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Abstract

This paper deals with a problem of nondestructive testing for a
composite system formed by the connection of a steel beam and a re-
inforced concrete beam. The small vibrations of the composite beam
are described by a differential system where a coupling takes place be-
tween longitudinal and bending motions. The motion is governed in
space by two second order and two fourth order differential operators,
which are coupled in the lower order terms by the shearing, k, and ax-
ial, u, stiffness coefficients of the connection. The coefficients k and p
define the mechanical model of the connection between the steel beam
and the concrete beam and contain direct information on the integrity
of the system. In this paper we study the inverse problem of deter-
mining k and g by mixed data. The inverse problem is transformed
to a variational problem for a cost function which includes boundary
measurements of Neumann data and also some interior measurements.
By computing the Gateaux derivatives of the functional, an algorithm
based on the projected gradient method is proposed for identifying
the unknown coefficients. The results of some numerical simulations
on real steel-concrete beams are presented and discussed.
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Figure 1: Steel-concrete composite beam with free left end and clamped right
end: longitudinal view (a) and transversal cross-section (b).

1 Introduction

A steel-concrete composite beam is obtained by connecting two beams, a
metallic one and a reinforced concrete beam, by means of small metallic
elements (connectors) which are welded on the top flange of the metallic beam
and immersed in the concrete, in order to hinder sliding on the concrete-steel
interface, see Figure 1. The infinitesimal free vibrations of a steel-concrete
composite beam are modelled by the following system of partial differential
equations:

;

e (0 5) +k (ue —un + G2e,) = pogt (w.t) € (0,1) x (0,7),
a (0252) =k (ua — un + G2e,) = o (w,) € (0,L) x (0,7),
e (i) g (et )
—p(vr —v2) = p1 83231, (z,t) € (0,L) x (0,T), (1.1)
—% 5%) + & (Aege + o)+
D (k(uz — ur + P2es)es) + p(vr — v2) = p2 2,
\ (x b e 0,L) x (0.T).

see [5]. Under the assumption that the system is at rest at ¢ = 0, that is

U1|t§0 = U2|t§0 = Ul|t§0 = U2|t§0 =0 ze€ (0= L), (1'2)
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we shall concerned with the following Dirichlet boundary conditions at x = 0
and x = L:

ullx:L = u2’x:L = Ul’:p:L = UQ|:E=L = %’x:L = %’sz = 07
Up|pmo = U1 (t),  Us|s—0 = Ua(t),

Vtle=0 = T1(t), Va|e=0 = Ta(t),

vy

9z |ac:0 - @l(t% %|$:0 = EQ(t)

(1.3)

for t € (0,T). Hereinafter, the quantities relative to the concrete beam (the
upper one in Figure 1) and the steel beam (the lower one) will be denoted
by indices ¢ = 1,2, respectively. The functions u; = u;(z,t) and v; = v;(x,t)
denote the longitudinal and transversal displacement, respectively, of the
cross-section of abscissa x, evaluated at the moment of time ¢. In equations
(1.1), the quantities j; = E;I; and a; = E;A; are the flexural and the axial
stiffness of the cross-section, respectively, where I; and A; are the moment
of inertia and the area of the transversal cross-section and F;, E; > 0, is the
Young modulus of the ith material. The function p; = p;(x) is the linear
mass density of the ith beam, p; > 0. Finally, ey is the half-height of the
steel beam and e. = e — e,, where e is the distance between the axes of the
two beams forming the system.

The two positive quantities k = k(z), p = p(z) express respectively the
shearing and axial stiffness of the connection between the concrete slab and
the steel beam. These coefficients define the mechanical properties of the con-
nection and they contain direct information on its integrity. In particular,
typical damage occurring in real steel-concrete systems involves a deteriora-
tion of the connection, causing a decrease in the stiffness coefficients k& and
. Since the inaccessibility of the connection from the exterior makes direct
inspection difficult, an inverse problem interesting for applications consists
in estimating the coefficients k, u from suitable non destructive techniques.

In [10] a diagnostic method based on dynamic data has been proposed
for the simpler situation in which the coupling between bending and longi-
tudinal motions is neglected. In this case, by formally taking v; = vo = 0 in
the previous model, the system (1.1) simplifies into a two-velocity dynamical
system. For this reduced problem it was proved that the shearing stiffness
coefficient k£ can be uniquely determined from the measurement of the fre-
quency response function of the composite system taken at one end of the
beam. The strategy of the reconstruction procedure is based on a trans-
formation of the equations governing the free longitudinal vibrations to an
equivalent first order system and, subsequently, on the use of the progressive
waves approach to reduce the local reconstruction of £ to the resolution of a
system of nonlinear Volterra integral equations. Finally, an iterative use of
a layer stripping technique allows for a reconstruction, step by step, of the
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coefficient k on the whole interval [0, L]. We refer to [3] for an interesting
application of the Boundary Control Method to solve this inverse problem
when measurements are taken at both the ends of the beam.

All the above results have been obtained for the simplified model where
the coupling between longitudinal and transversal motions is neglected and
only longitudinal motions are present. In the engineering applications, see,
for example, [7], it is important to examine the full complete coupled system
(1.1), which includes two fourth order and two second order differential oper-
ators coupled on a term of low order. Unfortunately, it seems rather involved
to extend the techniques presented in [10] and [3] to this general case.

In this paper we study the inverse problem of reconstructing the stiffness
coefficients of a steel-concrete composite beam by using a different approach.
More precisely, we propose a variational procedure based on dynamical mea-
surements taken at the boundary and at some interior portions of the system.
Our inspiration comes from the recent paper [6] in which the authors pro-
posed a variational approach for identifying the coefficient of some second
order evolution equation based on dynamical boundary measurements.

Let us introduce the set C of pairs of coefficients (k, u):

C={(k,u) | keCo,L],ueC’0,L], k(r) >0, u(x) >0 for z € [0, L]}.

(1.4)
Let us denote by Q(t) = Q[k, 1](0,t) the vector of Neumann data for the
system (1.1) evaluated at = 0, t € [0,7] (see (3.3) and (3.6)) and by
Ui(z,t) = vilk, p](x, t) the transversal displacements on [0, L] x [0,T]. Now,
suppose we do not know the coefficients k(z) and p(z), but we are given the
Neumann data Q(t) on [0, 7] and the displacements v;(z,t) on I x [0, T}, for
T large enough. Here, I is an open interval of [0, L]. For every k, Ji € C we
define the following cost function:

IR 7 = / QU FI(0.6) — Q1) di+

o[ [k -se0f i, 1

where Q[E, 1](0,t) and wv; [7-5, i) (z,t) are respectively the Neumann data at
x = 0 and the transversal displacements of the solution of (1.1) for (k =
kop=np). N

The cost function J attains a global minimum when (k = k,z = p) in
[0, L]. Therefore, we expect to recover information on the unknown coeffi-
cients by minimizing .J (7%, ) on C.
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In this paper we present a projected gradient method which uses the
analytical expressions of the first partial derivatives of J throughout the
minimization process. More precisely, we give the complete form of the
Gateaux partial derivatives of J with respect to the coefficients k£ and u (see
Theorem 3.1) and we present a numerical algorithm based on the complete
form of the differential of J (see Section 5). The results of the numerical
simulation are encouraging. The identified coefficients are in good agreement
with the exact ones and the method seems to be sufficiently stable and robust
with respect to errors on the measured data.

The rest of the paper is organized as follows. In Section 2 we discuss the
well-posedness of the direct problem (1.1). The inverse problem is formulated
in Section 3 and the complete form of the Gateaux derivatives of J are given
in Theorem 3.1. In Section 4 we shall state some propositions which are useful
in proving Theorem 3.1. In Section 5 we present the numerical algorithm and
we some numerical results.

2 Well-posedness of the direct problem

In this section we shall introduce some notations and we shall study the
well-posedness of the direct problem (1.1).

We rewrite the dynamical system (1.1) governing the infinitesimal vi-
brations w = (ui(x,t),us(x,t),v1(x,t), ve(z,t)) of a composite beam in the
following compact form

Cw,tt — A;Ww =0 (I’,t) S (O, L) X (O,T),
w|t:0:0,_w,t t:(]:O T &€ (O,L), (2 1)
Dwloeo =0  te(0,T), '

Dwlyep =0 te(0,7T),

where C'is the 4 x 4 diagonal matrix

C= diag(ﬂlaﬂ%ﬁbﬂﬂu (22)

Ay, is the spatial differential operator defined by

( (a1uy ) o + k(ug — uy + vapey)
(agugy) » — k(ug — ug + v zey)

. 62
Appw = —(J1V1,22) 2e + (kﬁz (2012 + v2.2)) e — (V1 — v2)
keZ

_(jZUQ,x;B),xa: + ( 6 (2U2,x + Ul,z)),:v + (k(UQ — Uy + 0273565)65)@"‘
(v — v2)

(2.3
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and D is the operator given by
Dw = {u1’u27vl7v2>vl,:(:7v2,x}T- (24)

In the above equation the function v; ., ¢ = 1, 2, expresses the rotation of the
cross-section of the ith beam.

