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Abstract

We consider a one-dimensional transient cookie random walk. It is known from
a previous paper [J] that a cookie random walk (X,,) has positive or zero speed

according to some positive parameter o > 1 or < 1. In this article, we give the exact
a+1

rate of growth of (X,,) in the zero speed regime, namely: for 0 < a < 1, X,,/n 2
converges in law to a Mittag-Leffler distribution whereas for o = 1, X,,(logn)/n
converges in probability to some positive constant.
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1 Introduction

Let us pick a strictly positive integer M. An M-cookie random walk (also called multi-
excited random walk) is a walk on Z which has a bias to the right upon its M first
visits at a given site and evolves like a symmetric random walk afterwards. This model
was introduced by Zerner [[] as a generalization, in the one-dimensional setting, of the
model of the excited random walk studied by Benjamini and Wilson [[|. In this paper, we
consider the case where the initial cookie environment is spatially homogeneous. Formally,
let (Q,P) be some probability space and choose a vector p = (pi,...,pn) such that
pi € [%, 1) for all = 1,..., M. We say that p; represents the strength of the i™ cookie
at a given site. Then, an (M, p)-cookie random walk (X,,, n € N) is a nearest neighbour
random walk, starting from 0, and with transition probabilities:

_ - S p it ={0<i<n, X; =X, } < M,
P = X+ 1 XO""’X"}_{% otherwise.

*Address for both authors: Laboratoire de Probabilités et Modéles Aléatoires, Université Pierre et
Marie Curie, 175 rue du Chevaleret, 75013 Paris, France.




In particular, the future position X, of the walk after time n depends on the whole
trajectory Xo, Xiq,...,X,. Therefore, X is not, unless in degenerated cases, a Markov
process. The cookie random walk is a rich stochastic model. Depending on the cookie
environment (M, p), the process can either be transient or recurrent. Precisely, Zerner
g (who considered an even more general setting) proved, in our case, that if we define

a=a(Mp= Z(Qpi —1)—1, (1.1)

then

e if a <0, the cookie random walk is recurrent,

e if o > 0, the cookie random walk is transient towards +o0.

Thus, a 1-cookie random walk is always recurrent but, for two or more cookies, the walk
can either be transient or recurrent. Zerner also proved that the limiting velocity of the
walk is well defined. That is, there exists a deterministic constant v = v(M, p) > 0 such
that

X
lim —* = almost surely.
n—oo M

However, we may have v = 0. Indeed, when there are at most two cookies per site, Zerner
proved that v is always zero. On the other hand, Mountford et al. [[] showed that it is
possible to have v > 0 if the number of cookies is large enough. In a previous paper [{],
the authors showed that, in fact, the strict positivity of the speed depends on the position
of o with respect to 1:

o if a <1, then v =0,

e if « > 1, then v > 0.

In particular, a positive speed may be obtained with just three cookies per site. The
aim of this paper is to find the exact rate of growth of a transient cookie random walk
in zero speed regime. In this perspective, numerical simulations of Antal and Redner [g]
indicated that, for a transient 2-cookies random walk, the expectation of X, is of order
n”, for some constant v € (%, 1) depending on the strength of the cookies. We shall prove
that, more generally, v =

atl
-
Theorem 1.1. Let X be a (M, p)-cookie random walk and let a be defined by (L1)). Then,
when the walk is transient with zero speed, i.e. when 0 < o < 1,

1. If a < 1,
X aw
afl l—) Mcx+1
n-2 n—oo 2

where MaTH denotes a Mittag-Leffler distribution with parameter O‘T“

2. If a« =1, there exists a constant ¢ > 0 such that

logn

prob.
X, — ¢

n n—oo

These results also hold with sup,., X; and inf;>,, X; in place of X,,.
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Figure 1: Simulation of the 100000 first steps of a cookie random walk with M = 3 and

p1:p2:p3:%(i.e.Oz:%andy:%).

This theorem bears many likenesses to the famous result of Kesten-Kozlov-Spitzer [
concerning the rate of transience of a one-dimensional random walk in random environ-
ment. Indeed, following the method initiated in [B, we can reduce the study of the walk
to that of an auxiliary Markov process Z. In our setting, Z is a branching process with
migration. By comparison, Kesten et al. obtained the rates of transience of the random
walk in random environment via the study of an associated branching process in random
environment. However, the process Z considered here and the process introduced in [
have quite dissimilar behaviours and the methods used for their study are fairly different.

Let us also note that, as o tends to zero, the rate of growth n+®/2 tends to \/n. This
suggests that, when the cookie walk is recurrent (i.e. —1 < a < 0), its growth should
not be much larger than that of a simple symmetric random walk. In fact, we believe
that, in the recurrent setting, sup,.,, X; should be of order I(n)/n for some slowly varying
function [. -

The remainder of this paper is organized as follow. In the next section, we recall the
construction of the associated process Z described in [ as well as some important results
concerning this process. In section [J, we study the tail distribution of the return time to
zero of the process Z. Section [l is devoted to estimating the tail distribution of the total
progeny of the branching process over an excursion away from 0. The proof of this result
is based on technical estimates whose proofs are given in section [|. Once all these results
obtained, the proof of the main theorem is quite straightforward and is finally given in
the last section.

2 The process Z

In the rest of this paper, X will denote an (M, p)-cookie random walk. We will also always
assume that we are in the transient regime and that the speed of the walk is zero, that is

0<a<l.



The proof of Theorem is based on a careful study of the hitting times of the walk:

T, = inf{k >0, X, = n}.
We now introduce a Markov process Z closely connected with these hitting times. Indeed,
we can summarize Proposition 2.2 and equation (4) of [B] as follows:

Proposition 2.1. There exist a Markov process (Z,, n € N) starting from 0 and a se-
quence of random variables (K,, n > 0) converging in law towards a finite random variable
K such that, for each n

Tnl":”n+QZZk+Kn.
k=0

Therefore, a careful study of Z will enable us to obtain precise estimates on the
distribution of the hitting times. In the rest of this section, we shall recall the construction
of Z and some important results obtained in [J].

For each i = 1,2, ..., let B; be a Bernoulli random variable with distribution
P{B, =1} =1 P{BZ—O}—{% i M

We define the random variables Ag, Ay, ..., Ay—1 by
A1 < <k, Bi= 0} where iy ®inf (i > 1, B =j+1).
=1

Therefore, A; represents the number of "failures” before having j + 1 "successes” along
the sequence of coin tossings (B;). It is to be noted that the random variables A; admit
some exponential moments:

E[s%] < oo forall s €[0,2). (2.1)

According to Lemma 3.3 of [J], we also have
M
E[Aya]=2) (1-p)=M-1-a. (2.2)
i=1

Let (&;, 7 € N*) be a sequence of i.i.d. geometric random variables with parameter % (i.e.
with mean 1), independent of the A;. The process Z mentioned above is a Markov process
with transition probabilities given by

1—M+1

P{Zn+1 =j]—Zp= Z} = P{]l{ingl}Ai + ]1{2‘>M71} (AMfl =+ Z fk) = ]}- (2-3)
k=1

As usual, we will use the notation P, to describe the law of the process starting from
r € N and E, the associated expectation, with the conventions P = Py and E = Eg. Let
us notice that Z may be interpreted as a branching process with random migration, that
is, a branching process which allows both immigration and emigration components.
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o IfZ,=iec{M,M+1,...}, then Z,; has the law of ZZ_:];/[H St Ay, te. M—1
particles emigrate from the system and the remaining particles reproduce according
to a geometrical law with parameter % and there is also an immigration of Ay;_;
new particles.

o If Z,=i€{0,...,M —1}, then Z, ; has the same law as A;, i.e. all the i particles
emigrate the system and A; new particles immigrate.

Since we assume that the cookie vector p is such that p; < 1 for all i, the process Z is an
irreducible Markov process. More precisely,

P.{Zy =y} >0 forall z,yeN.

From the construction of the random variables A;, we have Ay < A; < ... < Ay_1.
This fact easily implies that, for any x < y, the process Z under P, (starting from z) is
stochastically dominated by Z under P, (starting from y). Let us also note that, for any
k>M-—1,

ElZ, 1 —Z,|Z,=k|=E[Ay 1] - M+1=—qa. (2.4)

This quantity is negative and we say that emigration dominates immigration. In view of
(2.4), a simple martingale argument shows that Z is recurrent. More precisely, according
to section 2 of [[], the process Z is, in fact, positive recurrent and thus converges in law,
independently of its starting point, towards a random variable Z, whose law is the unique
invariant probability for Z. Moreover, according to Remark 3.7 of [{], the tail distribution
of Z, is regularly varying with index a:

Proposition 2.2. There exists a constant ¢ > 0 such that

c/x® if a € (0,1),
P{Zo >} T—00 { clogz/z ifa=1.

