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Abstract

We first present four graphic surgery formulae for the degree n part Z, of the Kontsevich-
Kuperberg-Thurston universal finite type invariant of rational homology spheres.
Each of these four formulae determines an alternate sum of the form

S (1) 2, (M)

ICN

where N is a finite set of disjoint operations to be performed on a rational homology sphere M,
and M denotes the manifold resulting from the operations in I. The first formula treats the case
when N is a set of 2n Lagrangian-preserving surgeries (a Lagrangian-preserving surgery replaces a
rational homology handlebody by another such without changing the linking numbers of curves in
its exterior). In the second formula, N is a set of n Dehn surgeries on the components of a boundary
link. The third formula deals with the case of 3n surgeries on the components of an algebraically
split link. The fourth formula is for 2n surgeries on the components of an algebraically split link in
which all Milnor triple linking numbers vanish. In the case of homology spheres, these formulae can
be seen as a refinement of the Garoufalidis-Goussarov-Polyak comparison of different filtrations
of the rational vector space freely generated by oriented homology spheres (up to orientation-
preserving homeomorphisms).

The presented formulae are then applied to the study of the variation of Z, under a p/g¢-
surgery on a knot K. This variation is a degree n polynomial in ¢/p when the class of ¢/p in Q/Z
is fixed, and the coefficients of these polynomials are knot invariants, for which various topological
properties or topological definitions are given.
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1 Introduction

In this article, we shall focus on the real finite type invariants of homology 3-spheres in the sense of
Ohtsuki, Goussarov and Habiro, and on the topological properties of the surgery formulae that these
invariants satisfy.

M. Kontsevich proposed a topological construction for an invariant Z of oriented rational homology
3-spheres using configuration space integrals. G. Kuperberg and D. Thurston proved that Z is a
universal finite type invariant for homology 3-spheres, in the sense of Ohtsuki, Goussarov and Habiro
[KT, L3]. Like the LMO invariant, the Kontsevich-Kuperberg-Thurston invariant Z = (Z,,)nen takes
its values in a space of Jacobi diagrams A =[], .y An, and any real degree n invariant v of homology
3-spheres is obtained from the Kontsevich-Kuperberg-Thurston invariant (Z;);eny by a composition
with a linear form that kills the Z;, for i > n.

We shall first prove four formulae for Z,,, for n € N. Each of these four formulae will determine
an alternate sum of the form

S (~1)H 2, (My)

ICN

where NV is a set of disjoint operations to be performed on M, and M; denotes the manifold resulting
of the operations in I. Our first formula, Theorem 3.1, will be a mere alternative statement of the
main theorem of [L4] and will treat the case when N is a set of 2n Lagrangian-preserving surgeries
(a Lagrangian-preserving surgery replaces a rational homology handlebody by another such without
changing the linking numbers of curves in its exterior). In our second formula, Theorem 4.1, N will be
a set of n rational surgeries on the components of a boundary link. Our third formula, Theorem 4.3,
will deal with the case of 3n surgeries on the components of an algebraically split link. Our fourth
formula, Theorem 4.4, will be for 2n surgeries on the components of an algebraically split link in which
all Milnor triple linking numbers vanish.

In the case of integral homology spheres, these results can be seen as refinements of the Garoufalidis-
Goussarov-Polyak comparison of the filtrations of the vector space generated by homology spheres,
with respect to algebraically split links, boundary links or Lagrangian-preserving surgeries [GGP, AL].

As it was proved by Garoufalidis in [Ga], a degree n finite type invariant v of homology spheres
satisfies a surgery formula that describes its variation under 1/r-surgery on a knot K as

v(M(K;1/r)) —v(M) ZZV@(KCM)W

i=1

where v() is a finite type knot invariant in the Vassiliev sense for knots in S* as defined in [B-N].

Since all the real finite type invariants of homology 3-spheres can be obtained from the universal
LMO invariant by composition with a linear form on the space of Jacobi diagrams [LMO, Le], and since
the LMO invariant is defined using the Kontsevich integral and surgery presentations of manifolds, the
knot invariants (¥ can be explicitly given in terms of the Kontsevich integral of surgery presentations
of the knots. See also the Arhus construction [A1, A2, A3].

We seek for a better topological understanding of the invariants (¥, and we shall relate some of
them to the topology of Seifert surfaces of the knots. For example, for any degree n invariant v, we
give a formula in terms of the entries of the Seifert matrix and the weight system of v for the leading
coefficient ("™ of the surgery polynomial. See Theorem 5.1. We shall also prove that v is of degree
less than 2n for any i < n. This specifies a result of Garoufalidis and Habegger who proved that
(v(M(K;1)) —v(M)) is a degree 2n knot invariant with the same weight system as a degree 2n knot
invariant induced by the Alexander polynomial, by using the LMO invariant [GH].

Some of the results proved in this article can be refined in the extensively studied case of the
Casson-Walker invariant A = W; o Z1, where Wy (@) = 2, that satisfies the well-known formula, for
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a knot K in a homology sphere M,

MM (K;p/q)) — A(M) = I%X(K) + ML(p, —q))

where X (K) is half the second derivative of the normalized Alexander polynomial of K evaluated at 1
and L(p, —q) is the lens space obtained by p/g-surgery on the unknot. We shall prove some graphical
formulae for A'(K) and for its variation under surgeries on disjoint algebraically unlinked knots in
Propositions 6.1, 6.2, 6.3.

Next, we shall concentrate on the case of the degree 2 invariant Ao = Wa0Z5, where Wa( A )=1
and Wa (@ e) = 0. The invariants A and Ay generate the vector space of real-valued invariants
of degree lower than 3 that are additive under connected sum. We shall prove that Ao satisfies the
surgery formula

Ao (MK p/)) — Aa(M) = Ny (K) (g) bun(B) L+ ela/p)N () + el L5 —0)

for a knot K in a homology sphere M, where ¢(g/p) only depends on ¢/p modulo Z, A} is explicitly
given in Theorem 5.1 and ws is a knot invariant, for which we shall prove various properties. These
properties include a crossing change formula, Proposition 7.2, and a formula for genus one knots K,
Proposition 7.3. For knots in S3, w3 is the degree 3 knot invariant that changes sign under mirror
image, and that maps the chord diagram with three diameters to (—1). In his thesis [Au], Emmanuel
Auclair independently obtained a formula for ws(K) in terms of topological invariants of curves of an
arbitrary Seifert surface of K, that is fortunately equivalent to Proposition 7.3 in the genus one case.

The article is organized as follows. The main results are stated precisely without proofs from Sec-
tion 3 to Section 7. The proofs occupy the following sections. Questions and expected generalizations
of the proved results are mentioned at the end.

2 The Kontsevich-Kuperberg-Thurston universal finite type
invariant 7/

2.1 Jacobi diagrams

Here, a Jacobi diagram T is a trivalent graph I' without simple loop like <€0. The set of vertices of
such a I' will be denoted by V(T'), its set of edges will be denoted by E(T'). A half-edge ¢ of " is an
element of

H(T) = {c = (v(c)ie(c))|v(c) € V(I);e(c) € E(T);v(c) € e(c)}-

An automorphism of T is a permutation b of H(I") such that for any ¢,¢’ € H(T),
v(e) = v(d) = v(b(c)) = v(b()) and e(c) =e(d) = e(b(c)) = e(b(c)).

The number of automorphisms of T" is denoted by fAut(I'). For example, ﬂAut(e) = 12. An
orientation of a vertex of such a diagram I is a cyclic order of the three half-edges that meet at that
vertex. A Jacobi diagram I is oriented if all its vertices are oriented (equipped with an orientation).
The degree of such a diagram is half the number of its vertices.

Let A, = A, (D) denote the real vector space generated by the degree n oriented Jacobi diagrams,
quotiented out by the following relations AS and THX:

- - b
AS:M +? =0, andIHX:\)\ +,\& + A =0
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Each of these relations relate diagrams which can be represented by planar immersions that are
identical outside the part of them represented in the pictures. Here, the orientation of vertices is
induced by the counterclockwise order of the half-edges. For example, AS identifies the sum of two
diagrams which only differ by the orientation at one vertex to zero. Ag(() is equal to R generated by
the empty diagram.

2.2 The Kontsevich-Kuperberg-Thurston universal finite type invariant 7

Let A be Z, Z/27Z or Q. A A-sphere is a compact oriented 3-manifold M such that H,(M;A) =
H,.(S%A). A Z-sphere is also called a homology sphere while a rational homology sphere is a Q-
sphere. Following Witten, Axelrod, Singer, Kontsevich, Bott and Cattaneo, Greg Kuperberg and
Dylan Thurston constructed invariants Z, = (Zxx7r)n of oriented Q-spheres valued in A, (@) and
they proved that their invariants have the following property [KT]. See also [L3].

Theorem 2.1 (Kuperberg-Thurston [KT]) An invariant v of Z-spheres valued in a real vector
space X is of degree < n if and only if there exist linear maps

or (V) Ak () — X,

for any k < n, such that

n

vV = Z(bk(y) OZk.

k=0

A real finite type invariant of Z-spheres is a topological invariant of Z-spheres valued in a real
vector space X which is of degree less than some natural integer n. Theorem 2.1 can be used as a
definition of degree < n real-valued invariants of Z-spheres.

A degree < n invariant v is of degree n if ¢, (v) # 0. In this case, ¢, (v) is the weight system of v
and is denoted by W, .

Let p°: A (0) — Ag(0) be the canonical linear projection of Ay (f) onto its subspace A$ () gener-
ated by the connected diagrams, such that p© maps the non-connected diagrams to 0 and the restriction
of p¢ to AL(() is of course the identity. Then Z; = p©o Z,, is additive under connected sum. Fur-
thermore any real-valued degree n invariant belongs to the algebra generated by the (¢r,: © Z7)k<n
for linear forms ¢ ; generating the dual of A{ ().

Remark 2.2 The above definition coincides with the Ohtsuki definition of real finite type invariants
[O]. The Ohtsuki degree (that is always a multiple of 3) is three times the above degree. See
[O, GGP, Ha, AL] and references therein for more discussions about the various concepts of finite-
type invariants.

3 Lagrangian-preserving surgeries

Conventions: Unless otherwise mentioned, manifolds are compact and oriented. Boundaries are
always oriented with the outward normal first convention. The normal bundle N (V') of an oriented
submanifold V' in an oriented manifold M is oriented so that the tangent bundle T, M of the ambient
manifold M at some x € V is oriented as T, M = N,V @T,V. If V and W are two oriented transverse
submanifolds of an oriented manifold M, their intersection is oriented so that the normal bundle of
T,.(VNW) is the sum N,V @ N, W. If the two manifolds are of complementary dimensions, then the
sign of an intersection point is +1 if the orientation of its normal bundle coincides with the orientation
of the ambient space that is equivalent to say that T,M = T,V & T,,W. Otherwise, the sign is —1.
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If V and W are compact and if V and W are of complementary dimensions in M, their algebraic
intersection is the sum of the signs of the intersection points, it is denoted by (V, W),

Recall that the linking number lk(J, K) of two disjoint knots J and K in a rational homology
sphere M is the algebraic intersection of J with a surface ¥k bounded by K if K is null-homologous,
that lk(J,.) is linear on Hy(M \ J), and that lk(J, K) = lk(K, J).

The Milnor triple linking number (K, Ka, K3) of three null-homologous knots K7, Ko, K5 that
do not link each other algebraically in a rational homology sphere M may be defined, as the algebraic
intersection of three Seifert surfaces Yo, X1, 33 of these knots in the complement of the other ones.

,LL(Kl,KQ,Kg) = 7<21,22,23> = 7<21 n EQ, 23> = 7”43(K3, 21 M 22)

We now describe part of the behaviour of the Z,, under the Lagrangian surgeries defined below.
A genus g Q-handlebody is an (oriented, compact) 3-manifold A with the same homology with
rational coefficients as the standard (solid) handlebody Hy below.

n,- e )

Note that the boundary of such a Q-handlebody A is homeomorphic to the boundary (0H, = 3,) of
Hy.
For a Q-handlebody A, L4 denotes the kernel of the map induced by the inclusion:

Hy(04;Q) — H1(A4;Q).

It is a Lagrangian of (Hy(0A4;Q),{(,)s4), we call it the Lagrangian of A. A Lagrangian-preserving
surgery or LP-surgery (A, A’) is the replacement of a Q-handlebody A embedded in a 3-manifold by
another such A’ with identical (identified via a homeomorphism) boundary and Lagrangian.

There is a canonical isomorphism

Omv:Ha(AUga —A;Q) — La

that maps the class of a closed surface in the closed 3-manifold (A Uss —A’) to the boundary of its
intersection with A. This isomorphism carries the algebraic triple intersection of surfaces to a trilinear
antisymmetric form Za4 on L4.

Taar(ai, aj,ar) = (03 (ai), 03y (a3), 03y (ax)) au—ar

Let (a1, as2,...,aq4) be a basis of L4, and let z,...,z, be homology classes of A, such that
(21,...,24) is dual to (a1, as9,...,aq) with respect to (,)aa ({a:,2z;)94 = 0i;). Note that (z1,...,z2g)
is a basis of Hq1(A; Q). Represent Z44/ by the following combination T'(Z44/) of tripods whose three
univalent vertices form an ordered set:

2k
o
T(Zaar) = > Zaar(ai, a5, ar) < pod
{igk}C{1,2,....9a }5i<j<k}
When G is a graph with 2n trivalent vertices and with univalent vertices decorated by disjoint curves

of M, define its contraction ((G)), as the sum that runs over all the ways p of gluing the univalent
vertices two by two in order to produce a vertex-oriented Jacobi diagram G,

G))n = Z K(Gp)[Gp]
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where ¢(Gp) is the product over the pairs of glued univalent vertices, with respect to the pairing p, of
the linking numbers of the corresponding curves. The contraction ({.)) is linearly extended to linear
combination of graphs, and the disjoint union of combinations of graphs is bilinear.

A k—component Lagrangian-preserving surgery datum in a rational homology sphere M is a datum
(M; (Ai, A))icqa,...ky) of k disjoint Q-handlebodies A;, for i € {1,...,k}, in M, and k associated
LP-surgeries (A;, A}).

Theorem 3.1 Let
(M; (Ai,A/i)ieﬂ ..... 2n})

be a 2n—component Lagrangian-preserving surgery datum in a rational homology sphere M. For I C
{1,...,2n}, let My denote the manifold obtained from M by replacing A; by Aj for alli € I. Then

> (—U“Zn(Mf):((_ Ll T@aa))n-

We shall prove that this formula is equivalent to the formula of [L4] in Section 8.

Let Fp be the rational vector space freely generated by the oriented Q-spheres viewed up to oriented
homeomorphisms. For a k-component Lagrangian-preserving surgery datum (M; (A;, Af)ieq1,... x}) in
a rational homology sphere M, define

and define Fj, as the subspace of F{ generated by elements of Fy of the above form. Then, it easily
follows from the above theorem that Z,(Fan4+1) = 0 where Z,, is linearly extended to Fy. For two
elements z and y of Fy, we write z = y to say that z—y € Font1- Thus, if Z y, then Z, () = Zn(y).

The intersection of this filtration with the rational vector space freely generated by the oriented Z-
spheres is the Goussarov-Habiro filtration. (The inclusion of the Goussarov-Habiro filtration (F&H),
in the intersection is obvious, the other one comes from the fact that .7-',? H is the intersection of the
kernels of the Z; for 2i < k because of the universality of Z.)