The coefficients p;, a;, 7;, © = 1,2, are assumed to be positive and regular
in [0, L]. More precisely, for i = 1,2, we assume:

pi € CO([O’ L])> pz(l‘) > pio > 0 in (OvL)v
0,L]), ai(z)>ap>0in (0,L), (2.5)
ji € 02([0, L]), jz(l') > ji[) > 0 in (O, L),

where p;o, a;o and j;0 are given constants.
Concerning the connection parameters, we shall assume:

{ ke CY([0,L]), k(x)>0in[0,L],

peC(0,L]), wp(z)=>0in]0,L]. (2.6)

The boundary data at x = 0 is assumed to be such that

U(t) == (m(t), ma(t), 0 (£), T2 (1), 81 (1), Bo(t) ",
U(t) € (C3([0,7)))°, with U p(t)mo =0, i=0,1,2,3, j=1,..,6,

where hereinafter we shall denote fi := %, i integer and ¢ > 1.

In order to study the well-posedness of the problem (2.1), we shall reduce
it to an abstract evolution initial value problem with homogeneous boundary
conditions by introducing a suitable inverse trace operator.

To this end, let us define the function ® : [0, L] x [0,7] — R* such that

.

ﬂgt T

@) =9 5 (0) + m)() [ (2:8)
Zolt) () + To(t)0(2)

where

¢(x):x<1—<%>>2, ﬂ(w):2<%>3—3<%>2+1. (2.9)

The function ® belongs to (C*([0,T]; C>(0,L)))* and verifies the Dirichlet
boundary conditions

D®|,—g=U, D®|,—p, =0, (2.10)

6
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and, by (2.7), the initial conditions

(I)(JJ, t),ti

v0=0 z€[0,L], i=0,1,23. (2.11)
Therefore, the function w : [0, L] x [0,7] — R defined as

W= w— ® = (U, Uy, 0y, 0y)" (2.12)
satisfies the problem

Cw,tt - Ak,uw = f (fﬂ,t) S (07 L) X (O7T)7
Wimo = Wy, Wyli=o = Wy z € (0,L), (2.13)
D|y—p = DW|y=yp =0 t e (0,7),

where

f = Ak7“q) — Cq),tt (QZ, t) € (0, L) X (0, T),
12}0 = —(I)|t:0 =0 =ze€ (0, L), (214)
wl = —@7t|t:0 =0 x¢€ (O,L)

To study the well-posedness of the evolution system (2.13), we introduce
the following function spaces

V = Hy(0, L) x Hy (0, L) x H (0, L) x H3(0, L) := (Hy (0, L))" x (H5 (0, L))*,
H=12(0,L)x L2 (0,L) x L2 (0,L) x L2 (0,L). (2.15)

Here, Hj(0, L) and Hg(0, L) are the standard Hilbert spaces and L2 (0, L)
is the space L?*(0,L) endowed with the usual scalar product < f,g >=
fOL pi(x)f(x)g(x)dx, i = 1,2. Let V' denote the dual of the space V.

The embedding ¢ : V < H is continuous, injective, with image dense in
H. Therefore, the dual i : H < V' of i is continuous, injective and has a
dense range. It follows that the triple (V, H, V") is a Gelfand triple.

Moreover, for our purposes it turns out to be useful to view a function
u = u(z,t) as a function t — wu(t) with values u(t) : = — wu(z,t) in an
appropriate Hilbert space of functions X. For example, for a measurable
function u on (0, L) x (0,7"), we will indicate

ue H*(0,T); X) & uy € L*((0,T); X) 0<i<k, (2.16)

where k is a positive integer number and the differentiation in time is in the
distributional sense. The norm of u € H*((0,T); X) is given by HuH%k((

T
S o S [t

0,7);X)
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By multiplying equation (2.13) by any test function m = (g1, g2, h1, h2),
gi and h; € C§°([0,T; V), i = 1,2, and integrating by parts on (0, L) x (0,7)
we find

/OT(akM(w m) — c(w',m")) dt = /OT<f,m>dt, Vm e Cge((0,T);V),

(2.17)
where
m) = — (A o.m) = o (i W, @)/
akvﬂ(w’m) : ( k,uwam) o (w7m)+ak (wam)+au (w7m)a (218)
( ) thamt / Z pzuztgzt+pzvzthzt)d (219)

I 4
< f,m >:/ Zf,»midx. (2.20)
[

The functions o' (w0, m), oz,(gl)(w m) and oz,f) (w, m) appearing in (2.18) are

defined as

/ Z auzzgzx +]ZUZZ‘$hlII) d’x

0

oz,(€ )(w, m) = /o k(ty — G + Do p€5)(92 — g1 + hoges)da+

L kf€2
+ / Tc(zﬁl,xhl,m + 2@2,xh2,m + @Q,mhl,x + @1,:ph2,m)dx7
0

L
o) (w,m) = /O (01 — B2)(hy — ho)dz. (2.21)

The two symmetric sesquilinear forms ay, (-, -) and ¢(, -) are positive definite,

that is
Ja>0s.t. ag,(u,u) > aofully YueV,

Note that to derive the coercivity condition (2.22); we have used the Poincaré
inequality on Hj (0, L) and on HZ(0, L).

With the above definitions, the evolution system (2.13) can be written as
the following Cauchy problem for an abstract evolution equation:

Ci' — Ao = f(t) € (0,T),
{w(O):w’;f‘ W(0) = by, (2.23)
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where equation (2.23); is understood in the weak sense of equation (2.17).
To study (2.23) we will use the following well-known result, see, for example,
[13].

Theorem 2.1. Let us consider the evolution equation

d?y(t
¢y =) te 1), (2.24)
with the initial conditions
dy
y(0) = wo, E(o) =1 (2.25)

Let V', H be two Hilbert spaces with V — H dense and V' separable, such
that (V,H,V") is a Gelfand triple. Let a(-,-) be the symmetric sesquilinear
form on V associated to the operator —A and let c(-,-) be the symmetric
sesquilinear form on H associated to the operator C. Assume that there exist

AeER, a>0, >0 such that

alu,u) + N|ul|z > af|ul|? YueV (2.26)
and
c(u,u) > Bllul|3; Yu e H. (2.27)
Moreover, let us assume that
fed™ ((0,7);H), k=1, (2.28)
and
Yo €V (2.29)
are such that the compatibility condition of degree k — 1 is satisfied, that is
d'y . dry
— =0,..,k—1 — H. 2.
C50) eV, j=0,., , O30)€ (2.30)
Then, the Cauchy problem (2.24), (2.25) has a unique solution y(t) such
that dult
vec(o. vy, Y0 ¢ oo, 1y m), (2.31)
with y and % which depend linearly and continuously on (f,vo,1y1) €
L2((0,T); H) x V x H. Moreover, we have
- d"y(t) d*y(t)
yEHk 1((OJT>7V)7 dtk GLZ((O,T),H), W €L2<<07T)7V/)

(2.32)



hal-00136021, version 1 - 12 Mar 2007

Remark 2.2. Differentiating equation (2.13) formally and substituting ¢t = 0,
we obtain

d2j71y d2j73f d2jf5f . df .
Odt2j—1 (0) = di2i-3 (0) + AWG)) +..+ A 2%(0) + Ay, (2.33)
d%y A2 f d%—4 ¢ - '
T (0) = T 0)+ A proTE (0) + ...+ AT7LF(0) + Alyo. (2.34)

These expressions give a more explicit form of the compatibility condition
(2.30) in terms of (f, yo,y1)-

We are now in position to consider the well-posedness of problem (2.1).

Theorem 2.3. Under the assumptions (2.5), (2.6) on the coefficients and on
the assumptions (2.7) on the boundary data, the problem (2.1) has a unique
solution

w e (H*((0,7); H'(0, L))" x (H*((0,T); H(0, L))",

such that A
wae € (L*((0,7); L*(0, L))"

Moreover, we have
w e (H'((0,T); H*(0,L)))* x (H'((0,T); H*(0, L))"

Proof. The function @ := w — ®, where ® is defined in (2.8), suppose to
satisfy problem (2.13) with homogeneous initial data, i.e. wy = 0 and w; =0
in [0, L].
By the regularity of the coefficients and by the definition of ®, from
(2.14); we have
f e (CH([0,T); L0, L))" (2.35)

By the definition (2.15) of our spaces V' and H, the triple (V, H, V') is clearly
a Gelfand triple. By (2.22), the sesquilinear symmetric form a(-,-) on V
defined by (2.18) satisfies (2.26) with A = 0 and o > 0, where « only depends
on (a, jio), © = 1,2. Also, the sesquilinear symmetric form ¢(-,-) on H
defined in (2.19) satisfies (2.27) with 3 > 0 only depending on p;, i = 1, 2.

Moreover, by (2.35) and recalling the initial conditions at t = 0, the
inhomogeneous term f and the initial data wg, w, satisfy the compatibility
conditions (2.30) up to k = 3.