Let now o denote the first return time to 0 for the process 7,
o =inf{n >1, Z, = 0}.
According to the classical expression of the invariant probability, for any non negative

function f, we have
o—1
> f(Z)
i=0

In particular, we deduce the following corollary which will be found very useful:

E =E[0|E[f(Z)]. (2.5)

Corollary 2.3. We have, for >0,

o—1
S
=0

B =00 if f>a.

{<oo if B < a,



3 The return time to zero

We have already stated that Z is an irreducible positive recurrent Markov chain, thus the
return time o to zero has finite expectation. The aim of this section is to strengthen this
result by giving the asymptotic of the tail distribution of o. Precisely, we will show that

Proposition 3.1. For any initial starting point x > 1, there exists ¢ = c(x) > 0 such

that
c

P.{oc >n} ~

n—oo motl’

Notice that we do not allow the starting point = to be 0. In fact, this assumption could
be dropped but it would unnecessarily complicate the proof of the proposition which is
technical enough already. Yet, we have already mentioned that Z starting from 0 is
stochastically dominated by Z starting from 1, thus P{o > n} < Py{oc > n}. We also
have P{oc > n} > P{Z; = 1}P1{0 > n — 1}. Therefore, we deduce that

C1 Ca
na+l < P{g > n} < na+l

where ¢; and ¢y are two strictly positive constants. In particular, we obtain the following
corollary which will be sufficient for our needs.

Corollary 3.2. We have

<oo iff<a+l,
E[Uﬁ]{ =00 iffza+l. (3-1)

The method used in the proof of the proposition is classical and based on the study
of probability generating functions. Proposition B was first proved by Vatutin [I{]
who considered a branching process with exactly one emigrant at each generation. This
result was later generalized for branching processes with more than one emigrant by
Vinokurov [[J] and also by Kaverin [fJ]. However, in our setting, we deal with a branching
process with migration, that is, where both immigration and emigration are allowed.
More recently, Yanev and Yanev proved similar results for such a class of processes, under
the assumption that, either there is at most one emigrant per generation [[4] or that
immigration dominates emigration [LJ] (in our setting, this would correspond to the case
a <0).

For the process Z, the emigration component dominates the immigration component
and this leads to some additional technical difficulties. Although there is a vast literature
on the subject (see the authoritative survey of Vatutin and Zubkov [[[I]] for additional
references), we did not find a proof of Proposition BZ]] in our setting. We shall therefore
provide here a complete argument but we invite the reader to look in the references
mentioned above for additional details.

Recall the definition of the random variables A; and & defined in section . We
introduce, for s € [0, 1],

. 1

5(s) 2 (2 0)" Bl )
Hi(s) = (2—s)MIFE[sM-1] —E[s™] for 1<k<M—2.
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def

Let Fj(s) = Fo...o F(s) stand for the j-fold of F' (with the convention Fy = Id). We
also define by induction
{ %0(s) 21,

Yar1(8) Z 0(Fu(8))7n(5)-
We use the abbreviated notations F; = F;(0), v, = 7,(0). We start with a simple lemma.
Lemma 3.3. (a) F, =1— —5.
(b) Hig(1—s)=—H](1)s+ O(s*) when s — 0 for all1 <k < M —2.
(c) (1 —s)=1+as+ O(s?) when s — 0.
(d) Y ~oo c3n® with c3 > 0.

Proof. Assertion (a) is straightforward. According to (R.1]), the functions Hj are analytic
on (0,2) and (b) follows from a Taylor expansion near 1. Similarly, (c¢) follows from
a Taylor expansion near 1 of the function § combined with (B.3). Finally, 7, can be
expressed in the form

n—1 n

=TTy~ TT(1+2) e

=0 n—oo i1 ] n—oo

which yields (d). O

Let Z stand for the process Z absorbed at 0:

7~ def

Ly = Ly ﬂ{nginf(k‘, Z,=0)}

We also define, for > 1 and s € [0, 1],

To(s) = Y P{Z #0}s (3.2)
i=0
Gnals) & E,[s%,
and for 1 <k < M — 2,
Gea(s) £ P {Z = k}s'
i=0
Lemma 3.4. Forany 1 < k < M — 2, we have

(a) SUP;>1 Irz(1) < 00.

(b) forallz > 1, g, (1) < oco.



Proof. The value g, (1) represents the expected number of visits to site k before hitting
0 for the process Z starting from x. Thus, an easy application of the Markov property
yields

P.{Z visits k before 0} 1 -
00
P, {Z visits 0 before returning to k} Pk{Zl =0}

gk‘,m<1>

This proves (a). We now introduce the return times o}, = inf(n > 1, Z,, = k). In view of
the Markov property, we have

n=1

= gra(1) + ZPm{ak =1, 0, < J}Ek[z 1+n ]l{Z 7k}}
n=0

i=1

= gre(1) + Bl oy gni(1) + Pofon < o} B[ Sl ).

n=0

Since Z is a positive recurrent Markov process, we have E,[o41(s, <0}] < Elo] < oo.
Thus, it simply remains to show that Ek[zzo:o ”H{Zn:k}} < oo. Using the Markov

property, as above, but considering now the partial sums, we get, for any N > 1,

N—1
> i+ n)ﬂ{zn:k}]
n=0

N
n=1

E;

N N
Zn]l{Zn:k}] - ZPk{Ok = 'L.a o < O}Ek
n=1 i=1

< Ej [0k <o) gri(1) + Pr{oy < o} Ex

Since Py{o < o,,} > Pr{Z1 = 0} > 0, we deduce that

N
Ey. [0c10, <o} ] grk(1)
E 1,; i ’ <
F ;Tl {Zn=k} Pk{O' < O'k} e
and we conclude the proof letting N tend to +oo. Ol

Lemma 3.5. The function J, defined by (B.2) may be expressed in the form
Jo(s) = To(s +ZJ;” for s €[0,1),

where

)

of Domeg Vn(1 = (F)%)s" = act Iz (8) D peo Yndlk(Fr)s"
(s d:fZ”_Ofy< = and Jm:s:f : "_OOO
( ) (1 - S) Zn:O ,ynsn g ( ) (1 - S) Zn:O ’}/nSn

<




Proof. From the definition (B.3) of the branching process Z, we get, for n > 0,

Gni1.(8) = E, [E n[szl]]

— Px{Z =0} + iPl’{Z = k}E[s%] + i Px{Zn — k)E[s¢F-(M-DE[gAv-1]
= _M M N 7 _ STk
_< o )Px{zn_O} pr{z = KL + s D PelZo = HELS:

Since E[s¢] = F(s) and G,,(0) = P,{Z, = 0}, using the notation introduced in the
beginning of the section, the last equality may be rewritten

Gri1a(s) = 0(5)Gral(F(5)) + (1 — 6(3))Ga(0) — 2 P {Z, = k}H(s).

Iterating this equation then setting s = 0 and using the relation Go . (Fni1) = (Fug1)?,
we deduce that, for any n > 0,

n M-2 n
i=0 k=1 i=0

(3.3)
Notice also that P,{Z, # 0} = 1 — G,,,(0). In view of (B.3) and making use of the
relation (1 — 6(F;))yi = vi — Viv1, we find, for all n > 0 (with the convention Zo_l =0)

—

n—

Pm{Zn #0} = 71— (F)")+ (i — %’+1)Px{2n—14 # 0}

i

Il
o

M—-2n—1
+ 2 Y Pl Zuoioi = KyyHi(F).
k=1 i=0
Therefore, summing over n, for s < 1,
=> P {Z, #0}s"
n=0
= Z V(1 = (Fn)")s" + Z Z(% - %‘-H)Px{zn—i # 0}5n+1
n=0 n=0 i=0
M-2 oo n N
+ Z Px{Zn—z - k:}/YZHk(E) s
k=1 n=0 i=0
[%S) o0 M—2 [e%S)
= (= (F)")s" + 1o(5) D (= 1s)s™ ™+ Y grals) Y vnHi(Fn)s
n=0 n=0 k=1 n=0

We conclude the proof noticing that > °7 (v, — Ynt1)s" T = (s = 1) Y oy yms™ + 1. O

We can now give the proof of the proposition.
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Proof of Proposition [3.1. Recall that the parameter « is such that 0 < o < 1. We first
assume o < 1. Fix a > 1land 1 < k < M — 2. In view of Lemma and with the help
of an Abelian/Tauberian theorem (c.f. Chap VIII of [{]), we check that

r 1 - Hj(1)T
(1—s Z% ~ 82T (@+1) and ZvnHk(Fn)s" ~ BT e() (oz).