4 Surgeries on algebraically split links

Let L(p;, —g;) be the lens space obtained from S® by p;/g;-surgery on a trivial knot. (The standard con-
ventions for surgery coefficients are recalled in the beginning of Section 6.) When L = (K;;p;/qi)ien is
a given link whose components are equipped with surgery coefficients in a rational homology sphere M,
for I C N, let
My = MK ,p,/q.)ser je i L(Pj; —45)
denote the connected sum of the manifold Mk, .p. /¢.):c; = M ((Ki;pi/qi)ier) obtained from M by
surgery on (K;;p;/qi)icr and the lens spaces L(p;, —q;) for j ¢ I.
Set
[M; (Ki;pi/gi)ien] = Z(—UWMI-
ICN
Note that the connected sums with lens spaces are trivial when the p; are 1.
The invariant Z,, is linearly extended to Fy. By the additivity of the connected part Z: of Z,
under connected sum, if N has more than one element,

Z% (IM; (K5 pi ) gi)ien)) = Z, (Z (—D“M(Ki;pi/qi)ia)

ICN
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and the connected sums with lens spaces do not appear in this case either.
In Section 9, we shall see how Theorem 3.1 easily implies the following surgery formula on n-
component boundary links.

Theorem 4.1 Letn and r be elements of N. Consider a link (K1, Ks, ..., K,) where all the K; bound
disjoint oriented surfaces X¢. Let p;/q; be a surgery coefficient for K;, and let (J:;, y;)j:L.“’g(Ei) be a
symplectic basis for the Seifert surface X*. Define
| 7y () ad)
== > vV

(4:k)e{1,2,...,9(X)}?

Then
Zn ([M; (Ki;pi/(h')ie{l ..... r}]) =0 _ ifr>n
= oo ((Uieqr, oy (CZI(EY) ) ifr=n.

Definition 4.2 A link L in a 3-manifold is said to be algebraically split if any component of L is
null-homologous in the exterior of the other ones (i.e. if any component of L bounds a surface in the
complement of the other components of L).

An edge-labelled Jacobi diagram is a Jacobi diagram I' equipped with a bijection from E(T") to
{1,2,3,...,3n} for some integer n. Let D, ,, be the set of unoriented edge-labelled Jacobi diagrams of
degree n. Let L = (Ki)i€{112731_”73n} be a 3n—component algebraically split link. Let I" € D, ,,, orient
I". To any vertex of I', whose incoming edges are labeled by ¢, j, k with respect to the cyclic order
induced by the orientation, associate the Milnor triple number pu(K;, K;, Kj). Then define ur(L) as
the product over all the vertices of T' of the corresponding Milnor numbers of L. Note that ur(L)[T]
does not depend on the orientation of I'. Let #(T") be the number of components of I' homeomorphic
to

Theorem 4.3 Letn and r be elements of N. Let L = (K;;pi/qi)ieq1,2,3,...,,} be a (rationally) framed
r—component algebraically split link in a rational homology sphere M. Then with the notation above,

Zn ([M; (Kispi/a@i)ieqa,...r}]) =0 \ " ifr > 3n
= sz1 Z_: ZFGDe,n %[F] ifr = 3n.

A 2/3-labelled Jacobi diagram is a degree n Jacobi diagram I" equipped with an injection ¢ from
{1,2,3,...,2n} to E(T') such that at each vertex two edges of the image of ¢+ meet one edge outside
the image of . Let D3, be the set of unoriented 2/3-labelled Jacobi diagrams of degree n. Let
(F};)i=1,...2n be a collection of transverse oriented surfaces that meet pairwise only inside their respec-
tive interiors, such that (Fj, F;, Fy) = 0 for any {i,7,k} C {1,2,3,...,2n}. Let I' € Dy/3 ,,, orient I'.
For a vertex of T', whose half-edges belong to edges labelled by (4, j, nothing), with respect to the cyclic
order induced by the orientation, assign the intersection curve F; N F; to the unlabelled half-edge. To
any unlabelled edge e that is now equipped with intersection curves F; N F; and Fj, N Fy associate the
linking number 4((F;)i=1,..2n;1;€) of F; N F; and F,j N F;r, where Fk+ and Fe‘Ir are parallel copies of
Fk and Fg.

Note that there is no need to push the intersection curves by using parallels if F;, I}, Fy, and Fy
are distinct, to define this linking number. If {i, j} = {k, ¢}, this linking number is the self-linking of
the intersection curve that is framed by the surface, up to sign. Now, note that lk(F;NF}, Ff ﬂFZr) =
Ik(F; N F;, F;f 0 Fy) and that

Ik(Fr N Fj, F;NF) —lk(F;NF;, FNEF) =+(F, Fj, F).
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Therefore if the cardinality of {4, j} N{k, £} is 1, the linking number ¢((F});=1,...2n; ; €) is well-defined,
too. Define ¢((F;)i=1,...2n;T') as the product over all the unlabelled edges of " of the £((F;)i=1,...2n;I'; €).
Note that £((F;)i=1,..2n;I')[I'] is independent of the orientation of I'. Let fAut,/3(I") be the number
of automorphisms of " that preserve its 2/3-labelling.

Theorem 4.4 Letn and r be elements of N. Let L = (Ki;pi/qi)ie{1,2,3,....r} be a framed r—component
algebraically split link in a rational homology sphere M such that for any {i,j,k} C {1,2,3,...,7},
/L(K“ Kj, Kk) =0.

Let (Fi)icq1,2,3,....r) be a collection of transverse Seifert surfaces for the K; where F; does not meet
the Kj fori# j.

Then with the notation above

Zn ([M; (K3 pi/@i)iequ,...r}]) =0 ) . ., ifr>2n
=I1iZ1 5 Xrepuss, ~ jhug, oy H) #r=2n

where the sum runs over all 2/3-labelled unoriented Jacobi diagrams T'.

When M is a Z-sphere, when the p; are equal to 1, and when r is greater or equal, than n for
Theorem 4.1, than 2n for Theorem 4.4, and than 3n for Theorem 4.3, the left-hand sides of the
equalities of these theorems are in F$7. Since the degree n part of the LMO invariant coincides with
Zn on ]—"gfﬁ , these three theorems hold for the LMO invariant as well, in these cases.

Theorems 4.3 and 4.4 will be proved in Section 11. Their proofs will rely on some clasper calculus

performed in Section 10, that will also lead to the following proposition.

Proposition 4.5 Let L = (Ki)ie{lzﬁgynyr} be an r—component algebraically split link in a rational ho-
mology sphere M. Then there exist transverse Seifert surfaces ¥; in M\ (U;j,K;) for each component
K; of L, such that, for any triple (K;, K;, Ky) of components of L, the geometric triple intersection
of the surfaces ¥;, ¥; and Xy is made of |p(K;, K;, K)| points.

Section 11 also contains an equivalent definition of the Matveev Borromean surgery (or surgery on a
Y-graph), see Proposition 10.1.

5 On the polynomial form of the knot surgery formula

Recall that for any rational homology sphere M, Zy(M) = 1. Theorem 4.1 implies that for any knot
K that bounds a surface F' in a rational homology sphere M and for any two coprime integers p and
q such that p # 0,
P 1 q
Zi(M(K:2) = 2100 = (TN E + Z(Lip. ~0).
We shall see in Section 12 that Theorem 4.1 also easily implies the following theorem. The first part
of this theorem is essentially [Ga, Prop. 4.1].

Theorem 5.1 Let p and q be coprime integers such that p # 0. Let n € N, n > 1. Let K be a knot
that bounds a Seifert surface F in a rational homology sphere M. Let F* be parallel copies of F for
1€ {1,...,n}, and let L; denote the framed link made of the boundary components of U§':1Fj; where
each component is framed by 1.

Then

q.;
(KCM)(r—i—]—j)

p — ()
7, (M(K: _z.) =Y
(MK =) = Zn(M) ; e

for any r € Z where the coefficients y®

satisfy the following properties.
na/p K tisfy the followi ti
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e ifn>2,

vo ) = S (S + ) 2 sl + 2, (a0 D) ).

o ifn>2 pc(Yézypl)) = Yézypl)c does not depend on p and q,

o ifi<n-—1, eri;/p only depends on q/p mod Z,

e if U bounds a disk in M, then y®

nq/p(UCM)zoifi>0and

YO (U c M)=Z,(M{L(p,—q)) — Zn(M),

n,q/p
Y\ (K c M) =0,

(K ¢ M) = (~1)"*"y"

(4)
Y, n,—q/p

a/p (K C—M).

A singular knot is an immersion of S' in a 3-manifold whose only multiple points are transverse
double points like ».

Such a double point can be removed in a positive way X or in a negative way X

Let K? be a singular primitive knot in a rational homology sphere with k& double points. Fix a
bijection from {1,...,k} to its set of double points. For I C {1,...,k}, let K be the desingularisation
of K? such that the singular points in the image of I have been removed in a negative way, and the
singular points outside the image of I have become positive. If y is a knot invariant valued in an
abelian group, set

Remark 5.2 It may happen that we do not know whether Z,, (M (Kj; #)) is polynomial in 7 for
a given I, but that we know that

_1)# ._ P
Z ( 1) Zn(M(KI,q+pT))

is. Then the definition of eri; /p(K %) extends in an obvious way.

Proposition 5.3 For any singular knot K* in a rational homology sphere with k double points, for
any integers n, i, q and p, with 0 <7 < n,

Yn(z/p(KS) =0 if k> 2n,
Y\ (K*)=0ifk>2n—1 and if i <n.

In other words, Yn(i; /p is a knot invariant of degree at most 2n with respect to the crossing changes,

and if i < n, y®

/v is a knot invariant of degree at most (2n — 1) with respect to the crossing changes.

10
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Two disjoint pairs of points in S! are said to be unlinked if they bound disjoint intervals in S*.
Otherwise, they are said to be linked. Two double points of a singular knot are said to be linked if
their preimages are linked.

Associate a symmetric linking matrix [¢;;(K®)]; jeq1,2,... 1} to a singular knot K* with & pairwise

unlinked double points numbered from 1 to & in the following way. Each double point & X can be
smoothed to transform the knot into two oriented singular knots K7 and K.

< K}
S K§/I
Set
0i(K®) = Ik(KY K.

If ¢ and j label two unlinked double points, let K 7 be the curve among K?" and K} that does not
contain the double point labeled by j, then £;;(K*) = Ik(K;7, K3*) if i # j.

Proposition 5.4 For any singular knot K° in a rational homology sphere with k pairwise unlinked
double points, for any integers n, i, ¢ and p, with 0 <i<n, andn > 1,
ifk>n, Y9 (K% =0,

n,q/p
ifk=mn, Yf;/p(Ks) = Yé?())(KS) s an explicit homogeneous polynomial of degree i in the coefficients
of the linking matriz of K°, and Yé q)/p(Ks) =0.

Proposition 12.2 will give explicit examples of computations of the above homogeneous polynomi-
als.

6 A few formulae for the Casson-Walker invariant

Set A = W;0Z; where Wy (@) = 2. According to [L4], A is the Casson-Walker invariant as normalized
by Casson for Z-spheres (see [AM, GM, M]), A is half the Walker invariant as normalized in [W], and

A coincides with m where |Hy(M)| denotes the cardinality of Hy(M;Z) for Q-spheres, and X is
the extension of |H(M)|A to oriented closed 3-manifolds that is denoted by A in [L1].

A rationally algebraically split link is a link whose components do not link each other. The following
proposition gives formulae that generalize Theorem 4.1, Theorem 4.3 and Theorem 4.4 in the degree
1 case (n = 1) for rationally algebraically split links.

The order of a knot K in a rational homology sphere is the smallest positive integer Ok such that
Ok K is null-homologous. A primitive curve on a torus S' x S' is a non-separating simple closed
curve on the torus. A primitive satellite of a knot is a primitive curve on the boundary ON(K) of
its tubular neighborhood. A surgery on a knot K is determined by a primitive satellite p (oriented
arbitrarily) of the knot that will bound a disk inside the surgered torus after surgery. If my is the
meridian of K, the isotopy class of such a curve is determined by the pair

(rx = 1k(p, K), qx = (mx, 1)on(k))

and the surgery coefficient is px /qxk.

For any order d component K of a rationally algebraically split link L, there exists an embedded
surface % in the complement of L whose boundary 0% is made of essential parallel curves of the
boundary ON (K) of the tubular neighborhood N(K) of K such that % is homologous to d parallels
of K in N(K). Let Hy(X)/H,(0X) denote the quotient of H;(X) by the image of Hi(0%) under the

11
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map induced by the inclusion. Let Bs = (2i,¥i)ieq1,....,qy be a symplectic basis of Hy(X)/H:(9%),
define
T Vi YR T
(%)= V_V
(G.k)e{1,2,....9}2
If Wy,: A, — Q is a linear form, then W, (({-))) will also be denoted by ({-))w,, .
For example,

(IEMw, =2 > (kg 2)k(y; u) = k(2,40 k(y;, 7)) -
(k) E{1,2,...,9)2

Proposition 6.1 Let n be an integer. Set N = {1,...,n}. Let L = (K;;pi/qi)ien be a framed
rationally algebraically split link in a rational homology sphere M. Let d; be the order of K; in
Hy (M), let 3; be a surface of M \ L whose boundary is made of essential parallel curves of ON(K;)
and is homologous to d; K; in N(K;). If n = 1, assume that the Q/Z-self-linking number of K; is

ZET0.

Then
n i
Z (71>M}‘ (M(Ki;:ﬂi/th)iezﬁﬁjeN\fL(pjv *(Jj)) = (=1 <H _> /\/(L)
ICN =1 P
where
_ {({I(Z1)CM(K2;1)))wy (I(EDNCM)w, _ k(E1N52,(E1052))) S
= 0 T ad fn=2
_ (Zti,;:%,(gs) ifn=3
and, if n > 1,
Z (71)M)‘ (M(Ki;:ﬂi/th)iezﬁﬁjeN\fL(pj’ *Qj)) = Z (71)11]/\ (M(Ki?Pi/qi)iGI) :
ICN ICN

This proposition is proved in Section 13. Under its hypotheses, we then obviously have the following
equalities
N (K1 € M(Ks,p/q)) — N (K € M) = %)\’(Kl,KQ)

and

N (K1 € M((Ka;p2/q2), (K3;p3/q3))) = N (K1 € M(K2;p2/q2)) — N (K1 € M(K3;p3/q3))
TN(K; € M) = BBk, K, k).
P23

Then the variation of linking numbers under surgery recalled in Lemma 9.5 easily implies the following
proposition (see also the proof of Lemma 13.5).

Proposition 6.2 Let (K1, Ko, K3) be a rationally algebraically split link in a rational homology sphere
M. Let d; be the order of K; in Hy(M), let &; be a surface of M \ L whose boundary is made of
essential parallel curves of ON(K;) and is homologous to d;K; in N(K;). Then

12
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N(K1Ka) = —3((F1(51) Ka—Ky ))w,

<<d_151(22) Kl_Kl” >>W15

=

1
N(K1, Ko, K3) = @Kl(El) Ko — Ko K3—K3) ))w,.
1

Proposition 6.3 If K° is a singular knot with one double point, then
N(K?®) = (11 (K?).

The easy proof of this well-known proposition is also given in Section 13.

