥iPSO�P O�lydfe�P_[
�7e�\^L©wªxNd^li�Nwn�be���e \oY+ly`bP:L�wn��¢�P_¥yP_d^Y¨\fe�O�P
[o\fP x®�¨K�Lbeh[�wy���ilydfe \fLbO zZlIP_[�`bln\rP�²bwy|�\^��Y+|�lid^dfP_[^xJly`Nz�\^l¨\fLbP:lid^e��ye�`Nwn�±ly`bP
xbdflyxJli[^P_z
�IY��#P `b`bP}zZY:wn`�z �k�JP dfLNwnd^\�� �@L �E�Z�7LNe�|%L
zZe�z�`bly\"aN[^P�e�`bP_d]\fe�wN��T¨lydfP l�¥iP d}�y¥yP_��lZ| e \oY��"P dfPSabx>zbwn\^P_z��IY�\fwy§<e�`b�
e�`<\^l
wi| |�liab`<\7\^LbP���P}[o\S��lZ| wn\^e�ly`ª¢¯lyaN`Nzª�IY:\^LNPr[^�"wyd^O wn\SP_wi|%L
\^e�O�Pi�7K�LbP)aN[^P)ln¢D\^LNP�e�`bP d^\^ehw�\^P_d^O¦�"wi[7xbdflyxJli[^P_z��IY
WILNe wn`�z �k��P_d^L�wnd^\ � �<� �E�D�7LbP_d^P}wy[#\fLbP�aN[^P:ln¢"\^LbP
��P}[o\���lZ| wn\^e�ly`¤P ¥iP d�¢¯liab`Nz��IY�\fLbP
[^�"wyd^O \fl¨abx>zbw�\fP�\^LbP
¥yP ��lZ|�e�\oY
��wy[
e�`<\^dflZzZaN| P_z �IY*YNlyabdfe�P�wn`Nz 0�dflIP `I�"ly�hz ����V/�E� K�LbP}[]P�� lid^§Z[�dfP xJlyd^\^P}z []liO�P¨e�O�xbdfl�¥yP O�P_`i\%[�dfP �hw�\^P}z \^l«\fLbP_[^P
O�lZzZe.��| wn\^e�ly`N[_�

T¨lid^P_l�¥yP_d_�D\^LNP_[^P��"lydf§Z[�dfP xJlyd^\^P}z«\^LNPª| d^e�\^eh| wy��e�`�#�abP `N| Pªln¢{\fLbPªe�`bP_d]\fe�w+xNwydfwyO�P \^P_d
ω

ly` \fLbPªd^P}[]aN� \%[ � � `�zZP P}z �
¢¯lid���wyd^�iP

ω
¥�wn��abP_[�\fLbP�P�²Zxb��lyd%w�\fe�li`�e�`+\fLbP:[^P_wnd%|%L+[^xNwi|�P�e�[#xNd^liO�ly\^P}z �®�7LbP_d^P}wy[�wª[]O�wy���

ω
¥³wy��aNP�¢Çw³¥ylyd%[�w
[]\^d%wne��yL<\
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� �0���1�-�2
��$� �43657������� �$�����18:9;8.� �;3=<6���>
��?�#�@�-AB8 �³�

| ly`I¥yP_d^�iP `N| P±\fl��"wydfzb[D\fLbP{�JP_[]\±��lI|_w�\fe�li`N[�P ¥iP d�¢¯liab`Nz ��  O�w�\fLbP O�wn\^eh| wn��wn`Nwy��YZ[^e�[�ly¢�\fLbPSzZYI`NwyO�eh| wy�N[^YI[]\^P_Oª�ye�`N|���aNzZe�`b�
[]\fwy�be���e�\oY | ly`NzZe�\^e�ly`�[ �{|_wn` ��P�¢¯lyab`�z e�` \fLbP��"lydf§©ly¢�µ ��P d%|¨wn`�z �#P `b`bP}zZY � L �­�/WILbe�wn`Nz �±��P_d^LNwyd]\$� �<� � xbdflyxJli[^P_z
xbd%wy|�\^eh| wy����Y�\fLNw�\

ω
¥�wn��abP:�JP
[^P ��P_|°\fP_z¤[^aN|%L�\^LNwn\

ω ∈ [0.8, 1.4]
�
K�LNP Y+wy��[^l¨dfP xJlyd^\^P_z�e�O�xbd^l�¥iP_z�|�li`<¥iP df�yP_`N|�P�dfwn\^P}[

�7LbP_`
ω

eh[:zZP}|�dfP_wi[]P}z©��e�`NP_wndf��Y©zZabdfe�`N�¤\^LbP¨lixZ\^e�O�e��}w�\^e�ly`2� K�LbP¨xbdfP_[^P `<\:e�O�xb��P_O�P `<\fwn\^e�ly` e�[:�Nwy[^P_z ly` w¤zZYI`NwyO�eh|
abx>zbwn\^P�ly¢

ω
xbdflyxJli[^P_z
�IY YNlyabdfe�P)wn`Nz 0�dflIP `I� li��z$����V �­�7  [o\%wnd^\^e�`b�

ω0 eh[S|%Lbl<[]P_`ª�7e \fL�w�giaNe \fP)��wyd^�iP�¥�wn��abP�e�`�lyd%zZP d
\fl
xbdflyO�ln\fPrwy`�P�²Zxb��lyd%w�\flydfY�[^P_wnd%|%L®�SK�LNP `®�>e�\f[ ¥³wy��aNP�eh[�zbP_|�dfP_wi[]P}z
�<Y¨w:¢Çwy|°\flyd

