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1 Introduction

The stochastic calculus with respect to the fractional Brownian motion (fBm) has now a
long enough history. Since the nineties, many authors used different approaches to develop a
stochastic integration theory with respect to this process. We refer, among of course many
others, to [, [, [[J or [[]. The reason for this tremendous interest in the stochastic anal-
ysis of the fBm comes from its large amount of applications in practical phenomena such as
telecommunications, hydrology or economics.

Nevertheless, even fBm has its limits in modeling certain phenomena. Therefore, several
authors introduced recently some generalizations of the fBm which are supposed to fit better

in concrete situations. For example, we mention the multifractional Brownian motion (see e.g.



[B]), the subfractional Brownian motion (see e.g. [H]) or the multiscale fractional Brownian
motion (see [{]).

Here our main interest consists in the study of the bifractional Brownian motion
(bifBm). The bifBm has been introduced by Houdré and Villa in [[J] and a stochastic analysis
for it can be found in [[[J]. Other papers treated different aspects of this stochastic process,
like sample pats properties, extension of the parameters or statistical applications (see [f], [H],
B2 or [1]. Recall that the bifBm BX is a centered Gaussian process, starting from zero,
with covariance function

R™E(t,5) == R(t,s) = 2% <(t2H + 2 - sPHK) (1)

where the parameters H, K are such that H € (0,1) and K € (0,1]. In the case K = 1 we
retrieve the fractional Brownian motion while the case K =1 and H = % corresponds to the
standard Brownian motion.

The process B™¥ is H K-selfsimilar but it has no stationary increments. It has Holder
continuous paths of order 6 < H K and its paths are not differentiable. An interesting property
of it is the fact that its quadratic variation in the case 2H K = 1 is similar to that of the standard
Brownian motion, i.e. [Bf*¥]; = cst. x t and therefore especially this case (2HK = 1) is very
interesting from the stochastic calculus point of view.

In this paper, our purpose is to study multidimensional bifractional Brownian motion
and to prove It6 and Tanaka formulas. We start with the one dimensional bifBm and we
first derive an It6 and an Tanaka formula for it when 2HK > 1. We mention that the Ito
formula has been already proved by [[f] but here we propose an alternative proof based on
the Taylor expansion which appears to be also useful in the multidimensional settings. The
Tanaka formula is obtained from the It6 formula by a limit argument and it involves the
so-called weighted local time extending the result in [[. In the multidimensional case we first
derive an It6 formula for 2H K > 1 and we extend it to Tanaka by following an idea by Uemura
Bd], [R1]; that is, since |z| is twice the kernel of the one-dimensional Newtonian potential, i.e.
$A|z] is equal to the delta Dirac function §(z), we will chose the function U(z), 2 € R? which is
twice of the kernel of d-dimensional Newtonian (or logarithmic if d = 2) potential to replace |z|
in the d-dimensional case. See the last section for the definition of the function U. Our method
is based on the Wiener-1t6 chaotic expansion into multiple stochastic integrals following ideas
from [[4] or [L(]. The multidimensional Tanaka formula also involves a generalized local time.
We note that the terms appearing in our Tanaka formula when d > 2 are not random variables
and they are understood as distributions in the Watanabe spaces.

2 Preliminaries: Deterministic spaces associated and Malliavin
calculus

Let (Bf{’K, t €0, T]) be a bifractional Brownian motion on the probability space (2, F, P).
Being a Gaussian process, it is possible to construct a stochastic calculus of variations
with respect to BHX. We refer to [[l], [[q] for a complete description of stochastic calculus



with respect to Gaussian processes. Here we recall only the basic elements of this theory.
The basic ingredient is the canonical Hilbert space H associated to the bifractional

Brownian motion (bifBm). This space is defined as the completion of the linear space £

generated by the indicator functions 1gy,t € [0,T] with respect to the inner product

(Lo, Ljo,s])1 = (2, 5).