7 On the knot surgery formula for the degree 2 invariant \,

Consider the degree 2 invariant
Ao =WaoZs

where Wy < A = 1 and therefore Wy ( o:o ) = 2. The invariant Ao is invariant under
orientation change and additive under connected sum.

Theorem 7.1 There exists a function ¢ from Q/Z to Q such that ¢(0) = 0, c(q/p) = c(—q/p) and
the following assertions hold. Let r = q/p € Q\ {0}, where p and q are coprime integers. Let K be a
knot that bounds a Seifert surface F in a rational homology sphere M. Let F' and F? be two parallel
copies of F'. Then

Ao (M(K;1/r)) = Ao(M) = Xy (K)r® + w3 (K)r + C(K: q/p) + A2 (L(p; —q))

where 1
A (K) = 2 L] ((F) Nw,
ie{1,2}
w3(K C M) =—ws3(K C (—M))
and C(.;q/p) is an invariant of null-homologous knots that only depends on q/p mod Z, such that:
C(K;0) =0, and, if K bounds a surface whose Hy vanishes in H1(M), then C(.;q/p) = c(q/p)N (K).
Furthermore, if K° is a singular knot with two unlinked double points, then

(K
2

w3 (K®) = and C(K?*;q/p) = 0.

Like all the statements in this section, the above theorem will be proved in Section 14.

Proposition 7.2 Let K* be a singular knot with one double point in a rational homology sphere. Let
K+ and K~ be its two desingularisations, and let K' and K" be the two knots obtained from K* by
smoothing the double point. Assume that K' and K" are null-homologous, then

N(KNY+N(K")  N(KT)+MN(K™)+ k%K', K")

w3(K+)—w3(K*): 5 - 1 .

13
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Let denote a two strand braid with |x| vertical juxtapositions of the motive £ if z > 0 and

|z| vertical juxtapositions of the motive X if x < 0.

Let z, y and z be three odd numbers. Let K(z,vy,2) be the following pretzel knot that bounds a
genus one Seifert surface ¥ whose thickening H coincides with the thickening of the twice punctured
disk next to it. H is a genus two handlebody whose boundary is equipped with curves X, Y and Z

that bound disks in its exterior.
X Y
4 K(-1

Note that any genus one knot that bounds a genus one surface, whose Hy goes to 0 in Hi (M),
may be written as the image of K (z,y, z) under an embedding ¢ of H into M that maps X and Y to
0in Hi(M\ ¢(H)).

Proposition 7.3 Let ¢ be an embedding of H in a rational homology sphere such that ¢(X) and ¢(Y")
are null homologous in the exterior of ¢(H). Then

ws (O (2,9, 2))) = ws(K (2, 3,2)) — 3 X(6(X)) — LN (6(V)) = 2N(6(2)) + SN (6(X), 6(Y)

and
Py+z)+yi )+ @ty ayz atyt+z

where N (¢(X)) and N (¢(X),¢(Y)) are defined in several equivalent ways in Section 6.

8 Proof of the Lagrangian-preserving surgery formula

In this section, we prove Theorem 3.1 by proving that its formula is equivalent to the formula of [L4]
(or [AL] for the case of integral homology spheres). We first rewrite the right-hand side of the formula
of Theorem 3.1.

Let g(i) be the genus of A;. Let (i, a}, ..., af ;) beabasisof L,, andlet i, ..., 2, be homology
classes of 9A;, such that (a?, z})oa = d;1. Let F be the set of maps f from {1,...,2n} x {1,2,3} to
N such that 1 < f(z,1) < f(i,2) < f(i,3) < g(i). Let P be the set of pairings p of the disjoint union
G° of the following 2n tripods, that pair a univalent vertex of some tripod to a univalent vertex of a

different tripod.
3
i
1

Let p € P. The half-edges of Gg are naturally labeled in {1,...,2n} x {1,2,3}. Assume that some

(f € F) is given. With a half-edge of Gg labeled by (i, j) that belongs to the tripod 7, associate the
0
p,
its two half-edges, and define lk(p; f) as the product over the edges of these linking numbers. Set

curve z]ic(i M of 0A;. Then to an edge of G, associate the linking number of the curves associated to

2n

c(p; f) = lk(p; f) HIAiA; (aif(i,1)7 a;(i72),a§c(i,3)),

i=1

14
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and

c(p) =Y elp; f)-

fer
Then

(« |_| T(Za,a)))n = Z c(p)[Gy).

ie{l,....2n} peP

Let D be the set of unoriented Jacobi diagrams of degree n. Consider a Jacobi diagram I' of D.
Let P(T") be the set of the pairings p of P such that Gg is isomorphic to I'" as an unoriented Jacobi

diagram. Then
U T@aan=2_ 2.

ie{l,....2n} T'eD peP(T)

Fix I'in D. Let B(T') be the set of bijections b from the set H(T") of half-edges of T to {1, ...,2n} x
{1,2,3} that map any half-edge ¢ of a vertex v(c) to three images with the same first coordinate
b1(c) = b1(v(c)). An element b of B(T") determines a pairing p(b) of P(T"), and the number of elements
of B(T') that determine the same pairing is the number of automorphisms of T'.

> wiG= Y 4

peP(T) beB(T)

Let G(T') be the set of injections g from the set H(T') of half-edges of T' to

{G,5) e {1,...,2n} x N;1 < j < g(i)}

$ c(p(b); f) G0

tiAut G = FAW(T) po)-

beB(T),feF

that map the three half-edges of a vertex to three images with the same first coordinate, and that
induce a bijection from V(I') to {1,...,2n}. An injection g of G(T") provides a natural bijection b(g)
of B(T') and a map f(g) of F such that g(c) = (b1(c), f(g) o b(g)(c)). Furthermore, such a g orders
the three half-edges of a vertex, and hence provides an orientation o(g) of T.

> iy = 3 PRI o).

peP(T) geG(T)

Let g € G(I'), its first coordinate b1(g) induces a bijection from V(I') to {1,...,2n}. Number the
three half-edges of any vertex w of I with a bijection b(w): v=1(w) — {1,2,3}, arbitrarily. This orients
I’ and equips each injection g € G(T") with a sign that is +1 if o(g) coincides with this orientation of
T (except for an even number of vertices) and (—1) otherwise. Furthermore, g provides summands of

I(A;, A7) = > T, (0, (1) G, (2) T, (3) %0 (1) © Z0,2) © Z0,(3)
g::{1,2,3}—{1,2,..., g(2)}

where g(b(b1(g9)~1(i))"1(4)) = (i,9:(j)). Note that the sign of an injection g is +1 if the number
of vertices by(g)~ 1(1) where the cyclic order induced by g; does not coincide with the cyclic order
induced by b(b1(g)~1(4)) is even, and (—1), otherwise. This shows that for any bijection o from V(T')
to {1,...,2n},

Yo cp®9); F@)T, 0(9)] = Ik((Ais Aimr,....205 T5 0) (1]

g€G(T);b1(9)=0

with the notation of [AL] or [L4]. o

15
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9 A direct proof of the formula for boundary links

9.1 A Lagrangian-preserving surgery associated to a Seifert surface

Let 3 be an oriented Seifert surface of a knot K in a manifold M. Consider an annular neighborhood
[-3,0] x K of ({0} x K) = K =0% in X, a small disk D inside | — 2, —1[x K, and an open disk d in
the interior of D. Let F = X\ d. Let hp be the composition of the two left-handed Dehn twists on
F along ¢ = 0D and K2 = {—2} x K with the right-handed one along K7 = {1} x K.

See F as F' x {0} in the boundary of the handlebody Ar = F x [-1,0] of M. Extend hr to a
homeomorphism hy of JAr by defining it as the identity outside F' x {0}.
Let A% be a copy of Ap. Identify 0A% with 0Ar with

ha:0A}, — 0Ap.

Define the surgery associated to ¥ as the surgery associated with (Ap, A%) (or (Ap, Ar;ha)). If
¢ denotes the embedding from 0Ar to M. This surgery replaces

M = (M \ Int(AF)) UL AF

by
Mp = (M \ Int(AF)) Uiha AIF

Proposition 9.1 With the notation above, the surgery (Ap, A’%z) associated to ¥ is a Lagrangian-
preserving surgery with the following properties. There is a homeomorphism from Mg to M

e that extends the identity of
M\ ([_350] x K x [_150])5

e that transforms a curve going through d x [—1,0] by a band sum with K,

e that transforms a 0-framed meridian m of K going through d x [—1,0] into a 0-framed copy of
K isotopic to the framed curve h;l(m) of the following figure.

16
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PROOF: Observe that hp extends to 3 x [—1,0] as

h: ¥ x[-1,0] — X x][-1,0]
(o,t) —  h(o,t) = (hi(o),1)

where hy is the extension of hp by the identity on d that is isotopic to the identity,

h_1 is the identity of 3,

hy coincides with the identity outside [—5/2, —1/2] x K(S?!),

and hy is defined as follows on [—5/2, —1/2] x K(S!).

e When ¢t < —1/2, then h; describes the following isotopy between (h_; = identity) and the composi-
tion h_y 5 of the left-handed Dehn twist along K located on [—5/2, —2] x K (S*) and the right-handed
Dehn twist along K; located on [—1,—1/2] x K(S1),

hi(u, K(z)) = (u,K (zexp (i(2t +2)(dn(u+5/2))))) ifu< -2
hi(u, K(2)) = (u, K (zexp (i(2t + 2)(27)))) if —2<u<-1
hi(u, K(2)) = (u, K (zexp (—i(2t + 2)(dm(u + 1/2))))) ifu>—1.

e When ¢t > —1/2, then h; coincides with h_; 5 outside the disk D whose elements will be written as
D(z € C), with |z| < 1. The elements of d will be the D(z) for |z| < 1/2. On D, h; will describe the
isotopy between the identity and the composition hg of the left-handed Dehn twist along 9D located
on {D(z);1/2 < |z| < 1} and a negative twist of d.

hi(u, K(z)) = (u, K (zexp (i(4dr(u+5/2))))) ifu< -2

hi(u, K(2)) = (u,K(z)) if —2<u<-1,(u,K(2)) ¢ D
hi(u, K(z)) = (u,K (zexp(—i(dn(u+1/2))))) ifu> -1

hi(z € D) =zexp(im(2t+1)4(]z| — 1)) if |2| > 1/2

hi(z€ D) =zexp(—2ir(2t+1)) if |2] <1/2.

Now, M is naturally homeomorphic to
(M \ Int(z X [7170])) Uh\@(EX[—l,O]) (E x [71,0])

that maps to M by the identity outside ¥ x [—1,0] and by h on ¥ x [—1,0], homeomorphically.
Therefore, we indeed have a homeomorphism from Mg to M that is the identity outside [—3,0] x
K x[—1,0] and that maps d x [—1,0] to a cylinder that runs along K before being negatively twisted.
In particular, looking at the action of the homeomorphism on a framed arc z x [—1,0] where z is on
the boundary of d shows that the meridian m with its framing induced by the boundary of Ap is
mapped to a curve isotopic to h;l(m) in a tubular neighborhood of K with the framing induced by
the boundary of Ap.

Now, H1(0AF) is generated by the generators of Hi(X) x {0}, the generators of Hy(3) x {—1},
and the homology classes of ¢ = 9D and m. Among them, only the class of m could be affected by
ha, and it is not. Therefore h4 acts trivially on H;(0Ar), and the defined surgery is an L P—surgery.

S

Let F' x [—1, 2] be an extension of the previous neighborhood of F'; and let By = F x [1,2]. Define
the homeomorphism hp of 0Bp as the identity anywhere except on F' x {1} where it coincides with
the homeomorphism hpr of F' with the obvious identification.

Let B} be a copy of Bp. Identify 0B% with 0Bp with

hB:(’)B% — 8BF

Define the inverse surgery associated to ¥ as the surgery associated with (B, B}.) (or (B, Br; hg)).
Note that the previous study can be used for this surgery by using the central symmetry of [—1, 2].
Then, we have the following obvious lemma that justifies the terminology.

17
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Lemma 9.2 With the notation above, performing the two surgeries (Bp, By) and (Ap, Ar) affects
neither M nor the curves in the complement of F x [—1,2], while performing one of them changes a
0-framed meridian of K going through d x [—1,2] into a 0-framed copy of £K.

Lemma 9.3 Let (%i,y:)i=1,..,g be a symplectic basis of ¥, then the tripod combination T(Za, a;,)
associated to the surgery (Ap, A%) is

T(Zapay,) = Z‘<

For a curve ¢ of F, let ¢t denote ¢ x {1}. The tripod combination T(Zp, p; ) associated to the
surgery (Bp, Bi) is

PRrOOF: For a curve ¢ of F'; ¢~ denotes ¢ x {—1}. Use the basis (m, (i —x; Yy — Y; Ji=1,..., g) of the
Lagrangian of Ap to compute the intersection form of (ApU—A'%). Its dual basis is (¢, (Y, —%i)i=1,....q)-

Note that the only curve of the Lagrangian basis that is modified by h 4 is m, and that h4(m) = mK;l.
The isomorphism 8;41‘, from L4, to Ho(Ap U—Al:) satisfies

[~1,0]) U (z; x [-1,0] € Af)
[=1,0) U (i x [-1,0] C Af)
(] =2,0] x K)) U (=D C AF)

\
Since x; intersects only y;, S(x;) intersects only S(y;) and Sa(m). The algebraic intersection of
S(xi), S(y;) and Sa(m) is —1.
For the surgery (Bp, Br), Sg(m) = Dy, + £\ (] — 2,0] x K) U (=D,, C B}), and the algebraic
intersection of S(z;), S(y;) and Sp(m) is 1. o

9.2 Proof of Theorem 4.1

Remark 9.4 For this proof, I could also have used the strategy of Section 11. But I prefer this
self-contained proof.

First recall the following easy lemma that will be used several times.

Lemma 9.5 The variation of the linking number of two knots J and K after a p/q-surgery on a knot
V in a rational homology sphere M is given by the following formula.

katey ) (LK) = Uear (1K) — ZlkM(V, Ik (V, K).

<

Let (K1, Ko, ... ,Kn) be a link where all the K; bound disjoint oriented surfaces X°. C_onside_zr an
embedding of []/_; X" x [-1,2]. Let N = {1,2,...,n}. For i € N, associate surfaces F' = X"\ d’
and LP-surgeries (A;, A}) = (Api, A%,) and (B;, Bj) = (Bp:, B}.;) as in Subsection 9.1. Let U; be a
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meridian of K; going through d’ x [—1,2], so that performing one of the two surgeries transforms Uj;
into £K; and performing both or none of them leaves U; unchanged. Then

[M; (Kispi/ai)] = 11\4<Ui;pi/qi> - M(Ki;p;-/qi) /
= §[M(Ui§pi/‘h); (Ai, AY), (Bi, B)].

More generally, for J C {(A;, A%), (Bi, B))}Yi=1,...n,

(M(Uﬁpi/q-i)iGN)J = M(Ki;pi/Qi)ieI(J)ﬂﬂj%U(J)L(pj’ —qj) = MI(J)

where I(J) is the set of elements ¢ of N such that §(JN{(A;, 4%), (B:, B})}) is one. Note that
(—1)¥ = (=1)¥()) and that for any subset I of N there are 2" subsets J of the set of LP-surgeries
such that I(J) = I. Thus

1
[M; (Ki;pi/qi)ien] = 2—,1[M(Ui;pi/qi)igm (A, AY)ien, (Bi, B})ien].