α
e�¢±`bl�e�O�xbdfl�¥yP}z¨[]li��ab\^e�ly`�eh[{¢¯liab`Nz

�7e�\^Lbe�`
h

| ly`N[^P_| aZ\^e�¥yP�\fe�O�P
[]\^P_xN[���K�LbP dfP�¢¯lid^Pi�2e�¢�\^LbP:P ²Zxb��lidfwn\^lid^Y�[^P_wydf|%L+¢Çwne���[_��\^LbP
| ly`I¥yP_d^�iP `N| P�\fl��"wydfzN[�\^LbP:�JP_[]\
��lZ| w�\fe�li`N[�P ¥iP d"¢¯lyaN`Nz
e�[7xNd^liO�ly\^P}z �

WIliO�P{wnaZ\fLblyd%[�e�`�|���aNzZP{e�`�\^LbPS�Nwy[^e�|7wy���ilydfe \fLbO/w�| dfwy� e�`bP_[f[�lyxJP d%w�\flyd��7Lbli[^P7dfly��P7e�[�\fl)wyzbz�d%wn`�zZlyO xJP d^\^aNd^�Nwn\^e�ly`N[_�
K�Lbeh[#lyxJP d%w�\flyd�e�[�e�`N[^xbe�dfP_z�¢¯d^liO \^LbP�OraZ\fwn\^e�ly`�lyxJP d%w�\^lidSe�`�0#  [ ��YDe�d%[o\}� �#P `b`NP_zZY�wy`Nz��±��P_d^LNwyd]\%� �
L �kxbdflyxJli[^P_z¨\^l
d%wn`NzblyO���Y
x�P_d]\fabd^��w�\^P�\fLbP�¥yP_��lZ|�e�\oY:ly¢�[^lyO�P#xNwnd^\^eh|���P_[_�Z�baZ\7\fLbP Y
|�li`N|���aNzZP}z
\fLNw�\7\fLbeh[7lyxJP d%w�\flyd��"wi[�`bln\7O�wn`�zbw�\flydfYy�
YNlyabdfe�P�wn`Nz 0�d^lIP_`<�"ly�hz ����V �#d^P_e�`<\fd^lZzZaN| P_z w |�d%wn�_e�`bP}[^[
lyxJP d%w�\flyd�\fLNw�\ªdfwy`NzZliO���Y O�lIzbe
�NP}[:\fLbP�¥yP ��lZ|�e�\^e�P_[��7e \fL w
xbdfP_zbP�\^P_d^O�e�`bP_z
xbdfly�Nwy�be���e�\oY�wy`Nz:�7e�\^Lªw�zZP_| d^P}wy[^e�`b�rwnO�xb��e \faNzZP#ln¢2xJP d^\^aNd^�Nwn\^e�ly`®� ��P_`i\fP d7wn`�z�WIli�be�P}[]§Ie � �4J��®wn�h[^l�aN[^P_z
[^aN|%L+wy`�lyxJP d%w�\flyd}���NaZ\ \fLbP Y�zbP_|�ehzZP}z¨\^l
xJP d^\^abdf�Nw�\fP��Jln\fL�xNwyd]\fe�| ��P}[S��lZ| w�\fe�li`�wn`�z¨¥yP_��lZ|�e�\oYy� � `�\^LbP�|�abdfdfP `<\S�"lydf§J� w
| dfwy� e�`bP_[f[7lyxJP d%w�\flyd{eh[ e�O�xb��P O�P `<\fP_z¨e�`¨\^LNPr[^xbe�dfe�\Sln¢ YNlyabdfe�Prwn`Nz30�dflIP `I�"ly�hz�lix�P_dfwn\^lid_� �±[^x�P}|�ehwn����Yi�Jw
xbdfly�Nwy�be���e�\oY
ln¢
| dfwy� e�`bP_[f[

pc ∈ [0, 1]
eh[#xbd^P}zZP�\fP dfO�e�`bP}z �rK�LNP `®�2wn\�P}wy|%L�\^e�O�P�[]\^P_x�wy`Nz�¢¯lid#P_wy|%L+xNwnd^\^eh|���Py�>\fLbP�¥yP_��lZ|�e�\oY�zZe�d^P}|°\fe�li`�eh[

d%wn`NzblyO���Y�O�lZzZe.�NP_z
�7e \fL:\^LNP xbdfly��wn�be���e�\oY
pc

�I�baZ\"\^LbP�¥yP_��lZ|�e�\oY�O�lZzZaN��aN["eh["§yP xb\"|�li`N[]\fwn`<\}�DK�LbP_d^P ¢¯lydfPy�<��wyd^�iP{d%wn`NzZliO
xJP d^\^abdf�Nwn\^e�ly`N[
lI|_|�abd�w�\
\fLbP��JP �ie�`b`Ne�`b�©ln¢�\^LNP�lyxZ\fe�O�e��_wn\^e�ly` xbdflZ|�P_zbabd^Pi�7�7Lbeh|%L xbd^liO�ln\^P¨d%wn`�zZlyO �y��ly�Nwy�S[^P_wnd%|%L®�
�7LbP_d^P}wy[)[^O�wn���±d%wn`NzblyO x�P_d]\fabd^��w�\^e�ly`�[)wndfP�x�P_d]¢¯lid^O�P}z¤�7LbP `¤\fLbP�[^�"wyd^OVe�[r|���li[^P�\^l�\^LbP
[^ly��aZ\fe�li`®���7Lbe�|%L«xNd^liO�ly\^P
d%wn`NzblyO·��lZ| wn�®[^P_wydf|%L2�DK�Lbeh[{wyxbxbdfliwy|%L
e�[7e�`N[^xbe�d^P}z:¢¯dflyO�\fLbP)[^ln¬¶| wn����P_z:`Nly`Z¬­ab`be�¢¯lydfO·O�ab\fw�\fe�li`�lix�P_dfwn\^lid"e�` 0# S[�� �y�/�E�

YDe�`Nwn����Yi�NWILbe®wy`Nz �k�JP dfLNwyd]\�� �i� �®xbdflyxJli[^P_z�\^l�e�`<\fd^lZzZaN| P�w�O�w�²Ze�O�abO�¥iP ��lZ|�e�\oY�¥³wy��aNP
vMAX

¢¯lyd7[]\fwn�Ne���e \oY
xbabdfx�l<[]P
wy`Nz
ly�N[^P df¥yP}z
wn`
e�O�xNd^l�¥iP O�P `<\�ln¢D\^LbP)| ly`I¥yP_d^�iP `N| PSd%w�\^Pi��K�Lbe�[7[]\^d%w�\fP �iY:e�[7wy��[^l�aN[]P}z
e�`
\^LNP�xbd^P}[]P_`<\7[]\^a�zZYy�

YDe�`Nwn����Yi�I\^LbP)wy���ilydfe \fLbO·e�O�xb��P_O�P `<\^P}z�e�`
\^LbP)| abdfd^P_`i\7[]\^aNzZY
| wy`��JP)zZP_[f|�dfe���P}z�wi["¢¯ly����l��{[��
�y��e�`Ne \fe�wy��e�� P�d%wn`NzblyO���Y�\fLbP���lI|_w�\fe�li`N[

(x
(0)
i )1≤i≤p

e�`
\fLbP�e�`<\fP df¥³wy�
[xMIN ,xMAX ]

'
e�`Ne \fe�wy��e�� P#\fLbP#e�`bP_d]\fe�w

ω(0) '
k ← 0

'
�Z����P_�ye�`
\^e�O�P)[]\^P_x

k
'

�b��P_[]\^e�O�w�\^P�\fLbP��b\^`NP_[f[7ln¢�wn���®xNwnd^\^eh|���P_[
1 ≤ i ≤ p

'

�N��abx>zbw�\fP#\^LbP�e�`NzZe�¥Ie�zZa�wn� O�P O�lydfY
(x?

i )1≤i≤p

wy`Nz:\fLbP)|�li����P_|�\^e�¥yP#O�P O�lydfY
x

?
'

JZ�Sµ LbP_|%§
e ¢D\^LbP�e�`bP_d]\fe�w�[^Lblyab�hz���P�abx>zbwn\^P_z

� ¢
J (x?)|k = J (x?)|k−h

\^LbP_`
ω(k) = α ω(k−1);

�b�7|�liO�xNaZ\^P#\fLbP#¥yP ��lZ|�e�\oY:ln¢D\^LNP�xNwnd^\^eh|���P_[

v
(k)
i = ω(k)

v
(k−1)
i + c1r1(x

?
i − x

(k)
i ) + c2r2(x

? − x
(k)
i ) 1 ≤ i ≤ p;

�I�7|%LbP_|%§
e ¢D\^LbP�¥iP ��lZ|�e�\^e�P_[�wndfP#`bln\Swy��l�¥iP
v

MAX
'

Lb�7wnxbxN��Y |�d%wn� e�`bP}[^[��7e�\^L w¤xNd^li�Nwn�be���e \oY
pc

��d%wn`NzZliO�xJP d^\^abdf�Nwn\^e�ly` ln¢�\^LbP+¥yP_��lZ|�e�\oY �7e�\^L w«| ly`N[]\fwy`<\:¥yP ��lZ|�e�\oY
O�lIzbab��a�[

Vb��abx>zbw�\fP#\^LbP���lZ| w�\fe�li`�ly¢2\fLbP�xNwnd^\^eh|���P_[

x
(k+1)
i = x

(k)
i + v

(k)
i ;

�}�b��e ¢D\^P_d^O�e�`Nw�\fe�li`
| ly`Nzbe \fe�li`�dfP_wi|%LbP_z
\^LbP_`¨[o\flyx4'
P �h[]P

k ← k + 1
wy`Nz
�iln\fl �E� 
�'

K�LbP�O�wne�`¤� P}wn§I`bP}[^[�ln¢�[]a�|%L�[^P O�e�¬­[]\^lZ|%LNwi[o\fe�|rlyxZ\fe�O�e�� P_df[#eh[�\^LNwn\�\^LbP�`IabOr��P_d)ln¢�|�li[]\#¢¯ab`N|�\^e�ly`¤P ¥�wn��aNwn\^e�ly`N[�e�`Z¬
| d^P}wy[^P�zZd%wnO�wn\^eh| wn����Y��7e \fL�\fLbP�zZe�O�P_`N[^e�li`
ly¢2\fLbP�xbdfly�b��P Oª��K�Lbeh[�ly�N[^P df¥�w�\^e�ly`�LNwy[�O�ly\^e�¥³wn\^P}z:\fLbP)zZP ¥iP ��lyxbO�P_`i\�ln¢�wn`
wy���ilydfe \fLbO~\^L�w�\kdfP ��e�P}[�ly`�w#O�ab��\^e�¬E��P ¥iP �ZxNwydfwyO�P�\^P_d^e��_wn\^e�ly` ���}� �E� � \±|�li`N[^e�[]\f[�e�`�aN[]e�`b��w�xNwnd%wnO�P \^P dfe��_w�\fe�li`�ly¢�\fLbP{[]L�wnxJP_[
\fLNw�\{aN[^P_[7w�xbdfly�id^P}[^[^e�¥yP ��Y�e�`�|�dfP_wy[^e�`b�r`IabOr��P_d7ln¢�zZP_[^e��y`
¥³wyd^ehwn�N��P}[ �

QSabO�P dfe�|_wn� xNwydfwyO�P \^P_df[ ¢¯lyd�\fLbP�j W � wn���ylid^e�\^LNO·wndfP�[^P�\{aN[^e�`b��d^P}[]ab��\f["¢¯dflyO·\^LbP���e \fP d%w�\fabd^P�wy`Nz
xbd^e�lyd"\fP_[]\f[��
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T MAX = 200
O�wn²�`IabOr��P_d7ln¢2\fe�O�P)[]\^P_xN[

ω0 = 1.2
e�`be�\^ehwn�®e�`bP d^\^ehw

h = 3
e�`bP d^\^ehw�d^P}zZaN|°\fe�li`
| d^e�\^P_d^e�ly`

α = 0.98
e�`bP d^\^ehw�d^P}zZaN|°\fe�li`�d%w�\fP

c1 = c2 = 2
\fd^aN[]\{|�lIP�´:| e�P_`i\%[

pc = 0.05
| dfwy� e�`bP_[f["xbd^li�Nwn�Ne���e \oY

v
MAX = 0.25 (xMAX − x

MIN )
O�wn²Ie�O�aNO·¥yP_��lZ|�e�\oY

YNlyd{wn��� \fLbP)|�liO�xNaZ\fwn\^e�ly`N[_�<\^LbP�`IabOr��P_d{ln¢DxNwnd^\^eh|���P_[�eh[
p = 30

�

� �-, � ��� �'*6��� ��!'���<
 !#��
������6%��7
��6!'�
K�P��Nd%[o\{[^ly��¥yP#w�zbP�\^P_d^O�e�`beh[o\fe�|�lyxb\^e�O�e��_wn\^e�ly`
xbdfly�b��P Oª�Z�7e�\^L �b²ZP_z�lyxJP d%w�\fe�`b��|�li`NzZe�\^e�ly`N[_� 5{P_`N|�Pi�I\^LbP)T�wy|%L
`IabOr��P_d
eh[:[^abxbxJli[^P_z©\^l«LNw³¥iP
e�\f[�`NlyO�e�`�wn�{¥�wn��abP

M∞ = 0.83
�  S` lyxZ\fe�O�wn�{[^LNwyx�P¨eh[�ly�b\fwne�`bP}z©�IY O�e�`be�O�e�� e�`b�¤\^LNP�zZdfwy�

| l<P ´:|�e�P `<\S|�li`N[o\fdfwye�`NP_z:�IY
w�O�e�`be�OrabO¦��e�¢£\S|�lIP�´:| e�P_`i\}�
K�P
`bl���wy`Nwn��YI� P�\^LNP
¥�wndfe�wn\^e�ly`¤ln¢7\fLbP
wyP dflIzbY<`�wnO�e�|�| lIP�´:|�e�P `<\f[)¢¯lyd�\^LbP�lyxZ\fe�O�wn��zZP}[]e��y`¤¢¯liab`Nz ��wy[)\^LbP
T�wy|%L

`IabOr��P_d2¥�wndfe�P}[®wndflyaN`Nz�e \%[®`bliO�e�`Nwy�n¥�wn��abPy�DK�LbPk`bP ²<\2\fwn�N��P±| lyO�xNwyd^P}[J\^LbP±wyP dflZzZYI`NwnO�eh|�|�lIP�´:|�e�P `<\%[>¢¯lyd2T�wy|%L�`IabO��JP d%[
P}gia�wn�>\^l:�N� LN�y�Z�b� Ly��wn`�z
�N� L4J��

T�wi|%L�`IabOr��P_d � dfwy��| lIP�¢o� �2e ¢£\S| lIP�¢o�
�N� LN� �b� �b�}�i�@V �b� �
V<�
V

�b� Ly� �¯`NlyO�e�`�wn�+
 �b� �b�i�_� V �b� �b�#L@L
�N� L4J �b� �b�#Lb�i� �b� � Jb�}�

  [7| wn`
�JP)[]P_P `
e�`
\^LNP#wy��l�¥iPS\%wn�b��Py�b\^LbP�zZd%wn��|�lIP�´:| e�P_`i\{wy�bd^aNxZ\^��Y:e�`N|�dfP_wi[]P}["wi["\^LbP�T�wi|%L�`IabOr��P_d7�ylIP_[��JP Yily`Nz
e�\f[r`blyO�e�`Nwn� ¥�wn��abPy� � `bP�| wn` wy��[^l¨`bly\^eh|�P:\fLNw�\�\^LbP���e�¢£\�| l<P ´:|�e�P `<\�zZP}|�dfP_wi[]P}[�[]e��y`be.��|_wn`<\^��Y+e�¢7\^LNP
T�wy|%L«`IabOr��P_d�eh[
�JP ��l�� e�\f[#`bliO�e�`Nwy�D¥�wy��abPi��YDe��iabdfP=J�[]LNl��{[ w
|�liO�x�wndfe�[^ly`¨ly¢±\^LNP�T�wi|%L�`IabOr��P_d(��P �hzb[#w�\#\^LbP��7e�`b�¨[]abd^¢Çwy| P)¢¯lid \fLbP
\fLbd^P_P)T�wy|%Lª`IabOr��P_df[�ab`�zZP dS| ly`N[^ehzZP d%w�\fe�li`®�kK�LbP)lixZ\^e�O�e��}w�\^e�ly`
xbdflZ|�P_zbabd^P#YIe�P �hzb[{w��7e�`b�:[]L�wnxJP#\^LNwn\{O�e�`be�O�e��_P_[7\fLbP
[^LblZ|%§+��w³¥yP�wn\�`blyO�e�`Nwn�"T�wy|%L«`IabOr��P_d_�¨K�LbP_`®�D\^LbP�e�`<\fP `N[^e \oY�ln¢�\fLbP�[^LblZ|%§+zZlIP}[)`bly\r|%LNwn`N�yP:[^e��i`be
�J| wn`<\f��Y�wy[�\fLbP
T�wi|%Lª`<aNO��JP dS¥�wyd^e�P_[�¢¯dflyO¦�b� Lb�#\fl:�b� Ly�b� 5{l��"P ¥iP d}�bw�\ T�wi|%Lª`<aNO��JP d �N� L4JZ�I\fLbP�[^LblZ|%§
��w³¥yP�[o\fd^li`b�y��Y
dfP e�`Z¢¯lidf| P_[_� � \
dfP_[^ab��\f[7wn`ªe�`N|�dfP_wi[]P�ln¢�\^LbP)zbdfwy��| lIP�´:|�e�P `<\_�

K�LbPS��P_LNw³¥Ie�lid�ln¢>\^LbP e�`Ne \fe�wy�N�7e�`b� �ÇQ  Sµ"  �y�N�}��[^P_|°\fe�li` 
�wy`Nz�\^LbPSlyxZ\fe�O�wn���7e�`N�)[]LNwyx�P w�\±`bliO�e�`Nwy�NT�wi|%L�`IabOr��P_d
eh[ [^YZ[o\fP O�w�\fe�|_wn����Y
wn`Nwy��YI�_P_z
¢¯lyd�w:T�wi|%L¨`<aNO��JP d{\fLNw�\�¥�wndfe�P}[7e�`�\^LbPre�`<\^P_d^¥�wy�

[µM − 3σM , µM + 3σM ]
�SK�� P_`i\oY<¬­ly`bP

#Nl�� wy`Nwn��YZ[]P}[kwndfP{xJP d^¢¯lydfO�P}z ��v7P_[^ab��\f[±wyd^P zZP xbeh|°\fP_z�e�`	�N�iabdfP{�b�� S[±P�²Zx�P}|°\fP_z �<\^LNPSlyxb\^e�O�abO zZP_[^e��y`�eh[k¢¯ab����Y�wizbwnxb\^P_z
\fl�\fLbP `NlyO�e�`�wn�>T�wy|%L:`IabOr��P_d��D\fLbP�zbdfwy��|�lIP�´:| e�P_`i\"e�["O�wne�`<\fwye�`bP}z:w�\7w)��l�� ¥�wn��abPSaN`i\fe��J\fLbP `NlyO�e�`�wn�>T�wy|%L:`IabOr��P_d
wy`Nz�\^LbP_`
e�`N| d^P}wy[^P_[�wn�bdfabxZ\f��Yi�'Y�e��yaNd^P��rzZP xNe�|�\f[�\fLbP�d^P_��wn\^e�¥yP#zZd%wn��d^P}zZaN|�\^e�ly`
�7e \fL
dfP_[^xJP_|°\�\fl�\^LbP)T�wi|%L�`IabOr��P_d��

r =
C?

D − C
(0)
D

C
(0)
D

,
�¯�<� 


�7LbP_d^P
C?

D

eh[S\^LbP�zbdfwy�:|�lIP�´:|�e�P `<\ ¢¯lyd7\fLbP�lixZ\^e�O�wn�2�7e�`b�
[]LNwyx�Prwn`Nz
C

(0)
D

¢¯lydS\^LbPre�`Ne \fe�wy�2�7e�`b�
[^LNwnxJPy�{  [SP ²IxJP_|�\^P}z �
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� `N| P aN`N|�P_d]\%wne�`i\oY�xbdflyx�wn�iwn\^e�ly`�dfP ��e�P}[±li`�wr[^wn¢¯P �Nwi[]eh[_�y\fLbP#d^li�baN[]\ lyxb\^e�O�e��_wn\^e�ly`�xbd^li�b��P O �o�³� 
 | wn`���P#wyzNzZd^P}[^[^P_z®� � `
\fLbPrxNd^P}[]P_`i\�[]\^aNzZYi�J\^LbP�\o�"ln¬­ly�ZmoP}|°\^e�¥yP�xNd^li�b��P_O e�[�[^ly��¥yP_z�aN[]e�`b�
w�| lyO�x�l<[]e�\^P�|�l<[o\ ¢¯ab`N|°\fe�li`®� �7Lbeh|%L�eh[ \^LbP�� P_e��iL<\^P_z
[^abO ly¢�\fLbP�O�P_wy`
wy`Nz
¥�wyd^ehwn`N| Py�

[���� ��C � �Z� ¹ � ½ SE� ½ F �
YDe�¥yP
lyxZ\fe�O�e��_w�\fe�li` P�²ZP_df| e�[^P_[rwndfP�[^ly��¥yP_z¤a�[]e�`b�+zbe  >P dfP `<\�� P_e��iLi\%[)\fl+zZd%w³� \^LNP�j�wndfP�\fl¨¢¯dfly`<\ �@[]P_P1�N�iabdfP���L 
°�«K�LbP
dfP_[^ab��\f[7|�lid^dfP_[^xJly`NzZe�`b�r\^l�\^LNP_[^P��N¥yP#lyxb\^e�O�e��_wn\^e�ly`
P�²ZP d%|�eh[^P_[�wndfP�[]abO�O�wndfe�� P_z�e�`�\%wn�b��P)�Z�
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Y�e��yaNd^P���L � j�wndfP�\flr¢¯dfly`<\�¢¯lyd�\fLbP#\o�"ln¬­ly�ZmoP}|°\^e�¥yP d^li�baN[]\{zZP_[^e��i`�xNd^li�b��P_Oª�

K�P e��yL<\7¢¯lid�\^LbP�O�P_wy` K+P_e��iL<\7¢¯lyd�\^LNP�¥³wyd^ehwn`�|�P T¨P}wn` �kwyd^ehwn`N| P µ li`N[o\fdfwye�`<\�xbdfly�Nwy�be���e�\oY
�y� � �N� � �b� �b�_�y� �y� �y�N����¬¶� J �N� V4Jn�n�
�N� �@J �N� � J �b� �b�_�i� �b� �y�I�#��¬¶�y� �N� V4Jn�b�
�b�BJ �N� J �b� �b�RJ@J �b� �b�}� ��¬¶�y� �N� V4Jn�n�
�N� � J �N� �@J �b� �b���n� �Z� �@L4J!��¬¶�y� �N� V4JZ�}�
�b� � �i� � �b� �i�n� L �b� � J J!��¬¶�<� �N� V4Ji���

KDwn�b��P)���±W<\%w�\fe�[]\^eh| ["¢¯lid�\^LbP)zZe  >P dfP `<\{d^li�baN[]\7lyxZ\fe�O�e��_w�\fe�li`�P ²ZP d%|�eh[]P}[ �

� `bP�|_wn`ª`bln\fe�| P�\^LNwn\7\^LbP�zbP_[^e��i`�lixZ\^e�O�e��_P_zªw�\{`bliO�e�`Nwy�®T�wy|%L
`IabO��JP dSLNwy[7w���l�� P_d"O�P}wn`¨zZd%wn��\^LNwy`
\fLbP�zZP}[]e��y`
¢¯liab`Nz��IY¨O�e�`be�O�e�� e�`b��\^LbP�O�P_wn`+zZdfwy�N� � \�eh[�zZabPr\^l�\^LbPr¢Çwy|�\ \fLNw�\�\^LbP�lyxb\^e�O�abO zZP}[]e��y`�w�\ `NlyO�e�`�wn��T�wy|%L�`IabOr��P_d
zZlIP}[�`bln\�dfP_[^x�P}|°\�\^LbP¨��e ¢£\:| ly`N[]\^d%wne�`<\�e�`©\fLbP¨xbdfly�Nwy�be���eh[o\fe�|
[^P `N[^Py�*Yblyd�\fLbe�[�zbP_[^e��i`®�k\fLbP¨xbdfly�Nwy�be���e�\oY+\fl¤d^P}wy|%L \fLbP
xbdfP_[f|�dfe���P}z
��e ¢£\ ¥³wy��aNP�eh[�ly`N��Y
�b�BJn� J<�I�

[���� � M � ���1H«� ½®¹�� �@G ¹ F � �b�Z��GÇ�b��G ½ F �
K�LbP�P ¥ily��aZ\^e�ly`
ln¢®\fLbP�zbdfwy��|�lIP�´:| e�P_`i\7wy[±\^LNP�T�wi|%L:`IabO��JP d�¥�wndfe�P_[±|_wn`���P#[]P_P `:e�` ���yabdfP��#V�¢¯lyd \^LNd^P_P xJlye�`<\f[ ly`:\fLbP
j�wndfP�\fl
¢¯d^li`i\}��K�LNP_[^P�d^P}[]ab��\f[#wyd^P�ly�b\fwne�`bP}z��IY�xJP d^¢¯lydfO�e�`b� 
����R8.�>���.���
�.� \o� P_`i\oY<¬­ly`bP:µ Y �·wn`�wn��YI[^P_[ e�`+\fLbP�e�`i\fP df¥�wn�
[µM − 3σM , µM + 3σM ]

¢¯lid
\fLbP�\^LbdfP P�zZP_[^e��y`N[
ab`NzbP dª|�ly`�[]ehzZP d%w�\fe�li`®��K�LbP¤|�lydfdfP_[^x�li`NzZe�`b� j � YN[¨wyd^P�zZP xbeh|°\fP_z
li` �N�iabd^P¤�n�Z��  [
|_wn` ��P¤[]P_P `®��w©zZP}[]e��y` e�[�¢¯lyaN`Nz �{¢¯lidª�7Lbe�|%L \^LbP¤zZd%wn�©eh[ªwn��O�li[]\
|�li`N[]\fwn`<\
l�¥yP d
\^LbP�e�`i\fP df¥�wn�
[µM−3σM , µM +3σM ]