The application ¢ € £€ — B(p) is an isometry from & to the Gaussian space generated by
B"K and it can be extended to H.
Let us denote by S the set of smooth functionals of the form

F=f(B(e1),--.,Blen))

where f € C;°(R™) and ¢; € H. The Malliavin derivative of a functional F' as above is given
by

n
of
DF" P =N" 2L (B(¢1),..., B -
; axz( (()01)7 ) (‘pn))@Z
and this operator can be extended to the closure D2 (m > 1) of S with respect to the norm

2 H,K H,K
1E)17 2 = E|FF + E|DP" Fllg + ...+ BI|DP " F | 6,

where H®™ denotes the m fold symmetric tensor product and the mth derivative DB m g
defined by iteration.

The divergence integral §B™ is the adjoint operator of DB™E. Concretely, a random
variable u € L?(2; H) belongs to the domain of the divergence operator (Dom(&BH’K)) if

H,K
E (D7 Fou)w| < cl|Fll 2@

for every F' € S. In this case 67 e (u) is given by the duality relationship
E(F§E"" (v) = B(DB™" F,u)y
for any F' € D%2. It holds that
E6P"" (u)” = Bljullf + E(D”" ", (D" u) hren (2)
where (DBH’Ku)* is the adjoint of DB v in the Hilbert space H ® H.

Sometimes working with the space H is not convenient; once, because this space may
contain also distributions (as, e.g. in the case K = 1, see [1§]) and twice, because the norm in
this space is not always tractable. We will use the subspace |H| of H which is defined as the
set of measurable function f on [0,7] with

32R
= [ [ @] ot o) < o Q



It follows actually from [[5] that the space || is a Banach space for the norm || - || and it
is included in H. In fact,

L*([0,T)) € L= ([0,T]) C [H| C H. (4)
B ()2 < Bllully + EID"" ulPyape 5)
where, if ¢ : [0,7]2 — R
9?R I?R
2 _ /A, / / ! 3.1
HQOH|’H\®|H| - /[O 718 ‘(,O(’LL,’U)’ |g0(u , U )| Auou’ (u7u )8’08’0/ (U7U )dudvdu dv'. (6)

)

We will use the following formulas of the Malliavin calculus: the integration by parts
F&B"" () = 68" (Fu) + (DB F,u)y (7)

for any u € Dom(68™"), F € D2 such that Fu € L(Q;H); and the chain rule
HK " HE
DPp(F) = 0p(F)DP T F (8)
=1

if o : R" — R is continuously differentiable with bounded partial derivatives and F =
(F',...,F™) is a random vector with components in D2,

By the duality between DB™ and §B™" we obtain the following result for the con-
vergence of divergence integrals: if u, € Dom(6BH’K) for every n, u, — win L?(€;H) and
n—oo

5B (uy,) i G in L?(Q) then

u € Dom(éBH’K) and 6BH’K(u) =G. 9)

It is also possible to introduce multiple integrals I,,(f,,), f € H®" with respect to B X,
Let

F=> I(fn) (10)

n>0

where for every n > 0, f,, € H®" are symmetric functions. Let L be the Ornstein-Uhlenbeck
operator

LF ==Y nl,(fn)

n>0

if F is given by ([l0]).
For p > 1 and a € R we introduce the Sobolev-Watanabe space DP as the closure of
the set of polynomial random variables with respect to the norm

1Ellap = (I = L)% [l oo
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where I represents the identity. In this way, a random variable F' as in ([[()) belongs to D*? if
and only if

S+ L fa)l[32(q) < oo

n>0

Note that the Malliavin derivative operator acts on multiple integral as follows

DE"™F =3 " nl, 1(fa(-1),  te[0T].

n=1

The operator DB™™ is continuous from D~ P into DP (H) . The adjoint of DB™™ is denoted
by §B™" and is called the divergence (or Skorohod) integral. It is a continuous operator from
D*P (H) into D*P. For adapted integrands, the divergence integral coincides to the classical
1t6 integral. We will use the notation

BH,K T
0 (u) = us0 Bs.
0

Recall that if u is a stochastic process having the chaotic decomposition
Us = ZIn(fn(,S))

n>0

where f,,(-,s) € H®" for every s, and it is symmetric in the first n variables, then its Skorohod

integral is given by
T
/ usst = Z InJrl(fn)
0

n>0

where fn denotes the symmetrization of f, with respect to all n + 1 variables.