In particular, we can apply Theorem 3.1 to compute Z,,([M; (K;;pi/qi)ien])-

According to Lemma 9.3, the tripods associaﬁed to the surgery (Api, A%,) and to the surgery
: : i i+ .
(Bpi, Bp:) are =37, -éyj x; and Y7, .éyirx;* , respectively. The only curve that links ¢’ al-
c .
ipi/ai)sen AMONg those appearing in all the tripods is ¢'* with a linking number
—@;/pi. Therefore, these two must be paired together with this coefficient. Theorem 4.1 follows when
r =n. The case r > n can be either deduced from the case r = n or proved directly, it is easy. o

gebraically in Mg

10 Some clasper calculus

The proofs of Theorems 4.3 and 4.4 will be given in Section 11. They will rely on the current
section, where we recall some known clasper calculus and where we show how to present algebraically
split links L = (K;);=1,....n by claspers so that the associated Seifert surfaces 3; of the components
K; in M\ (U;jx;K;) have minimal triple intersection, namely so that for any triple (K;, K;, Ki) of
components of L, the geometric triple intersection of the transverse surfaces ¥;, ¥; and X; is made
of |u(K;, K, Ki)| points. (This shows Proposition 4.5 that will be a direct corollary of Lemma 10.7
and Proposition 10.8.)

10.1 Two ways of seeing surgeries on Y-graphs

Let A be the graph embedded in the surface 3(A) shown below. In the 3-handlebody (VN = X(A) x
[—1,1]), the edges of A are framed by a vector field normal to X(A) = X(A) x {0}. 3(A) is called a
framing surface for A.

@ ©
©

A Y-graph in M is the isotopy class of an embedding ¢ of N (or X(A)) into M. Such an isotopy
class is determined by the framed image of the framed unoriented graph A under ¢. A leaf of a
Y-graph ¢ is the image under ¢ of a simple loop of our graph A. An edge of ¢ is an edge of ¢(A) that
is not a leaf. With this terminology, a Y-graph has three edges and three leaves.
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«" Q leaf
Yedge
The surgery on such a Y-graph can be defined in several equivalent ways.
Originally, it was defined by Matveev in [Mat] and named Borromeo transformation as the effect
of the surgery on the following 6-component framed link in the framed neighborhood of the Y-graph.

The framing of the link is induced by the framing of the surface.
We shall prove the following proposition.

Proposition 10.1 The above surgery is equivalent to the surgery (Ap, A%) associated to the following
subsurface F of ©(A) x [—1,1], with respect to the notation of Subsection 9.1.

Let G C M be a Y-graph. A leaf [ of a Y-component of G is trivial if | bounds an embedded disc
that induces the framing of I, in M \ G. It is easy to see that with both definitions, performing the
surgery on a Y-graph with a trivial leaf does not change the ambient manifold. More precisely, the
following lemma is proved in [GGP], for the first definition.

Lemma 10.2 ([GGP, Lemma 2.1]) Let M be an oriented 3—manifold (with possible boundary).
Let G be a Y -graph in M with a trivial leaf that bounds a disc D in M \ G. Then

e for any framed graph Ty in M\ G that does not meet D, the pair (Mg, To) is diffeomorphic to
the pair (M, Tp).

o IfT is a framed graph in M \ G that meets Int(D) at exactly one point, then the pair (Mg, T)
is diffeomorphic to the pair (M, Tq), where T is the framed graph in M below.
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Now, it is proved in [AL, Proof of Lemma 4.6], that this property fully determines the surgery.
Therefore, since this property is also true for the second definition, the two definitions coincide and
Proposition 10.1 is proved. In particular, the second definition has the same symmetries as the first
one obviously has.

This definition does not depend on the orientation of 3(A). Nevertheless, we shall sometimes
need orientations of our Y-graphs. An orientation of a Y-graph is an orientation of its three leaves,
together with a cyclic order on the 3—element set they form, induced by an orientation of ¥(A) as in
the figure (everything turns counterclockwise).

@ ©
©

An n—component Y-link G C M is an embedding of the disjoint union of n copies of N into M up
to isotopy. The Y-surgery along a Y-link G is defined as the surgery along each Y-component of G.
The resulting manifold is denoted by Mc.

10.2 Some clasper calculus

Recall the following equivalences between surgeries inside handlebodies -that can be themselves em-
bedded in any 3-manifold in an arbitrary way-. The first one is move Y3 in [GGP], as rectified by
Emmanuel Auclair in his thesis [Au].

Lemma 10.3 ([Au]) The surgeries on the following two Y -links are equivalent.

(©)© © ©
© © © 4o

Lemma 10.4 (Theorem 3.1, move Y, in [GGP]) The surgeries on the following two Y -links are
equivalent.

@ ©-©
©

The two equivalences above easily imply the following one.

Lemma 10.5 The surgeries on the following two Y -links are equivalent.

el
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<

As a consequence of Lemma 10.4, we also have the following lemma that provides an inverse for a
Y-graph. A mark » on an edge indicates a positive half-twist of this edge.

Lemma 10.6 (Theorem 3.2 in [GGP]) The surgery on the following Y -link is trivial.

10.3 A clasper presentation of algebraically split links

A leaf ¢ of a Y-link G is a meridional leaf or is a meridian of a link L, if it is trivial, and if it bounds
a meridian disk of some link component whose interior intersects G U L at exactly one point of L.
Say that a Y-link G laces the trivial 7-component link U of a connected 3-manifold if

e cach of the Y-link components contains a meridional leaf of U,

e The components U; of U(") bound disjoint disks (Di)i=1,...r (U; = 0D;) so that D; NG is inside
the meridional leaves of U; (and contains one point per meridional leaf of U;),

e 1no component of G contains more than one meridional leaf of a given component U;.

Performing the surgery on such a G transforms U(") into the link (K71,...,K,) = Ug) in M that
is presented by (G,U™).

Since any null-homologous knot bounds an oriented Seifert surface, by Lemma 10.2, it is easy to
see that any null-homologous knot is presented by a pair (G, U;), where G is a Y-link that laces the
trivial knot.

In a connected oriented compact 3-manifold M such that Ha(M;Z) = 0, the linking number of
a null-homologous knot K with a knot C' in its complement is well-defined as the algebraic intersec-
tion of C with a surface bounded by K. The Milnor triple linking number u(Ki, Ko, K3) of three
null-homologous knots K, K5, K3 that do not link each other is also well-defined, as the algebraic
intersection of three Seifert surfaces of these knots in the complement of the other ones with the sign
/L(Kl, KQ, K3) = —<21, 22, 23>

Let G be a Y-link that laces the trivial link U of M. Let m; denote the homology class of the
oriented meridian of U;. Say that a component of G is of type (¢;mi,e;m;, f) if its leaves are one
meridian of U;, one meridian of Uj;, and another oriented framed leaf f and if it can be oriented so
that the homology classes of its oriented leaves read e;m;, €;m; and [f] with respect to the cyclic
order induced by the orientation, with &;,¢; € {—1,1}. Similarly, say that a component of G is of
type (g;mq,€5m;, exmy) if its leaves are one meridian of U, one meridian of U;, and one meridian of
Uy, and if it can be oriented so that the homology classes of its oriented leaves read ¢;m;, €;m; and
ermy with respect to the cyclic order induced by the orientation, with ¢;,¢;,e, € {—1,1}.
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Lemma 10.7 Let G be a Y -link that laces the trivial link U™ of an oriented connected 3-manifold
M. Let L=(Ky,...,K,) = Ug) be the link presented by G. Then L is algebraically split, and the K;
bound surfaces ¥; such that

o forany{i,j} C{1,2,...,r}, £;N%; is the union over all the components of type (e;m;,e;m;, f)
of the framed oriented leaves €;¢; f,

o for any {i,j,k} C {1,2,...,7}, the oriented intersection 3¥; N X; N Xy is a union over all the
components of type (e;m;,e;m;,exmy) of points with sign e;€ jex.

In particular, if Ho(M;Z) = 0, then u(K;, K;, Ky) is the sum over all the components of type
(eimy, e5myj, exmy) of the contributions (—e;e er).

PROOF: Define the index of a component Y of G as the smallest ¢ such that Y has a meridional leaf
of U;. Realize the surgeries on the components of index ¢ of G by applying Lemma 10.2 to the trivial
meridional leaf ¢ of U; and to the part of U; going through ¢. These surgeries transform U™ into L
and allow us to see each K; as the boundary of a surface ii whose 1-handles are thickenings of the
framed leaves that are not meridians of U; of the components of index 1.

So far, 3, may intersect the K; with i < k (but not the K; with i > k). More precisely, if i < k,
each component of index ¢ of type (m;,emy, f) or (my, f, —emy,) gives rise to an arc of intersection
of ¥; N ). Tubing %) along the part of K; between the two extremities of the intersection arc
that is contained in the surgery picture transforms this arc of intersection into f and removes the
intersection of K; with Y.

If the third leaf is a meridian of K; for i < j < k then perform the tubing along this leaf inside
the tubing of 3; along the meridional leaf of my. Let X denote the surface obtained after all these

tubings.
€ K\/

It is left to the reader to check that the surfaces have the announced properties. o

Say that a Y-link G p-laces the trivial r-component link U of a connected 3-manifold if it laces
it, and if for any triple {4, j, k} of integers in {1,...,7}, there are exactly |u(K;, K, Kx)| components
with one leaf that links U;, one leaf that links U; and one leaf that links Uy.

It is known that any algebraically split link can be presented by a Y-link G that laces the trivial
link U(") [GGP, Lemma, 5.6], [Mat, MN]. We prove the following proposition that refines this result,
and that, together with Lemma 10.7, proves Proposition 4.5.
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Proposition 10.8 For any algebraically split link L = (Ki,...,K,) in a connected 3-manifold M
such that Ho(M;Z) = 0, there exists a Y-link G that p-laces the trivial link U" of M such that
(G,U™) presents L.

This proposition will be a direct corollary from the slightly more general proposition 10.9 below,
that may be used for the study of homology handlebodies.

Here, an r-component based link is an embedding I';, of the following graph with r loops, up to
isotopy. Its underlying link is the restriction of the embedding to its r loops.

Uler

The trivial r-component based link Fg) is the above r-component based link seen in a 3—ball.

Proposition 10.9 For any based r-component link T'r, whose underlying link L = (K,...,K,) is
algebraically split, in a connected 3-manifold M such that Hy(M;Z) = 0, there exists a Y-link G in

M\ Fg) that p-laces the trivial link U™ of M such that (G, Fg)) presents T'p.

PRrRoOOF: For any sublink L’ of L, there is a canonical subgraph I'ys of Iy, that is a based link with
underlying link L’. We prove Proposition 10.9 by proving the following statement by induction on
the number r of components of L.

Induction hypothesis

Let M be a connected 3-manifold such that Ho(M;Z) = 0. Let I'ryz be a based algebraically split
link in M where L has r components. Let I';;» ., be the based link obtained from I'r, - by replacing
'z by Fg) so that each component of U(") bounds a disk D; whose interior does not meet T'z;tr .-
Then there exists a Y-link G in of M \ Iz, such that the following set of properties H(G,T'r,T'1/) is
satisfied.

L] G C M\FU(T‘)UL/,
e G pi-laces the trivial link U™ of M \ L'

(G, Ty ) presents pypy in M,

the only leaves of G that link L’ algebraically are meridional leaves of L',

e no component of G contains more than one meridional leaf of a given component of L',

For any triple {I,J, K} of components of L U L’ with at least one component in L, there are
exactly |u(Z,J, K)| components of G with one leaf that links I, one leaf that links J and one
leaf that links K.

This statement is obviously true for 0-component links.

Assume that it is true for (r — 1)-component links, we wish to prove it for (L = (K3,...,K,),L’).
Let U1 = (Uy,...,U,_1) denote the trivial (r — 1)-component link that bounds a disjoint union of
disks (D;)i=1,...r—1. By induction, there exists (G1 C M\I'L .k, ) such that H(G1, Tk, ... k.1, T Kk,.0L’)
is satisfied.

Consider a two-dimensional disk D that meets K, along an arc « of its boundary around which
all the meridional leaves of K, are, and such that D intersects all the meridional leaves, so that

.....

K = (K,\ &)U (=8D\ a)

bounds a surface ¥ that meets neither I';/ -1 UU;<, D;, nor the path ~, from the vertex of I'ryz-
to K, nor the leaves of G;.
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Lemma 10.10 The graph Gy and the surface ¥ can be modified so that ¥ does not meet G1 at all
outside the meridional leaves of L, and the following set of assumptions
Hy(G1, Tk, k1 VoL, 2)

o ¥ meets neither U'ye—1 | UUicr Di, nor v, nor the leaves of Gy

o H(G1,Tk,, k. 1, Tk,.ur) is satisfied except that components of Gy are allowed to have no
meridians of L \ K, provided that they have a meridian of K.

is still satisfied.

PROOF: We need to remove the intersections of ¥ with the edges of G;. By isotopy, without loss,
assume that no edge adjacent to a meridional leaf of K, intersects X, (push the intersection on the
two other edges, if necessary). Similarly, assume that if a component contains only one meridian
of L, the edge adjacent to this component does not meet ¥,.. Now, the intersections of the edges
adjacent to non-meridional leaves can be removed by tubing 3, around the part of the Y-graph that
contains the corresponding leaf. Here tubing means replacing a small disk of 3, in a neighborhood
of an intersection point with an edge by the closure of its complement in the boundary of a regular
neighborhood of the part of the Y-graph that contains the corresponding leaf, as below.

45

Thus, we are under the assumptions H(E) that the only edge intersections occur on edges adjacent
to a meridional leaf of some Kj;, with j < 7, of components with at least two meridional leaves of
L. Define the complexity ¢(3;G1) of such a situation as follows. Define the complexity c.(Y') of a
component Y of GG; as the number of intersection points of its edges with 3. Define the complexity
¢(X;G1) as the pair (maximal complexity ¢, of the components, number of components with this
complexity) ordered by the lexicographic order.

Now, to prove the lemma, it is enough to prove that there exists a pair (X; G1) with lower com-
plexity such that Ho(G1,Tk, ..k, ,,Tk,ur,2) and H(E) are satisfied.

