hal-00136438, version 1 - 14 Mar 2007

Unique continuation for the elastic transversally
isotropic dynamical systems and its application

Ching-Lung Lin*  Gen Nakamura' Mourad Sini*

Abstract

In this paper we prove the unique continuation property of the solution for
the elastic transversally isotropic dynamical systems with smooth coefficients
satisfying some conditions and apply it to extending the Dirichlet to Neumann
map. The proof is based on the localized Fourier-Gauss transformation and
Carleman type estimate.

1 Introduction

Let Q be a bounded domain in R?* and C*(Q) be the set of all smooth functions
defined in Q. Let the body B with reference configuration Q be occupied by a
transversely isotropic medium. More precisely, let the axis of rotational symmetry
coincide with the x3 axis, then the non-zero components of the elasticity tensor

C(z) = Cyjre(x) are
Clllla 022227 03333a 011227 011337 022337 0232?” C’13137 01212

and they satisfy

C(1111 = 022227 C(1133 = C(22337 C12323 = C(13137 C’1212 = (01111 - C(1122)/2-

For notational simplicity, we set

Cllll = A, C(1122 = M) C(1133 = F; 03333 = Cv 02323 = L. (11)
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It should be noticed that the elasticity tensor C(z) satisfies the full symmetry prop-

erties: B
Cijkl = Ck:lij = Cjikt for all z € Q. (1.2)

We assume that the elasticity tensor satisfies the strong convexity condition, i.e. there
exists 0 > 0 such that for any real symmetric matrix £

C(z)E-E > 4$|E* forall x € Q. (1.3)
In other words, we assume that
C>6, L>0d, (1/2)(A+ M) >4, (1/2)(A—M) >4, (A+M)C —2F>>§ (1.4)

in z € Q for some & > 0. Now let u(z,t) be the displacement vector, then the
dynamical elastic equation is given by

pOtu — Lu=0 in Qx (=T,T) (1.5)
with
3
(Lu); =Y oy =0 inQx (-T.T), 1<i<3, (1.6)
j=1

where 0; = 0., and the stress-strain relation is

o1 A M F 0 0 0 €11
099 M A F 0 0 0 €22
033 . F F C 0 0 0 €33
093 - 0 0 0 L O 0 2823 ’
031 0 0 0 0 L 0 2531
o1 0 0 0 0 0 (A—M)/2) \2ep,

where 0;; and ¢;; denote the stress and strain tensors.

It should be noted that the strong convexity condition implies the strong ellipticity
condition for the elasticity tensor, which ensures that the system of equations (1.6)
is strongly elliptic.

In this paper, we will study the weak unique continuation property of (1.5) by the
method of the localized Fourier-Gauss transformation. The method was introduced
by Lerner [10] for proving some uniqueness result for an ill-posed problem and it
was also used by Robbiano [15] to prove some kind of unique continuation property.
Henceforth we abbreviate this property by UCP. In this paper using the Calderén
uniqueness theorem, we generalize the result in [15] to (1.5) with smooth coefficients
satisfying some conditions. In addition, we apply the UCP to extend the Dirichlet to
Neumann map given for large enough time interval to the infinite time interval. This
is a generalization of the results ([2], [8]) given for scalar equations and the result [1]
given for the isotropic elastic system.
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For the related results, the study of line unique continuation property was initi-
ated by Cheng, Yamamoto and Qi [3] for the wave equation and they showed it along
each line in the hyperplane. They combined the localized Fourier-Gauss transforma-
tion abbreviated by LFGT to transform (1.5) to the Laplace equation with a small
inhomogeneous term and the conditional stability estimate for the unique continua-
tion of the solution of the Laplace equation along lines. Cheng, Lin and Nakamura [4]
extended the line unique continuation property to general hyperbolic systems with
analytic coefficients.

For o € R3, r > 0, B(zo,r) := {z € R3 |z — x¢| < r}. Let y € dB(xg,7) :=
{z € R% |z — x| = r} and n, be its unit outer normal with respect to B(xo,r).
Also, let A, ., be an affine transformation which transforms y to the origin and n, to
no := (0,0,1)". Then, we define U(vy,ry,m2) = {z = (2/,13) € R3;|2| < 1,0 < & :=
3+ |7 | < ri}and V(y,r, 1) = AL U(y,7r1,72). The following is a figure about

Y,no

U(2/r,r,r) with € := x5+ 2|2'|*/r = 0, 7.