Therefore, by Theorem 2.1, the problem (2.23) has a unique solution

w € {(H*((0,T); Hy (0, L)))*x (H*((0, T); Hy (0, L)))*}N(H*((0, T):; L2(E)2, é()j)))“'

10
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The regularity of w with respect to the space variable can be improved by
observing that

2 A~
Ap 0 = C% — f e (H'Y((0,T); L*(0, L))" (2.37)

Therefore, by regularity results for solutions to elliptic equations under Dirich-
let boundary conditions, we have also

w e (H'((0,T); H*0,L)))* x (H'((0,T); H (0, L)))*. (2.38)

Finally, from the definition (2.12) of w, the theorem follows. O

3 The main result

Let w € (H*((0,T); H*(0,L)))? x (H?*((0,T); H*(0, L)))? be the solution of
problem (2.1) (see Theorem 2.3) and let

m = (g1, 92, b, ha) € C5° ([0, T); (HL(0, L))* x (HL(0,L))%)

where H?¥ is the space of functions belonging to H*(0, L) such that the trace
of their values and the values of their derivatives up to the order k—1, & > 1,
vanish at © = L.

Integrating by parts, we have

ak,u(w7 m) = bk(wv m) - (Ak:,uwa m)> (31)
where the operator Ay, is defined in (2.3) and the boundary term at z =0
can be expressed as

2
bi(w,m) = —Byw - Dml|y—g = — > _(Nigi + Tih — Mih})]amo,  (3.2)

=1

where the boundary operator By is such that

( ajuy z = N1(0,1) )
U9 o = NQ(O, t)
Bow = —(J1V102) 2 + %(2111@ + v20) 1= T1(0, 1)
—(Jov2,02) o« + kgc (2u9,5 + V1) + k(ug — uy + voes)es = T5(0,1)
— 101,22 = M;(0,1)
—J2V2 2z 1= M5(0,1)

(3.3)

11
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Note that the operator By does not depend explicitly on the coefficient .
Since w € (H2((0,T)); H2(0, L)) x (H2((0,T)); H*(0, L)))* , the opera-
tor By, is well defined.
Let us denote by C the set of pairs of coefficients (k, u):

C={(k,u) | keCo,L],ueC’0,L], k(r) >0, u(x) >0 for z € [0, L]}.

(3.4)
Moreover, let us introduce the following notations which will be useful in the
sequel:

wlk, i) := wlk, 7i](x, t) solution of (2.1) for k = k and pu = [i,
for given k,fi € C; (3.5)

Qlk, fil(z,t) == —Bkw[E, fl(z,t), atx=0orz=1L; (3.6)
Qt) == Qlk, u(0,1), vi(x,t) == vi[k, pu](x,t), i=1,2, €0, L], te0,T),
(3.7)
for some k, p € C. B
For any k, i € C, we define the cost function J(k, i) as
J(%a ﬁ) = Jl(%a ﬁ) + JQ(Ea ﬁ)a (38)
where
~ T ~ _
WED = [ QR0 - G i (3.9)

(i) = /0 /I S wlf w6~ w07 dede, (310)

where I is an open interval such that I C [0, L].

The cost function J(k, i) attains a global minimum when k(z) = k(z)
and i(x) = p(x) in [0, L]. Therefore, one reasonably expects to recover in-
formation on the unknown coefficients k(z) and u(z) on the interval [0, L] by
minimizing J on the set C. We will study the inverse problem of reconstruct-
ing k and p from the boundary measurements {Q(t)}, t € [0,T], and from
the interior measurement {v;(z,t),v2(z,t)}, (z,t) € I x[0,7], by minimizing
J via a projected gradient method.

In this section and next section we mainly provide a rigorous justification
of the complete form of the Gateaux derivatives of J, which we use to give a
numerical implementation scheme for minimizing .J by the gradient method.
We obtain the following result.

12
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Theorem 3.1. Let the coefficients of problem (2.1) satisfy (2.5), (2.6) and
let the assumptions (2.7) on the boundary data be satisfied.

Let k,Ji, 0k, Sp € C. For any e, v € RY such that \/e2 + 12 — 0 we have

J(k + €8k, i + o) — J(k, Ji) = €0y J (k, [0)0k + 402 (k, [1)0p + o(r/€® + 72),
(3.11)

where lim,_, g+ @ =0.
The Gateaux partial derivatives (91J(E, i), 82J(E, i) of the functional J,
evaluated at the point (E, ) with respect to the first and the second variable

respectively, are given by

~ T ~
01 (k, i) 0k = / ol (wlk, i), V)dt+ < COUS(T), W > +

0

+ / ' < Z,F(k)wlk, fi] > dt, (3.12)

0

~ T ~
OsJ (K, 1) 0 = / ol (wlk, 1], V)dt+ < COULM(T), W > +
0
T ~
+ / < Z,GO6pwlk, ] > dt, (3.13)
0

where the bilinear forms 04((5?(', -) and O‘((Si)(" -) are defined in (2.21).
Here, W € (H?(0,L))% x (H*(0, L))? is the strong solution of the elliptic
problem
AW =0 ze(0,L),
DW |, = 2(Q[k 7(0.T) — Q1)) (314)
DW/|,=r, = 0.

The function V € (C°([0,T]; H*(0, L)))* x (C°([0,T]; H*(0, L)))?, with V,; €

(C°([0,T]; L*(0, L)))* x (C°([0,T7; L*(0, L)))?, is the weak solution of the ab-
stract evolution problem

CVu— A, V=0 (a,0)€(0,L)x(0,T),
V|t:T:W, V;lf’tzT:O T € (O,L), (3 15)
Dv|x=0 = Q(Q[kvﬁ](ovt) - @(t)) te (OvT)v .
DV]eer, =0  te(0,7).
(C°([0,T]; HF (0, L)))?,

, 1S the weak solu-

N T

13
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tion of the abstract evolution problem

cusy - A, UW = FORywlk, il (x.t) € (0,L) x (0,7),
UM]i—o =0, U,Eek)|t=0 =0 z € (0,L), (3.16)
DUW|,_g =0, DUW|,_, =0 te(0,T).

The function U® = Ut € (C°([0, T); Hy (0, L)))? x (C°([0, T}; HZ(0, L)))?,
with U('u)at € (CO([Oa T]v L2(O7 L))) ( ([07 ]7 ( 7L>>>27 is the weak solu-
tion of the abstract evolution problem

CUW — A, UW = G@Epywlk, il (w.t) € (0,L) x (0,T),
Ui = 0, #)|t —0=0 z2€(0,L), (3.17)
Worg=0, DUM|,_p =0 te(0,T).

The function Z € (C°(]0, T] H}(0,L)))* x (C°([0,T]; H2(0, L)))?, with Z,; €
(C°([0,T7]; L*(0, L)))* x (C°([0,T); L*(0, L)))?, is the weak solution of the ab-
stract evolution problem

CZJt - Ak,uZ = 2(0, 0, (Ul [k‘, m - El)X[, (’UQ[]{?, [A,Z] — EQ)X])T,
(2,1) € (0, L) x (0,7),

Z’t:T = O, Z,t|t:T =0 S (0, L),

DZ|,—0=0, DZ|,—. =0 te (0,7,

(3.18)
where xr is the characteristic function of the interval I, i.e. x(xz) =1 for
zxel and x;(x) =0 forx € [0,L]\ .

The operators F(0k) and G(6u) appearing on the right hand side of
(3.16); and (3.17);, respectively, are defined as follows:

(Sk(UQ — U + vg,mes)
—(SI{Z(UQ — U + (%) m€s>

F(0kyw(k, fi] = o2 :
(0k)wlk, 1] (5k (2010 + V2.2)) 0
(6ke (2U2 T U1 35)) (5k(u2 —ur + v2,w€s>es),x
(3.19)
0
~ 0
G(o k,p) = 3.20
(6p)wlk, 1] —Sp(vy — ) ( )
dpu(vy — vg)
where wlk, [i] = (w1, uz, v1,v2) is the solution of (2.1) when the coefficients

k, u are replaced by k, 1, respectively.

14
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Concerning the well-posedness of the auxiliary problem (3.14), by The-
orem 2.3, the value of Q[%, f)(z,t) at * = 0 is well defined in the sense
of trace’s theory for ¢ € [0,7]. Moreover, since the solution w of (2.1)
is continuous in time on the interval [0,7T], the value of Q[k,7](0,¢) at
t = T is well-defined. Then, by the coercivity of the sesquilinear form
a, ,(-,-) associated to the operator A, = in (Hp(0,L))* x (H(0,L))?, we
have W € (H'(0, L))? x (H*(0, L))

4 Proof of Theorem 3.1

The proof of Theorem 3.1 is based on several preliminary results. In Section
4.1 we shall present an evaluation of the increment of the functional J in
terms of the variations of the coefficients. In the subsequent Section 4.2
we shall recall some results of continuous dependence of the solution to an
evolution problem on the coefficients of the equation. These results will be
used in Section 4.3 to justify the asymptotic behaviour (3.11).

We start by introducing some notations.

Definition 4.1. Under the assumptions of Theorem 3.1 and with the no-
tation of Section 2, let wlk, ] := wlk, 11](x,t) be the weak solution of (2.1)
in (0,L) x (0,T) when k(z) = k(z) and pu(z) = fi(z) in [0, L]. For any real
numbers ¢, v € Rt small enough and given functions 0k, du € C, we define
dw = dw(x,t) and §Q = 0Q(x,t) as follows:

ow = w[E—I—e <Ok, i+ y - op| — w[E,ﬁ], (z,t) € (0,L) x (0,T), (4.1)
0Q = Qlk+e-Sk ity 0ul—Qk.El,  t€(0,T), z=0o0rz=L, (42)

where () is defined in (3.6).