s—1- ]_ — S) s—1— (]_ — S)a
These two equivalences show that jm( 1) < limg - JM( ) is finite. More precisely, we

get

Tralt) = - 2=,

!
so that we may write

j;,:::(l) — jgc,m(‘s) — (gk,x<1) — gk,m<3)> j;c,m<5> + gk,x<1)§k<3) (34)

1—s 1—s Gea(s) (1 —=8)23 07 s

with the notation

=y de H
By(s) =

1)(3 - 1) nyns" — Z%Hk(F s
n=0 n=0

The first term on the r.h.s. of (B4) converges towards —g;.(1)H,(1)/a as s tends to 1
(this quantity is finite thanks to Lemma B.4). Making use of the relation 7,1 = §(F},)Vn,
we can also rewrite By, in the form

~ - Hj (1 Hj (1
By(s) = ;%1 { of )(1 —0(Fh1)) — 5(Fn1)Hk(Fn)} s — ]’;f ) — H(0).
With the help of Lemma B3, it is easily check that
Hj (1 1
. { Of )1 - 8(Fuy)) - 5(Fn_1)Hk(Fn)} -0 (nm) .
Since a < 1, we conclude that
By(1) = lir& By(s) is finite. (3.5)
We also have
al(a+1)
(1=s) nyn oo1- (1= s)o 1 (3:6)
Thus, combining (B.4), (B.3) and (@), as s — 17,
Jk,m(l) — Jk,m(s) _ gk,m(l)Bk(1)<1 _ S)afl + O((l _ S)afl)_ (37)

1—s  al(a+1)

We can deal with .J, in exactly the same way. We now find jm(l) = £ and setting
A def T
o | E(6(F ) = 1) — 8(F, 1—Fn$} L 3.8
Zm[ D)= 1) = 8(F)(1 = (F))] + = (3.8)
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we also find that, as s — 17,

LU= 0 By
1—s csl'(a+1)

(T—=s)*"+o((1—s)*"). (3.9)

Putting together (B.7) and (B.9) and using Lemma B.F, we obtain

- Co(l =) +o((1—9)*) (3.10)
with s
C, = m <§x(1) + ; gk,x(l)ék(1)> : (3.11)

Since x # 0, we have P,{Z, # 0} = P,{o > n} and, from the definition of .J,, we deduce

> ( > Po> k})s” _ Sl = ols) (3.12)

1—35
n=0 k=n+1

Combining (B.I0) and (B.12), we see that C,, > 0. Moreover, the use of two successive
Tauberian theorems yields

Px{a>n}:L+o( ! )

F(l _ a)naJrl natl

It remains to prove that C, # 0. To this end, we first notice that, for z,y > 0, we have
P,{Zy =z} >0 and

P{o>n}>P{Z =2}P,{c >n—1}.

Thus, C, > P,{Z; = x}C, so it suffices to show that C, is not zero for some z. In view
of (a) of Lemma B4, the quantity

M—-2

k=1

is bounded in z. Looking at the expression of C, given in (B.11), it just remains to prove
that B,(1) can be arbitrarily large. In view of (B.§), we can write

B.(1) = 2S(x) + g 1

where

(1 - (F.)")

But for each fixed n, the function

T — 5<anl)w

11



decreases to 0 as = tends to infinity, so the monotone convergence theorem yields

[e§) - o) 1
S(x) 1 Z”al(a(pn_l)—n ~ ey = oo,
T=00 =1 n=1

Thus, Ex(l) tends to infinity as x tends to infinity and the proof of the proposition for
a < 1 is complete. The case &« = 1 may be treated in a similar fashion (and it is even
easier to prove that the constant is not zero). We skip the details. O

Remark 3.6. The study of the tail distribution of the return time is the key to obtaining
conditional limit theorems for the branching process, see for instance [@, [, [13, [[{]. In-
deed, following Vatutin’s scheme [[Q] and using Proposition [B-], it can now be proved that
Zn/n conditioned on not hitting 0 before time n converges in law towards an exponential
distribution. Precisely, for each x =1,2,... and r € R,

Z
lim Px{—"gfra>n}:1—er.
n

It is to be noted that this result is exactly the same as that obtained for a classical critical
Galton-Watson process (i.e. when there is no migration). Although, in our setting, the
return time to zero has a finite expectation, which is not the case for the critical Galton-
Watson process, the behaviours of both processes conditionally on their non-extinction are
still quite similar.

4 Total progeny over an excursion

The aim of this section is to study the distribution of the total progeny of the branching
process Z over an excursion away from 0. We will constantly use the notation

defa+]-
UV =
2

In particular, v ranges through (%, 1]. The main result of this section is the key to the
proof of Theorem [[]] and states as follows.

Proposition 4.1. There exists a constant ¢ > 0 such that

o—1
c/x” if ae(0,1)
P{kz_ozk>x} m:oo{ clogz/x if a=1.

Let us first give an informal explanation for this polynomial decay with exponent v.
In view of Remark B.§, we can expect the shape of a large excursion away from zero
of the process Z to be quite similar to that of a Galton-Watson process. Indeed, if H
denotes the height of an excursion of Z (and o denotes the length of the excursion),
numerical simulations show that, just as in the case of a classical branching process
without migration, H ~ ¢ and the total progeny ZZ;& Z, is of the same order as Ho.
Since the decay of the tail distribution of ¢ is polynomial with exponent « + 1, the
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tail distribution of ZZ;& 7, should then decrease with exponent O‘T“
proposition tells us that the shape of an excursion is very ”squared”.

Although there is a vast literature on the subject of branching processes, it seems that
there has not been much attention given to the total progeny of the process. Moreover,
the classical machinery of generating functions and analytic methods, often used as a rule
in the study of branching processes seems, in our setting, inadequate for the study of the
total progeny.

The proof of Proposition [L.1] uses a somewhat different approach and is mainly based
on a martingale argument. The idea of the proof is fairly simple but, unfortunately, since
we are dealing with a discrete time model, a lot of additional technical difficulties appear
and the complete argument is quite lengthy. For the sake of clarity, we shall first provide
the skeleton of the proof of the proposition, while postponing the proof of the technical
estimates to section p.3.

Let us also note that, although we shall only study the particular branching process
associated with the cookie random walk, the method presented here could be used to deal
with a more general class of branching processes with migration.

We start with an easy lemma stating that P{Zz;é Zy, > x} cannot decrease much
faster than x%

In a way, this

Lemma 4.2. For any 0 > v, we have
o—1 3
(22)
k=0

Proof. When a = v = 1, the result is a direct consequence of Corollary 2.3 of section f.
We now assume « < 1. Hélder’s inequality gives

E

= OQ.

o—1 o—1
Z 79 < Ul—a(z Zn)a
n=0 n=0

Taking the expectation and applying again Holder’s inequality, we obtain, for € > 0 small
enough

o—1 q

o—1
> % (D Zn)™
n=0 n=0

with p = 2= and ag = 1;%:_‘/_5 Moreover, Corollary g states that E[Y 27—, Z2] = oo

and thanks to Corollary B.2, E[oc'T*~¢] < co. Therefore,

E S E[o_l—f—a—a]% E

I

o—1 o—1
E|() Z) =E | Z,)"| = oo
n=0 n=0
This result is valid for any & small enough and completes the proof of the lemma. O

Proof of Proposition [f.1. Let us first note that, in view of an Abelian/Tauberian theorem,
Proposition [L.1] is equivalent to

ayo-l cN if a € (0,1)
e AN 0%k |~ y L)
E |1 —ems= ]M+{ Chlogh ifa =1,
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where C' is a positive constant. We now construct a martingale in the following way. Let
K, denote the modified Bessel function of second kind with parameter v. For A > 0, we

define
or(z) = (Vz)'K,(VAz), for x> 0. (4.1)

We shall give some important properties of ¢y in section [p.J]. For the time being, we
simply recall that ¢, is an analytic, positive, decreasing function on (0, 00) such that ¢,
and ¢) are continuous at 0 with

x(0) =2""'T(v) and ¢4(0) = 0. (4.2)
Our main interest in ¢, is that it satisfies the following differential equation, for z > 0:

—Ara(x) — adh(2) + ) (x) = 0. (4.3)

def

Now let (F,,n > 0) denote the natural filtration of the branching process Z i.e. F, =
0(Z,0 < k <n) and define, for n > 0 and A > 0,

W & 3 (Zn)e P k=0 7 (4.4)

Setting o
p(n) = E[W, — Wy | Fol, (4.5)

it is clear that the process
n—1

Y, S W, + ) (k)
k=0

is an F-martingale. Furthermore, this martingale has bounded increments since
Vo1 = Yol < Wi — Wil + [u(n)] < 4f|da|[co-

Therefore, the use of the optional sampling theorem is legitimate with any stopping time
with finite mean. In particular, applying the optional sampling theorem with the first
return time to 0, we get

o—1

oA (0)E[e X0 %] = 6,(0) — E[Y_ u(k)],

E[l —e X% = ——_F k). 4.6

1 | = g B #(h) (1.6)
The proof of Proposition .1 now relies on a careful study of the expectation of Zz;é (k).
To this end, we shall decompose p into several terms using a Taylor expansion of ¢,. We
first need the following lemma:

14



Lemma 4.3.