/e

€=0

Figure 1: Equation of the ball in the figure: |2'|* + (z3 +r)? =7? and v = 2/r.

From now on, we assume that the elasticity tensor C'(z) satisfies the additional
condition

F+L=0

or

(A-L)Y(C—-L)=(F+L)? A>C.
Then, the main results of our paper are the followings.

Theorem 1.1 Assume B(xg,3r) C Q. Lety be the point at the boundary of B(xq,)
with its outer normal n, not perpendicular to ng. Suppose u € C®(B(xzg,3r) x
(=T,T)) satisfying (1.5) in B(xo,3r) x (=T,T) and

u(z,t) =0 ((x,t) € B(xg,7) x (=T,T)).
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Then there exist a positive constant ro < r depending on p(z) and L in B(zg,3r) and
a positive constant k < 1 such that

u(z,t) =0 for ((z,t) € V(2/rg, kro, kro) x (=11,T1)), (1.7)
where Ty =T — krg. Moreover, the constants o and k can be taken uniformly in Q.

Corollary 1.2 (UCP) Let B(wg,7) C Q and given Ty > 0. There exists a positive
constant Ty depending on L in Q such that if T > Ty and v € C*((=T,T) x )
satisfies (1.5) in (=T,T) x Q and

u(z,t) =0 ((x,t) € B(xo,7) x (=T,T)),

then
u(z,t) =0 for ((z,t) € Qx (=T13,T3)). (1.8)

As an immediate byproduct of Corollary 1.2, we have the following Corollary.

Corollary 1.3 We can take 19 > 0 (large enough) such that the following property
is satisfied for the solutions of (1.5). For any T > 1y, let w € C*(Q x [0,27]) be a
solution in Q x [0,27] of (1.5) such that u=0 and V,u =0 at 02 x [0,27]. Then

u(z,t) =0 (x€Q),
if t is near T.

The proof of Theorem 1.1 relies on the Carleman estimate of Calderén’s unique-
ness theorem which will be described in the next section. The rest of this paper
is organized as follows. We review the Carleman estimate of Calderén’s uniqueness
theorem in section 2. In section 3, we diagonalize the associated elliptic system and
check the conditions for applying Calderén’s uniqueness theorem. The proofs of The-
orem 1.1 and Corollary 1.2 are given in section 4. In section 5, we apply these results
to extend the dynamical Dirichlet-Neumann map.

2 Carleman estimate of Calderéon’s uniqueness the-
orem for systems

To begin, we first review Carleman estimate of Calderén’s uniqueness theorem from
Zuily’s book [17, Chapter 2]. The purpose for doing this is to make this paper as
self-contained as possible. Let V' be an open neighborhood of zp € R" (n € N). In
this section we do not specify the dimension n € N. In the neighborhood of V' we
define a C'™ hypersurface

S={x eV :yx)=1(xy)}. (2.1)

4
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Let
L(z,D) = P(z,D) + Q(x, D) (2.2)

be a differential operator, where

P(z,D) = > an(x)D*(D = (Dy,--+,Dy,),D; = V~10,)) (2.3)

laf=m

being an mth order differential operator with C'*° coefficients and the lower order part
Q(z, D) has bounded coefficients. Denote p(z,&) = Z\a|:m aq ()& the full symbol
of P(x,D). As usual, the hypersurface S is assumed to be non-characteristic for L
at g, i.e. p(xo, No) # 0, where Ny = dip(x). Let u satisfy Lu = 0 near xy and u =0
if ¢¥(z) < 9(x0) near xy. Before stating the main theorem of this section, we want
to clearly describe the assumptions on the characteristic roots. For each p(z, &), we
assume that

(C.1) there exist a conic neighborhood I'y, of Ny and m functions {\¢(x,&, N)}2,
which are C* in (z,£{, N) € V x (R"\ 0) x I'y, with £ }f N such that for every
EN N, p(x, &+ 7N) is written as

p(z,+7N) = HT—)\garfN))
=1

in V. x (R*\ 0) x I'ny;

(C.2) for any £, 1 < ¢ < m, if )\Z(x,ﬁ, N) is real (or complex) at one point, then it
remains real (or complex) at every point;

(C.3) the real roots are simple and the multiplicity of the complex roots is not more
than two.