4.1 Evaluation of the increment of J

In this Section we shall prove the following lemma.

Lemma 4.2. Under the assumptions of Theorem 3.1 and within the above

15
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notations, we have
J(k+e- 6k, i+~ 0p) — J(k, i) =< Cow,, (T),W > +
T _ T _
ve [ ek vy [ ik, vias
0 0

T
+ / < Z7 (06w7tt —Ak7M5/LU) > dt+
0

T T
+ e/ agg(éw, V)dt + 7/ agi) (0w, V')dt+
0

0

T T 2
+ / 5Q(0,t) - 6Q(0,t)dt + / > < v, v > dt, (4.3)
0 0 =1

where < 0v;, 0v; >p:= [,(6v;)?dx, i = 1,2, and W, V, Z are the solutions
of problems (3.14), (3.15), (3.18), respectively, and 04((5?, agi) are defined in
(2.21).

Proof. To simplify the presentation, we shall consider separately the func-
tionals J; and J,, see (3.8)-(3.10).
We begin with J;. By the definition (3.9) we have

Ji(k+ e 0k, fi4y-0p) — Jy(k, i) =
:/0 (QF + - 0k, i+ 64(0.0) — QIR 71(0.1))
QU+ €+ 0k, i+ - 6u)(0.2) + QIR (0, ) — 2Q(1) ) dt =

:2/0 5Q(O,t)(Q[E,ﬁ](0,t)—@(t))dt+/0 [6Q(0,¢)*dt.  (4.4)

The main idea consists in introducing the auxiliary problems (3.14),
(3.15), (3.18) so as to replace the first term in the right hand side of (4.4)
by some integral involving the solutions of (3.14), (3.15), (3.18) and the

functions w[k, fi] and dw.
Recalling that w(k, 1], |(=0 = 0 and V|, = W, integrating by parts we
get

T . _ T .
/ < Cw[k,ﬁ],t y V,t > dt =< C?U[k,ﬁ},t (T), W > —/ < Cw[k,ﬁ],tt y V> dt,
0 0

(4.5)
where we recall that < f,g >= fOL f - gdx for given vectors f and g.

16
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By (3.1), with m replaced by V', and recalling the definition (3.6), we
have

T _ T, _
/ ay (w7l V)t = / (QEF.70.0) - DV(0.6)~ < A, wlk. 7.V ) dt.
0 0
. O (46)
By (4.6) from (4.5) and by considering that Cwl[k, a4 — A, ,w(k, g] = 0 for
(x,t) € (0,L) x (0,T), we have

/O (< Cwlk, il , Vi > —aw(w[%,m,v)> di —
=< Cwlk, fil.« (T), W > —/0 Q[k, 1] (0,t) - DV(0,¢). (4.7)

Arguing similarly for w[% + €0k, i+ 7y - dp], which is the solution of (2.1)
for k=Fk+e- 6k, p=p+y-ou, we have

T ~
/ <Cw[k+€5k’/j+76/1’]7tvvvt>dt_
0
T ~
B / ak+ﬁ-5k,y+7-5u(w[k +e- 5k7 [ e (S,LL], V)dt =
0

~ T ~
=< Cwlk+e0k, pp+vy-op], (T), W > —/ Qlk+e-ok, i+vy-0p)(0,t)-DV (0, 1).
0
(4.8)
By subtracting (4.7) from (4.8) we obtain

T o~ o~
/ < C(w[k+e-5k,ﬁ+fy'5p] —w[k,ﬁ]) 2 V> di—
0
T o~ o~
- /O (04wl + € 0. iy -0, V) — a (wlF 7], V)) di =
—< C (wlk + -0k, i+ - 8] — wlk, i) o (T), W > =

— [ (@ ek 80,0~ QI 7(0.0)) - DV (0.0)

that is
T ~ ~
/ < Céwat ) ‘/715 > = <&k+e-5k,u+’y-5u(w[k +e- 5k7 M + v 5:“]7 V) o ak7u<w[k7 H]a V)) dt =
0

—< 6w, (T),W > — / ' 5Q(0,1) - DV(0)dt. (4.9)

17
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We have dw(t =0) =0 and V,, (¢t =T) = 0 in (0, L). Then, the first integral
on the left-hand side of (4.9) becomes

T T
/ < C’§w,t y V,t >= — / < (5w, C‘/utt > dt. (410)
0 0

We consider now the second integral on the left hand side of (4.9). To simplify
the notations, we temporarily set w[k+e-dk, p+~-0p] := w and wk, 1] :== w.
By the expression (2.18) of the sesquilinear form a(-,-) we have

(w,V) —a ,(w,V) =

_ 0~ ) ~ 2) = V)
=o' (w, V) + ozk%ak(w, V)+a, s, (0. V)

ak+e~6k,u+’y~6u

- (a<°> (w, V) + o (w, V) + a? (w, V)) . (4.11)

I

By the expressions of the terms a(V(-,-) and a®(-,-), see (2.18), we observe
that
ol (@, V) =@, V) + ol (@, V),

a® (@)= (@, V) + ) (@,V). (4.12)

Therefore, by (4.11) and (4.12) we have

w,V) —a, (w,V) =
= a, (6w, V) + ol (@, V) + o (@,V). (4.13)

ak+e~5k,/ﬁ-7~6,u<

Let us consider a; ,(éw, V). Integrating by parts on (0, L) and recalling that
dw|z—o = 0 and DV, = 0 for t € (0,7"), by (3.1), (3.2) we have

T T
/o a, ,(ow, V)dt = _/o <ow, A,V > dt. (4.14)

By inserting (4.10), (4.13), (4.14) in (4.9) and recalling that (CV,, —A, V) =
0 for (x,t) € (0,L) x (0,7, we obtain

T
—/0 (a5 (wlk + ¢ 0k, fi+ 5+ 8], V) + a2, (wlk + € 6k, i+ 3], V) ) dt

—< 6w, (T),W > — / ' 5Q(0,1) - DV (0)dt. (4.15)

18
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By recalling the boundary conditions (3.15)3 for V at x = 0, i.e. DV |,—¢ =
2(Q[k, 1] (0,t) — Q(t)), for t € (0,T), and observing that

o M( [k+e- 0k Ji+v-6u),V) = eal) (6w, V) + ealy) (wlk, ], V),
sulwlk + € 0k fi -y - 03], V) = i) (6w, V) + i) (wlk, i V). (4.16)

WM

we can express the last integral of the right-hand side of (4.15) as

2 /T 5Q(0,1) - (Q[k, 11)(0, 1) — Q(t))dt =< Céw,, (T),W > +
" T
+e/0 ( D (5w, V) + oD (w[k, 7], V)) dt+
T
+y /0 (6w V) + 02wl 1. V) ) dh. (4.17)
Finally, by using (4.17) in (4.4), we obtain the incremental form for .J;

J(k+ -0k, i+ - 0p) — Jy(k, i) =

T
=< Cow, (T),W > +e/ agk (wlk, 7], V)dt+
0

T T
+y / af (wlk, i), V)dt + ¢ / al) (Gw, V)dt+
T OT
+ / o) (6w, V)dt + / 5Q(0,t) - 6Q(0, t)dt, k  (4.18)
0 0

where, as it will be proved in Lemma 4.6, the last three terms are o(1/€2 + 72)
€2 +72 — 0.
We come now to the functional J,. Proceeding as we did for .J;, the
increment of .J5 is given by

J@+6Mﬁ+7ﬁm—&@m=

T 2
= 2/ (vilk, i) = ©;), 6v; > dt +/ Z < Ov;, 0v; > dt, (4.19)
0 =1

where dv; = v;[k + ¢ - 6k, Ji By op) — vilk, 1], i = 1,2. Let us recall that v;’s
are the components of w(k, fi]’s which solve the problem (2.1) for k = k and
= .
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Since (SUJ|t:0 = 0, 5w,t |t=0 = O, Z‘t:T = O, Z;t‘t:T = O, C = CT, by
recalling (3.18) and integrating by parts twice we have

T T
/ < CZ,tt s ow > dt = / < Z, Céwytt > dt. (420)
0 0

Now, since D(6w)|,=0 = D(0w)|s=r = 0, DZ|y=0 = DZ|;= = 0 and A, , =
AZ“, by integrating by parts twice we get

T T
/ <Ay 20w > dt = / < Z, A 0w > dt. (4.21)
0 0
By inserting (4.20) and (4.21) in (4.19) we have

T T 2
- / < Z,(Cowy—A, 0w > dt + / D < bvi, 0 >pdt. (4.22)
0 0 =1
By (4.18) and (4.22) the expression (4.3) follows. O

4.2 Continuous dependence on the coefficients

To study the behaviour of the first and fourth term on the right- hand side
of (4.3) when /€2 +72 — 0, as well as to show that the last four terms
in the right-hand side of (4.3) are of higher order on /€2 + 2, we need to
consider how the solutions of problem (2.1) depend on perturbations of the
coefficients k, p and on the source term.