3 Tanaka formula for unidimensional bifractional Brownian mo-
tion

This paragraph is consecrated to the proof of It6 formula and Tanaka formula for the one-

dimensional bifractional Brownian motion with 2H K > 1. Note that the Itd formula has been

already proved in [I5]; here we propose a different approach based on the Taylor expansion
which be also used in the multidimensional settings.

We start by the following technical lemma.

Lemma 1 Let us consider the following function on [1,00)

2

h(y) =y + (y = D" = o (v + (- 12"



where H € (0,1) and K € (0,1). Then,
h(y) converges to 0 as y goes to co. (11)

Moreover if 2HK =1 we obtain that

i yhly) = (- 280) (12)

1
Proof: Let y = —, hence
€

h(y) :h<§> 2}1{}( [1+( )QHK—;K(Pr(l—e)QH)K

Using Taylor’s expansion, as € close to 0, we obtain

h (é) EQEK (H*K(K —1)e* + o(c?)) (13)

Thus

ygrfoo h(y) = il_)n% h(1/e) = 0.

For the case 2HK = 1 we replace in ([[J), we have

1 1 1 1
~h (= 1—2H 2
(1) = 102+ o)
Thus ([[2) is satisfied. Which completes the proof. [ |

Theorem 1 Let f be a function of class C2 on R. Suppose that 2HK > 1, then

t t
f (Bf“(> = f(0) +/ /' (BIK) sBIK +HK/ f" (B 2HE =g, (14)
0 0

Proof: We first prove the case 2HK > 1. Let us fixt > 0 and let be 7 := {t; = jt ;7=0,..,n}
a partition of [0,¢]. By the localization argument and the fact that the process BH K is
continuous, We can assume that f has compact support, and so f, f' and f” are bounded.
Using Taylor expansion, we have

PBIN) = g0 S (B (B - B) o (B (5 L)

= f(0)+ o (15)



where FJH’ B —|— 0; ( B ) with 0; is a r.vin (0,1).

Since BMK is a quaa—hehx see [[[9]), we can bound the term J" as follows:

ElJ"? < nC/4ZE( HK—BHK>4

ti—1

< 2—2Kncz ’tj _ tj_1‘4HK
j=1
t4HK
< 2 2KnCt4HKsup\t —ty MR Ko .

=1 nAHK =2 ;o

where C' a constant depends de f”. Then

J" — 0in L*(Q). (16)

n—oo

On the other hand, we apply (f{) and we get

o= Zf< ti- 1) <5BHK(1(”—1M)>

n

= gBE Zf( ) Lt O )+ 308 (B Qo L)

j=1

Next

I = f”( ) 1) (R(tj-1,tj) — R(tj-1,tj-1))
7j=1

Il

17 (BXY (i (G 4 8 — 1y = 507%) = )

1

J
We denote by

A= HK /t R T
' 2
0

To prove that I} converges to HK fot 1 <B5’K) s?HE=1qs in L2(Q) as n — oo, it suffices to
show that

2\ 1/2

Coi= | BI1 =3 1" (B (4, - 4y,,) — 0.

n—oo



By Minkowski inequality, we have
1

Cp < 3

1
2HK
< CRR)2 2HKZ|h 2K 2HK 1

ceti 2 [Ch + Cﬁ]

where C' is a generic constant
Since 2HK > 1 then C? := 5% W — 0. According to (1)), we obtain
n—

C
Cp = n2HK Zh > nZHK 1 njooo'
Thus
t
I} — HK [ f"(BEE)#Eqs in L2(Q)
n—oo 0
We show now that

Ejf(tJJ o)) | = (B 104() in L9 ).

n—oo

Indeed, using the quasi-helix property of BH#X we obtain

u}j[ <%1>—f%B@Kﬂ1m4@mH%

/tj /tl
]ll

171
< 2K (sup|f(z)])? ' sup Ity — iy [ Z/ / auﬁv (u, v)dudv

z€R =1

= 2" (sup|f"(@))? sup |t — i1 P R(E 1) —noo 0
z€R i=1,...,n

O*R

! H K
-/ (Bu ) Oudv

(u, v)dudv

(B - (B

This with ([[J) and ([Lf) implies that I7* converges to §B" (f" (BEE) Loy (.)) in L2(2).
Therefore ([[4) is established due to (). [ |

The proof of the case 2HK = 1 is based on a preliminary result concerning the
quadratic variation of the bifractional Brownian motion. It was proved in [[J] using the
stochastic calculus via regularization.