As in [17], assuming zo = 0 and using the Holmgren transform
vi=x;, 1<i<n—1, t=<ux Ny > +0|z|, (2.4)

with a suitable constant & > 0, let P(Z,t,€,7) with & = (1, ,Tp_1) be the prin-
cipal symbol of P(Z,t; Dz, D;), where we abused the notation P(Z,t; Dz, D;) to de-
note the operator (2.3) in terms of (Z,t). Then, there exist a function ¢(Z,t) and
{\(Z,t,€)Vm,, such that

in V x (R"\ 0), where V is a small neighborhood of (0,0) and ¢(7,?) is a C* function
with ¢(0,0) # 0 and N(E,6,€) is € in V x (R™\ 0) with homogeneous of degree
one in &, 1 < I < m. That is, condition (C.1) is satisfied. Moreover, {\/(Z,t,)}/,

5
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satisfy conditions (C.2) and (C.3). Since the result is local near (0,0), it suffices
to assume that the characteristic roots {\}7%; = {N(0,0,£)}™, outside of a small
neighborhood of (0,0). Furthermore, it is readily seen that transform @ of u by (2.4)
satisfies

suppt C {(%,t) € R" : t > ¢lx|*}
for some constant ¢. Then, we have the following Carleman estimate, which was
given in [17].

Lemma 2.1 There exist positive constants c, Ty, ng and r such that for T < Ty and
1N > 1o we have that

T
Z / et T)2|]DawHL2 rn-1)dt < o(T? +n~ )/0 €n(t7T)2||Lw||%2(Rnfl)dt (2.5)

|| <m—1
for any w € C*(R"™) with suppw C {(Z,t) : 0 < t < T,|z| < r}, where L =
L(Z,t, Dz, Dy) is the operator (2.2) in terms of (Z, ) Moreover, the constants ¢, Ty,

no and r only depend on the coefficients of P(Z,t, Dz, Dy).

3 Transversally isotropic dynamical systems

In this section, we will study the possibilities of (1.5) to have UCP. Having in our
mind the solution u of (1.5) will be transformed by LFGT, we aim to apply (2.5)
to pd? + L by diagonalizing its principal part. A direct way is to use the cofactor
of the principal part of pd? + L. The question is now whether the conditions (C.1),
(C.2) and (C.3) for characteristic roots are satisfied. By assuming the elasticity tensor
Cijre(z) € C>(Q) and in view of the strong ellipticity (1.4), we only have to check the
smoothness condition (C.1) of the characteristic roots and the multiplicity condition
(C.3). It should be noted that when the characteristic roots are not smooth, Plis [13]
constructed a fourth order elliptic differential operator in which the Cauchy problem
is not unique. We will first discuss the multiplicity condition (C.3). It turns out
that we need to exclude certain directions and put a condition (3.3) or (3.4) in order
to guarantee (C.3). To begin, we factor the determinant of the principal symbol of
pd? + L by direct computations. This we noteiced from [11] and [14].

Proposition 3.1 The determinant of the principal symbol of pd?+ L can be factored
as

det(pdans + Z?,l:l Cijrmym; i L, k—1,2,3) (3.1)
= (pn3 + pXo)(pmi + pAi)(omi + pA-),
where

po(z,n) = (1/2)(A = M) (n} + n3) + L,
pAs(z,n) = (1/2)(A+ L)(n +n3) + (1/2)(C + L)n3 + (1/2)| D],
= (A= L*(nf +m3)* + (C — L)*n3 — 2[(A— L)(C — L) — 2(F + L)*|(n} + n3)n3.
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Lemma 3.1 Let {£,(} be a pair of orthogonal vectors in R3. Consider the charac-
teristic equation

3
det(pdsn: + Z Cijkenjmi;i |, k—1,2,3) =0 in T, (3.2)
ji=1

where n = (M, M2, N3,M1) = (§,&4) +7((,0). Let £ := & x ¢ and ¢ be the angle between
¢ and the x3 azis. If
F+L=0 (3.3)

or

(A-L)(C—-L)=(F+L)> A>C, (3.4)

then the characteristic roots of (3.2) satisfy (C.1) and have at most double roots for
¢ #0 and .