In Theorem 4.3 below it is shown that if the coefficients and the source
term are convergent in a suitable sense, then the corresponding solutions will
converge to the solution of the limit problem. In particular, we state the
result in a form that will be useful to us in Section 4.3.

To simplify the notations we define the perturbed operator in (2.1) as

./4677 = C’(‘?tt - Ak+e~5k,u+v~5uv (423)
for €, v € R™ small numbers. Moreover, let us define
V= (Hy(0,L))* x (H3(0,L))?,  H=(L*0,L)".  (4.24)

We have the following result, see, for example, [11] (§2.8).
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Theorem 4.3. Let v € C°([0,T); V)N CY([0,T); H) be the solution to

Av = f (x,t) € (0,L) x (0,7),
Vltmo = Vo,  Vgli—o = 01 z € (0,L), (4.25)
Dvlyo=Duvly.r =0  te(0,T),

and let v, € C°([0,T]; V)N CY([0,T]; H) be the solution to

A67’YU€7’Y = fﬁﬂ (ZE’ t) E (07 L) X (O’ T)?
Ue,’y‘t:O = Vo, Venyst |t:0 =1 VS (Oa L)v (426)
DUG,’y‘z:O = Dveﬁ‘m:L =0 te(0,7),

for small real numbers € and . Assume that A, A.. are such that the

sesquilinear forms a(-,-), acq(-,-), c(,-) defined in (2.18), (2.19) satisfy the

coerciity conditions (2.22) and the regularity conditions (2.5), (2.6). More-

over, let f, fo, € C°([0,T); H), fOL|fE(x,t)|2d$ < Cy for every t € [0,T],

with the constant Cy > 0 independent of € and vy, and vy € V', v € H.
Assume that

||(A€W — A)gllv — 0 for every o € V as /€2 + 2 — 0,
| fery = fllz2oy — 0 uniformly for t € [0,T] as v/ + % — 0.
(4.27)
Then we have

Vey — U strongly in C°([0,T); V)N C*([0,T); H) as \/€2 +~% — 0.
(4.28)
Proof. Let us denote the pair (¢,7) by 7 and define |7| := /€2 + 72. Let
1 !/ / 1 / /
E(t) = 5la(v,v) +c(v',0)),  Er(t):= (alvr,vr) + c(vr, v7)), (4.29)

be the energy for the problems (4.25) and (4.26), respectively. We have

dE(t) ,
o =< f,v" >,

dET (t)

=< el > t€(0,T), (4.30)

where < f,v" >:= fOL fo'dr and < f,, v >:= fOL froldz. Since || fr | r20,0) <
Cy, with Cfy > 0 constant independent from 7, by a standard argument based
on Gronwall’s inequality, we obtain

{ E(t) < C (a(vy,vo) + c(v1,v1) + Cy)

E.(t) < C" (a(vy,vo) + c(v1,v1) + Cy), V|| small, t € [0,T], (4.31)
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where C, C' are two positive constants only depending on the coercivity
constants «,  and on 7.

By (4.31)2 and again by the coercivity conditions (2.22), it turns out that
v, and v/ are uniformly bounded, with respect to 7, in L?((0,7);V) and in
L?((0,T); H), respectively. Therefore, by Kakutani’s theorem, there exists a
subsequence 7, = (€, ¥m) such that

W weakly in L2((0,T); H), (4.32)

Tm

{ v, — v weakly in L*((0,T);V),

as |T,| — 0, where 7' is to be understood in distributional sense.

We now prove that v = v, that is v satisfies the differential equation
(4.25)1, the initial conditions (4.25)s and the Dirichlet boundary conditions
(4.25)5.

We start by showing that Av = f (in the weak sense of (2.17)). Let
p € C3°([0,T]; V) be any test function and consider first the term involving
the sesquilinear form a,(-,-). Recalling that A = AT, we have

(A, vr,,,0) = (AT, ) + (v, (A, — A)p) + (v, — U, Ap). (4.33)

The second term tends to zero as |7,,| — 0 because v,,, is bounded and

(A, — A)pllv — 0 for every ¢ € V as |7,,| — 0 by assumption (4.27). The

third term of (4.33) tends to zero as |7,| — 0 since v,,, — © by (4.32);.
Similarly, under our assumptions, we have

(Cvs,,, ) = (CT, @) + (v, —=7,Cp) — (Cv, p),
< fre>=<fio>+<fr—fio>—=<f,p> as|n,] — 0. (4.34)

Therefore, U satisfies the differential equation (4.25); in distributional sense.

To verify the initial condition for 7, let us consider a test function ¢ = ha,
where h € V and ¢ € C*([0,T]), with ¢(T) = ¢/(T) = 0. Integrating by
parts we find

T T
| Gt + Or0) = [ sl = =0, 0o = (00, Dl
’ ’ (4.35)
The left hand side of (4.32) tends to fOT(E, ) = —(T,¢)|i=0 by (4.32) and
therefore, by the arbitrariness of h and 1, we have v|;—g = vo.
We can argue similarly for the initial conditions on v,;. Let ¢ be chosen as
before. By multiplying (4.26) by ¢ and integrating by parts on (0, L) x (0,7)
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we obtain
T
—/ (< A, vr, 0>+ < Cup 0 >)dt =
0

T
= / < me, (%2 > dt + (CUTm;t s 90)|t=0- (436)
0

Taking the limit in (4.36) for |7,,,| — 0, recalling that the weak limit (4.32)
of v, satisfies the equation (4.25); and that v, [=o = v1, we have

$(0) < C(Ty o —v1),h >=0  Vap(0) and Vh € V, (4.37)

and then U, |t—o = vy in (0, L). This shows that v satisfies problem (4.25).
By the uniqueness of the solution we have v = v.

We complete the proof by showing that, in fact, the convergence of v,
to v is strong in C([0,T]; V)N C*([0,T]; H) as || — 0.

Recall that dE;l—’;(t) =< fr.,v. > fort € [0,T]. Since we know that

v, — v weakly in L?((0,T); H) and f,,, — f strongly in L?(0,L) (and

T

urﬁformly for t € [0,T]) as |7,] — 0, then < f; v, >—=< f,v' > as

dETdr;(t) — 92U iy 10, 7] and, recalling that

|T;m| — 0. Therefore, we have -

E., . (0) = E(0), we have

E. (t) — E(t) t€[0,7] as |7| — 0. (4.38)
We compute:

a(vr, — 0,05, —v) +c(v, —v v =) =
= 2E,,(t) + 2E(t) — 2 (a(vy,,,v) + c(v], ,v')). (4.39)
By (4.32) we have (a(vs,,,v) +c(v, ,v')) — 2E as |r,,| — 0 and then the

left hand side of (4.39) tends to zero as |7,,| — 0. Finally, by the coercivity
of the sesquilinear forms a(-,-) and ¢(-, -), we obtain

Vg, — U strongly in L*((0,7); V), (4.40)
Urst — Uy strongly in L2((0,T); H), '
as |T,| — 0, which imply (4.28). O

4.3 Justification of the asymptotic expansion for .J’

We begin by considering the asymptotic behaviour of the first term in the
right hand side of (4.3).
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Lemma 4.4. Let the assumptions of Theorem 3.1 be satisfied. Let dw be
defined as in (4.1) and let W € (H?(0,L))* x (H*(0, L))?* be the solution of

(3.14). For \/€? +~v% — 0 we have

< Cow,y (T),W >=€ < CUW (T),W > +y < CUW ,(T),W > +

+o (\/62 n 72) . (4.41)

where U®) € (C°([0, T); HL(0, L))? x (C°([0,T]; H2(0, L))? is the solution of
(3.16) and UM € (C°([0, T); HL(0, L))?x (C°([0, T); HZ(0, L))? is the solution
of (3.17).

Proof. To simplify the notation we define
w = wlk, fil, Weqy 1= wlk + e 0k, Ji+ 7 - 04,

A=A Acry 7= Aps e ptr-s0
A= C@tt A Aeﬁ = C'(?tt — AE,’ya

(4.42)

where w and w, , are the solutions of (2.1) for given elliptic operators A and
A, -, respectively.