Lemma 2 Suppose that 2HK =1, then

L HEK HEK -
‘/tn = Z (Btj — Btj—l) njc;o Ft m L (Q)
j=1
Proof: A straightforward calculation shows that,
t e~ t t
EV = E,Zlh(j) + T T T
J:
To obtain the conclusion it suffices to show that
t
. 2 _ 2
Jm BV = (=)
In fact we have,
< HK H K\ o HK oK\ 2
2 b b K K
E(‘/’tn) - Z E <(Bt1 - Bti_l )(Btj - Btj_l )>
i,j=1
Denote by
2
. HK HK\/ pHK HEK
s ) = B (B = B (B — B

It follows by linear regression that

6 (i, )Nt + /8a(0,3) — (6n(3,3))" No

)

pn(i j) = B (N%
where N1 and Ny two independent normal random variables,
Oling) = E (B = BB~ BI))
t
= o [T+ 2E =2 =il = (T + G- + i1
—(( = D+ 2 4 i =i+ 1+ (G- D+ (G- 1))

and
2 2
6uinj) = B (BN =B B (B - B

Hence



For 1 <14 < j, we define a function f; : (1,00) — R, by

filw) = ((z =1+ 7205 —((z = 1" + (j - 1)*)F
(22 PIVE (20 ()2

We compute

fi@) = (“‘”ZHHZH)K1_<(x—1)2H+<j—1)2H>K1

J (z —1)2H (z —1)2H
220 4 j2H K-1 22H 4 = 1)2H K-1
N 2H + 2H

= glx—1)—g(x) >0

Hence f; is increasing and positive, since the function

is decreasing on (1,00). This implies that for every 1 <i < j

00 9)] = 2 5 < 5= 153) < 1))

and |0,,(i,7)| = L|h(i) + 2| for any i > 1.
Thus

. 0 28N s PN,
Z On (i, §)? < o) Z h(j)? + 2 Z(h(z) +2)%
ij=1 i<j i=1

i,j=

Combining this with ([[J), we obtain that > iz 0,,(i, 7)? converges to 0 as n — oo.
On the other hand, by (1)

f: 5u(ig) = ;—22 f: <h(z’) + QK—11> <h(j) 4 %) — <2K—’51>2

ij=1 ij=1

Consequently, E(V;*)? converges to (2,%1)2 as n — 00, and the conclusion follows. W

Proof: [Proof of the Theorem [l| in the case 2H K = 1.] In this case we shall prove that

t
n — f(BEE) sBIE in L2(), (17)

n—~0o0 0

10



n — (1 - 2%) /Ot " (BEEY ds in L2 (), (18)

n—oo \ 2

and

J' — 2K/ " (BER) ds in L(9). (19)

To prove ([[§), it is enough to establish that

2y 1/2

I 1)\ <
E,=|E|I - (5 - 2—K> S (B{jf) (tj —t;_1) —0.
j=1

Appliquing the Minkowsky inequality and ([[J), we obtain

1
E, < t2H+t DE §(tj+tj_1)
C S 2 .
< o 2]—1——K(12H+(J—1)2H)K‘
n 4 2
7j=1
C & C <1
= =N a<=Y = 0.
2n (J)_2n;jnjo>o

By using Lemma [}, we conclude that

1 t
J"— — [ ds in L*(Q).
n—oo 2K J ( >

The rest of the proof is same as in the case 2HK > 1. |

Let us regard now the Tanaka formula. As in the case of the standard fractional
Brownian motion, it will involve the so-called weighted local time L, (v € R, t € [0,T]) of
BH:K defined as the density of the occupation measure

t
A€ BR) — QHK/ 1A(BSH,K)S2HK71dS_
0

Theorem 2 Let <Bf’K,t € [O,T]) be a bifractional Brownian motion with 2HK > 1. Then
for each t € [0,T], x € R the following formula holds

t
‘BtH’K —w‘ = |z| +/ sign(Bs — x)0B{"" + L. (20)