Proof of lemma 3.1: Let

Q= (Qu) = pGT+ 35, Cyu€i&t, R = (Ra) = 3510, CijuaG
T = (Ty) = Z?,lzl Cijr GG,

where i,k = 1,2,3, and £ = (£1,£2,&3), ¢ = (C1, (2, (3), then the characteristic equa-
tion (3.2) is equivalent to

det[”*T +7(R+R') + Q] = 0. (3.5)

From (1.3), we see that (3.5) contains only complex roots and they form conjugate
pairs. Since the axis of rotational symmetry coincides with the x3 axis, the elasticity
tensor Cjjge is invariant under the orthogonal transform O rotating around the z3
axis, i.e.
cosf) sinf 0
O=|—sinf cosf 0
0 0 1

Moreover, by the transform rule of tensor, the multiplicities are also invariant under
the rotation of £ and ( in the plane spanned by &, (. Therefore, the multiplicities of
the characteristic roots for (3.2) are invariant under the same transform O on § and
(. Thus, it suffices to prove this proposition for

¢ = (cos¢,0,—sing), (¢ =1(0,1,0),

where ¢ = (sin ¢, 0, cos @) (see [16]).
First, we assume that (3.3) holds. Then from (3.1), we get

det[7*T + 7(R + RY) + Q]

= [(1/2)(A = M)7* + p&F + (1/2)(A — M)&F + LE3]
X[AT? + p&§ + A + L&) x [TL + p&f + L& + C&F]

=0

(3.6)
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We take 71,72, 73 to be three roots of (3.6) with positive imaginary part. Let 71, 7
and 73 satisfy

(1/2)(A = M)7 + pgi + (1/2)(A — M)&} + Leg =0, (3.7)
ATE + & + A + L& =0 (3.8)
and
L72 + p€2 4 L& 4+ 02 = 0. (3.9)
From (3.7) and (3.8), the necessary condition for 7 = 75 is
(1/2)(A - M) _ A

— . 3.10
(DA DE T L8  pE T AC T I8 (3.10)

We derive from (3.10) that

(1/2)(A+ M)(p&i + L&) = 0
which implies from (1.4) that

£3=0=¢&, andthen & =1.

Therefore, we get the necessary conditions for triple roots 7 = 75 = 73 and the triple
root are .
Secondly, we assume that (3.4) holds. Then

det[Q + (R + RY)7 + T7?]

= [(1/2)(A = M)7> + p&§ + (1/2)(A — M)&} + LE]
x[AT? + p&f + At + O] x [L7° + p&f + L&f + L]

=0

(3.11)

We take 71, T, 73 to be three roots of (3.11) with positive imaginary part. Let 71, 7
and T3 satisfy

(1/2)(A — M) + p&§ + (1/2)(A — M)&F + LS = 0, (3.12)
AT+ p + AG +CE =0 (3.13)

and
L73 + p&i + LE + L& = 0. (3.14)

From (3.12) and (3.14) we have the necessary condition for 7 = 73 is
A~ M =2L. (3.15)

In this case, the equations (3.12) and (3.14) are the same. So, we consider 7, = Ty
under (3.15). Therefore, the necessary condition for 7 = 75 = 73 is
L A

= ) 3.16
péi+ L&+ L& p&f + A + C& (8.16)

8
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We derive from (3.16) that

p(A— L)& + L(A—C)& = 0. (3.17)
Plugging (3.15) into (3.17), it implies from (1.4) and (3.4) that

&=0=¢, andthen & =1.

On the other hand, the left hand side of (3.2) is —1 times the determinant of the
principal symbol of pd? + £ and it has the factorization (3.6) and (3.11). Hence, the
smoothness of the characteristic roots can be easily verified. 0

Remark 3.2 Let zyp € R3 and V be a neighborhood of xy. Assume that S = {z :
W(x) =1P(xg)} is a C surface with Ny = dip(xo) satisfying

Ny is not perpendicular to the x3 axis.

Let the elasticity tensor Cyjie satisfy the additional condition (3.3) or (3.4) in V.
With the help of Lemma 3.1, we will see in the next section that we can apply (2.5)
for the system pd? + L in some neighborhood Vy of .