By introducing a suitable trace operator ®, see (2.8), as it was made
in Section 2, the initial boundary value problem (2.1) for w and w. ., is re-
duced to an evolution problem of the form (2.23) with homogeneous Dirichlet
boundary conditions in terms of the new functions

w:=w— P, Wery 1= Wey — P. (4.43)

More precisely, @ and @, both belonging to {(H?((0,T); H}(0,L)))?
(H2((0,7T); H3(0,L)))?} N (H3((0,T); L*(0,L)))*, are respectively the solu-
tions to

AW = —CD,y +AD = f (z,t) € (0,L) x (0,7),

w‘t:O - 07 7t ‘t=0 =0 ze€ <O7 L)? (444)

Di#ly—y = Didloer, =0t € (0,7),

and

AcyWey = =COy +Ac @ = fo (z,t) € (0,L) x (0,7T),
@67’Y|t=0 = 07 we,'yat |t:0 =0 ze (O, L) (445)
D@er oo = DBer|or =0 te€(0,T),

where [ := f[z, Ay fery = f[k + €0k, i + v - dp] are defined similarly to
(2.14)1, f, fen € (CH([0,T]; L2(0, L))"
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Since dw = Wey — W = W, — W =: 0W, we have

Acr(Wery —w) = A1 (Wery — W) = (A= A, 7) W+ (feny — f) =
= (Acy — AW+ (Acy — A)P = (A, — A)w.  (4.46)

By recalling the definition (2.3) of A and A, -, 0@ solves the evolution problem

A 00 = eF(6k)w + G (dp)w, (x,t) € (0,L) x (0,7,
5Q/ﬁ|t:0 = 0, (5117,23 |t:0 =0 x¢€ (0, L), (447)
DéW|y—g = DéW|p—, =0 t € (0,T),

where F'(0k) and G(du) are defined in (3.19) and (3.20), respectively.

By the regularity of w = w[E, ] (see Theorem 2.3), it turns out that
(eF(8k)w + vG(Sp)w) € (H2((0,T): L*(0, L)))* for every € and ~ small and
then, by Theorem 2.3, 6@ € (H2((0,T); HE(0, L)) x (H2((0,T); H2(0, L)))*.
Now, since ||Aey — AL~y — 0 and ||eF(6k)w + yG(dp)wl 20,y — O
uniformly for ¢ € [0, 7] as \/€2 + 4% — 0, by Theorem 4.3 we have

5w — 0 strongly in C°([0,T]; V)N CH[0,T); H) as /€2 + 2 — 0. (4.48)

To study the asymptotic behaviour of dw for /€2 +~2 — 0, we introduce
the functions U® ¢ (C°([0,T]; H} (0, L))? x (C°([0,T); H3(0,L))?, UMW ¢
(CO([0,T); HY (0, L))*x (C°([0, T]; HZ(0, L))? solutions to the problems (3.16)
and (3.17), respectively. Then, the function

Uy i= 60 — U™ — AW (4.49)
solves the problem

AU, = eF(0k)ow + vG(dp) 6w, (x,t) € (0,L) x (0,7),
5U5,’Y|t=0 = 07 5Ue,’y;t |t=0 =0 ze (0; L); (450)
DU, |s0 = DU, |oep =0t € (0,T).

The left-hand side of (4.50); belongs to (H?((0,T); L*(0, L)))* for every €, v
small and [|eF(0k)éw + vG(6p0)6W|| 20,0y < C\/€2 + v?r(€, ) uniformly for
t €[0,7] as \/€2+~% — 0, where r(e,7) — 0 as \/€2+~2 — 0. Then, by

Theorem 4.3, we have

0Ue

Ve +12

— 0 strongly in C°([0,7]; V) N CY([0,T]; H) as v/€2 + 2 — 0.
(4.51)
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By (4.49) and recalling that both the two functions U® , and U® , are in
(C°([0,T]; L*(0, L))*, we can compute

oW, =1 = U™, li=T +AUW , li=r +0o(v/e2+7?) inHas e ++2—0,
(4.52)

with o(y/€2 +72)/\/e2+ 2 — 0 as /2 + 72 — 0.
This immediately implies (4.41). [

Next Lemma clarifies the asymptotic behavior of the fourth term in the
right-hand side of (4.3) when /€2 +~2 — 0.

Lemma 4.5. Let the assumptions of Theorem 3.1 be satisfied. Let dw be
defined as in (4.1) and let Z € (C°([0,T]; H} (0, L)) x (C°([0,T]; H2(0, L))?
be the weak solution of (3.18). For \/€? +~v? — 0 we have

T T B
/ < Z,C0w,y — A, dw > dt = e/ < Z,F(0k)wlk, u] > dt+
0 0

+7/0T < Z,G(6p)wlk, ] > dt + o(r/€2 +72), (4.53)

where F' and G are the operators defined in (3.19) and (3.20), respectively.

Proof. We shall use the notation introduced at the beginning of the proof
of Lemma 4.4. The function dw := we, — w = W., — W =: 6W satisfies the
problem

Cow,yy — A, 00 = el (0k)wey + G (Op)wey = fers (2,1) € (0,L) x (0,7,
5@|t=0 = 51/17,15 |t:0 =0 T (0, L),
Doty = DoWl|,=r, =0 t € (0,7T),
(4.54)
where F' and G are defined in (3.19) and (3.20), respectively.
Arguing as in Lemma 4.4, one can prove that

5 = U™ 4 4UW 4 o(y/e2 +~2), (4.55)
as \/m — 0, where the functions
U™ € (C°([0, T7; Hy (0, L)) = (C°([0, T]; H3 (0, L)%,
U € (€010, T); HA(0, L))? x (CO((0,T]; H3(0, L))
are solutions to the problems (3.16) and (3.17), respectively, and
o(Ve +12)/V/e+72 =0
as /€2 + 72 — 0. By (4.54), and (4.55) the thesis of the Lemma follows. [J
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Finally, next Lemma shows that the last four terms on the right-hand side

of (4.3) are of higher order with respect to y/€? + 72 when /€2 + 2 — 0.
Lemma 4.6. Let the assumptions of Theorem 3.1 be satisfied. Let dw, 6Q) be
defined as in (4.1) and (4.2), respectively. Let V € (C°([0,T]; H*(0, L))?* x
(C([0, T); H?(0, L))? be the solution of (3.15) and let oV, i = 1,2, be defined
as in (2.18). We have

T T
e/ a((;?@w, V)dt + ’y/ afi)(&w, V)dt+
0

0

T T 2
—i—/ 3Q(0,t) - 6Q(0,t)dt +/ Z < 0vy, 0v; > dt = o(+/€2 +~?) (4.56)
0 0 =1

as \/€2+ 2 — 0.

Proof. Recalling that dw = we, — w = W., — W := éw, by Lemma 4.5
(estimate (4.55)), one can easily show that the first two terms and the last
term on the left hand side of (4.56) are o(y/€? +7?) as \/€2 + 72 — 0.

Concerning the third term, by the definition of the boundary operator
(3.3), (3.6) and (4.2) we have

6Q = 6Q(0,t) = =B, .5pWery T Byw = =B 0w — (B, 5. — Bp)we , (4.57)

where we have used the notation (4.42).
By trace inequalities and (4.55) we have

| Bowl|(z20ms < Clléw|coqorvy < CVe2+9*  as Vel +72 =0,
(4.58)
where the constant C' > 0 does not depend on € and 7.
Finally, by the definition (3.3) of the boundary operator and the uniform
boundedness of {w. .}, we have

(B sesi — Be)Wen 20,0 < Cv/ €2 42 as /€2 +~+2 — 0, (4.59)

where the constant C' > 0 does not depend on € and 7.
By using inequalities (4.58), (4.59) in (4.57), we have that fOT 3Q(0,t) -

0Q(0,t)dt = o(y/€® +77%) as /€2 + 9% — 0. 0

5 Numerical algorithm and experiments

In this section we shall present a projected gradient method for the minimiza-
tion of the cost function J = J(k, i) defined in (3.8)-(3.10). The numerical
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algorithm is based on the complete form of the differential of J determined
in Theorem 3.1. The identification technique is tested on dynamic test data
coming from a real specimen of steel-concrete composite beam studied in [5].
A more comprehensive study of the proposed numerical algorithm for solving
this inverse dynamical problem will be presented in a forthcoming paper.

5.1 Numerical algorithm

We shall formulate the minimization problem for the function J by adapting
the projected gradient method presented in [4]. In order to apply the mini-
mization algorithm, it is useful to represent the Gateaux partial derivatives
0;J and 0y J, evaluated at the point (k, i), as

O J(k, [1)0k =< OpJ (K, i), 0k >, (5.1)
o] (I, )0 =< 0, (k, T1), o >, (5.2)

for suitable operators Oy J (E, n) and 0,,J (E, i), where 0k, op € C. The expres-
sions on the left hand side of (5.1), (5.2) have been determined in Theorem
3.1, see equations (3.12) and (3.13). By integrating by parts the third term
of (3.12), we have

/ "o Z, F(0k)wlk, fi] > dt = — / ' o\ (wlk, i), Z)dt. (5.3)

Concerning the second term of (3.12), by the boundedness of the linear func-

tional C1[0, L] 3 K —< CO,UY(T), W >€ R and the Sobolev imbedding
theorem, we can write

< dy, Ok >=< COUN(T), W > (5.4)

with some dj, € H?(0, L)* = H;?(0, L). Therefore, by inserting (5.3) and
(5.4) in (3.12), we have

~ T ~
Oy (k, i) 6k = / ol (wlk, fi), V — Z) di+ < dy, 6k > (5.5)
0
and we can get the expression of 9,.J(k, i) as follows

T
oJ(k, ) = / (ug —uy + vz €5) {(p2 — p1 + oues) — (22— 21 + Zoyze5)} di
0

T 2
e
+ / gc {21z +v20) (qre — Z12) + (2022 + V1) (@20 — Zo2)} dt
0
(5.6)
+ dk )
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where V' = (p1, p2, qu, Q2)T and Z = (21, 22, 21, Zz)T-
By proceeding in a similar way for the partial derivative of J with respect
to the variable i, we have

0,(k, i) = / (01— 0) {(@1 — @) — (Z1— Zo)y de+dy,  (57)

where d, € H'(0, L)* = H;'(0, L) is obtained by using the boundedness
of the linear functional C°[0, L] 2 M —< C’(?tU](\’j)(T), W >€ R and the
Sobolev imbedding theorem.