Consider a component Y of G; with maximal complexity, and its edge e with the maximal number
of intersection points. By hypothesis, e is adjacent with a meridional leaf ¢ of some component K;
with ¢ < r. Remove the point of e N X that is closest to £ as follows. By our assumptions, ¥ intersects
a neighborhood of Y in the gray part of the following picture, where the intersection point that will
be removed is at the top right corner. Perform the modification of Lemma 10.5 so that the resulting
three graphs are like in the following picture with respect to the positions of the possible intersections
with 3.
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Let Y7 be the graph that replaces Y with one edge intersection removed. Let Y3 be the graph with
a meridional leaf of K., a leaf parallel to ¢, and another trivial leaf {1, and let Y5 be the other one
with one meridian of 1. Remove all the intersection of Y3 with X outside its meridional leaf of K, by
tubing. If Y5 has only one meridional leaf of L, then remove its intersections as before, too. Otherwise,
don’t change it, it has two meridional leaves, and its complexity c. is lower than c.(Y). Slide the
meridional leaf of K, in Y3 so that it is around the arc a of K,. Thus, the obtained graph and
the modified ¥ together satisfy Ho(G1,Tk, .. K I'k,ur, X) and H(FE), and have lower complexity.

s r—17

The lemma is proved. o

By Lemma 10.2, K, \ « is obtained from 9D \ « by surgery on a Y-link G5 in the neighborhood
of ¥\ D such that any component of G5 contains exactly one meridian of dD. Let U, = dD. Thus,
K, is obtained from U, by surgery on G U Gs, G; U G2 pu-laces the trivial link U™ of M \ L,
(G1 U Ga,Tymyrs) presents I'pyps in M. Let us now modify G = G7 U G2 so that the last three
conditions of H(G,T'1,,'1/) are satisfied in addition to the previous ones.

e Cutting the leaves so that the only leaves that link L' algebraically are meridional leaves of L'

Use Move Y4 of [GGP] (Lemma 10.4) to cut the leaves of G2 that are not meridians of K, so that
they are either O-framed meridians of L’ or they do not link L’ at all. Indeed, this move allows us to
cut the leaves into leaves that are homologically trivial in the complement of L', and meridians of the
components of L’ without creating further intersections of Gy with the disk D. Define the complexity
of a leaf as the minimal number of leaves in such a decomposition minus one. Define the complexity of
a Y-graph as the sum of the complexities of its leaves. Finally define the complexity of a Y-link as the
pair (maximal complexity of the components, number of components with this complexity) ordered
by the lexicographic order. The leaves can be cut in order to make this complexity decrease without
creating further intersections of G with D.

e Sliding the handles so that no component of G contains more than one meridional leaf of a given
component of L'.

Now, we wish to remove the Y-components with a meridional leaf of K, and two meridional leaves
of the same component J of L’. By Lemma 10.2, a surgery with respect to such a graph G5 corresponds
to a band sum with the boundary of a genus one Seifert surface as below.

where « and (3 are meridians of J. In this figure, a right-handed (resp.left-handed) Dehn twist of the
surface along the simple curve c¢(a) freely homotopic to « transforms 3 into a3 (resp. a~!3) and does
not change . Therefore, the Y-graph G35 is equivalent to a Y-graph whose leaves are a meridian of
K,, the meridian «, and the curve among o and o~ ! that is null-homologous.

e Realizing the algebraic cancellations to the Milnor invariants u(K,, K, K;) where Ky and K; are
components of L'.
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First recall from Lemma 10.7 that pu(K,, Ky, K}) is the sum of the contributions en of the Y-graphs
of type (m,, —emg,nmy) or (m,,emy, nms) where £ and 7 belong to {—1,1}. Second, exchange the
order of the Y-graphs that link U, so that all the graphs that contribute with a sign opposite to the
Milnor invariant are followed by a graph that contributes with the sign of the Milnor invariant. In
order to exchange two Y-graphs that link U,., perform the following sequence of operations.

:% g'
m m

First slide the meridian m of one of them inside the other one m’. Next use move Y; (Lemma 10.4)

to cut m' into m’ and a leaf that links the edge going to m. It is enough to slide inside components

that contribute to p(K,, Ks, K;). Thus, we do not lose properties of our graphs, (and otherwise we
could just perform the surgery).

Last, transform a pair of K,—adjacent Y-graphs with opposite contributions to u(K,, K, K;) into

a family of Y-graphs that do not individually contribute to u(K,, K, K¢). To do this, see the effect

of the surgery along the two K,—adjacent Y-graphs as a band sum with the boundary of a genus two
surface ¥ whose 1-handles are a1, (81, as, (B2, and are meridians of K and K.

Ur\j.

m m’

We are in one of the following situations for the homology classes of the curves: Either [a;] = [as]
and [1] = —[Bs], or [u] = —[az] and [B1] = [B2], or [n] = [B2] and [B1] = [ae], or [a1] = —[B2] and
[B1] = —[az].

Consider the following simple closed curves c(as), ¢(81), c(B2), c(B1az) and ¢(B;132) whose homol-
ogy classes are o], [(1], [B2], [F1ae] and [B102], respectively.

For a curve ¢, let 7. denote the right-handed Dehn twist around this curve. Recall the action
of 7 on homology classes 7.(x) = = + (¢,z)sc. Then the homeomorphism Tc_(;z)’rc_(él)’rc(glaz) of ¥
transforms as and (3 to conjugate curves, where the conjugation paths are in the neighborhood of the
genus 2 surface and avoids the disks D;, for i < r, and it transforms o and (s into curves homologous
to ajag Land 31 82. Therefore using this boundary-preserving homeomorphism in the first case allows
us to transform the surgery on the initial pair of Y-graphs into a surgery on a pair of Y-graphs such
that each of the graphs has a homologically trivial leaf and two meridional leaves. In the second case,
use Tc(az)Tc(ﬁl)T;(él(m). Use T;(éz)T;(él)Tc(ﬁlﬁz) and TC(ﬁZ)TC(ﬁl)T;(élﬁz) in the third and fourth cases,
respectively to achieve a similar reduction. o
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11 Proof of the formulae for algebraically split links

We prove the surgery formulae of Theorem 4.3 and Theorem 4.4 following a strategy that was used
in [GGP] to compare the filtration of the space of Z—spheres associated to algebraically split links to
the filtration associated to Y -links.

According to Proposition 10.8, it is enough to prove these theorems for links that are presented
by pairs (G, U()) where G is a Y-link that p-laces the trivial link U of M, that is for U") ¢ Mg,
where U(") is equipped with surgery coefficients p1/q1, p2/qo; - - -, Pr/Gr-

(MU =Y (-1 [M; HuU )]
HCG

where

(M HUU™] = Yo CUYTM gt (Gena i Lpg, —4;)) -
JCH,IC{1,2,....,r}

Then [Ma; U] 2 Yy gumenn (D My HUU ).
If there exists i, such that U; does not link any leaf of H, then [M; HU U] = 0.
If there exists 4, such that U; links only one leaf of H, then let Y7 be the component of this leaf.

[M;HUU™] = —[My,; H\ Y uU").

Recall that the surgery on Y7 is a surgery associated with a genus one surface bounded by some K
as in Subsection 9.1. Then the inverse surgery of this subsection transforms U; into —K; and since it
can be realized as a genus one cobordism, it can also be realized by a surgery on a Y-graph that laces
Uy and that sits in the complement of G. Let Yfl be such a graph. We can assume that its leaves
are a meridian of U; and two leaves parallel to the two other leaves of Y;. Compare with Lemma 10.6.

Then [My,; H\Y,UU"] = [M,1; H\ Y; UU™] and

Yy

1
M;HUU™M] = M5 H U Y tuu™).
As long as there is a component U; that bounds a disk D; intersecting H U Yl_1 Uu...u Yk_1 once
(and necessarily) inside a meridional leaf of some component Yy11 of H, add Y.l and write

k+1°
1
IM;HUY UL Y tuuM] = S[M; HU Yitu. oy tuy b o™l
1
M; HUU™M] = St MG H U Yitu. oy tuy b o™l

Finally, [Mg; U] is a rational combination of terms of the form [M; H' U U] where each U; links
at least two leaves of H'. To be more specific, the considered H’ are of the form H U Hy ! where H
is a sublink of G, and H; ' is a link made of inverses of the components of a sublink H; of H. In
particular, the leaves of a component of H; ! have the same constraints as the leaves of a component
of G. Since a leaf of H' links at most one U;, such a H' has at least 2r leaves linking the U;. In

particular, if 2r > 6n, [Mg; U™)] =)

e Under the hypotheses of Theorem 4.3, assume 2r = 6n. Up to elements in Fo, 11, [Mg; U]
is a rational combination of terms of the form [M; H' U U] where each U; links exactly two
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leaves of H', and each leaf of H' is a meridional leaf of some U;. More precisely, let G3 be the
sublink of G made of the components that have three meridional leaves, we have

n

[Ma; U] 2 3 (=1 M HU U]

where the sum runs over the H that read as the disjoint union of two Y-links H; and Hy of G3
such that for any component U; of U, either there is one meridional leaf of U; in H; and no
meridional leaf of U; in Hs, or there is no meridional leaf of U; in H; and there are two meridional
leaves of U; in Hy. Let H denote the set of the (Hy, Hy) where Hy U Hj is a decomposition as
above of such a graph.

e Under the hypotheses of Theorem 4.4, at most two thirds of the leaves of the H’ link the U;
once, and the leaves of the other third do not link the U; at all. Therefore, if 2r > 4n, [Mg; U(T)]
belongs to Fapy1. If 1 = 2n, up to elements in Fo,y1, [Mg; U(’”)] is a rational combination
of terms of the form [M; H' U U] where each U; links exactly two leaves of H', and in each
component of H’, there are two meridional leaves of U(") and a null-homologous leaf. More
precisely, let G2 be the sublink of G made of the components that have two meridional leaves,

we have
n

[Me; U] =Y (—1)* [M; HUUY)
H
where the sum runs over the H that read as the disjoint union of two Y-links H; and Hy of
G5 such for any component U; of U("), either there is one meridional leaf of U; in H; and no
meridional leaf of U; in Hs, or there is no meridional leaf of U; in H; and there are two meridional
leaves of U; in Ho. Let H denote the set of the (Hy, H2) where Hy U Hy is a decomposition as
above of such a graph.

In both cases
n —1\
M; U = > <7> (=12 M Hy U HT U Hy UU ™)
(Hy,H2)EH

where Hy UH; ' UH, has 2n components (and therefore (—1)#72 = 1). Apply Theorem 3.1 to compute
it. The tripod associated to a surgery on an oriented Y- graph whose leaves are /1, {5, {3 was computed

in Lemma 9.3 (thanks to Proposition 10.1). It is ¢< 62 while the tripod associated to an inverse of

such a graph is ¢< ng where the parallels are taken Wlth respect of the parallelization of the leaves.

b
Later, we shall consider twice the tripods of the components of H; and remove the (—1)#1. Recall

the formula of Lemma 9.5

ety oy (1K) = Tear(J,K) — %lk:M(Ui, Nkt (Us, K).
If for some i, a contraction does not pair two curves linking U;, then its contribution to [M; H'U(U\U,)]
and its contribution to [My,; H' U (U \ U;)] will be the same. Therefore, it won’t contribute to
[M;H' U U]. Thus since there are exactly two leaves m; and m/ linking U; in each H’, the only

pairings that will contribute will pair these pairs together, and the corresponding remaining linking
number will be gf_lk:M(Ui,mi)lkM(Ui, my).

e Under the hypotheses of Theorem 4.3, there is one contributing pairing for every (Hy, Ha) € H.
It can be seen as an edge-labelled Jacobi diagram I'(H;, Hs) together with a bijection b from the
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set of its vertices to the set of components of H; U H1_1 U Hs that maps a vertex v with adjacent
edges labelled by 4, j, k to a component b(v) of G of type (e;m;, e5m;, exmy) where €;, €5, € are
in {—1,1}, or to the inverse of such a component. Equip I'(H;, Hz) with an orientation. Then
if the orientation of a vertex v as above is induced by the cyclic order (i, j, k), assign it the sign
(—eigjer), and assign it ;¢ &) otherwise. Define sign(I'(Hy, H2);b) as the products of the signs
of the vertices. Then

3n
i 1 .
Zn ([Mg;U(T)]) SIEEY srsien(D(Hy, Hy);b)[D(Hy, H)]
=1 P (b Ty en

Now, let f = f(b) be the map from V(T'(Hy, H3)) to the set of components of G obtained from
a bijection b as above by setting

f0)(v)

b(v) if b(v) is a component of Hy U Hy
Y,  ifb(v) =Y,

There are 2871 b such that f(b) = f, and, if fAut.(I") is the set of automorphisms of T' that
induce the Identity on E(I'), there are fAut.(I') b that define the same pairing. Since an
automorphism that preserves the edges pointwise may only exchange vertices inside components

€, #tAut, (1) = 200,

Orient G arbitrarily. Let I' € D, ,,. Equip I with an arbitrary orientation. Let G(I') be the set
of maps ¢ from V(T') to the set of components of G that map a vertex v with adjacent edges
labelled by i, j, k, with respect to the order induced by the orientation, to a component g(v)
of G of type (g;mi, —ejmj,exmy) or (g;my, exmy,;m;). Define sign(g,v) = e;ee for such a
vertex. Define sign(T'; g) as the product of the signs associated to the vertices. Then

3n :
) ¢ sign(T; g)
2o (Mo =TI 3 Tl
=177 rep, . gec(r)

Now, Lemma 10.7 easily leads to the conclusion of the proof of Theorem 4.3.

Orient G arbitrarily. Under the hypotheses of Theorem 4.4, a contributing pairing for (Hy, Hs) €
H is a 2/3-labelled Jacobi diagram T", equipped with a bijection from V(T'") to the set of com-
ponents of H; U H1_1 U Hy that maps a vertex with two adjacent edges labelled by ¢ and j to a
component of type (e;m;, e;m;, f) or (e;m;, —e;my, f). For a fixed 2/3-labelled Jacobi diagram
I', there are fAuty/3(I") bijections from V(I') to the set of components of H; U H{''U H, that
will correspond to the same pairing.

Let I' € Dy/3,. Equip I' with an orientation. Let G(I') be the set of maps g from V/(I') to the
set of components of G that map a vertex v whose adjacent edges are labelled by (i, j, nothing)
(with respect to the orientation of I') to a component of type (g,m;, e;m;, f) or (e;m;, —e;mi, f)
of G. When g € G(I) is fixed, assign the framed oriented curve €;e, f to the unlabelled edge of
each v € V(T') as above. Then assign to each edge of I the linking number of the two curves
assigned to its half-edges (change a curve f into its parallel f|, if the two curves coincide) and
define [k(T; g) as the product over the edges of T of the associated linking numbers.

o 2n g Ik(T;9)
Zn, ([Mg,U( )]) _Hp_ Z )m[m

i=1"" TeD,)3 ,,9€G(T

Now, Lemma 10.7 easily leads to the conclusion of the proof of Theorem 4.4 when the Seifert
surfaces are associated to a presentation of the link by a graph that p-laces the unlink as in
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Proposition 10.8. Fortunately, this is enough to conclude the proof of Theorem 4.4 thanks to the
following proposition 11.1 that ensures that the right-hand side of the equality of Theorem 4.4
does not depend on the choice of the Seifert surfaces.

<

Let n € N. Let D33, , be the set of 2 /3-labelled unoriented Jacobi diagrams whose labelled edges
are oriented. Forgetting the edge orientations transforms an element I' of Dj/3,, into an element

J(I') of D331, and an element of Dy /3 ,, comes from m% elements of Dy /3 -

Let L = (Ki;pi/di)ie{1,2,3,....2n} be a framed 2n-component algebraically split link in a ratio-
nal homology sphere M. Assume that for any {i,j,k} C {1,2,3,...,2n}, u(K;, K;, K;) = 0. Let
(Fy )ieq1,2.3,....2n} U (Fi+)i€{1,2,3,...,2n} be a collection of transverse surfaces such that, for any 4, F,
and F;" are two Seifert surfaces of K; that do not meet the K for j # i.

Let T' € D334, Orient I'. In such a T' the half-edges of the labelled edges inherit a label from
the edge orientation. Namely, Edge ¢ goes from i~ to i+.