4 Proof of Theorem 1.1 and Corollary 1.2

We will use the method given in [3] to prove Theorem 1.1. We define LEGT v, (z, s)
of u(x,t) by

T
Vg n(,s) == \/)\/27T/ e M2y (1 1t (4.1)
-

where A > 0, a,s € R and i = y/—1. Associated with the operator pd? — L, we define
an elliptic operator Q. = Q(z,s, D, D) in (x,5) € R3 x R! by Q... := pd? + L.
Let Q%% = Q°(x, s, Dy, D;) be the operator whose symbol is the cofactor matrix of
the principal symbol of @), s and define QN:E,S by

Qa:,s = Q(wa*S’D:caDs) = ;cg?so@x,s-
Then, the principal symbol of Qm is

3
Go,s(M1 M2 M3, ma) = —det(pdu + > Cojumymsi Lk —1,2,3) 1. (4.2)

Jl=1

By Lemma 3.1, ¢, s satisfies (C.1), (C.2) and (C.3). We also define

Xax = Qx,sva,)\- (43)

Let y be the point at the boundary of B(zo,r) and n, be the unit normal of
0B(zo,7) at y. By an affine transformation A, , we can assume that y = 0 and

9
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no = (0,0,1)". To be compared with Section 2, a C* hypersurface S = {x : (z) =
U(xo)}is S = {(z1, 9, 23, 8) : Y(x1, 29, 73, 5) = 23+ a5+ (23+7)>—1r* = 1(0,0,0, 5) =
0,—r < 1,29, (x3+71) <71, =T < s <T}. We now perform a change of coordinates
near 0 by using the “Holmgren transform”, i.e.,

§—8, X — Ty (j: 172)7 ,u:x3+2(52+|:1:']2)/7’,

where 2’ = (21, x9). For simplicity, we will use the same notations Qx,s and v, ) even
after applying the Holmgren transform to them. Then, in the region V' = {(z, s); x3 >
—r,0<p<r},

supp(vap) C VN {(z,8);8° + |2 < 1%} (4.4)

and the new ¢, , satisfies (C.1) (C.3). For (4.4), the readers are referred to the figure
2 in the proof of Corollary 1.2. Moreover, by the definition of LEGT, v, (z,s) is
smooth in B(xzg,3r) x R. Therefore, we are in a position to apply the following
Carleman estimate which is deduced from (2.5).

Theorem 4.1 There exist positive constants ro < r, 1ng, and c depending on p and
L in § such that for all n > ny, we have that

T0 o ~
2 / "m0 | *dp < el + 1) / T QuavlPdp (45)
0 0

vI<5

for all v(x', i, s) € C° with supp(v) C {(z', p,s) : 2 +|2'1? < r2, 0< <1}, where
0
|- 11> = (-,) is the L*(R®) norm.

It should be noted that the constants 7, 79, and ¢ can be taken uniformly in Q.
As in the proof of [17], the constants 79, 79, and ¢ are independent of the normal
vector.

To prove the main theorem, we still need the following properties of LFGT given
in [3].

Lemma 4.2 Let u € C%(B(xg,3ry) x [T, T]) and sy € (0,T) be fized. If u satisfies
Lu =0 in Bz, 3r) x [T, T], then for s € (—so, s0) and 0 < u <ry, we have

Van(@', 1, 0) = u(a', p,a) as N — oo, |a| <T, (4.6)
(0" 0ap) (@', 1y 8)| < CLAYZEN2 - (Ju] < 5), (4.7)
[Xa (@, 1, 8)] < CoA2e ATl =s51/2, (4.8)

where C1 > 0 depends on ||ul|cs(B(zo,3r0)x[-1,17) and Co > 0 depends on sy, T,a and
||u||CG(B(xO=37'O)X[_TvT])'

Remark 4.3 In [3], (4.8) is shown for 92+ A. The proof for Q.. is almost the same
as that given in [3].

10
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Now, let a C* function O(u) € C§(R) defined in g > 0 with 8(u) = 0 for
p > 1o and O(p) = 1 for p < 4rg/5. Denote n = X and wax = O(@)var. Since
Qs zWa X = 0@5 zVa,\ + [Qs T ]'Ua)\ We can apply (4 5) to Wa,\ with ( 7) and ( )
to get that

r ro/2

e/ fro/ [ e

< ot T lwg |Pdp

< C(A + 7 )fTO 6)\“ 70) ||9stva)\|| dﬂ (49)
(AT 1) fo° e [st, 01va | *dp

< c(/\ 1y 2 ))\11 Ar2—\(T—|a|)? +,\so+ ()\ 1y 2 )Age(xrg/zs)ﬂsa

Multiply e=*/4 on both sides of (4.9), we have

'ro/2

HvaAHQdu (4.10)
S c()\ g ))\116(3)\7"3/4)7/\(T—|a‘)2+/\sg + C()\fl +T8)>\96(721)\r8/100)+)\sg‘ .