Since L2(0, L) is dense in H, '(0, L) and H,?(0, L), we can approximate
them by L? functions. Hence, we have

<dy, K>= lim (hg, iuK)2 V K € H*0, L),

ihh—dy,

<dy,, M >= Tlim (h,, i;M)2 ¥V M e H0, L),

-/
i1 hy—dy,

where 4; : H’(0, L) — L*(0, L) and ¢} : L*(0, L) — H,”(0, L) are continu-
ous, injective embeddings (j = 1, 2). Hence, in our numerical algorithm, we
try to find the approximations dj and d,, by solving the weak equations

L
/ K dy, dv =< COU(T), W >, (5.8)
0
L
/ M d, dz =< COUM(T), W > (5.9)
0

on the finite-dimensional subspaces of H?(0, L) and H'(0, L), respectively.
These functions are used in (5.6) and (5.7) instead of the elements d; and
d,, respectively.

Now, to implement the projected gradient method we need to introduce
a projection operator. Throughout this part, beside conditions (2.6), we
assume that the coefficients k and 11 are bounded from above, i.e.

0<k(x)<k, 0<p(x)<m forzel0, L], (5.10)

where k and [ are given positive constants.
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Let P, and P, be the clip-off operators such that

7

0 (k) <0),

(AF) @) = k@) (0 < k@) <F),
F (@) >R,
(0 (x) <0),

(Pui) (@) = S filz) (0 < ilx) <),
7 @) > )

Then, we cannot guarantee that Pj(k) belongs to C'[0, L] even if k €
C1[0, L]. In order to keep the smoothness of the function, we employ the
mollifier as follows:

~

(5.1)(x) = / sy — =) Fly) dy

R

for bounded functions f defined on (0, L), where the function f is an exten-
sion of f to (—ce, L + ce) (¢ > 0), s(x) = s(xz/e)/e (¢ > 0). The function s
is a nonnegative C'! function over R such that supp s = [—¢, ] and

/ s(x)dr =1.
R
Then we have S.f € C'[0, L].

By using the above operators, we define an iterative descent procedure

as follows: N N
(f“l) = (@) — o 5" (5.11)
His1 1 sl(“ )

for 1 =0, 1, 2, ..., where
- - f—
ém:m—&<m<m—ﬁﬂg%ﬁd>, (5.12)
10 (ku, )|

sW = — 5. | P, m—f%ﬂlgL . (5.13)
10, (K, ) ||

Here «; is a suitable step size which satisfy 0 < a; < 1.
From the above discussion for the derivatives, the approximations of the
derivatives O J(k, i) and 9,J(k, ) belong to H'(0, L) in our numerical
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experiment. Therefore we notice that, by the definition of the projections
and mollifier, the updated coefficients belong to C and satisfy the conditions

0<k(z)<k, 0<p(z)<pm forzel0, L]

in our experiments, whenever the initial guess (ko, fio) € C satisfies the same
bounds.

We can summarize the algorithm of our variational approach to the in-
verse problem for composite beams as follows.

Numerical algorithm for coefficient identification

1. Set an initial guess (/;:VO, o) which satisfies the a priori conditions
(5.10).

2. Forl=0,1,2, ..:
(a) Solve the evolution problem (2.1) with (k,p) = (ki, fuy) to find w,
Vig, t=1,2, and Q.
(b) Solve the elliptic problem (3.14) with (%l, ) to get W.

(¢) Solve the evolution problem (3.15) with (k;, 1) to find V and g .,
i=1,2.

(d) Solve the evolution problem (3.18) to find Z and Z; ., i =1, 2.

(e) Solve the weak equations (5.8) and (5.9) to obtain the functions
di and d,,.

(f) Calculate the derivatives OpJ (ky, Tiy) and @J(Eh f) by (5.6) and
(5.7), respectively.

(g) Set the search direction sl(k) and sl(“) by (5.12) and (5.13), respec-
tively.

(h) Get the step size ay by using the line search algorithm.
(i) Update the coefficients by (5.11).
(j) If the updated coefficients satisfy the condition

J<El+1a fig1) — J(%b fir)
J(kiga, fug)

for a small given control parameter €, then stop the iterations.

<e,
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5.2 Numerical experiments

In this section we shall present some numerical results obtained by applying
the above variational approach to identify the stiffness coefficients k and u
of a composite beam. In the following applications we shall refer to the
specimen T'1PR of steel-concrete beam analyzed in the experimental study
[5]. In particular, the case of a damaged composite beam having initial
constant elastic and inertial properties will be closely examined. This case is
simple but rather meaningful for applications.

The physical constants of the reference configuration of the undamaged
beam are summarized in Table 1. Here ”d” means the physical dimension.

Table 1: Physical constants of the steel-concrete beam T1PR [5].

Physical constants Value
Ld 3.50 m
Ad 3.00 x 1072 m?
Ié 9.00 x 107% m*
il 7319 kg m™!
B4 4.2202 x 10 N m~2
Ad 1.64 x 1073 m?
Ig 5.41 x 106 m*
03 12.90 kg m~*
E4 2.1 x 10" N m~2
el 0.07 m
ed 0.03 m

In our numerical experiments we suppose that the length of observation time
is T =4.0 x 1073 s.
To implement the identification algorithm, it is useful to introduce non-
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dimensional values for the geometrical and mechanical quantities, that is

d EdAd Edd
L=10, p="1%, a=—5L =i
p () p° ()2 (L)
eg eg ﬁd d
€S:E, ec:—d, T:ET’
for i =1, 2, where
d . ,d Fd Ad =d | =d
p= P g, = Cr s, = D s

where 77¢ is the velocity of the longitudinal elastic waves propagating through
the 7th beam.

We assume that our target coefficients k and p for the damaged configu-
ration of the composite beam are defined by

n, L4 K(L%z n, LY BE.(L* x)A, (L
o) = D) e LA

edp* (7°)?
for 0 <z < L (see Figure 2), where

{1.77525 4 0.59175 cos4d m (z? — 1.5)} x 10° [Nm™']
K(2%) = (1.5 < 2% <20) ,
2.36700 x 10® [N m™!] (otherwise)

{6.44250 4 2.14750 cos4m (z? — 1.5)} x 10° [Nm™']

Bela)Ao(a) _ (1.5 < 2 < 2.0)
y : :
Ce 8.59000 x 10% [N m™] (otherwise)

for 0 < 24 < L% and the number of connectors of the beam n, = 16, see [5].
The present case corresponds to a composite beam with a localized damage
at mid-span. In fact, it has been shown that real damages in the connection
of a steel-concrete beam can be described as a rather abrupt reduction of the
stiffness coefficients k£ and p in the damaged region, [5].

Concerning the boundary data, in our experiments we assume to fix both
the longitudinal displacements w;(0,¢) and the rotations v; ,(0,¢) of the left
end of the beam, i = 1,2, and to assign the transversal displacement v;(x =
0,t), i = 1,2, at the same cross-section, see Figure 1. Therefore, the vector
U(t) of the Dirichlet boundary data is given by

_ C,Bs(t) C,Bs(t) T
U(t): <O, 07 Ld 9 Ld 7070 I
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16.00

Exact k—— 55.00 | xact p— |
14.00 F 3 5000 [
< 1200 | 5 4500
B 5 4000 |
© 1000 |
= & 3500}
G I
> 8.00 = 30,00
25.00 |
6.00
20.00 |
4.00 s : ‘ s 15.00 s ‘ ‘ s
0.00 0.20 0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00
(a) Exact k. (b) Exact p.

Figure 2: Exact coefficients for the damaged beam.

where C, = 1.5 x 1072 [m]. Here Bj is a 5th order normalized B-spline
function such that

5

?—t
Bs(t) t5—toz
7=0

where t; = 7% (8.0 x 107%)/L? (j =0, 1, ..., 5), and

t  (t>0) > -

Then, Bs € C3(R) and Bs = 0 on (—o0, ty) and (t5, +00), see [12]. There-
fore, the coefficients and the Dirichlet boundary data satisfy the assumption
of Theorem 3.1.

The Neumann boundary data and the interior measured data are ob-
tained by solving numerically the evolution problem (2.1) for the damaged
beam with U given as above. To solve numerically the direct problem, we
make use of the Newmark method for time integration, see, for example,
[2], and we introduce linear spline functions and cubic Hermite functions for
approximating u; and v; in space, respectively, ¢ = 1,2, see [8]. Here, the
intervals [0, L] and [0, T are divided into 1200 and 7200 equally spaced sub-
intervals, respectively. We use the numerical integration to get the mass and
the stiffness matrices in this calculation, and then, we only use the values of
coefficient functions at the quadrature points on each element. We denote
by Q (Nl, Ng, Tl, T2, Ml, Mg) and v;, ¢ = 1,2, the calculated Neumann
data at x = 0 and the transversal displacements of the beams, respectively.
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Figures 3, 4, and 5 show a comparison between the Neumann data eval-
uated at x = 0 for the damaged and the undamaged beam. The lat-
ter case corresponds to the solution of the evolution problem (2.1) with
constant coefficients EO, [ip obtained by using K = 2.3670 x 10 Nm™!,
E.A./e! = 85900 x 10° Nm~" in [0, L], and with Dirichlet data U given
at x = 0.