11



2
Proof: Let p.(y) = \/%766_5_6 be the Gaussian kernel and put

Fl(z) =2 / T ey — 1,

—00

z
= / Fl(y)dy
0
By the Theorem [l| we have

t
F. (Bf’K—x) = L. (—:c)+/ F.(BI'K — ) sBHE
0

and

t
+HK/ De (Bf’K — 1) s*HE1gs, (21)
0

Using (a slightly adaptation of) Proposition 9 in [IJ], one can prove that

t
Li = lim 2HK i pe(BEE — 3)s?HE=1q5 in L2(Q). (22)

and LY admits the following chaotic representation into multiple stochastic integrals (here I,
represents the multiple integral with respect to the bifBm)

T pS2HK x "
Li = 2HKZ/ g(n— 2)HK+1 <SHK> L (1[0 s])d (23)

where H,, is the nth Hermite polynomial defined as

—1)n dn
H,(z)= %6362/26“_—”(6_362/2) for every n > 1.

We have F.(x) — || ase — 0 and since F.(z) < |z|, then by Lebesgue’s dominated convergence
theorem we obtain that FE(B,{{’K — x) converges to |BtH’K —z|in L?(Q) as ¢ — 0.

On the other hand, since 0 < F/(z) < 1 and F/(z) — sign(z) as € goes to 0 the
Lebesgue’s dominated convergence theorem in L%(Q x [0, T]%; P ® %(u, v)dudv) implies that
F! (B_H’K — x) converges to sign (B_H’K — x) in L2(Q;H) as e goes to 0 because

E||F! (BH’K — x) — sign (B_H’K — :c) H\QH\

= E/ / BHK x) — sign (BE’K —x)‘ ‘Fé (BfK — x) — sign (Bf’K —x)‘

(9u8 (u v)dudv.

Consequently, from the above convergences and (f)

t t
/ F! (BSH’K - x) SBHIK _— sign (BSH’K —x) SBILE in L2(Q).
0 e~ Jo

Then the conclusion follows. |

12



4 Tanaka formula for multidimensional bifractional Brownian
motion

Given two vectors H = (Hy,...,Hy) € [0,1] and K = (K, ...,Ky) € (0,1]¢, we introduce
the d-dimensional bifractional Brownian motion

BIE = (pHvka | pHaKa)

as a centered Gaussian vector whose component are independent one-dimensional bifractional
Brownian motions.

We extend the Itd formula to the multidensional case.

Theorem 3 Let BTK = (BHl’Kl, ...,BHd’Kd) be a d-dimensional bifractional Brownian mo-
tion, and let f be a function of class C? (]Rd,]R). We assume that 2H; K; > 1 for any i =1,...n,
then

f<B ) +Z/ o BszK)aBHvKurZHK/ 8f (BIMK) s2HiKi1 s (24)

Proof: Let us fix t > 0 and a partition {t; = ]t ;7 =0,..,n} of [0,t]. As in above we may
assume that f has compact support, and so f, f’ and f" are bounded. Using Taylor expansion,
we have

)+ eSS ) )

= f0)+ 1"+ J".

where FJH’ = BHK +0; ( BIE _ BH K) and 6; is a random variable in (0,1).

We show that J" converges to 0 in LQ(Q) as n — oo.

2
d
E\J"[z < /4Zn:E Z o’ f EHvK pHuKi _ pHiK:\ (gHLKr _ pHiL K,
= n axzaxl i t; ti—1 tj ti—1
j=1 il=1
O & H, K, H K\ 2 H, K, Hy K\ 2
< TnZZE<Bt]’ - Byl ) E<Btj — By )
j=11i,l=1
d n d (AHK
2 ot 2(H;K;+H K;) _ 2
< d'n lz:lz; [t; =t U =0d lz:l n2(HiK;+H K;—1) S 0
i,l=1j= Q=

13



According to ([), we get

n

d
" = Z

< 1 1) <5BH¢7K1(1(tj,1,tj]))

d
0
— Z 5BH K a:;jf <B ) (t] 1,t ]()
=1
z—f( ) g1
92 (0,t5-1]> (tj—17tj]>H

e

I
-
I M a
I,

As the similar way in the above theorem, we obtain that for every i =1, ...,d
i Lorf HK\ 2H;K;—1 2
7,2 . ) i 3
I — HiK,/O 922 (Bs"") s ds in L*(Q).