Let |a] < T — +/7/8r¢ and sg < 19/10, they imply the power exponents in the first
and second terms on the right hand side of (4.10) satisfy

(3/)Ar2 — XN(T — |a|)? + Xs2 < —(1/10)\r2, (411)
—(21/100)Ar2 + As2 < —(1/5)\r2. '

By (4.9), (4.10) and (4.6), we have for |a| < T — /7/8rg, 0 < p < ro/2 and |z'| < rg
that
v (@', 1,0) = 0 =u(a’, u,a) as A — o

This completes the proof of Theorem 1.1. O

Proof of Corollary 1.2.
First of all, we note that the constant 7y in Theorem 1.1 can be taken uniformly
with respect to x € ). Hence, T can be also taken uniformly with respect to x € €.

We use the following steps to continue u by zero from B(zg,r) onto the whole €.
Stepl. Let

D (xg,r,00) :={y € B(xo,7); |(y — x0) - no| > |y — 0| cosbp}

with small 0 < 6y < 7/2. In each boundary point y € 9D, (xg,r,60y), we can
get a ball with radius 7o inside B(zo,7) and y is in its boundary. By Theorem
1.1, we can continue u by zero onto a neighborhood U(y) of each boundary point
y € 0D (g, 1,0). We give the figure 2 about y = (0,0,0) and n, = (0,0, 1). Hence,
covering 0D (xg,r,0y) by finite numbers of such U(y)’s, we can continue u by zero
onto D (xg, 7, 0y) with 7 > r.

Step2. Since the constant rg in Theorem 1.1 can be taken uniformly, we apply
Theorem 1.1 to y € 9D, (xg,r,0y) to continue u by zero onto

D_(xo,7,00) :={y € B(xo,7);|(y — x0) - no| < |y — xo| cosby},

11
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where the small enough 6 is chosen dependently on ry and r < 7 < 7.

Step3. Next take any z € 0B(xg, ) and repeat Stepl and Step2. Then we can
continue u by zero onto a more larger ball centered at xy. It should be noted that
the size of extending the radius of the ball in which u is zero can be kept uniform.

By repeating these steps, we can continue u by zero onto the whole € if T is large
enough.

A

%3

s

(X,9)

u=0

Figure 2: Equation of the ball: |z/|>+s*+ (z3+710)* = 12 and pu = z3+2(s*+|2'|*) /ro.

O

5 Application to extending the Dirichlet-Neumann
map

Let u/ (¢, z) be the solution of

Oful (t,x) = Mul (t,2) =0 ((t,z) € QT),
uf(ta x>|ZT = f(t,ﬂf), (51)
ul (t,2)|i=0 = Oy (t, ) |1=0 = 0,

where Q7 := (0,T) x Q, X7 := (0,T) x 99, f(t,z) € H'(XT) and the ath component
(Mu)q(t, x) is given by

3
(Mu);(t, Y 0i(C(w)om)  (1<i<3),
7Lk=1

here Cyj(x) is the same elasticity tensor as above and 0 < p(z) € C*(Q). We
assume f to satisfy the compatibility condition: f(0,z) = 0. It should be noted that
ul € CY([0,T], L*(Q)) nC([0,T], H(2)) for T > 0.

12
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We define the response operator

RT: HY(XT) — L2(xT)

by
3
(RTf)i = > viCim(x)Oue (1< < 3),
Gl k=1
where v := (vy,1,13) is the outer normal vector of 0f2, ul = (u{,ug,ug)t is the

solution to (5.1) and H}(XT) := {f € H*(XT), f(0,7) = 0}. See the appendix for a
justification of the statement of this operator.

Theorem 5.1 Let r be the radius of Q). There exists a positive constant Ty such that
if we have RT f for some T, T > Ty, then we can determine RT f for every T > 0.

The proof follows that of Theorem 1.4 in [8]. To do it, we need the following key
Lemma whose proof is given by the standard argument using Corollary 1.3.

Lemma 5.2 Let r be the radius of 2. There exists a positive constant Ty such
that for any T > Ty the set {(u/(T),0u/(T)); f € C°([0,T] x 0Q)} is dense in
H}(Q) x L*(9).