For any vertex of I, whose half-edges are labelled by (¢, 7, nothing) with respect to the cyclic
order induced by the orientation, assign the intersection curve F;7 N F ;7 to its unlabelled half-edge. To
any unlabelled edge that is now equipped with two intersection curves associate the linking number of
these curves. Then define ¢r((F; 171-"’)1':17,“2") as the product over all the unlabelled edges of I" of the
corresponding linking numbers. Note that ¢r((F;, Ff)z-:lwgn)[l“] does not depend on the orientation
of I

When F;r is a parallel copy of F;, then

> g((F;)i:L...gn;F)[F]: 3 gr((F;,Fiﬂl-:l,...gn)i[l“]

IeDy/3.n ﬂAut2/3(F) T'e€D2/3,0,n

Proposition 11.1 With the notation and hypotheses above

> EF((F;’ﬂ+)i:1,..,2n)2%[l“]

I'eD2/3,0,n

is independent of the choice of the surfaces (F[,F;r)i:l,_ngn in the complement of U;+; K, it only
depends on L.

PROOF: We study the effect of changing a surface F¥ to another Seifert surface F of K; disjoint from
the K for ¢ # j, and transverse to the other ones. Obviously, for any I', the only modified ingredient
is the linking number associated with the unlabelled edge e that shares a vertex with ¢* that reads

ilk(ﬂa NS, SN S3)

where S, S92 and S3 are the three other surfaces associated to the three other labelled half-edges
containing the vertices of e.

Let us compute the variation of such a linking number. Recall that Ho(M \ Uj=1,2, . 2,K;) is
generated by the homology classes of the boundaries ON(K;) of the tubular neighborhoods of the
K, for j # i. Therefore the immersed oriented closed surface (Ff U —F’) cobounds a 3-dimensional
chain C' with some copies N (K). In particular, if S; is a Seifert surface for Kj(;), the boundary of
C'N Sy is the union of (F'NS; — FF NS1) and some copies of Kj(1). Since all the Milnor triple linking
numbers vanish, [k(Kj(1),S2 N S3) = 0, and

I(F' NSy — FF NSy, 85N S3) =+(CN Sy, S NSs) =+(C, SN S2N Ss).

Now, consider the two elements of Dy/3,, obtained from I' by changing the neighborhood of e in I'
as in the following figure.
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Efy 1S3 E7 155 i\ 13
NS OO
S S S 7 NS, S As

(Actually, since the current definition of Jacobi diagrams does not allow looped edges, some of the
above graphs may not be Jacobi diagrams. In order to make this proof work, allow Jacobi diagrams
with looped edges, and set them to be zero in A, (0), so that the THX relations involving such graphs
are still valid and these graphs do not contribute to the sum of the statement.)

Assume without loss, that the orientations of the three graphs coincide outside the neighborhood
of e and are induced by the figure at the shown vertices. Then the coefficients of these three elements
of Dy/3, , are perturbed in the same way. (Note that we did not need to take care about the above
signs, they are well-defined in each step, and the result only depends on the cyclic order of Sy, S3,
S3.) Since the sum of the corresponding oriented graphs vanishes in A, () and since all the graphs
of Dy/3,0,n can be grouped in three-element sets as above, the sum of the statement is independent of
the surfaces. o

Similarly, we can show the following proposition.

Proposition 11.2 Let L = (Ko, K1, K2, K3) be a rationally algebraically split link whose three-
component sublinks have Milnor triple linking number 0 in a rational homology sphere M. Let a,
b and c be three real numbers such that a+b+c = 0. Let ¥; be a Seifert surface for K; in the exterior
of L\ K;. Then

Vabc(KO; Kl; K2a K3) -

alk:(Eo NX1,Y N 23) + blk/’(zo NXo, Y3 N 21) + CH{Z(EO NX3,21 N 22)

does not depend on the surfaces X3; that satisfy the given assumption. The invariant vqpe satisfies the
following properties.

e [t is invariant under self-crossing changes of the components of L.

o If M = S3, vape is the following combination of the Milnor invariants defined in [Mi],
Vabe = bu(10,23) — cp(01, 23).
M(Ol, 23) =11,0,—-1 and ,u(10, 23) =V_1,1,0-

PRrOOF: The proof of Proposition 11.1 shows that v,,. does not depend on the surfaces and that
it is therefore well-defined. Let us prove that v,p. does not vary under self-crossing changes and is
therefore a homotopy invariant of these four-component links. To study the effect of a self-crossing
change on K| inside a ball B, choose the surfaces ¥; for ¢ > 0 so that they intersect B as parallel
tubes around one strand of K. Then their intersections like Y5 N 33 will not meet B, and will also
bound a surface ¥o3 in the exterior of Ky and K7 that intersects B as parallel tubes around the same
strand of Ky. Now, 31 N Yo3 does not meet B, and then

k(S0 N 1, 50 N 83) = £1k(Ko, £1 N a3)

does not vary under the considered crossing change of Kj.

According to [Mi], if the ambient 3-manifold is S, there is a bijection from the set of homotopy
classes of four-component algebraically split links L whose three-component sublinks have Milnor
triple linking number 0 to Z @ Z that maps L to (u(01,23)(L), 1(10,23)(L)).
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Furthermore, if (Ky, K7, K2) is the trivial three-component link with meridians «g, a1, as, and if
the homotopy class of Ko in the exterior of (Ko, K7, K2) reads (with the notation of [Mi]),

a5 = agagas(agen) T anay tag as(arey tart) = [ao, (a1, az]]

then p(01,23)(Ko, K1, K2, Ko1) = 1 and p(10,23) (Ko, K1, K2, Ko1) = 0. More generally, if the ho-
motopy class of K3 reads [ag, [a1, az]]*t [, [ao, a2]]#1°, then u(01,23)(Ko, K1, K2, K3) = po1 and
1(10,23) (Ko, K1, K2, K3) = p1o. The link presented by the following clasper

Uz@%@ Qo
Ui G Uo1

has the same properties than (Ko, K1, K2, Ko1) and, according to Lemma 10.7,
Vabc((KOa Kla KQa KOl)) = —C.
More generally, if the homotopy class of K3 reads [ag, [a1, az]]#0t [aq, [ag, ag]]#t0, then

Vabe (Ko, K1, K2, K3) = (bptio — cpior) (Ko, K1, K2, K3).

12 On the polynomial form of the knot surgery formula: proofs
and remarks

PROOF OF THEOREM 5.1: Since the theorem easily follows from Theorem 4.1 for n = 1, we assume

n > 2. First assume (p,q) = (1,0). A L-surgery on K is equivalent to |r| sign(r)-surgeries on parallel

copies on K. These parallel copies form an |r|-component boundary link L bounding parallel copies
of F. We have

M(K;=) = (=1)*[M;.J]]

r
JCL

Up to elements of Ker(Z,,), we only consider the sublinks J of L with at most n components, according

to Theorem 4.1. There are _
< 7 ) _ Il =) (=i +1)
j 7!
sublinks J of L with j components and they are all isomorphic to the boundary link L; whose
components are framed by sign(r). This shows that

Zy(M(K; 1) = Z,(M) =Y V(K c M)yt ifr>0
=3 V(K M)yt ifr <0

where

n)— n (71)’”
YT =Y = 2 (M L)
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is given by Theorem 4.1. Now, we prove that the two polynomial expressions, the one for r > 0 and
the one for r < 0, coincide. Applymg‘ the above result to M (K;-L) with 79 < —n, implies that for
any r > To,

77\0

)) = Zn(M )= 3 YK € M(K; 2))(r — o).

n,0
i=1

The above result also implies that Z,, (M (K; 1)) — Z,(M(K; L)) is

r

Zn(M(K;

<.

S0 YK © M)t Zy(M) — Zo(M(K; 1)) ifr >0
S YIOT(K © M)+ Zy(M) — Zy(M(K; L)) ifr <0,

’TO

Therefore the coefficients of the two polynomials coincide. This proves the existence of the polynomial
expression with its given leading term for (p,q) = (1,0). Applying this result in M (K; %) and using

7 pr—surgery on K is equivalent to a p/g-surgery on K and a 1/r surgery on a parallel
copy on K gives a similar polynomial expression for Z, (M (K; =) — Zn(M(K; £)) with the same
leading coefficient since, according to Theorem 4.1, Z,([M; Ly]) = Zn([M(K; 2); Ly]). Now, up to
polynomials in r of degree less than (n — 1),

P\ _( R
Zn(ME; —F)) = Za(M) = == 5= 20 (1M L)

(M EE 2 oz + Sz, (v §>;Ln11)>

2 n! (n—1)!

— Y (K ¢ M) + pq 1) YD (K M)y

n,q/p
Thus n
YK € M) +n (nl!; 12, (IM; L))

_ %z ([M(K;§>;Ln1]> ; %Hzn__#z (IM: L))

Then
v (K ¢ M) - YV (K ¢ M)

= 7((711_)”1)! <%Zn ([M; L) + Zn, ([M(K;S);Ln_ll = [M;Ln_1]>)

where

2o (IO D)5 Loca] = ML, ) Lo ) = =22, (0132,
by Theorem 4.1, and by additivity of p°(Z,) = Z¢ under connected sum, since n > 2,
Zy([M$L(p, —q); Lyn—1]) = Z;[M; Ly—1].
Therefore Y(n/ )* (KCM)= Yn(’%_l)c(K c M).

The behaviour of Yé ; /p(K C M) under an orientation change of M comes from the fact that

Zn(—M) = (=1)"Z, (M), and the other assertions are easy to observe. o
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Remark 12.1 It is easy to see that ({ | J;cq, I(F?%))) is an invariant of the knot. First, it does
not depend on the symplectic bases chosen for the Seifert surfaces because H; (F) may be identified
to Hy(F)* via (z +— (x,.)), and therefore the tensor (3, z; ® y; — >, ¥; ® x;) may be identified with
the intersection form of the surface that lives in Hy(F)* @ Hi(F)". Now, (i1, ny I(F?) ) is
invariant under the addition of a hollow handle. (See [Go, p. 27] or [KeL] for a reference for the fact
that for two Seifert surfaces of a knot K, there exists a third Seifert surface of K that is obtained
from the two former ones by adding hollow handles.) Indeed let m be a meridian of a one-handle
whose boundary is the union of the hollow handle and two disks, and let £ be a dual curve for it
with respect to the intersection form of the stabilized surface F'. Since the innermost copy of m does
not link any curve of the other copies of F, the pair (m,¢) does not contribute to the pairing. Now,
the next innermost meridian does not link any other curve either... In such a way, it is easily seen

.....

stabilization of F' by addition of a hollow handle.

PROOF OF PROPOSITION 5.3: Let Ky = K be the positive desingularisation of K*. Let U*) be the
trivial link that bounds a disjoint union of disks D; such that each D; meets K* exactly at one double
point, and dD; does not algebraically link Ky, so that each desingularisation of K* is obtained from
Ky by surgery on a subset of L = {(U;; —1)}ieq1,....x}- Then

y®

a7 C M+ )1 = Zy((M(Kos —E—); ).

n
i=0 q+rp

Each U, bounds a genus one surface ¥; in M \ K, obtained from D; by tubing Ky, say in the K
part, where we fix the choice of the K7 so that for any pair {7, j}, K N K7 is connected.

Let us prove that such a choice is indeed possible for the K. Fixing the choice of K| amounts to
choosing an interval of the circle between the two preimages of the double point i. If some of the two
possible intervals for a double point ¢ does not contain a pair of preimages for another double point,
pick such an interval. In the next steps, if some of the two intervals for a double point i only contains
pairs of preimages for another double point together with their associate already chosen intervals,
then pick such an interval. It is easy to see that this process will stop when all the K are chosen so
that for any pair {7, j}, K N K7 is connected.

Now, assume that the diameters of the tubes are all constant and different and that the tube for
Uj; is thinner than the tube for U;, if K’ contains the two preimages of the double point i.

XN {i—
= o3, W Hom
2T YK
Then ¥; NY; is empty if the pair (D; N Ky) does not link the pair (D; N Ky), and it is a meridian
curve of Ko in D; otherwise. Therefore, the p-invariants of the three-component sublinks of L in
M(Ko; ;) are zero and Theorem 4.4 can be used to compute Zn ([M (Ko; 7575); L])-
In particular, if k& > 2n, Z,([M(Ko; £7);L]) = 0. Since the linking numbers between two

q-;rp or zero, if k = 2n, Z,([M (Ko; #); L]) is a monomial in (q"'%) .

intersection curves will be +

PROOF OF PROPOSITION 5.4: In this case, the link U®*) of the previous proof is a boundary link in
M (Ko; ﬁ) because the produced genus one surfaces are disjoint. Then Theorem 4.1 can be applied.
It implies the first part of the proposition. Use bases (m;, ¢;) for the Seifert surfaces where m; is a
O-framed meridian of Ky, and ¢; is a curve along the tube of ¥; and D; that is homotopic to K}/, and
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that does not link Ky. In M (Ko; q_%p), the linking number of two meridians is £9"2 the linking
number of a meridian and a longitude is 0 or &1 while the linking number of two longitudes is their
linking number in M. Note that if one tube for ¥; goes inside another one for ¥; (if K;’Z # KJ‘?’), and if
K is the positive desingularisation of K3 then lk(¢;,¢;) = lk(€;, K}) = —lk(l;, Ko — K}) = —£;;(K?).
There are at most n pairings of meridians. Furthermore, since there is at least one innermost meridian
that cannot be paired with a longitude, there is at least one pairing of meridians. Now, the number
of pairs of meridians coincides with the number of pairs of longitudes in a pairing. o

As an example, we compute Eg(i)c(K ®) where K* is a singular knot with two unlinked double
points.

Proposition 12.2 Let K° be a singular knot with two unlinked double points.
1
> CVHZEM(K ) =

I1c{1,2}

© (30" 4+ 201K (K) * — (%)) 0

PRrOOF: Use the strategy and the notation of the proofs of the two previous propositions. Choose
Seifert surfaces of the two knots of the crossing changes with disjoint tubes whose longitudes ¢; and
{5 are homotopic to K:** and K3, respectively, so that

lk(ty,05) = lk(ﬁl,@r) = lk(ﬁf,ﬁg) = {12(K?)
lk(mi,me) = —r = lk(my, mj‘)
lk(&,ﬁj) = Ly (K?®)
lk(mz,fz ) H{Z(ml,fg) lk/’(mg,fl) =0

lk:(mj',ﬂz) =
Then, according to Theorem 4.1,

mi m;

. 1 1 . [’" £+

S CDHZMER ) = e | (] 2 )

T 4 /¢ Y

I1c{1,2} 1 2
mq mo

Note that m; and my must be paired to another meridian. Then the right-hand side of the equality
can be rewritten as

of o E* o €+ 14
¢ $ - _612 KS) @ .
2

Indeed, either two pairs of meridians are paired together. This leads to the quadratic contribution
in r above, or there is one pair of meridians, it is necessarily (m1,m2) and in this case mf must be
paired with ¢; and m3 must be paired with . Then /] and 5 must be paired together, and this

provides the linear contribution above. o
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13 Computation of the Casson-Walker knot invariant

—_~—

Let K be an order Ok knot in a rational homology sphere M. Let M \ K be the infinite cyclic covering

of M \ K. Denote the action of the homotopy class of the meridian of K on Hy(M \ K;Q) as the
multiplication by ¢ so that a generator of Hy(M \ K)/Torsion acts as the multiplication by t'/% . As
in [L1, Chapter 2], define the Alexander polynomial A(K) of K as the order of the Q[t*/©x]-module

H,(M \ K;Q) normalized so that

A(K)(1) = |Torsion(H, (M \ K))| = |H1 (M)

5 and A(K)(#Y9%) = A(K)(t~1/9).

Then the formula of [L1, p 12-13] implies the following lemma.