(a) There exists a function f; with fi(x) =0 for all x > M — 1 such that
E[Zni1— Zu | Fol = —a+ fi(Zn).
(b) There exists a function fo with fo(x) = fo(M — 1) for all x > M — 1 such that
E((Zny1 — Zn)* | Fol = 220 + 2f2(Zn).
(c) Forp e N*, there exists a constant D, such that
E[|Zni1 = Zul? | Fo] < Dy(Z57 + Nyz,-0})-

Proof. Assertion (a) is just a rewriting of equation (B.4). Recall the notations introduced
in section . Recall in particular that E[Ay_;] = M — 1 — a. Thus, for j > M — 1, we
have

E[(Zny1 — Zo)? | Zo=7) = E[(Auoa+ &+ +& mm—4)]
j—M+1 9
= B[(a+(Au 1 —BlAv )+ Y (& -Ela)) |

= o+ Var(Ay 1)+ (j — M +1)Var(§)
= 27, +a*+ Var(Ay_1) —2(M —1).

This proves (b). When p is an even integer, we have E[|Z, 1 — Z,|P | F.] = E[(Z,41 —
Zn)P | Fu] and assertion (c) can be proved by developing (Z,1 — Z,)" in the same manner
as for (b). Finally, when p is an odd integer, Holder’s inequality gives

B[ Zni1 — Zal" | Zn = > 0| S E[|Zup1 — Zol"™ | Zy = j > 0)51 < DI 73,
O

Continuation of the proof of Proposition [[.]. For n € [1,0 — 2|, the random variables 7,
and 7, are both non zero and, since ¢, is infinitely differentiable on (0, c0), a Taylor
expansion yields

1
¢A<Zn+1> = (b)\(Zn) + ¢I>\<Zn)(Zn+1 - Zn) + §¢I>(<Zn)(zn+1 - Zn>2 + 9117 (4-7)
where 6,, is given by Taylor’s integral remainder formula
1
O = (Zuir — Zn)Q/ (1 = )(0X(Zn + H(Zns1 — Zn)) — X(Zn))dL. (4.8)
0

When n = o — 1, this result is a prior: incorrect because then Z,,; = 0. However,
according to ({.9) and ([£.3), the functions ¢, (), ¢} (¢) and t¢5(t) have finite limits as ¢
tends to 07, thus equation ([.7) still holds when n = o — 1. Therefore, for n € [1,0 — 1],

E[e*"¢x(Zn) = or(Znia) | Fu] =
(= 1000 20) = 4 2 Bl = o | ] = AL Zuis = ) | o] B | )

15



In view of (a) and (b) of Lemma .3 and recalling the differential equation (f.J) satisfied
by ¢», the r.h.s. of the previous equality may be rewritten

(" =1 = XZ,)0A(Z0) — O\(Zn) [1(Zn) = $3(Zn) fo Z0) — Elf | Fo.
On the other hand, in view of () and ([, we have
p(n) = e =0 AB[AN$\(Z,) — ¢ (Zns1) | Ful- (4.9)
Thus, for each n € [1, 0 — 1], we may decompose p(n) in the form
pi(n) = p(n) + pa(n) + ps(n) + pa(n), (4.10)
where
(n) = ez (M1 —\Z,)px(Z)
pa(n) = —e Xkl (Z,) f1(Z)
(n)
(n)

B AR 2 (20) fo(Z)
def AT oo ZkE[Qn | Ful.

In particular, we can rewrite (f.f]) in the form (we have to treat p(0) separately since
([{.9) does not hold for n = 0)

B[l e ST 4 — %r(y) (E [1(0)] + ZE[iM(n)D . (4.11)

We now state the main estimates:

Lemma 4.4. There exist € > 0 and eight finite constants (C;, Cl,i = 0,2,3,4) such that,
as \ tends to 0T,

(a) Blu(O)] = { Cotog s Ofp+ o) faciy
(b) E[Y2721 m(n)] = o(A) for a e (0,1],
(c) B[00 ma(n)] = { giikfg i(izg)x +o(\) Z . i(10 E
(d) E X2 ps(n)] = { giikjg i(i;?,)A +o(\) Z Zigo E
@ B[Sz ={ G Facy

Let us for the time being postpone the long and technical proof of these estimates
until section p.4 and complete the proof of Proposition .. In view of ([.11]), using the
previous lemma, we deduce that there exist some constants C', C’ such that

et CN + o(AV+) ifae(0,1)
o AY 770 Zk — s+ )
B[l 2] { CAlog A+ C'A+ o)) ifa=1. (4.12)
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with

217VF(1/)71(CQ -+ CQ + 03) when o = 1.

It simply remains to check that the constant C' is not zero. Indeed, suppose that C' = 0.
We first assume a = 1. Then, from (fI7),

o { 27T ()Y (Co + Cy + C5+ Cy)  when a < 1,

E [1 e Zk] = '\ + o(N)

which implies E[3.7_, Zi] < oo and contradicts Corollary B-3. Similarly, when a € (0, 1)
and C' = 0, we get from ([L13),

E [1 — i Z’“] = o(\"9).

This implies, for any 0 < ¢’ < ¢, that

o—

(Z Zn)u—I—a’

E

< o0

1
n=0
which contradicts Lemma [I.3. Therefore, C' cannot be zero and the proposition is proved.
O

5 Technical estimates

5.1 Some properties of modified Bessel functions

We now recall some properties of modified Bessel functions. All the results cited here may
be found in [ (section 9.6) or [§] (section 5.7). For n € R, the modified Bessel function
of the first kind 7, is defined by

aer [T\ o (:E/Q)zk
Iy(x) = <§> Z Fk+1)I'(k+1+n)

k=0

and the modified Bessel function of the second kind K, is given by the formula

T) = 2 sinmn
() lim,/ ., K,y (z) forn e Z.

" @{EM forn e R —Z,
We are particularly interested in
Fy(z) = 2"K,(z) for > 0.
Thus, the function ¢, defined in ([.1)) may be expressed in the form

ox(z) = F,(VAx). (5.1)

Fact 5.1. For n > 0, the function F, is analytic, positive and strictly decreasing on
(0,00). Moreover

17



1. Behaviour at Q:

(a) If n >0, the function F, is defined by continuity at 0 with F,(0) = 2"'T'(n).
(b) If n =0, then Fy(x) = —logz +1log2 — v+ o(1) as © — 07 where v denotes

Euler’s constant.
|
F, ~ —e T,
n(x) Tr— 00 2,]76

In particular, for every n > 0, there exists ¢, € R such that, for all x > 0,

2. Behaviour at infinity:

Fy(x) <c,e™. (5.2)

3. Formula for the derivative:

Fl(x) = =" Fy_p (). (5.3)
In particular, F, solves the differential equation

cF)(x) — (2n = 1)F)(z) — 2 F,(x) = 0.

Concerning the function ¢, in view of (B.1]), we deduce

Fact 5.2. For each A > 0, the function ¢ is analytic, positive and strictly decreasing on
(0,00). Moreover

(a) ¢y is continuous and differentiable at 0 with ¢5(0) = 2"7'T'(v) and ¢,(0) = 0.

(b) For xz > 0, we have

o\(zr) = —)\”xo‘Fl_y(\/Xx),
“x) = AF,(VAz) —aXaz 'Fi_, (V).

In particular, ¢ solves the differential equation

—Azgx(z) — ad)(z) + z¢X(x) = 0.

5.2 Proof of Lemma g4

The proof of Lemma [ is long and tedious but requires only elementary methods. We
shall treat, in separate subsections the assertions (a) - (e) when o < 1. We explain, in a
last subsection, how to deal with the case oo = 1.

We will use the following result extensively throughout the proof of Lemma [£.4.