0.0015

0.0015

Dam‘agc

Dalﬂagc

No damage-—- No damage-——--
0.001 | ' i q 0.001 |
(2]
<£ 0.0005 - (Z 0.0005 -
Gy Gy
© 0 © 0
[} [}
= =
TG TG 0.0005
-0.0005 + -0. r
> -
-0.001 -0.001
-0.0015 L L L L L -0.0015 L L L L L
0.00 1.00 2.00 3.00 4.00 5.00 0.00 1.00 2.00 3.00 4.00 5.00
Non-dimensional time ¢ Non-dimensional time t
) ) —~ —~
Figure 3: Calculated axial force N; and Ny at x = 0.
0.02 T 0.02 T
Damage Damage
No damage-— No damage-—
0.015 1 0.015 1
0.01 0.01 -
— [
<E‘ 0.005 <E‘ 0.005
Sy S
1S o
® 0 ) 0
= =
= -0.005 | = -0.005 |
> -
-0.01 -0.01
-0.015 [ Bl -0.015 [
0.02 ‘ ‘ ‘ ‘ ‘ 0.02 ‘ ‘ ‘ ‘ ‘
0.00 1.00 2.00 3.00 4.00 5.00 0.00 1.00 2.00 3.00 4.00 5.00
Non-dimensional time ¢t Non-dimensional time ¢

Figure 4: Calculated shear force T\l and fg at x = 0.

In order to solve numerically the initial-boundary value problems in our
inverse analysis, we also use the Newmark method for time integration with
linear elements for approximating u; and cubic Hermite elements for approx-
imating v; in space. The intervals [0, L] and [0, T'] are divided coarsely into
600 and 3600 equally spaced, respectively. The values of updated coefficients
on the quadrature points are employed to make the stiffness matrix on each
step. Then, these quadrature points do not coincide with the points for gen-
erating the measured data. The second terms of the search directions are
interpolated by the piecewise linear function before clipping and mollifying.
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© 0 o 0
E £
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Non-dimensional time ¢ Non-dimensional time ¢

Figure 5: Calculated bending moment ]\/4\1 and ]\72 at x = 0.

We make use of the vertices and the quadrature points on each element to
interpolate the second terms. To do approximately the mollifying, we use
the Gauss-Legendre formula. Therefore, our target coefficients are identified
approximately on a subspace of function space for calculating {Q, vy, U2 }.
Here we notice that the updated coefficients depend on the finite elements
for the inverse analysis, because we employ the interpolation technique with
the vertices and the quadrature points on the elements. On the other hand,
the exact coefficients do no depend on the finite elements for calculating
the measured data, because we only use its values. Hence, from the above
settings, we can avoid an inverse crime for our calculation.

The upper bounds for the unknown coefficients appearing in (5.10) are
supposed to be given by k = ko and T = Jio in [0, 1]. The function for the
mollifier is chosen as the normalized cubic B-spline function such that

4

3(93):4;%, w4($):HO($—j+2).

w

Then, we know that supp s = [—2, 2] and s € C?(R), see [12]. The parameter
€ of our mollifier is picked as same value of the width of the finite elements in
space, namely, e = L/600. Moreover, we fix the parameter of the convergence
criterion as ¢ = 1.0 x 107%. Finally, we employ the Armijo criterion [1] to
get the step size ; at every iteration.

We start by showing some numerical results when the interior data v;,
i = 1,2, are measured in the whole interval I = [0, L]. We first assume that
both the Neumann and the interior data are free of error, namely, Q(t) = Q (t)
and 7;(x, t) = vi(x, t) for (x,t) € [0, L] x (0,T), ¢ = 1,2. The initial
guess in the minimization procedure is set as ko = k and fo = @ in [0, L].
After 108 steps the convergence criterion is satisfied and the iteration stops.
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Figures 6 (a) and (b) show the graph of identified coefficients kios and fi1os,
respectively, and a good agreement with the exact values can be observed.
These results seem to suggest that the minimization algorithm is effective in
the ideal situation when the data are free of error.

16.00

" Step 108 —— ' ' " Step 108 ——

xact---- 55.00 - Exact——— 1
14.00 50.00 [
12 12.00 - 13, P00
3 S 40,00
g 10.00 - g 35.00 L
G G
> 800 = 3000
25.00 |-
6.00
20.00 -
4.00 : : : : 15.00 : : : :
0.00 0.20 0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00
(a) Identified ks (b) Identified fi108

Figure 6: Calculated coefficients for I = [0, L] without measurement error.

Next, we perturb the Neumann data @ and the interior data (v;, D) by
adding a random error of the Gaussian distribution with the mean value
0.0 and the variance (6 - (maximum value of each data)/100)%. We call this
error 0% measurement error. At first of this case, having fixed § = 1.0%,
we get the identified coefficients kg9 and figg shown in Figures 7 (a) and
(b), respectively. We notice that the identified coefficient fig9 is in good
agreement with the exact one. The accuracy of the identified coefficient k
is less accurate, especially near x = 0 and around the real damaged area,
but it is still acceptable. The above results suggest that the identification
procedure is also effective when the data are affected by small measurement
erTors.

Second, having fixed § = 5.0%, the identified coefficients Egg and i3z are
obtained as shown in Figures 8 (a) and (b), respectively. The reconstruction
of the coefficients k and it is now less accurate. However, the results of
identification can be still considered acceptable for a practical localization of
damages in the connection of composite beams.

In several real applications, interior measurements are usually more dif-
ficult to make with respect to boundary measurements. Therefore, in order
to discuss how the selection and the size of the interval I affect the results of
identification, we have applied the variational algorithm for different choices
of the interval I. Here, in particular, we present the results of identification

for I = [0.25, 0.75] and I = [0, 0.25].
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(a) Identified kg9 (b) Identified jigg

Figure 7: Calculated coefficients for I = [0, L] with 1.0% measurement error.
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Figure 8: Calculated coefficients for I = [0, L] with 5.0% measurement error.

In the first case the interval I includes the damaged region of the beam.
The initial guess for the coefficients and the data (free of error) are chosen
as before. The identified values obtained after 131 iterations are shown in
Figures 9 (a) and (b). We can deduce that the accuracy of the identification
is almost the same of the case in which the interior measurements were taken
on the whole interval [0, 1].

In the second case, the interval I = [0, 0.25] does not include the damaged
region in beam. By proceeding as before, after 173 iterations we obtain the
optimal coefficients shown in Figures 10 (a) and (b). These results seem
to confirm that the results of the identification procedure are not so much
affected by the choice of the interval I.

Finally, Figure 11 shows the graph of the functional value. We can notice
that the selection of the interval I has an influence on the rate of decreasing
of the cost function.
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(a) Identified ky3; (b) Identified i3

Figure 9: Calculated coefficients for I = [0.25, 0.75] without measurement
error.

16.00

" Step 173 —— ' ' " Step 173 ——
Exact-—-— 55.00 - Exact-——- 7
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0.00 0.20 0.40 0.60 0.80 1.00 0.00 0.20 0.40 0.60 0.80 1.00
(a) Identified kq73 (b) Identified fi173

Figure 10: Calculated coefficients for I = [0, 0.25] without measurement
error.

6 Concluding remarks

In this paper we have continued a line of research initiated in [10] which aims
to the identification of the stiffness coefficients of a steel-concrete compos-
ite beam from dynamical data. In [10] a uniqueness result for the shearing
stiffness of the connection was proved for the simpler situation in which the
coupling between bending and longitudinal motions is neglected. Here, the
full complete coupled system which includes two fourth order and two second
order differential operators coupled on a term of lower order is examined. A
variational procedure based on dynamic measurements taken at the bound-
ary and, possibly, at some interior portions of the system is proposed for
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Figure 11: Functional value.

identifying the shearing and axial stiffness of the connection. A complete
form of the Gateaux partial derivatives of the cost function is derived and
used to implement a projected gradient method for solving iteratively the
inverse problem. The method is tested on a composite beam with localized
damage in the connection for exact data and for data perturbed by some
random error. A concise account of numerical simulations has been pre-
sented in this paper. The results are encouraging and the method seems to
be sufficiently stable with respect to errors on the data. However, real ap-
plications require a detailed investigation on the sensitivity of the procedure
to the choices of various parameters affecting the identification, such as, for
example, the selection of the initial point in the minimization process or the
influence of boundary and interior measurements on the final results. This
is an important direction of further investigation. Finally, we would like to
remark that it remains an open question to establish what set of dynamic
data is needed for the unique reconstruction of the stiffness coefficients for
the full coupled system. New ideas and techniques are likely to be necessary
for solving this inverse problem.
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