Lemma 13.1 For any knot K such that [k(K,K) € Z in a rational homology sphere M, for any pair
(p,q) of coprime integers such that q # 0.

A (sp/a) = Mon) = & (s S - o ) AL o)

PROOF: Recall that \(M) = gf(—lv]@)l where |H;(M)| is the cardinality of Hy(M;Z) and X is the

extension of |Hy(M)|A to oriented closed 3-manifolds that is denoted by A in [L1]. For any knot K in
a rational homology sphere M, according to [L1, 1.4.8,T2], for ¢ > 0,

AM(K;p/q)) — M(M) =

¢(_Ox AMK)Q) 1 p’+1\  sign(pg)  s(p - glk(K, K),q)
p \ |H1(M)| 2 2402, 2442 8 2

where the Dedekind sum s(p — ¢lk(K, K),q) is defined in [RG] (and in [L1, 1.4.5]). This formula
makes clear that

AM(K;p/q)) — M(M)

g Ok AME)() 11
Tp (|H1(M)| 2 _240%"’%) + f(p;q)

for some f(p,q) that depends neither on the knot K with self-linking number 0 nor on its ambient
manifold M. Applying this formula to the trivial knot U of S concludes the proof of the lemma. ©

We now express A(K) from the Seifert form of a Seifert surface for K in the following proposition.

Proposition 13.2 Let K be a knot of order d, with self-linking number (—a/b) € Q/Z, where a and b
are coprime integers, in a rational homology sphere M. Let N(K) be a tubular neighborhood of K. Let
Y be a surface in M whose boundary is made of (d/b) parallel copies of a primitive curve of ON(K).
Let Bs be a symplectic basis for Hy1(X)/H1(0%), and let

As () = detllk(r20 — 77120 b)] 1) e2

where V'V (resp. V™) is a representative of V' pushed away from Y in the direction of the positive
(resp. megative) normal direction to . Then

d

1 t
man 20 = 25005

ISHIS Y

2d —
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PROOF: First assume that the self-linking number of K is zero. Let N(K) be a tubular neighborhood
of K. There exists a genus g surface ¥ in M whose boundary is made of d parallel copies of K.
Consider a collar ¥ x [—1,1] in M such that

(£ x [~1,1]) N N(K) = 9% x [1,1].

Let Y = M\ (N(K)UXx]—1,1]).
The infinite cyclic covering X of M \ N(K) can be seen as

(H W) T T r* e x -1, 1])) /

kEZ keZ

where h is a generator of the group of automorphisms of the covering X and 2 provides the following
identifications.
R ((ceX, 1) eY)=h"((c e, 1) € (D x[-1,1]))
W ((ocex,~1)eY)=r (o ex,-1) e (2 x[-1,1])).

Then it is easy to see that, if the action of A on Hl(f(; Q) is denoted as a multiplication by 7,

Hl (Ya Q) & Q[Ta Tﬁl]
(@pes(tdt —b7)Q) @ Q[r, 7]’
as a Q[r, 771]-module, where B is a basis of H;(X) and, for b € B, b* (resp. b~) denotes the class of

bin Hy(X x {1}) (resp. in H1 (X x {—1})).
In particular, if C is a basis of H'(Y;Q), then

H(X;Q) =

A(K) (7 = t/4) = det Tl/%(bﬂ—f-l/%(b—)}( -
c,0)eCXx

up to a multiplication by a unit of Q[r,7~1].

Computation of H(Y;Q).
Let Z = M\ (2x] — 1,1|).

The collar ¥ x [—1,1] is a genus (2¢g+d—1)-handlebody whose H; has a basis B made of the classes
l1,0s, ..., 041 of (d — 1) boundary components of X, and a symplectic basis By for Hy(X)/H,(0X%).
Therefore, Z has the rational homology of a genus (2g + d — 1)-handlebody and H'(Z;Q) is freely
generated by the linking numbers with the elements of B.

Use the following exact sequence to compute H!(Y;Q)

HY(Z,Y;Q) — H'(Z;Q) — H'(Y;Q) — H*(Z,Y;Q) — 0.

The pair (Z,Y) has the homology of the pair (N(K),ON(K) \ (0% x [—1,1])) where ON(K) \
(0% x [—1,1]) is a disjoint union of d annuli A(¢; ") whose cores are parallels ¢+, (3%, ... (1 of K,
and such that

QAL =1 — liq

(where £

241 = £1)- In particular,

H;(Z,Y) =0 ifj£1,2

= @LQZQ‘ lf] = 1
=0l ,ZB;, ifj=2
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where ¢; is the class of a path from ¢ to ¢/ in N(K)
boundary is (¢ — ¢1T).

The image of H'(Z,Y;Q) — H'(Z;Q) is freely generated by the algebraic intersections (., —A(¢; 1)) =
k(b — ) forie2,... d

For i > 2, consider a curve e; that goes from ¢; to ;11 in ¥ and that avoids the chosen geometric
symplectic basis of Hy(X)/H;(0%), and consider a closed loop p; in N(K)U X x [—1, 1] that equals
e; outside N(K).

and B; is the class of an annulus whose

)

Then 1k(0B; = (T — 477, uj) = 6;;. Therefore the map H'(Y;Q) — H?*(Z,Y;Q) admits a
section whose image is ®¢_,QIk(., w;).
Thus
HY(Y;Q) = @pen, Qlk(.,b) ® S, QU (., p1s)-

Since Ik(¢,b) = 0 for any b € By, up to units of Q[t+1/Ox],
A(K) = Ax(m)A(d)

with
A(d) = det[lkz(Tl/Qﬁj — 7‘_1/2f-7, p,j)](i’j)e{g _____ dy2

where ¢ = ¢ and ¢; = (/7).

Sublemma 13.3

/2 d/2

T - T
A(d) = d(r1/2 — 7-172)"

PROOF OF THE SUBLEMMA: By pushing u; along the negative normal of the Seifert surface of £
(or K) we see that lk(¢f ", ;) = —3.
Set z = 71/2—7=1/2 and p = 71/2, A(d) is the determinant of the following matrix [Aij](; jyeq2,....d}2

where
z

Aoj = lk(pls ™+ — p~ 0™, ) = pdaj — rk
and for 7 > 2
Agj = k(p(€f T —057) — p= (0 —657), 15) = p(0i5 — 025) — p~ 03—y

that is for d =5,
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In general the development with respect to the first column gives that

d d d
z _ z _ N (i z i AV (i—i
A(d) = (p= ) = S(p+p7") | D_pITUTI ) = =p )y Py pl T
7j=3 i=4 j=t
where
d d
P Y I S A I e L
j=3 j=3
Thus,
(d=3) _ ,(1-d) d 4 L
Ald) = pld-1) _ 2 d=2) _ P 7P ~ Z -2 (d+2i—2j)
(d)=p = y =P ; ;p
d d . )
D P = (d = 2)p" + (d=3)p" P+ (d = 4)p" T 4 pO
i=3 j=i
d d
230N p ) < (g - 2) ) (a6
i=3 j=i

dA(d) = dpld=1 — pld=1) 4 ,(1=d) _ (d— Q)p(d—l) 4 pld=3) 4 pld=5) o 4 pB=d)

/2 d/2

T -7

_ (d=1) | (d=3) | (d—5) (3-d) | (1—d) _
p +p +p ++p +p (7_1/277_,1/2)'

Back to the proof of Proposition 13.2, since A(K)(t = 7¢)(1) = W,

B |H1(M)| t1/2—t_1/2

A(K)(t) d d(tl/(Qd) _ t*l/(Qd))

Az(T).

and Proposition 13.2 is proved in the self-linking number 0 case. Let us now deduce the general
case from this case. Let K be a knot with order d and with self-linking number (—a/b) where a
and b are coprime. Let m be a meridian of K, there exist a parallel L of K and a surface ¥ in
M \ K whose boundary is made of (d/b) parallel copies of am + bL. Then there exists a primitive
curve my such that (mj,am + bL) = 1. Let J be the knot with meridian m; and with complement
M \ K. This knot has order (d/b) and self-linking number 0. Its Alexander polynomial is then given
by the proposition. Furthermore, since it satisfies A(J)(1) = |Torsion(H;(M \ K))| = A(K)(1),
ATty = 1) = A(K)(tg = 7%). Then A(K)(tg) = A(J)(t; = t}(/b) and we are done. o

Proposition 13.2 implies the following lemma that together with Lemma 13.1 proves Proposition 6.1
for n = 1. We use the notation of Section 6.

Lemma 13.4 Under the assumptions of Proposition 13.2,
d_A"K)A) _ {dE))w, 1 1

|Hy (M) 2 2d2 2462 2442’
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ProoOF: First note that when K is null-homologous, Ox = d = b = 1. Then since A = Wj o Z,
Lemma 13.1 together with Theorem 4.1 together imply that
1 AYE)A) _ ({(IE))w,

[Hi (M) 2 2

Therefore, according to Proposition 13.2 (that is well-known in this case),

Ax() _ ((IE))w,

2 2

Then since Ax;(t) = Ax(t71),

(L&) o

Ay (exp(u)) =1+ 5 u” +0(4)

where O(4) stands for an element of u*Q[[u]], and this formula remains true for any ¥ as in the
statement of Proposition 13.2. Since

exp(u)?d — exp(u) 24 =

it is easy to conclude. o

Now that Proposition 6.1 is shown for n = 1, let us prove it for n = 2. By the formula that is
recalled in the beginning of the proof of Lemma 13.1,
_q Ok A"(K)(1)
plHi(M)| 2

MM (K;p/q)) — MM) + f(p, ¢, 1k(K, K),Or)

for some f(p,q,lk(K,K),Ok) that only depends on p, q, lk(K, K), Ok, and that therefore does not
change under surgery on a knot K5 that does not link K algebraically, so that

Z (71)11])‘ (M(Kﬁpi/qz')iefmij{LQ}\IL(pJ" 7qj)) = Z (*1)'”)‘ (M(K'L§pi/‘h)i€1)

Ic{1,2} Ic{1,2}
o <OK1A”(K1 C M(K2;p2/q2))(1) O, A"(K) C M)(1)>
P 2[Hy (M (K2;p2/q2))] 2|Hy (M)

- 2p1qé§<1 (((I(21) € M(K2;p2/¢2))w, — ((I(X1) C M))wy)

according to Lemma 13.4. Therefore, Proposition 6.1 for n = 2 follows from the following lemma.

Lemma 13.5 Under the assumptions of Proposition 6.1,
2q
T2,

({(I1(%1) € M(Ks;p/q)))w, — ({(I(X1) C M))w, = Zp

Lk (21 N Yo, (21 n ZQ)H) .

PROOF: Let (4, ¥:)icq1,....q3 be a symplectic basis for H;(31)/H;(0%1). Because of the variation of
linking numbers after surgery recalled in Lemma 9.5, the variation of the expression of ((I(31)))w,
given before Proposition 6.1 reads

(I(31) € M(Ka;p/@)wy — ((I(E1) € M))w, =

94 So Uk, Ko)lk(Kz, af )k(y;, Ka)lk(Ka, y})
(oK) E{1,2,..,9)
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2
q
—2- > Uke(xj, Ko)lk(Ko, yil )k (y;, Ko)lk(Ka, )
(3,k)e{1,2,..., g}?
q
—2-= Z (H{?(l‘],Kg)lk(Kg,wz)lk(y],y;:) —H{Z(.Tj,Kg)lk(Kg,y;)lk(yj,l‘;:))
(G k)E{1,2,....9}2

Z (lk(‘r]a x;:)lk(yja KQ)Zk(KQa y]-:) - lk(‘rja y}j)lk(yja KQ)Zk(KQa :L';:))
(4,k)€{1,2,....9}?

4
p

where the quadratic part in ¢/p is obviously zero. On the other hand, when ¢ € Hy (%),
<C, 21 n 22>21 = dglk(c, KQ)
Therefore in Hq(31),

g
YNy =dy Z(lk(xi, Ko)yi — lk(yi, K2)x;)

i=1

and
k(21 Ny, (B NS2)Y)

=di Yk (Ik(xy, Ka)y; — Ue(ys, Ka)ag, Uk(a, Ka)y — Uk(ys, Ka)zf)) -
(7,k)€{1,2,...,9}2

Then Proposition 6.1 is proved for n = 2. Since
Uknt (Kaips /gs) (B1 N B2, (321 N X2))) — Tkar (31 N g, (X1 N Xg)y) = *Z—ilkM(El Ny, K3)?

__B
d%pg

<Ela 225 E3>2

this in turn implies Proposition 6.1 for n = 3. Now, since (k(31 N Yo, K3) does not vary under a
surgery on a knot that does not link K7, K5 and K3 algebraically, Proposition 6.1 is also true for
n > 4 and hence for all n. o

PROOF OF PROPOSITION 6.3: Use that N (K*) = XN (U, K~) where U is a trivial knot that surrounds
the crossing change. (See the proofs of Propositions 5.3 and 12.2 in Section 12.) o

14 Proofs of the statements on Ay and w;

Theorem 5.1 guarantees the existence of a polynomial surgery formula

A2 (M (K;p/q)) — Aa(M) = X5 (K)(q/p)* + ws(K)(q/p) + C(K; q/p) + Ao (L(p; —q))

where C'(K’; q/p) only depends on ¢/p mod Z and C(U;q/p) = 0. Since Z5(—M) = Z§(M), wz(K C
M) = —ws(K C (—M)).

Furthermore, according to Proposition 12.2, if K* is a singular link with two unlinked double
points, then w3(K*®) = —% and C(K%;q/p) = 0.

The only unproved assertion of Theorem 7.1 is that the knot invariants C(K; ¢/p) read c(q/p) N (K)
for knots that bound a surface whose H; vanishes in Hy(M). The proof of this assertion will be given
in this section.
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Also note that for any knot K in a rational homology sphere M, w3(K C M) = ws(K C M{N)
and C(K C M;q/p) = C(K C MiN;q/p).

Let K* be a singular knot with one double point in a rational homology sphere. Let K+ and K~
be its two desingularisations, and let K’ and K” be the two knots obtained from K® by smoothing
the double point. Assume that K’ and K" are null-homologous, set

N(E)+N(K")  N(KY)+N(E) + (K, K")
2 B 4 '
Note that f(K* C M) = f(K*C M{N).

In order to prove Proposition 7.2, we shall successively prove the following lemmas. The two last
ones Lemmas 14.3 and 14.4 obviously imply Proposition 7.2.

FE®) =

Lemma 14.1 Let K?® be a singular knot with one double point in a rational homology sphere. The
invariants C(K*;q/p) and (ws— f)(K*) do not vary under a surgery on a knot that is null-homologous
in the complement of K°.

Lemma 14.2 Let ' be a non-necessarily connected graph in a rational homology sphere M, such that
every loop of T' is null-homologous in M. Then there exist a graph T'g in S3, an algebraically split
(rationally) framed link L in S® whose components are null-homologous in S®\ Ty, and a rational
homology sphere N, such that (S3(L),To) = (M,T)§N.

Lemma 14.3 Let K be the following singular knot

Gt

where represents |n| vertical juztapositions of the motive 2 if n > 0 and |n| vertical juztapo-

7
sitions of the motive Q if n < 0. Then for any singular knot K*° with one double point p, such that

Id

the two knots K’ and K" obtained from K* by smoothing p are null-homologous,

(w3 — f)(K®) = (w3 — f)(Kilk(K’,K”))'
Lemma 14.4 For alln € Z, (w3 — f)(K:) =0.