Proof of Lemma 5.2. Assume that the conclusion is false. Let (1, p) € H 1(Q) x
L?(2) be such that

<uf('7 T)7 W - <atuf<'a T)a 90> =0
for all f € Cg°(X7T), where the first and the second pairings are for the pairs in
H}(Q) x H7Y(Q) and L?(2) x L*(2) which use the natural extension of the pairing

<a,b>= [ abdr (a,be L*(Q)).

Since C§°(€2) is dense in both L?(Q) and HJ (), we can assume (1, p) € C5°(2) x
C5°(2). To show that ¢ =1 = 0, we consider the solution e € C'([0,T], H'(2)) of
the following initial-boundary value problem:

(02— M)e=0 in QT,

€|ET = 0, (5 2)
6|t=T = ¥,
at€|t=T = 1.

Let u/(x,t) be the solution of the initial-boundary value problem (5.1). Taking
the inner product of the equation in (5.1) with pe and doing the same for the equation
in (5.2) with pu/ and integrating by parts, we have

0= Jyrl(p(3f — Myuf) <& = - p(5F — M)eldudt

= [or [Nedsdt, (53)

13
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where (Ne); = Z?MZI v;Cijra(x)Opey, for e = (eq,eq,e3)'. Since f € CP(X2T) is
arbitrary,
N@‘ZT =0.

By Corollary 1.3, we obtain that

eli=r/2 = Oseli=ry2 = 0. (5.4)

Hence, e(t,z) is the solution of the hyperbolic system (5.2) stated on (7/2,T) x Q
with homogeneous initial conditions (5.4) on 7'/2. This implies that e(t) = 0 for
t € [T/2,T]. Therefore,

¢ = el=r =0,

w = 8te|t:T =0.

This completes the proof. O

Proof of Theorem 5.1. Let T; be the value given in Lemma 5.2 and T > Tj}.
Suppose that we know RT and set ¢ = (T — Ty)/2. We are going to prove that
RT* is known. We take f € C§°([0,T + €] x 09). We write f = g + h where
supph C [0,T4] x 9Q and suppg C [6, T + €] x 9. Since u/ = u" + 9, if we know
Nul|oriaxon and Nud|riqxan then we know Nul|jgrqxan.

Now, let ¢g°(t,-) := g(t +¢,-) and ¢° := g. By ¢(t,-) = g(t + ¢,-), then
J\/'ug(t)he,TJre]Xag(t,-) = Nug(t+€)|[0ﬂxag(t,~). As supp g°(t,-) C [0,7] x 0, then
Nu9|e74gxon is known since we know R’. So, we have to continue N'u” from
[0,7] to [0,T + €]. To do it, we denote t, = Ty + e. By Lemma 5.2, there exist
hi € C§°([0,T4] x 02) such that

lim (u"™(Ty,-), O (Ty, ) = (u"(to, ), O (to, ) (5.5)

m—00

in H} () x L?(2). The functions y™ (¢, -) := u(t,-) with t € [Ty, T] are the solutions
of the initial value problem

Fy™(t,x) — My™(t,x) =0 ((t,x) € [14,T] x Q),
y™(t, )|, rixe0 = 0,

ym(tv'r)’t=T4 = uhm (T4,37>,
Opy™ (L, ) |1=1, = Opu" (T, ).

(5.6)

On the other hand, the function y(t,-) := u”(t + ¢, ) satisfies the same equation in
(5.6) with different initial data

Py(t,x) — My(t,x) =0 ((t,x) € [Ty, T] x Q),
y(t, ) |im, mx00 = 0,

y(t, ) |i=r, = u"(to, 1),

Ay(t, x)|i=r, = Opu(to, z).

14
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The continuous dependence of solutions on initial data, Lemma 6.1 in the Appendix,
and (5.5) imply that
lim Ny™ |1, 1m1x00 = NY| i, 1m1x00 (5.8)

m—00

in L? space. By (5.8), Nu"|(1,4er+exo0 is determined. Combining the known infor-
mation N'u"|jg 7)xa0, we can determine Nu"|(g 7 qxa0- O

6 Appendix

The purpose of this appendix is to give the proof to following theorem which justifies
the definition of the operator R” and the well-posedness of the problem (5.6).