Lemma 5.3. There exists € > 0 such that

E [0(1 — e i Zk)] =0(\°) asA—0".
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Proof. Let 3 < a < 1, the function  — 27 is concave, thus
o—1 o—1
Q2| <B|1D %
k=0 k=0

where we used Corollary R.3 to conclude on the finiteness of ¢;. From Markov’s inequality,
we deduce that P {Zz;é Zy > ZE} < ;—}, for all x > 0. Therefore,

def
=C < oo,

E <E

o—1
E [1 . 6—)\2;;32/&} < (1 _ e—MC) +P{ ZZk > :L‘} < AT+ C—Ilg
T
k=0

Choosing x = A\~ 71 and setting ' = ﬁip we deduce

E[1- e Z0 %] < (14 )0
According to Corollary B4, for § < a, we have E[o'"?] < oo, so Holder’s inequality gives

_o
E |o(1— e E04)| < BB |(1- e B 4) 5|

|-
>

B8
S 02)\1+67

< El[o"") i E [1 PSS oy Zk] o+
which completes the proof of the lemma. O

5.2.1 Proof of (a) of Lemma @.4 when o < 1
Using the expression of p(0) given by (f.9) and the relation (b.3) between of F/, and Fy_,,

we have
VAZ1 A
-E / Fl(x)dz| = \E [/ Y F_,(Vy)dy | .
0 0

Thus, using the dominated convergence theorem,

E[11(0)] = E[F,(0) — F,(V\Z,)] =

lim — B[u(0)] = E E (0)d —F1*”<0)E[Zl+”‘]d—efc < 00
"o T 0 e I R . '

Furthermore, using again (5.3), we get

iE[M(O)]—CO‘ - E [/Zly (F1 L (0) — P u(\/Xy)) dy}

)\1/
Al Vy
/ / x)dxdy

Wl [ ydy}_%m

Eu(0)] = CoA” + O(A)

IN

Therefore, we obtain

which proves (a) of Lemma [.4.
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5.2.2 Proof of (b) of Lemma .4 when o < 1
Recall that

pi(n) = e N Ei=0Zk (M — 1 — NZ)Vdx(Z,) = e Lm0 Pk (M — 1 — \Z,)F,(V)Z,).
Thus, p1(n) is almost surely positive and
pi(n) < (1 —e M — XZ,e M) F,(VAZy).

Moreover, for any y > 0, we have 1 — e ¥ — ye ¥ < min(1, y?), thus

IA

,ul(n) (1 _ oM _ )\Zne—AZn)Fy(\/XZn) (H{Z >—2\1/0ng} + ]I{an—z\l/%g,\})

< F(VAZ)l, sz + 1EocA*Z2 0, <=2

< F(=2logA) + |[F [N 220, <=2y,

where we used the fact that F), is decreasing for the last inequality. In view of (£.2), we
also have F,(—2log \) < ¢,A\? and therefore

o—1

ZW] < No,Blo] + V||l E

n=1

E

Z T, zlogA}] . (5.4)

On the one hand, according to (), we have

Z 2y, o)

On the other hand, Proposition states that P(Z > x) ~ l% as = tends to infinity,
thus

—E [22 I, . _Q%A}] E[o]. (5.5)

xQ—a

E [Zgo]l{Zooﬁx}} x;voo QZI{JP(ZOO > ]{;) ~ 2C

z—00 2 — (v

This estimate and (p.5) yield

\E

o—1
> Z,%]l{zns_z&%gx}] . csAI 2| log A2 (5.6)
n=1

Combining (p-4) and (p.0), we finally obtain

Zm ]zo ),

which proves (b) of Lemma [.4.
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5.2.3 Proof of (c) of Lemma .4 when o < 1
Recall that

pa(n) = —e R0 ) (Z,) fi(Z0) = N ZSF W (VAZy) fi(Z)e Eim0

Since fi(z) =0 for x > M — 1 (c.f. Lemma [L.3), the quantity |uz(n)|/A\ is smaller than
M| fillool| Fi—v||so- Thus, using the dominated convergence theorem, we get

o—1 o—1
. 1 o def
lim =R Zluz(n) —E Zl ZOF_,(0)f1(Zn) | € Cy € R.
It remains to prove that, for € > 0 small enough, as A — 0
1 o—1
E [; ps(n)| — 02) = o(\). (5.7)

We can rewrite the Lh.s. of (£.7) in the form

o—1

> Zi [ Za)(F1-(0) = Fioy(VAZ))

n=1

}E

+E

o—1

Z Zﬁf1<Zn)F17u<\/XZn)(1 - 67)\2?:0 Zk)] ’ (58)
n=1

On the one hand, the first term is bounded by

VAM
B < M°||fi|l~E] / FL(@)|de
0

S ZA(ZI(F0) ~ Fio(VAZ,)

VAM

< M AllEWIFllx / Py
0

S 04)\1_V7

where we used formula (B.3) for the expression of F]_, for the second inequality. On the
other hand the second term of (5-§) is bounded by

E

o—1
szmzn)mumzn)(l—e*zﬁ—o%)] < M| fulloo| | Fi || Blor (1 —e A ZE50 2]
n=1

S 05)\5

where we used Lemma p.J for the last inequality. Putting the pieces together, we conclude
that (p.7) holds for e > 0 small enough.

21



5.2.4 Proof of (d) of Lemma .4 when o < 1
Recall that

pa(n) = —e Aol (Z,) f5(Z,)
— e fy(Z,) (AFV(\/XZ,L)+a)\”ZfL“1F1_,,(\/XZn)>.

Note that, since v < 1, we have Z2~! < 1 when Z, # 0. The quantities fo(Z,), F,(vVAZ,)
and Fy_,(v/AZ,)) are also bounded, so we check, using the dominated convergence theo-
rem, that

o—1
_ a—1 def
lmy Zug ]——aE DL B Of(Z)| £ C € R
Furthermore we have
1 o—1 o—1
o [Zm,m) Gy = —NTE | Y e T (7)) R (VAZ,) 59)
n=1 n=1
fo—1
YaE | S 2o (2, (Fl_V(O) —Fl_y(ﬁzn))
_n:l

-1
+aE ZZQ lfg F1 V(\/7Z ) (1—6)‘22—0Zk)] .

The first term is clearly bounded by cgA'™. We turn our attention to the second term.

In view of (B.3), we have

Fu(0) — Py (V3Z,) — /ﬁanl_gyFy(x)dx Bl y1s o Bl y1ov e
0 2—-2v 11—«
where we used 2 — 2v = 1 — « for the last equality. Therefore,
o—1 o—1
’E Z Zy " o Zn) (FLo(0) — Fku(\/XZn)) ’ < —||Fu|1|oi||an||oo)\1,,E 1]
n=1 n—1
< IRellfallEl] 0

1l -«

As for the third term of (5.9), with the help of Lemma [.3, we find

Putting the pieces together, we conclude that

E 2 ws(n)

IA

1ol ol i | ] B (1 — e X0 2)

C7>\€.

ZZ‘“ ol Z) P (VAZ,) (1 —e‘Azz‘OZ’“)h

IA

= O3\ + o(A"F*).
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5.2.5 Proof of (e) of Lemma .4 when o < 1

Recall that
pia(n) = —e A Ei0 ZvE[G,, | F. (5.10)

This term is clearly the most difficult to deal with. We first need the next lemma stating
that Z, 1 cannot be too "far” from Z,,.

Lemma 5.4. There exist two constants Ky, Ko > 0 such that for alln > 0,
(a) P(Zn+1 S %Zn | fn) S K167K2zn7
(b) P(Zpy1 > 27, | Fp) < Ko K22n,

Proof. This lemma follows from large deviation estimates. Indeed, with the notation of
section P, in view of Cramer’s theorem, we have, for any j > M — 1,

1 , ‘
P{Zn+1 < §Zn | Z :j} = P{AM—l +&6+ .+ < %}

< P{fl +. o+ < %} < Kle_KQj,

where we used the fact that (&) is a sequence of i.i.d geometric random variables with
mean 1. Similarly, recalling that Ay, _; admits exponential moments of order § < 2, we
also deduce, for j > M — 1, with possibly extended values of K; and K», that

P{Zui1 222, |20 = j} = P{Au 1+ &+ + & 2 2}
| N |
< P{AMA > %} +P{fl +.o &M 2 7]} < Kie ',
O

Throughout this section, we use the notation, for ¢ € [0,1] and n € N,

def

Voir = Zn +t(Zps1 — Z,).

In particular V,,; € [Z,, Z,11] (with the convention that for a > b, [a,b] means [b, a]).
With this notation, we can rewrite the expression of 6,, given in (f.§) in the form

b= G = 200 [ (1= 0 (64000) — 4020 .