We show that for every i € {1, ...,d}

n— o0 axz

(B sBHKi in L2(Q).
We set

4 " 0
wt = 30 2L (B 1 g () - o (BE) 10 ).

By inequality (f), we have
Hi, Ky i) 2 ' ‘
E <5B (un’l)) < Bl [0 + BID [ g

where H' is the Hilbert space associated to BH#¥i and R; its covariance function.
For every r,s <t
n
: P f [ oHK *f
DT’U’?’Z - ({91'2 <Btj7_1 ) 1(07tj_1} (T)l(tj—lﬂfj](s) ({91' (BH K) (0,s] (7”)
=177

n,t n,i .
we remark that D,us” and us’ converge to zero as n — oo for any r,s < t. Since the

first and second partial derivatives of f are bounded, then by using the Lebesgue dominated
convergence theorem and the expression of the norm ‘H" ® ‘Hl‘ we obtain that

BISS () — 0 i L(Q).

n—oo

5

14



The proof is thus complete.
|

One can easily generalize the above theorem to the case when the function f depends
on time.

Theorem 4 Let f € C12 ([O,T] X Rd,R) and BHK = (BHvil, ...,BHded) be a d-dimensional
bifBm with 2H; K; > 1 for any i =1,...,n. Then

d
f<t,BgiK> — f(0,0)+/0t%(s,Bf’K)ds+izl/ot

d
+> HK; t82—f(s BHKY) g2l g (25)
(3 1 0 8,1,'@2 9 S .
i=1

of HK H; K;
. (s,BI") 6B,

We consider twice of the kernel of the d—dimensional Newtonian potential

I(d/2—1 .
Uy = | e 423
Llog|z| if d=2.
Set

U(s,z) =

(Zl — '1"1) 1/27H1K1 (Zd — xd)sl/QHde> (26)

&0
U s s e
HJ 1w/2HK <\/ Hi K, 2HqKq

where = (z1,..,2q) € R and 0 < v := 3(2—d) + 0 + (d — 2)(HK)* — S H;K; with
(HK)* = max{H1K1,... , HiK4}.

We shall prove the following Tanaka formula. It will involve a multidimensional
weighted local time which is an extension of the one-dimensional local time given by (2J).
Note for any dimension d > 2 the local time is not a random variable anymore and it is a
distribution in the Watanabe’s sense.

Theorem 5 Let U as above and let BTHE = (BHl’Kl, ...,BHd’Kd) be a d-dimensional bifBm

with 2H; K; > 1 for any 1 =1,...d. Then the following formula holds in the Watanabe space

Dg~ L for any a < 2(HK)* —d/2.

U (s, BHK
U(t, B/") = 0(0,0) /aU BHEK)ds / OUGs, B ) spmirci 4 1o 27
( s, + Z B Bl L0t 2)  (27)
where the generalized weighted local time LP(t,x) is defined as

0 o 2H; K, .%' ) Z; i QM 0
Lta)= ) / +(m_1 o na Hn (T?W) I, (15 )8 ds.

nly 5T

15



Proof: We regularize the function U by standard convolution. Put U, = pg * U, with pg is
the Gaussian kernel on R¢ given by

d d ,
= Hpg(xi) = H 5 e 2%, Va=(x,..x4) €RL

i=1 i=1

Using the above It6 formula we have

t Q77 t o
Ug (t’BtlivK) _ Ue (0,0) +/0 8aUsve (S, aUs (S,Bf’K) 6BSI{“K7'
d t 5277
+> HK; i aaz (s, BIK) g2Hilim1 g,
=1 7

= U.(0,0) + I (t) + I5(¢).
On the other hand, if V(z) = U(ay 21, ..., agzq) and Vi = p? * V we have

d

1 1 0%V, d
—2—2 = pi(a121, ..., aqzd)-
2 — aq; 02}

Hence

I5(t) = / $)(BIVEY — ay), . cq(s)(BE R — 24)) s%ds
H] 1 \/
where ¢;(s) = % for every i = 1,...,d. The next step is to find the chaotic expansion of

the last term I5. By Strook formula, we have

oo

pe (ci(s) (B —2y)) =3 %Iﬁ (ED™p: (ci(s)(BIN — 2))) .