Lemma 6.1 Let Q be a bounded domain in R™ and 0 is smooth. Denote QT :=
(0,7) x Q and T := (0,T) x Q. Assume that F € L'((0,T); L*(Q)), f € H'(ZT),
Yo € HY(Q) and ¢, € L*(Q) with the compatibility condition f(0,-) = toloa. Then,
there exists a unique solution v = u(t,z) € C((0,T); H'(Q)) N C*((0,T); L*(Q)) to

Pu— Mu=F in QT

UlET = f

. (6.1)
U|t:0 =1 in Q
at'U/|t:0 = wl in Q.
Moweover, it satisfies
Nu e LA(XT)
T
INull2ery < CT)(fy IFONz2@dt + 11f sy + [Yollme) + 11l z2e)-
(6.2)

where Nu is given by (5.3) replacing e by the solution u to (6.1).

Proof (6.1) can be proven in the same way as Theorem 2.30 of [6]. This is
because M is formally selfadjoint and it satisfies Garding’s inequality, and hence all
the argument in Theorem 2.30 of [6] can be applied without any essential change to
prove (6.1).

(6.2) can be proven likewise Step 2 in the proof of Theorem 2.1 in [9]. However,
we need to adapt the proof a little. We only give the part of the proof which differs
from that given in [9]. Let v be C* vector field on  such that v(z) coincides with
the outer unit normal vector field of 02 if x € 0Q. Also let x € C®(R) satisfy
x(t) =1 for ¢t < T and 0 for ¢ > 2T. Continue F' by zero onto the interval [T, 27").
Write

/ pxF - (Vuv)dzdt = / xp(0fu — V - (CVu)) - (Vuv)dzdt = I + I,
QT QT

15
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where I; = fQQT pxOu - (Vuv)dzdt and I, = — fQQT(XV -(CVu)) - (Vuv)dzdt. Also,
let

Jopibr - (Vibov)da + [or pOixOsu - (Vuv)dadt
—(1/2) fgor pX(V - 0)|Opuddt — (1/2) [or XV p - |Opul*vdzdt
+(1/2) fZ2T px\&gu\stdt

Then, by integration by parts, it is easy to see

L = [f,px07u- (Vuv)dz]gh — szT pdixOwu - (Vuv)dzdt

- fQQT pxOu - (V (Opu)v)dxdt

= — [opn- (Vhov)dx — fQQT pOyxOpu - (Vuv)dxdt
~(1/2) fopr pX(V100?) - vildr

= = Jortr - (Viov)de — [oor pOxOpu - (Vuv)dudt
+(1/2) fQQT px(V - v)|0wu|*dzdt + (1/2) szT XVp - |Owu|Pvdxdt
—(1/2) Js-or px|Ouf*dsdt

—

(6.3)

and
= (1/2) [sor X(CVu - Vu)dsdt — [oor x((CVu)v) - (Vuv)dsdt — Ja, (6.4)
with

Jo = (1/2) [or x(V - v)(OVu - Vu)dadt + (1/2) [per x((v - V)OVu) - Vudadt
- fQ2T XCVu - (VuVv)dzdt.

Now, we analyze

K:= (1/2) fZQTX (CVu - Vu)dsdt — [yor x(CVu)v) - (Vur)dsdt

= Jor XF - (Vuv)dzdt + J1 + 7 (6.5)

locally, that is we analyze K when we confine u to a neighborhood C Q around
a point € 0€) by using a partition of unity. In this neighborhood, we introduce a
boundary normal coordinates (y1,y2,y3) such that 992 and 2 are given locally by

o0 = {ys = 0}, Q={ys >0}
Define g and C by

3 Oxy, Ox ..
g9 =1det(gi)l, 95 = 2pm1 5yr 5y (1 <65 <2)

and )
N (Y ~ _ 3 Yo 9YB
C= (Ciakﬁ)7 Ciakﬁ - Zj,l:l CZ]kl BZ Bz

respectively. Then K has the term
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D

)
<
2

)

—(1/2) fzzT X Zik:l éi3k3ay3uiay3uk\/§dy,dta (6.
where 3 = (y1,92,y3). The rest of the terms of K only contain at most 9,,u; (1
i < 3). Since (Cisks)1<ik<s is positive definite, it is easy to prove the estimate in (6.

from (6.3), (6.4), (6.5) and (6.6) by the argument of Step 2 in the proof of Theorem
2.1 in [9]. O
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