Therefore, using the expression of ¢} and ¢} stated in Fact (5.9), we get

E[0, | F.] = /01(1 —)(LX(t) + I2(t))dt, (5.11)

() = XE[(Zun — ZP (FAVAVa) = B(VAZ)) | 7.
() & —aNE [(Zn+1 — 7)) (Vn‘fglFl_V(\/va) . Zf;—lFl_y(\/XZn)) ‘]—“n] .
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Recall that we want to estimate

o—1 o—1 1
E) pn)| =E|Y e Xio? /0 (1—t)1;(t)dt]
n=1 n=1

We deal with each term separately.

Dealing with I': We prove that the contribution of this term is negligible, i.e.

o—1

Zeﬂz::ozk /1(1 — t)[,i(t)dt] ) < cg\TE. (5.12)

= O

n=1
To this end, we first notice that

IINt)| < A E {|Zn+1 —Z,*  max \FL(\/X:L’H ‘fn}

TE[Zn,Zn+1)

— \E [|Zn+1 — Z,> max (VAx)*F_,(V\x) ‘ fn}

TE[Zn,Zn+1)

< ¢ \E [\ZnH—ZnP max (\/X:c)ae"/Xm

IG[Zn,Zn+1]

]—"n] : (5.13)

where we used (B.3) to find ¢;_, such that Fi_,(z) < ¢, *. We now split (B.13)
according to whether

1 1
(a) §Z" < Zpi1<2Z, or (b)Z,11< §Zn or Zpi1 > 27,.

One the one hand, Lemma [. states that

E(|Zus1 — Zu|? | Fu] < D,Z2  forall p€ N and Z, # 0.

Hence, for 1 <n <o —1, we get

E (|Zu1 — Z,]>  max (\/Xfﬁ)aefﬁx]l{%zngzmgzzn} ‘ fn]

TE[Zn,Zn+1)

<E

| Zni1 — Zn®> max (\/Xx)ae’ﬁx]l{%zngznﬂgzn} ’ fn]

$€[%Zn72zn]

<E [|Zn+1 — ZoPP(2VZ,) e 2 VA%

7|
g 1 (5.14)
< ché (VAZ,)"e 2V n

< N2, (VAZ,) e

3a—6 12

3
<cpA 8 2yt
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where we used the fact that the function 2 e~ % is bounded on R, for the last inequality.

On the other hand,

xe[vazn‘Fl}

<E {‘ZnJrl - Zn|3 rilgé((\/xsb’)aeiﬁmﬂ{zmmézn OF Zpy1>272} ’ fn}

N[

1
< CHE [‘ZnJrl — Zn|6 ‘ fn} 1/2P {ZnJrl < §Zn or ZnJrl > QZn fn} (515)

o2

3
< cppie 2 O
< C13.

Combining (B.13), (b.14) and (p-173), we get

|‘[71L(t)| S Cl—llclg>\g +Cl—yclo)\ 8 Zn4 S 014)\V+27Tazn .

And therefore

o—1 1 . o—1 30
’E Ze—Azk_oZk/o (1—t)]}L(t)dt] )SCMWTE >zt
n=1 n=1

3a
Corollary B3 states that E[> 7"} Z,* | is finite so the proof of (5-12) is complete.

Dealing with 7%: It remains to prove that

o—1 1
By i <1—t>f,z<t>dt] = O+ o). (510
n=1 0

To this end, we write
I2(t) = —aX (J3(1) + J2(0) + J2(0), (5.17)
with
RO E|(Zun = Z)M R (VAV) = P (VAZ) 207 | Rl
B0 B |(Zu = Za2 (Vi = 22 (R (VA = B (0)) | B
B RO [(Ze - Z22 Ve - 207 | ).

Again, we shall study each term separately. In view of (b.I4) and (p.I7), the proof of
(e) of Lemma [l.4, when o < 1, will finally be complete once we established the following
three estimates:

[o—1

E|) e tkiz® /01(1—t)J;(t)dt = O\, (5.18)

Ln=1

fo—1 1
E |3 e Tha / (1—0)2()dt| = o(x), (5.19)
Ln=1 0

E oze—AZZ—oZk /01(1—t)Jf;(t)dt = C+o()). (5.20)

Ln=1
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Proof of (5.1§): Using a technique similar to that used for I', we split J* into three
different terms according to whether

1 1
(a) §Zn S Zn+1 (b) 1 S Zn+1 < §Zn (C) Zn+1 = 0.
For the first case (a), we write, for 1 <n < o — 1, recalling that V,,; € [Z,, Z,11],

‘E [(Zn+1 - ) (Fl u(\/XVn,t) - F171/<\/XZn>) Zsil]l{%ZnSZn_H} ‘ fn}

VB[ Zun - 2227 max (V)| | 7|

NE (| Zo1 — Zuf* | ] 2271 max ((\/Xx)*aFy(\/Xx))

x —Zn
< eisA2E (| Zns1 — Z,* | Fu) 2271 max <(\/X:U)_O‘e_ﬁx>
e>17,
) 1 ) (5.21)
= sV E | 2o — Z) | Fo Zgl(é\/x)faeﬁﬁzn
S clﬁZE)\l_Tae_%ﬁZ”
— AT 22 ((\/_Z )2t em fzn)
< C17)\1TTaZn%,
where we used Lemma (.3 to get an upper bound for the conditional expectation.
For the second case (b), keeping in mind Lemma p.4), we get
E[(Zn+1 - Zn)2 (Fl—u(\/xvn,t) - Fl—u(\/XZn)) Zg_lﬂ{1§2n+1<%Zn} ’ fni|
< WME || Zni = Zu 25 Ve ez | o max (VAR) oY)
S Clg)\%E |:Z3+2]1{1§Zn+1<%zn} | Fn] )\_%
1
< N T 2P < 570 | Fi} (5-22)

< Cngl)\ E Z,OLH_QG_KQZ"

1-a
< o0\ 2 .

For the last case (c), we note that when Z,, = 0, then V,,; = (1 — t)Z,,, therefore

B[(Zur — 20 (Fo(VAVi) = B (VAZ0) 28 iz, 10 ] 7|

= Z3(F(VAZa(1 = 1)) = Fr oy (VAZ,)) 22 P{ 20 = 0| o}

< CQIA%ZELJF%*K?Z" max  (VAz)™®
2€[Zn(1-t),Zn] (5.23)
< enXF(1 - R

< 622)\%(1 — t)ia.
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Combining (B.21)), (.29) and (p.23), we deduce that, for 1 <n <o — 1,
1 (o7
/ (1= )T ()|dt < cosA T 2,2 |
0

Moreover, according to Corollary .3, we have E [ZZ: 72 } < 00, therefore

o—1 1 =
’E ZeAZk_oZk/O (1 —1)JL(t)dt ’SE Z 0
— n=1

/1<1 _ t)u,{(t)\dt] <o (5.24)

which yields (p-18).

Proof of (B.19): We write

Ji(t) = E[Rn(t) | }—n]
with
R(t) & (Zay — Z0)2 (Vo' — 2971 (Fl,,,(\/XVn,t) - FH<0)) .

Again, we split the expression of J? according to four cases:

Tat) = E[Ri(t)iz,.—0 | Ful + B[Ra() 1z, , <1z, | Fal
+E[Ry ()15, <z,,,<02,) | Ful + E[R.(O) Nz, 1522, | o] (5.25)
We do not detail the cases 7,1 =0and 1 < 7,11 < %Zn which may be treated by the
same method used in (B.23) and (§.23) and yields similar bounds which do not depend
on Z,:
E[R,()z—0) | Ful < e 2 (1—1)7°

In particular, the combination of these two estimates gives:

o—1

1
E Ze”‘zz:o Zk/o (1- t)E[Rn<t)]l{Zn+1<%”} | f”]dt]

<A (5.26)

n=1

In order to deal with the third term on the r.h.s. of (5.29), we write

|E[Rn<t)ﬂ{%zngzn+1g22n} | fn”
= [E[(Zun = 222 = Zo ) F o (VWVa) = FislO) Ny 200222 |

< cnE

2V \Zn,
| Zn1 — Znl? max z? / [F{_(y)|dy } Fn]
x> 0

2V \Zp
< cwE [|Zn1 — Zo* | F max :EO‘_Q/ Y~ “dy
0

zn
x>

1-a 1
SCgQ)\ 2 732,
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According to Corollary P.3, when % < a <1, we have E [Zz;i Z}/Q] < 00. In this case,
we get

o—1

1
D e i Z’“/O (1 = B[Ry ()1 5,<7,,1<02,} | f"]dt]

n=1

E <ephz. (527

. 2—3« .
When 0 < a < %, the function ™2 e~ is bounded on R, so

€>\Zn/0 (1 - t)‘E[Rn(t)]l{%ZnSZn_ngzn} ‘ fn”dt < eyt 2yt ()‘Zn)Q 3 v
o 3
< cpAT 2t

Therefore, when a < %, the estimate (.27) still holds by changing A2 to AT, Hence,
for every a € (0, 1), we can find € > 0 such that

o—1

1
Z e k=0 2k /0 (1- t)E[Rn(t)ﬂ{%ZnsZnHSZZn} | f"]dt]

n=1

E S 033)\6. (528)

We now give the upper bound for the last term on the r.h.s. of (5.25). We have

E[Rn(t)ll{zn+1zzzn} ‘ 7 "} - E[R"@)ﬂ{wnszmsxi} ‘ f”}

+E |:Rn<t) H{Zn+1>maX()\_%72Z”)} ’ fn] .

