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1 Introduction

The problem of inversion and flat output characterization for switched lin-
ear discrete-time systems is tackled through a unified framework. For this
class of hybrid systems, we first derive algebraic conditions to conclude
on invertibility, which extends the previous results of Sain and Massey
[1] dealing with linear time-invariant systems. Then, the structure of the
switched inverse system is provided. Finally, based on the connection with
the inversion problem and the related notion of inverse dynamics, we de-
rive conditions which enable to check whether a given output is flat. Due
to space limitation, the proofs are not provided but can be found in [2].

Notation : For any integer [, 1; refers to the [—dimensional identity
matrix and O;yy stands for the [ x I” zero matrix. If irrelevant, the dimen-
sion of the zero matrix will be omitted and we shall merely write O. For
a matrix X, X1 stands for the Moore-Penrose generalized inverse of X.

2 Problem Statement and Definitions
We examine switching linear discrete-time systems of the form

{wk+1 = Ay (kyTk + Bo(ryux 1)
Yk = Cok)Tr + Doryur

where 7 € R*, uy, € R™ and y;r € RP are the states, the inputs and
the measurements, respectively. All the matrices, namely A € R"*",
B e ™ (C € RP*™ and D € RP*™ belong to the respective finite
sets (Aj)lSjSJ, (Bj)lSjSJ, (Cj)lSjSJ and (Dj)lSjSJ. The indexj COr-
responds to the mode of the system at a given time k and results from
a switching function o0 : K € N — j = o(k) € {1,...,J}. The function
o € X, where Y is the set of all possible switching rules, orchestrates
the switches which are triggered by exogenous events. No restriction on
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the time separation between switches (“dwell time”) is imposed. For any

XU(kl)

o (ko) stands for

time-dependent matrix X4,

o(k .
Xgtke) = Xote) Xo(a-1) - Xotro) 1 b1 > ko

=1, if k <ko

Let U be the space of input sequences over [0, 00) and Y the corresponding
output space. For each initial state £y € R", when the system (1) is
driven by the input sequence {u}? = {uo,...,ur} C U, for a given mode
sequence {0} = {0(0),...,0(T)} with 0 € X, {z(z9,0,u)}{ refers to
the solution of (1) in the interval of time [0,7] and {y(zo,0,u)}s C Y
refers to the corresponding output in the same interval of time [0, 7).

Definition 1. The system (1) is invertible for a given switching rule
o € X, if there exists a positive integer r < oo such that, for two any
input sequences {u}y, {u'}5 C U, the following implication applies:

{y(zo,0,u)}5 = {y(z0,0,u) }§ = uo = uy Vo (2)
The integer r will be called the inherent delay of (1).
Definition 2. The system (1) is invertible if it is invertible for allo € X

By invertibility, we thereby mean here the ability to infer the input wug
from a finite number r of measurements y; (i = 0,...,r), the state vec-
tor =y and the mode sequence {o}j both associated to {y(zo, o, u)}; and
{y(zg,0,u")}j being identical.

Remark: In the foregoing, the initial condition is considered at the
special discrete time k = 0. However, we could take any discrete time k
and then refer to the interval of time [k, k + 7] instead of [0, 7].

We are concerned with three closely related issues:

i) determining algebraic conditions, in terms of the state matrices de-
scription, under which the system (1) is invertible (invertibility)
i1) looking for a second system, which, when cascaded with the system
(1) and so driven by its outputs, produces the same input under an
identical initial condition and an identical mode sequence (inversion)
i11) providing some algebraic conditions, in terms of the state matrices
description, to check whether a given output of (1) is flat (flatness)
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We introduce the following matrices and vectors : M°.,, = D, ), M9 =
g (k) (k)

p (k) =
Do’(k) Opxm -
Co(k+1)Bo (k) D; (k+1) Opxm
o—(;c+'—1) o—(k-.i-'—l) - .
Ca(k+i)Aa(k+11) B, ) Ca(k+i)Aa(k+;) B,k+1) -+ CohtiyBokti—1) Do(kti)
Co k) Yk
) Cokh41)Ac (k) : Yht1 _
oa(k) = : ) Qk = - ) Iy = (1m Omx(mr))
Co-(k-l—i)AZE:;H_l) Yk+i

3 Main results
3.1 Invertibility
Theorem 1. The following statements are equivalent.

i) The system (1) is invertible
it) There exists a finite integer r such that the equation

Qo) M5y = Im (3)

has a solution in QZ(k) foralloce ¥
i1i) There exists a finite integer r such that for all o € X

M,
rank ( Ifn(l )> —rank Mg,y =0 (4)

As a matter of fact, I, can be replaced by any matrix of the form
(F 0% (m.r)) Where F' is any rank m square matrix of size m. An explicit
solution Qg(k) of (3) is:

@y = In M, (5)

3.2 Inversion

Definition 3. A system is a r-delayed inverse for (1) if, under an iden-
tical initial condition xo and an identical switching rule o, when driven
by Yy, its output fulfills g = ug for all k >0
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Theorem 2. Assume that (1) is invertible with inherent delay r. The
system
{ i‘k+r—|—1 = P;(k)ik—kr + Ba(k)QZ(k)Q; (6)
Upyr = _QZ(k)O;(k)-i'k—l—r + Qﬂ(k)yz
with
Potky = Aoty = Bot) Qo) Qo ()

is a r-delayed inverse system for (1).

Actually, the system (6) enables to retrieve not only the input uy but
the state xy of (1) as well. Thus, when z( is unknown, it can act as an
unknown input observer by incorporating an extra gain.

3.3 Flatness
Let us recall that flatness was introduced by Fliess and al. [3] in 1995.

Definition 4. A system with input uy, and state xy,, assumed to be square
(m =p), is said to be flat if there exists a set of independent variables yy,
referred to as flat outputs, such that all system variables can be expressed
as a function of the flat outputs and a finite number of its backward and/or
forward iterates. In particular, there exist two functions F and G, Z-
valued integers kx, k', kg and kg such that

Tk = F(Ykthyr - - Yktk)) (8)

Uk = g(yk-l-kga R ayk+k'g)

Theorem 3. A componentwise independent output yi of the system (1)
assumed to be square (m = p), invertible for a given switching rule o € X
and with inherent delay r, is o flat output if there exists a positive integer
K < oo such that the following equality applies for all k > 0

o(k+K-1)
PIUEFRD _ g 9)
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