n=0
and

ED"p. (ci(s)(BI"0 —a;)) = ei(s)" Epl™ (ei(s) (B — 20)) 1574 ()

[0,s
_ - QH K\ —n/2 . 507 ) jor
ci(s)"n (Cz‘(S) " ) P Hir e (i) c@'(S)"Jrl foal®)
n! € 2H; K\ —n/2 i e
_ NH. 1 .
cZ‘(S)(cz‘(S)2 T iy e PToE (i) H sHili 4 = o)

ci(s)?

16



Consequently

P (e (8) (B — ), () (BN — ) = Y Hmﬂ Iagm)

n=(n1,...,ng)ENd i=1

and that

L Gies)
s o= > H_;K&u&p%

n=(n1,...,nq) EN? 0 =152
2H1K1+ )2 (1’2) x; .
c;i(s ng
N 2 / 2H, Ki\ni /243 —HiKi Hn, 2H K c 1 (g 5})89d5
ng 5 K )
n=(n1, G st ST Sop

This term (in fact, slightly modified) appeared in some other papers such as Proposition 12
in [[l0], or in [2F]. Using standard arguments we obtain that the last term converges in D§ to
LP(t,x) as € goes to 0, with a < SR —d/2.

The rest of the proof is to show that the following convergences are holds:
For every i =1,...,d

/aU (s, BIK) gBHK: 2 : / 0;U (s, BI"R) 6B, (28)

E—

t —

/(%Ue(s,Bf’K 0/ d,U (s, BEK)ds (29)

0 e

and

U6, BI") = 02, M), (30)

£e—

We start with the convergence ([2§). Fix i € {1,...,d}, we note gi(s,2) = 9;U. (s,z). By the
formal relation (9 is the Dirac distribution)

/f@ww—wwzf@>
R

we can write (this is true in the sense of Watanabe distributions)

gi(s,BHF) = /Rd gi(s,y)8 (BIK —y) dy.

17



Furthermore (see [[[(] but it can be also derived from a general formula in [[L6])

d
5 (BIK —y) = T (BE-K —y)
i=1
‘ 1 "
= - . _Jr N7 Rm
_ H1 Z‘; Foa)) 2P R W Hn (S )1 (1[078])

[n|
= Y Aspnag)

n=(n1,...,nq)

K ; In]
where R;(s) = Ri(s,s) = s*Hili A, (s,y) = ngl WPRi(s) (%)Hnl(ﬁ) and In(l([%,s]) =

H?:1 I (1%2) for every n = (ny,...,nq).

Hence

. ; Inl
gi(s, BI'F) = > : /Rd 9e(5,y)An(s, y)dyIn(1g )
d

n=(ni,...,n,

=Y BELOY)

n=(n1,-1a)

and using the chaotic form of the divergence integral

t
Jo(t) = /0 ge (s, BE’K) 5Bfi’Ki
- (s)
. . . d . .
n=(ni,...,nq) ] ;;1@
= Z Il f;;f(sl,...,sm,s)]
n=(n1,...,nq) )
. t
= Z I Z f;n(sl,...,sni,s)
n;>0 n=(11,..,7;..-,1q)
where the superscript (s) denoted the symmetrization with respect to si,...,sp,, s, and
t i i 5 ‘ "
Fin($15 ey Sny41) = ; - 1321(81)1%,311(817---,817---,Sni+1)1[o,t}(sl)HIr]zj <1%,s]l}) :

=
J#i
Observe here that, since the components of the vector B#X are independent, the term

H?Zl Iﬂ;j (1%20 is viewed as a deterministic function for the integral Ifh The convergence
J#i ’

18



(RY) is satisfied if the conditions i) and ii) of Lemma 3 in [[L{] hold. It is easy to verify the
condition i), we will prove only the condition ii).
Fixing i € {1, ...,d}, we can write,