� 5Sl�� P_¥yP d}��e�\f[�O�P_wn`)zbdfwy�7e�[2x�lIlyd}�³[]e�`N|�P±e \De�[2`bln\®\%wn§iP `�e�`i\flSwy|_|�liab`<\2zZabdfe�`b�{\^LbP lyxZ\fe�O�e��_w�\fe�li`®�
� `r\^LbP{| ly`<\^d%wndfYy�nw�[^P_|�li`Nz�zZP_[^e��i`rlixZ\^e�O�e��_P_[D\fLbP7O�P_wn`�zZd%wn�����baZ\kP�²ZLbe��be�\f[�w#[^e��i`be
�J| wn`<\kzZd%wn��e�`�|�dfP_wy[^P ¢¯lyd�Lbe��yL�T�wy|%L
`IabOr��P_df[_�'Y�e�`Nwy��Yi�bw�\fdfwizZP�¬­l  �zZP}[]e��y`�e�[7[^Lbl��7`®�<¢¯lid7�7Lbe�|%L
\^LbP�O�P}wn`
eh[7[^��e��yL<\^��Y:zZP_�yd%wyzZP}z:�baZ\7\fLbP�zZd%wn��#�aN|°\faNw�\fe�li`N[
wyd^P#O�lZzZP d%w�\fPy��K�LbP)|�liO�xNwndfe�[^ly`
ln¢D\^LbP�j � YN[S|���P_wndf��Y
[]LNl��{[±\fLbP)|%LNwydfwi|°\^P_d^eh[]\^eh| [ ln¢D\^LbP}[]P�zZe  JP_d^P_`<\SzZP_[^e��i`N[_�
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YDe��iabd^P)�y�7�©j±d^li�Nwn�be���e \oY:zZP_`N[^e \oY
¢¯ab`N|°\fe�li`N[�¢¯lid�\^LbP)zZd%wn��|�lIP ´�| e�P_`<\���d^li�baN[]\{zZP_[^e��i`N["¢¯dflyO�\fLbP�j�wndfP�\^l�¢¯dfly`<\_�

[���� � [ � P ½ �_� ¹ ��G ½ ��G �b� %�GÇ¾D�Z��G ½ F

K�LbPr\o�"P `<\oY<¬Eli`bP�µ Y ��wn`�wn��YI[^P_[Sx�P_d]¢¯lid^O�P}z¨¢¯lyd \^LNP�dfly�NaN[o\#zZP_[^e��y`�¢¯liab`Nz*�¯�"P e��yL<\f[�ln¢ ¥³wy��aNP��N� J 
{wndfP�a�[]P}z¨¢¯lyd�wy` 

���R8.�>���.���
�.� ¥�wn��e�zNw�\^e�ly`
ln¢>\^LbP�ab`N| P d^\fwye�`<\oY�wn`Nwy��YZ[^e�[_��K�LbP}[]P�µ Y � wy`Nwn��YZ[]P}[�xbdfl�¥Ie�zZP w)dfP�¢¯P dfP `�|�P{O�lZzZP ��¢¯lyd ab`N| P d^\fwne�`<\oY
xbdflyx�wn�iwn\^e�ly`®��\^L�w�\#e�[#|�liO�xNwndfP_zª\fl
\fLbP�[]P_¥yP `b¬"xJlye�`<\#v W Y�[ �N\]\^e�`b�
aN[^P_z�zbabd^e�`b��\^LbP�lyxb\^e�O�e��_wn\^e�ly`+xbd^lZ| P_zZabdfPy� YDe��n¬
abdfP��Z�r[^Lbl��{[S\^LNwn\#\^LbP�v W YN[(�b\^\^e�`b�ªaN[]e�`b�
[]P_¥yP `+x�lie�`<\%[ eh[#g<abe \fP�wi| | abdfwn\^Pi�#  | lyO�xNwndfeh[]li`¨ln¢k\fLbPrj ��Y�[�ly�Z\%wne�`bP_z
eh[#zZP xbeh|°\fP_z�e�`3�N�yabdfP��i�I�� S[#| wy`��JP�[^P P_`®� w
[fw�\fe�[]¢Çwy|�\^lydfYªwn�ydfP P_O�P `<\S�JP�\o�"P P `�\^LbP�v W YN[�O�lZzZP ��wy`Nzª\^LNPrdfP�¢¯P_d^P_`N|�P
O�lZzZP � eh["ly�Z\%wne�`bP_z®��K�LNPS\%wn�b��P���|�liO�xNwndfP_[±\^LbP#|�lid^dfP_[^xJly`NzZe�`b�rO�P}wn`
wn`Nz
¥³wyd^ehwn`�|�PSP}[o\fe�O�wn\^P_z®��K�LNP�wi| |�aNdfwi|�Y�ln¢®\fLbP
[]\fwn\^eh[o\fe�|_[�P_[]\^e�O�w�\^e�ly`�¢¯lid�\^LbP
d^li�baN[]\�zZP_[^e��i`�¢¯lyab`Nz�eh[��N`NPy�D�7Lbe�|%L¤YIe�P �hzb[)wn` 
?�1��8.�/�-�.�����.� ¥�wn��ehzbw�\fe�li`�ly¢ \fLbP:dfly�ba�[o\
zZP}[]e��y`
lyxb\^e�O�e��_wn\^e�ly`ªxbdflZ|�P_zbabd^Pi�

T�lIzbP � T¨P}wn` �kwyd^ehwn`�|�P
v7P ¢¯P dfP `N| P �b� �b�RJ@J �b� �b�³�n� ��¬­�i�

v W YN[ �b� �b�RJ@J �b� �b�}�y� ��¬­�i�

KDwn�b��P��7�·W<\fwn\^eh[o\fe�|_[ ¢¯lyd�\^LbP�zZd%wn�
¢¯lyd�\^LNPrdfly�ba�[o\�zZP_[^e��y`�li�Z\fwye�`NP_z��7e�\^L+\^LNPrdfP�¢¯P_d^P_`N|�P�O�lIzbP ��wn`Nz�\^LNP�[^P ¥iP `Z¬­x�lie�`<\
v W Y�[&�b\]\fe�`N�N�
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YDe��yabdfP��i���
jkdfly�Nwy�be���e�\oY)zZP `N[^e�\oY�¢¯ab`N|�\^e�ly`N[D¢¯lid�\fLbP7zZd%wn� | lIP�´:|�e�P `<\���d^P ¢¯P dfP `N| P dfP_[^ab��\�¢¯lidD\^LbP�dfly�baN[]\�zZP_[^e��i`r| lyO�xNwndfP_z
\fl:v W YN[��E�rxJlye�`<\f[�
°�

[���� ��� N QD��P ¹ � ½ �0PD�Z��G@� ½ F

  |�lyO�xNwyd^eh[^ly`�ln¢ \fLbP{�7e�`b�r[^LNwnxJP_[ w�\k\fLbPSdflIln\ [^P_|�\^e�ly`�eh[±zZP_xbeh|°\^P}z�e�`	�N�yaNd^P �y�Z�i¢¯lydk\fLbPSlixZ\^e�O�aNO zbP_[^e��i`:w�\ `NlyO�e�`�wn�
T�wi|%L«`IabO��JP d�wn`Nz�\fLbd^P_P:dfly�baN[]\�zZP}[]e��y`N[)¢¯d^liO(\fLbP
j�wndfP�\flª¢¯d^li`<\_� � `bP
|_wn`«`bly\^eh|�P�\fLNw�\)\fLbP
xNd^P}[^[^abdfP:[]ehzZP:ly¢"\fLbP
dfly�ba�[o\{zZP}[]e��y`
e�[{O�lid^P�wy`Nz
O�lid^P #�wn\7wi["\^LbP��"P e��yL<\�¢¯lyd�\fLbP�¥�wndfe�wy`N|�P�e�`N|�dfP_wi[]P}[ �

[���� � I � % ½I¼ � F � % º �#GÇ�
YDe��yabdfP��n� [^Lbl��{[Dw | lyO�xNwndfeh[]li`)ln¢b\fLbP7T�wy|%L�`<aNO��JP d �NP �hzb[�w�\�\fLbP �7e�`b�#[]aNd]¢Çwi|�P ¢¯lyd�\^LbP�dfly�baN[]\�zZP_[^e��i`�¢¯lyaN`Nz �Ç� P_e��iL<\f[
ly¢2¥�wn��abP �N� J 
�wy[±\^LbP#T�wi|%L:`IabO��JP d"¥�wndfe�P}[ ��K�Lbeh[ �N�iabdfP{LNwy[±\^lr��P#|�liO�xNwndfP_z�\fl)\^LNP �N�iabdfP J#�7Lbeh|%L�zbP xbeh|°\%[k\fLbP�[fwnO�P
dfP_[^ab��\f[�¢¯lyd�\fLbP¨�7e�`b�«[]LNwyx�PªlixZ\^e�O�e��_P_z w�\:`bliO�e�`Nwy�{T�wy|%L `<aNO��JP d}� � `NPª|_wn` `bln\fe�| P
\^LNwn\�\^LbP #Nl�� �NP �hz P ¥yli��¥iP_[
xbdfly�id^P}[^[^e�¥yP ��Y�wy[�\fLbP{T�wi|%Lr`IabOr��P_dk¥�wndfe�P}[ ��µ ly`<\^d%wndfY#\^l#\fLbP7��wn\]\fP d±|_wy[^Py��\fLbP7�be�d]\fL�ln¢ w�[]\^dfly`N�#[^LblZ|%§)eh[�`bly\kly�N[^P df¥yP}z
�7LbP_`«\^LNP
T�wy|%L«`IabOr��P_d�e�`N|�dfP_wi[]P}[�¢¯d^liO �N� Li�
\^l��N� L4JZ�ªK�LIaN[ ��\^LNP
�7e�`b��[^LNwnxJP:eh[)O�lydfP �odfly�NaN[o\ ���7e�\^L«dfP_[^xJP_|°\�\^l
T�wi|%L�`IabOr��P_d{¥�wndfe�wn\^e�ly`N[_�

\�\^]
_�`#acb�d

in
ria

-0
01

36
49

4,
 v

er
si

on
 2

 - 
15

 M
ar

 2
00

7



�@L ����� 9���� 3@���,
�9

0 500 1000 1500 2000 2500 3000
-200

-100

0

100

200
optimum design at M=0.83
weight mean = 1   weight variance = 0
weight mean = 0.5   weight variance = 0.5
weight mean = 0   weight variance = 1

YDe��yabdfPr�n� � µ lyO�xNwyd^eh[^ly`ªln¢�\^LNP)�7e�`N�
[]L�wnxJP�w�\{\fLbP�dflIln\S[^P_|�\^e�ly`��"lyxZ\fe�OrabO zZP_[^e��i`�w�\S`NlyO�e�`�wn��T�wy|%Lª`IabO��JP d�wn`Nz
dfly�ba�[o\{zZP}[]e��y`N["¢¯dflyO·\^LbP�j�wndfP�\fl�¢¯d^li`i\}�
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� Î��
M∞ = 0.81

��� �
M∞ = 0.83

� Ê��
M∞ = 0.85

YDe��yabdfP
��� �(T�wy|%L�`IabO��JP d �NP �hz¤w�\)\fLbP:�7e�`b��[]aNd]¢Çwi|�P�wn`Nz¤eh[^ln¬¶T�wy|%L¤|�li`i\flyabd%[ ¢¯lyd�\fLbP:dfly�ba�[o\�zZP}[]e��y`,'�\flyx���T�wy|%L
`IabOr��P_dS�b� Lb� '<O�ehzbzZ��P �kT�wi|%L�`IabOr��P_d{�b� Ly� �¯`NlyO�e�`�wn�+
�'Z�Jln\]\flyO �±T�wi|%L
`IabOr��P_dS�b� L Jb�
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