We shall next prove the following proposition that generalizes a Casson lemma from integral to
rational homology spheres.

Proposition 14.5 Let C' be a real-valued invariant of null-homologous knots in rational homology
spheres such that

e C(KCM)=C(K C M§N),
e C(U) =
e C(K) does not vary under a surgery on a knot J such that (J, K) is a boundary link,

o if K* is a singular knot with one double point, C(K*) does not vary under surgery on a knot
that is null-homologous in the complement of K*®.
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Then there exists ¢ € R such that

e if K° is singular knot with one double point p, such that the two knots K’ and K" obtained from
K* by smoothing p are null-homologous, then C(K*®) = clk(K', K"), and,

e if K bounds a surface whose Hy maps to zero in Hy(M), C(K) = cN(K).

Since the C(.; p/q) satisfy the hypotheses of the proposition above (thanks to Theorem 4.1 for the
hypothesis on boundary links), this proposition will be sufficient to conclude the proof of Theorem 7.1.
o

Let us now prove all the lemmas and the proposition.
PrROOF OF LEMMA 14.1: Let J be a null-homologous knot unlinked with K’ and K. Let Fj be a
Seifert surface for J that does not meet K*, and let (m, ) be the usual basis of the genus one surface
obtained by tubing a trivial knot V surrounding the double point of K*, m is a meridian of K~ £ is
homotopic to K’ and [k(¢, K~) = 0. By Theorem 4.1,

z5(M(J; 2Ly (K, §>> — Z§(M(K*; §>>

qJ
Q. mmtet _p
=1, ({y _y [(F)cME ,5)>>

Since, according to Lemma 9.5, the pairing of m and a curve c in the contraction above will give
rise to the coeflicient (—¢/p)lk(K,c) = —rlk(K, c), C(K?®;q/p) does not vary under a (ps/qs)-surgery
on J.

1MmcM@%wﬂMmch
J

(é;)TﬂDwa<zgu(Sczwgn§§»Zﬂnfczﬂa>

where m must be paired either with m™ or with I(F}), and in the latter case m™ must be paired with
¢ in order to lead to a linear contribution in 7.

QMWCMM%ﬁﬂMWCMF
J

-+

B q /A o 4 K ¢
774]TJJ<< w/ I(FJ)CM>>W2+4]TJ<< \a I(Ey) € M))w,.

Since K = K" + ¢, as far as the connected pairing with I(F) is concerned,

K«<O-KT= (O-tT + K"« O-K""+ 2 (O-K"
and

KO tT = (O 4T + K"'-«O- 41 .

Therefore,

1 1 1
KO0t = 3 2 © SANES EK”—()—K’“HL §K—O—K+.

1MmcM@%wﬂMmch
J
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q ,, L F q; , K" K"t ¢ K K+
_%(( ", I(F))w, — 2= v/ I(FJ)))W2+8}TJ<< ™, I(F)))w,.

 8py

Thus, according to Proposition 6.2, since

({ K=O-K* I(Fy) )Yw, = ({ K—K* I(Fj) )w,,

ws(K* C M(J;2L)) = wa(K* € M)

qJ
= YN KY+ N(J,K") — N(J,K))
2p s
qj )‘/(JvK/> /\/(JaK”) /\/(JaKJr) )‘/(JvKi)
e + — _

= f(K* C M(J; z—j» — fK® C M).
<o

PROOF OF LEMMA 14.2: After a possible connected sum with some lens spaces, the Q/Z—valued
linking form of M is diagonal [Wa], and the generators of Hy(M;Z) can be represented by a link L
of algebraically unlinked curves K; that do not link I'; algebraically. Then for each K;, there exists
a surface ¥; in the exterior (M \ IntN (L)) of L whose boundary is a connected essential curve of
ON(K;), and that does not meet I'. Thus, H'(M \ IntN(L);Z) is freely generated by the algebraic
intersections with the X;, and there exists a surgery on L that transforms M into a homology sphere
H. The manifold H can in turn be transformed into S® by surgery on a boundary link of H bounding
a disjoint union Fg of surfaces in H that can be assumed to be disjoint from the first surgery link
and from the image of I in H. This proves the lemma. o

PROOF OF LEMMA 14.3: Apply Lemma 14.2 to I' = K*, then K% = Ty. Note that l[k(K}, KJ) =
Ik(K',K"). Recall that (w3 — f)(K®* C M) = (w3 — f)(K* C MtN). Thanks to Lemma 14.1,
(wg — f)(K® C MEN) = (w3 — f)(K*° C S3). Now that the proof has been reduced to the case where
M = 83, recall that a crossing change on K’ or K" may be realized by a surgery on a knot satisfying
the hypotheses of Lemma 14.1, that changes neither {k(K’, K”') nor (w3 — f)(K*®). Unknotting K’
first by crossing changes and next unknotting the parts of K" between two consecutive intersection
points with the disk bounded by K’ transforms K* into K2 i k- o

PROOF OF LEMMA 14.4: By the crossing change formula of Proposition 6.3, X' (K;5) N (K, ) = —1,
and N (K;F) = —n. Since K, K], and K are trivial, f(K}) = —@.

On the other hand, since w3(K,,) = 0, w3(K3) = w3(K,"). The unlinked double crossing change
formula of Theorem 7.1 implies that

1
ws (K, o) — 2ws (KT ) +ws(K}) = —3

Since K is trivial, w3(Ky) = 0, and since K| is the figure-eight knot that coincides with its mirror
image, w3(K;") = 0, too. Then w3(K3) = ws(K;") = —%. o

PROOF OF PROPOSITION 14.5: Let K* be as in the hypotheses of Proposition 7.2. The proof of
Lemma 14.3 shows that C(K®) = C(K®; x gy)- Since C(U) = 0, C(Ky) = C(K,). Since the
hypotheses of the proposition imply that C' maps singular knots of S® with two unlinked double
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points to 0, C(K,',,) — 2C(K,\,,) + C(K,}) = 0, and C(K,) is affine with respect to n. Since
C(K{) =0, C(K;) is linear. Then there exists ¢ such that C(K*) = clk(K', K").

Let K be a knot that bounds a Seifert surface ¥ whose H; maps to zero in Hy(M). Applying
Lemma 14.2 to the one-skeleton of ¥ allows us to reduce the proof that C(K) = ¢\ (K) to the case
of knots in $3, thanks to the hypothesis on boundary links. Then this case is easily proved with the
crossing change formula. o

PROOF OF PROPOSITION 7.3: Consider the genus one surface ¥ in H and its symplectic basis (a,b)
below.

{a,b) =1, lk(a,a™) = ZE2 1k(b,bT) = yTJrZ, lk(a,bT) = %, lk(a*,b) = 152

2 20

N(K (2,1, 7)) = (x+2)(y+2)+1—22 _ xy—l—yz—i—z:z:—i—l-
4 4

Note that N (¢(X),d(Y)) = N(o(Y),d(Z)) = N(6(Z), ¢(X)). In particular, both sides of the equality

to be proved are symmetric under a cyclic permutation of ((X,z),(Y,y),(Z,z)). Using this cyclic

symmetry, the formula for the pretzel knot K (x, y, z) follows from the crossing change formula starting

with the trivial knot K_1 1 1:

Aws(K (42,5, 2)) — dws(K(z,y,2)) = N (K (x + 2,y,2)) + N (K (2,9, 2)) + (‘y JQF Z) :

16 (ws(K (2 + 2,9, 2)) — ws(K (2,9, 2)) = 2+ 2)(y + 2) + 2+ dyz +y* + 2°.
32ws (K (x,y,2)) = 2o + dwyz + 2y + 22° + 2% (y + 2) + F(y, 2).

Otherwise, the following lemma 14.6 reduces the proof of Proposition 7.3 to the case where the knot
&(K (z,y,2)) is in S3, thanks to Lemma 14.2, and next when the knot is a pretzel knot K (z,y, z) by
crossing changes on X and Y.

Lemma 14.6 Let ¢ be an embedding of H in a rational homology sphere such that ¢(X) and ¢(Y')
are null homologous in the exterior of ¢(H). Let J be a knot in the exterior of ¢(H) that links neither
d(X) nor ¢(Y), then

w3(p(K (x,y,2)) C M(J;p/q)) — w3(p(K(x,y,2)) C M)
= % (BN(9(X),8(Y), J) — 2N (p(X), J) —yN(o(Y), J) — 2N (9(Z), ])) .

PRrROOF OF LEMMA 14.6: According to Theorem 4.1, if F; is a Seifert surface of J in the complement
of the genus one Seifert surface ¥ of ¢p(K (z,vy, 2)) in ¢(H),

ws(P(K (2,y,2)) C M(J;p/q)) — ws($(K(z,y,2)) C M) = %“ I(X) I(F7) ))w,
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where

Write
q

4p
where C4 is the contribution of the pairings that pair two univalent vertices of I(X), and Cp is the
contribution of the pairings that pair all the univalent vertices of I(X) to univalent vertices of I(Fy).

((1(%) I(F1) ))w, = Ca+Cp

Y+
2

Ca=-Ly (“Z b-Obt +

=1 5 © asO-at 2 a-Ob )I(FJ)>>W2-

From now on, we write X, Y and Z for ¢(X), ¢(Y) and ¢(Z), respectively.

CA%«(;X<>X++%Y<>4*+g(X+W*94X+YV>HEHM@

Thus, according to Proposition 6.2,

MN(X MN(Y, N(Z
0y = -8 (XET) | WD) | NED)),
p 2 2 2

Let us now compute the contribution of the pairings that are bijections from the set of univalent
vertices of I(X) to the set of univalent vertices of I(F}). For them, we may change a to Y and b to X
and write

XYY+tX+

(£)="y vy

where the superscripts + distinguish two copies of X (or Y') whose linking numbers with the curves
of F; are the same.

Let us compute the contribution Cp of the pairings that are bijections from the set of univalent
vertices of I(X) to the set of univalent vertices of some

cd e f

to (( I(c,d,e, f) I(X) ))w-
Note the symmetry under the exchange of the pair (X,Y) with the pair (X+,Y ).
The contribution of the pairings that pair ¢ and d to X and X is

Y

Y+ Y Y+
(e, X)le(d, X)({ \ﬁ\/er \i\/ N wa

that is zero by the antisymmetry relation in the space of Jacobi diagrams. Similarly, the contribution
of the pairings that pair c and d to Y and Y vanishes.
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The contributions of the pairings that pair d and e to X and X is

2lk(d, X)lk(e, X)lk(c, V)IE(f,Y ( o:o ® )
n(@)-n(A)-

Therefore, the contribution to (( I(c,d, e, f) I(X) ))w, of the pairings that are bijections from the
set of univalent vertices of I(X) to the set of univalent vertices of I(c,d, e, f) is

where

Jiedef) X=X+ Y—Y* Y,

Therefore, according to Proposition 6.2,

Op = L FI(F) X—X* Y=Y+ Jhw, =35 N, X.Y)

3
4 P
_3

5 W(XY) € M(J3q/p) = N((X,Y) € M))).

15 More about surgeries on general knots in rational homol-
ogy spheres

Theorem 5.1 describes the polynomial behaviour of Z,, under surgeries on null-homologous knots. It
can easily be generalized to the case of non null-homologous knots K a primitive satellite ¢ of which
bounds a Seifert surface. Let my be the meridian of such a knot K such that (mg,£)s N(K =QOg.

A surgery curve p on ON(K) is determined by its coordinates (px,qx) in the symplectlc basis
(mr, & o l) of Hi(ON(K);Q) where pr = &(u,ﬂ) is the linking number of K and pu, and gx =
(mg, > The associate surgery coefficient is px /qx.

Theorem 15.1 Letn € N. Let K be a knot of order Ok in a rational homology sphere M such that
a primitive satellite ¢ of K bounds a Seifert surface F. Let F',...,F™ be parallel copies of F. Let
pr/qx € Q be a surgery coefficient for K. Then

. PK — - ©) 4K \;
Zn(MEG 2 2)) = Zn(M) = ;Yn%/(m{o%)(l{ M)
where ,
(n) _ i
Y seony ) = == (L] 1) )
K ie{1,..,n}
N Jowony Only depends on qic/(prO%) mod Z, and, if n =2, po(Y\" D) . ) =V n e,

does not depend on px and qx . Furthermore, if m is a primitive satellite of K such that (m,{)on k) =
1, and sz( C M is the knot with the same complement as K whose meridian is m, then, if n > 2,

VDK C M) = s VP DUR C V) 4 nm, mi) O YK € M),

2n—2
OK
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PRrOOF: Let = pxmpg + (qx /Ok )l be a surgery curve on ON (K). Let

(p= () = Okpr,q = (m, p) = pr(m,mx) + qx /Ox)

be the coordinates of p in the symplectic basis (m,¢) of Hi(N(K);Z). Note that changing m to
another curve such that (m, £)sn (k) = 1 leaves p invariant and does not change the class of % in Q/Z.
When the other data are fixed, the mod Z congruence class of

q 4K (m, mg)

= +
P pKO% OK

depends on the class of in Q/Z. From the formula of Theorem 5.1

02

n

(1o p ~ q.;
Zn M K K C M + 1 ’L,
(M( q—l—rp) z; 7q/p )(r p)
we deduce .
Zo(M(K; ————)) — Z,,(M
(M qK Jr7’0%(pK)) (M)
- ’ 4K (m,mk) ;
Z Q/P K C M)(T+ pKO%( + OK ) +Z (M) Zn(M)
1=0
_Z 7qz</(p 0% (KCM)(TOK‘F—K)
where ,
(n) _ i
Y, n,qx /(pr O% )(K CM)= nlonO2n (€ |_| I(F") )
K i€{l,...,n}
and, if n > 2,
Y(n—l) (K C M) = 1 Y(n 1)([A(C M)+n<m mi)O Y(n)(K c M)
"qu/(PKog() O%} 2 " n,q/p 5 K KT, .

Remarks 15.2 A knot K of order O in a rational homology sphere has a primitive satellite that is
null-homologous in its exterior if and only if the self-linking number of K reads d/Ok (mod Z) where
d is coprime with Og.

Like in the proof of Theorem 15.1, the case of knots without null-homologous primitive satellites
can be reduced to the case of knots of order O > 1 with self-linking number 0. This latter case is
still unclear to me (except for the degree 1 case that can be treated with the methods of the article).

Relationships between surgery formulae for various ¢/p can be found using some equivalences of
surgeries. See [GO].

16 Questions

The statements of Theorems 4.3 and 4.4 make sense for rationally algebraically split links. Do they
hold true in this case?
How do the properties of surgery formulae generalize for surgeries on non null-homologous knots?
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What is the graded space associated to the filtration of the rational vector space generated by
rational homology spheres, defined using Lagrangian-preserving surgeries?

The degree n parts of the LMO invariant and the Kontsevich-Kuperberg-Thurston invariant coin-
cide on the intersection of F,, with the vector space generated by homology spheres. The configuration
space invariant for knots in S® is obtained from the Kontsevich integral by an isomorphism that in-
serts a (possibly trivial) specific two-leg box 8 on each chord of a chord diagram. See [L5] for a
more specific statement. Do the LMO invariant and the Kontsevich-Kuperberg-Thurston invariant
actually coincide? Is the Kontsevich-Kuperberg-Thurston invariant obtained from the LMO invariant
by inserting the two-leg box 3, k (or 2k or 3k) times on each degree k component of a Jacobi diagram?
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