On the one hand, when Z, # 0 and Z,; # 0, we have |V,*;' — Z27!| < 2 thus, for
1<n<o—1,

’E [Rn(t)n

%

1
{2Zn§Zn+1 SAiZ}

= ’E [(Zn+1 — Z,)? (V,ff[l - Zﬁé—l) (Fl—u(\/xvn,t) - Fl—u(0)> 1

(220 <Zns1 <A1} ’ 7 "}

| Fa)

1
{2Zn<Zn+1<A\7 4}

\/XZn-l»l
<2E [(Zn+1 — Z,)? / v *F,(x)dz1
0

A4
S 034E [(Zn+1 - Zn)Q/ $_ad$]1{zn+l>2zn} | Fni|
0
< C35>\1_TQE[(Zn+1 - Zn)Z]l{Zn+1>2Zn} | }—n}

1 1
< c35x*T“E[(ZnH 7)) fn} 213{Zn+1 > 27, | fn}2

11—«
< g T,
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where we used Lemma [1.J and Lemma p.4 for the last inequality. On the other hand,
E[R"(t)ﬂ{zmomax(x%,2Zn>} ) 7 "]

= ‘E [(Zn+1 — Z)2 (Ve — 28 (Fim (VIAV,,) — Fi_,(0))1 fn]

1
{Zn+1>max(A\™4,2Z,)} ‘

< 2| F B | (Zugs — Z0)? NE:

{Zn+1>max()\_% 272
3 1 1
< B [(Z,H1 — Z) Mz, 502 | J—“n] P{Zy > AT | F)
S 038Zne_%Z”P{Zn+1 > )\_% | an}%
< oy Zne” PIE[Zy 41 | FalINS
1
< 395,

These two bounds yield

o—1

1
Z e A Li=o Zk/o (1- t)E[Rn(t)]l{%ZnSZn+1>ZZn} | f"]dt]

n=1

E < e\’ (5.29)

with 3 = min(45%, 1). Combining (5:28), (£:28) and (529), we finally obtain (5-19).
Proof of (b.20): Recall that

Tat) = Ry [(Zon = Zo)* (Vi ' = 207 | Fal

In particular, J3(¢) does not depend on A\. We want to show that there exist C' € R and
¢ > 0 such that

E UZieAZZ—oZk /01(1 — t)Jz(t)dt] = C + o(X9). (5.30)

We must first check that

E

i/o (1_t)u,3(t)\dt] < 0.

This may be done, using the same method as before by distinguishing three cases:
1 1
(a) Zn+1 > §Zn (b) 1< ZnJrl < éZn (C) ZnJrl =0.

Since the arguments are very similar to those provided above, we feel free to skip the
details. We find, for 1 <n <o —1,

1 B o
/ (]_ - t)|J2(t)|dt S C41Zf:7§ + Cy9 S C43Zn2 .
0

Since E [ZZ: ZT;% ] < o0, with the help of the dominated convergence theorem, we get

o—1 1 o—1 1
lim E e—AEZ—oZk/ 1—8)J2(t)dt| = E / 1—8)J2dt| £ C eR.
lim ; 0( ) () ;0( ) (t)
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Furthermore we have

o—1 1 o—1 1
E Ze—kiﬁ—ozk/u—t)ﬁ(t)dt —C|=|E|Y (1—e?Zi oZk)/(1 )J2( )dt]
n=1 0 n=1 0
) o—1 7
< C43E (1—6 Azk OZk)ZZE
n=1 i
And using Holder’s inequality, we get
1 1 [ 1 1 A 2_
E [(1—e*Xi=o Z‘“)ZZE < E|(1—exi=0 Z’“)aﬁ(z Zn' )3
n=1 L n=1 _

< B0 s e[S 2
B n=1

< cuBE [(1_6 ALi=o IZk)U]g

< gt

where we used Lemma for the last inequality. This yields (B.20) and completes, at
last, the proof of (e) of Lemma [[.4 when « € (0, 1).

5.2.6 Proof of Lemma [{.4 when o =1

The proof of the lemma when o = 1 is quite similar to the one for a < 1. Giving a
complete proof would be quite lengthy and redundant. We shall therefore provide only
the arguments which differ from the case a < 1.

For a = 1, the main difference from the previous case comes from the fact that the
function F}_, = F{ is not bounded near 0 anymore, a property that was extensively used
in the course of the proof when o < 1. To overcome this new difficulty, we introduce the
function G defined by

G(x) = Fy(z) + Fy(x)log for x > 0. (5.31)

Using the properties of Fj and Fj stated in section p.]], we easily check that the function
G satisfies

(1) G(0) = lim,_g+ G(x) = log(2) — v (where v denotes Euler’s constant).
(2) There exists ¢g > 0 such that G(z) < cge™® for all z > 0.

(3) G'(x) = —xFy(z)logx, so G'(0) = 0.

(4) There exists cer > 0 such that |G'(2)| < cqry/ze/? for all x > 0.

Thus, each time we encounter Fy(z) in the study of ug(n), we will write G(z) — Fy(x) log x
instead. Let us also notice that F} and FY are also bounded on [0, 00).

We now point out, for each assertion (a) - (e) of Lemma [f.4, the modification required
to handle the case a = 1.

30



Assertion (a): E[u(0)] = CoAlog A + CHA + o(\)
As in section [.2.1], we have

E[(0)] = AE /O B :cFo(\/X:c)d:c]
= A\E /0 8 xG(ﬁx)dx] —\E { /0 - Fy (V) 1og(\/Xx)dx]

— \E /O ( (V) — (\/Xx)logx) daz} ——)\log)\E UOZ :cFl(\/X:c)d:c}

and by dominated convergence,

lim E UOZ ( (VAz) — Fy(VAz) 10g:1:> daz} —E [/OZIx<G(0) ~ F(0) logx)d:c] .

A—0

Furthermore, using the fact that FY is bounded, we get

E UZ xFl(\/Xx)dx} = F12(0)E[Zl2] + OV

0

so that
E[1(0)] = Corlog A + CyA + o(N).

Assertion (b): E[>7_1 1u1(n)] = o(\)

This result is the same as when a < 1, the only difference being that now

C1
P{Z.>a} ~ 2%

T—00 €T

Thus, equality (p.g) becomes

\E

Z n {Z <= 210g)\ ] )\;\zﬁ 046)\%|10g)\|2

and the same upper bound holds.

Assertion (c): E[>.7_1 pa(n)] = Colog A + Ch\ + o))

Using the definition of G, we now have
po(n) = MNZ.Fo(VAZ,) fi(Z,)e =iz 7
n 1
= AL (2T (GVAZ) — B(VAZ) 6(Z) ~ g AR(VAZ)

Since fi(x) is equal to 0 for x > M — 1, we get the following (finite) limit

lim E i Znfi(Zn)e A 2k=0Ze(G(VAZ,) — FL(VAZ,) log(Z,))

A—0

Zznfl G(0) ~ F(0) log(Z,))]
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Using the same idea as in (p.§), using also Lemma and the fact that F] is bounded,
we deduce that

E 02_: Zof1(Z,)e M k=0 P (VAZ,)) | = E + 0(X%)

S 2 Z0)F0)

which completes the proof of the assertion.

Assertion (d): E[>27_1 jus(n)] = Cs\log A + C4A + o())

n=

We do not detail the proof of this assertion since it is very similar to the proof of (c).

Assertion (e): E[>27_1 juu(n)] = C4\ + o(\)

n=

It is worth noticing that, when v = 1, the contribution of this term is negligible compared
to (a) (¢) (d) and does not affect the value of the constant in Proposition [L.1]. This differs
from the case o < 1. Recall that

pa(n) = —e A0 BE[D, | F,

where 6, is given by ([.§). Recall also the notation V;, &7+ t(Zps1 — Zp). Just as in

(ET), we wite 1
B6 | )= [ (1030 + 20t
with O
INt) = B [(Zu — 22 (R(VAV,) - F(VAZ) | 7
(1) 2 XE|(Zua = 20 (Fo(VAVag) = Fo(VAZ))) | Fal .

It is clear that inequality (5.13) still holds i.e.
IIN(t)] < A2E [\Znﬂ — Z,) max  VAzFy(VAz) } fn} :
:BE[Zn,Zn+1}
In view of the relation

Fy(Vax) = G(VAz) — Fi(VAx)loga — %F1<\/XSL’) log A,

and with similar techniques to those used in the case a < 1, we can prove that

@

1
0

o—1
D e Ekeo s / (1—t)1;(t)dt] \ < crh¥[log A| = o(N). (5.32)
n=1

It remains to estimate I2(¢) which we now decompose into four terms:

LH(t) = =A(J, (1) + Jo(t) + J3(1) + o (1)),
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with
B0 Z E|(Zun - Z)HCWVAVL) — GVAZ) | F|

B = S 1om AR [(Zun — Zu(R(VAVL) ~ Fi(VAZ) | 7]
J) B [(Zors - Z0) log Zu(R(VAV,,)) — Fi(VAZ,) | 7
T —E|(Zu — Z0) (10 Vi — 10g(Z,)) Fi(VAV) | o

We can obtain an upper bound of order A° for J!(t) by considering again three cases:

(1) %Zn < Zpir <27y (2) Zupi < %Zn (3) Zusr > 27,
For (1), we use that |G'(x)| < cqv/me /2 for all z > 0. We deal with (2) combining
Lemma p.4 and the fact that G’ is bounded. Finally, the case (c) may be treated by
similar methods as those used for dealing with J2(¢) in the proof of (e) when o < 1 (i.e.
we separate into two terms according to whether Z,,; < A~%/* or not).

Keeping in mind that Fj is bounded and that |F|(x)| = 2 Fy(z) < cysv/re™™, the same
method enables us to deal with J2(t) and J3(t). Combining these estimates, we get

o—1

3 e ko / 1(1 1) (j;(t) + () + j;’;(t)) dt] — o(\).

0

E

n=1
for e > 0 small enough. Therefore, it merely remains to prove that

o—1

D e i % /1(1 — t)jﬁ(t)dt] (5.33)

n=1

lim E
A—0t

exists and is finite. In view of the dominated convergence theorem, it suffices to prove
that

E

UZ:l /01(1 - t>E[<Zn+1 — Zn)*|log Vi — log(Zy,)| ) fn} dt] < 0. (5.34)

We consider separately the cases 7,1 > Z, and Z,,,; < Z,. On the one hand, using the
inequality log(1 + z) < z, we get

E [H{Zn+1>Zn}<Zn+1 - Zn)2| 10g Vn,t - log(Zn)‘ ‘ fn:|
i1 — 2y
S E[H{Zn+1>Zn}<Zn+1 - Zn)2 10g <1 + %) ’ fn] S t\/ Zn
On the other hand, we find

E [11{Zn+1gzn}(zn+1 — Z,)|log Vi — log(Zy,)] ) fn}

t<Zn - Zn+1) t \/
= {Zn+1§Zn}( +1 ) 0g + Z, — t(Zn _ Zn-l—l) Fu| < 1—1t

Since E[Y.7_] /Z,] is finite, we deduce (5:34) and the proof of assertion (e) is complete.

33



6 Proof of Theorem 1

Recall that X stands for the (M, p)-cookie random walk and Z stands for its associated
branching process. We define the sequence of return times (o,,),>0 by

def
Op = 07
{ Onpr = inf{k>o,, Zy =0}

In particular, oy = o with the notation of the previous sections. We write

On o1—1 on—1
N Zo=> Zi+t...+ >
k=0 k=00 k=0n_1

The random variables ( Z;;l Zi,1 € N) are i.i.d. In view of Proposition 1], the
characterization of the domains of attraction to a stable law implies

o
Zkz() Zk law

= — S, when a € (0,1),

7 rob ( °
LitoZe  Pb oL when o = 1.
nlogn 00
" . . . def .
where S, denotes a positive, strictly stable law with index v = O‘TH and where ¢ is a

strictly positive constant. Moreover, the random variables (0,41 — 0,,, n € N) are i.i.d.
with finite expectation E[o], thus

In 22 glg). (6.2)

n n—oo

The combination of (p.1]) and (f.9) easily gives

21,;:7/2 2 Elo]+S,  when a € (0,1),
2k=0Zk  Prob cE[U]fl

when o = 1.
nlogn

n—oo

Concerning the hitting times of the cookie random walk 7,, = inf{k > 0, X}, = n},
making use of Proposition .|, we now deduce that

L ™ 9B[o]+S, when a € (0,1),

nl/v S
b _
L 2% 2cE[o] ! when a = 1.
nlogn o

Since T, is the inverse of sup, Xy, we conclude that

1 law

a7 SUDL<, Xk — M, when a € (0,1),
rob

105" SUPp<, Xp —— when av =1,

n—oo

where C' = (2¢)'E[o] > 0 and M, = 27VE[0]S," is a Mittag-Leffler random variable
with index v. This completes the proof of the theorem for sup,,, Xz. It remains to prove
that this result also holds for X,, and for infj>, Xj;. We need the following lemma.
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Lemma 6.1. Let X be a transient cookie random walk. There exists f : N +— R, with
limg oo f(K) =0 such that, for everyn € N,

P{n— 1>an X, > K} < f(K).

Proof. The proof of this lemma is very similar to that of Lemma 4.1 of [J]. For n € N,
let wx, = (Wxn(i,2))i>10ez denote the random cookie environment at time 7;, ”viewed
from the particle”, i.e. the environment obtained at time 7,, and shifted by n. With this
notation, wy (¢, z) denotes the strength of the i** cookies at site x:

: p; fj=i+8{0<k<T, Xy=a0+n} <M,
wxn(i,r) =19 4 .
5 otherwise.
Since the cookie random walk X has not visited the half line [n, co) before time T,,, the

cookie environment wx , on [0,00) is the same as the initial cookie environment, that is,
for z > 0,

= otherwise. (6.3)

. Cif1<i< M,
wx,n@,x):{ff <i<
2

Given a cookie environment w, we denote by P, a probability under which X is a cookie
random walk starting from 0 in the cookie environment w. Therefore, with these notations,

P{n— inf X; > K} <E [P, {X visits —K at least once}]. (6.4)

1>Th

Consider now the deterministic (but non-homogeneous) cookie environment w; 4 obtained
from the classical homogeneous (M, p) environment by removing all the cookies situated
on (—oo, —1J:

wp7+(i,x):%, forall z < 0Oandi>1,
wp+(i,2) =p;, forallz>0andi>1 (with the convention p; = 1 for i > M).

According to (B.J), the random cookie environment wy, is almost surely larger than the
environment wj 4 for the canonical partial order, i.e.

wx (i, ) > wp(i,2) foralli>1, z € Z, almost surely.
The monotonicity result of Zerner stated in Lemma 15 of [[J] yields
P, {X visits — K at least once} <P, {X visits — K at least once} almost surely.
Combining this with (6.4), we get

P{n— 21>njfn Xi> K} <P,, {X visits — K at least once}. (6.5)
This upper bound does not depend on n. Moreover, it is shown in the proof of Lemma
4.1 of [{] that the walk in the cookie environment wj is transient which implies, in
particular,
P, {X visits — K at least once} P 0.

—00
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We now complete the proof of Theorem [[L]. Let n,r,p € N, using the equality
{Trip < n} = {supge, Xi = 7+ p}, we get

{sup X}, <r} C {inf X <r} C{supXp <r+p}U{ inf X, <r}.
k<n kzn k<n E>T,

Z4Lr+p

Taking the probability of these sets, we obtain

P{sup X;, <r} <P{inf X}, <r} <P{sup Xj, <r+p}+P{ inf X; <r}.
k<n k>n k<n kE>T,

ZLr+p

But, using Lemma [.1], we have

P{k>1rT1f Xk<'r}:P{r+p—k>1%f Xp > py < f(p) — 0.

Zlr4p Zlr4p p—0o0

Choosing z > 0 and r = |zn”| and p = |logn|, we get, for @ < 1, as n tends to infinity

inf~, X o Xi
limP{meik<x}: limP{M<x}:P{My<x}.
12 nV

n—oo n n—oo

Of course, the same method also works when o = 1. This proves Theorem [[]] for
infy>, Xi. Finally, the result for X,, follows from

inf X;, < X,, <sup X;.

k>n k<n
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