2
2 -1 b
IE O e < Y (m+1)" > (ni + DIE || fia] gnis
m>1 [n|=n1+...4+n4=m—1
= ) (m+1n! > (ni +1)!
m>1 In|=n1+...4+ng=m—1
n;+1 1
X 5 1By (s0)| 1By () Lo, (50) Lo,y (7)
/[0,T]ni+1 /[;],T]"i"'l lk;zl (nl + 1)2 n n [0,¢] [0,¢]
. ' d
XL (51, ey s s S )1 (11 ey Pl o Trgn) [ [ g Ry (52, 71) "
2
Jj=1
n;+1
r 0’R;
X W(sq,Tq)d?al....drni+1d$1....d$ni+1
q=1 q="'q

Since @ < 0 then (m +2)*~1 < (m + 1) ! and (n; + 1) < (m + 1). This implies that

IF O < Y (m+1) > (nz)![(l— —

m>0 In|=n1+...4+ng=m (nl T 1)

< / / 1B (51) || BE (r2) 10 (51) g (r2) RiGs1, 7)™
[0,772 J]0,17?

L o O%R, O°R;

X H“j-Rj(81,7“2) J1[0,51}(32)1[0,r2](7“1)m(81,Tl)m(smrz)d&dé’zdndm
J#i
j=1

1 / / ) ) -
+ — B>t (s1)||By (r1)|1 s1)1 r)R;(s1,m1)™
it D) S [o,T]2’ (sOIIBR"(r1) o, (51) 10,4 (r1) Ri(s1,71)

d
- OR; O*R;
X ]l—I?él nj!Rj(sl, ’I“l) J 1[0,51} (52)1[077”1] (T2)m(81, Tl)m(SQ, T2)d81d52d’l“1d7’2
j=1

19



By integration we obtain

We have for any 1/4 < <1/2

By (s)

Since (see Lemma 11 in [[0])

and for every (s,z) €

‘(%U(s, z){

175 N8 12

. 1
> (m+1) > (n;)! [(1— m)

m=>0 [n|=ni+...4+ng=m

[ B CDIBE O B,

,t

OR; OR;
H’I’Lj!Rj(Sl, T‘Q)nJ d—Sl(Sl, T2)d—7‘2(81, T2)d81d7‘2

i
=1

1
(n; +1)

[ B GDIBE D Bt

2
Hnj!Rj(sl,m) ai(817r1)d81dr1
L dsld 1

7

= / 9L (5,9) An(s,y)dy
]Rd

2
1 Yj

d __ﬁyz 1 ei(iiﬁ)Rj(s)
= S e’ — d
fst 11, o VES)” \RGs)

—By?
© G

= /deg(z)d/ Usy—zjl_[l <\/_>\/—\/_nj+1

d 1

supH|Hn] (25)|e” b=} < O SB -

2€R4

J=1 /1 n]\/l 2

(0, 7] x RY

1-d
U] (o o



Then, for any s € (0,T]

d

. 1 1
B < ] e [ s

1 V/ml(ng v 1)t e
e_(%_ﬁ)lsiHKyP

La—-d)+o— Z HjK;
X S2 d
Léd s FR(y—z —a)@ 1

d

1 1 1
= o ]11 n;l(n; Vv 1) 8"k /]Rd pE(e)dz
o (3=B)|s~HEy|?
< JTom
where sTHEKy .= (s7HiEvy, | s=Halay ),
Let 7 a positive constant such that, for every s € (0,T], j € {1,...,d} we have s~27i¥i >y,

Combining this with for any a,b € R, a? > %(a —b)?2 — b2, we obtain

HKy‘2

/ 4(2)d / e (3—0B)ls™ ; 1) o5 =B)lyl? ;
b \z)az —dy < / bz Z/ —1aYy
R Rd|(y—2—$)|d ! R R |(y—3—~’5)|d !

—2(1-B)|y—(2+2)|?
d( (b -Bl=+aly / e ® d
pe(z)e’ 2 z Y
Ad*) i =G r o)

<
< Cens-B)kl? / ()Pl g
]Rd
v
< CeG-Blal [ €2 am(G-Bell? g,
B R4 \/27Td
-3 2
S 06277(%713)‘33‘2 € Ivld de < 0

RY /21
since 2ne < 1 when € close to 0.

Thus
1

(g v 1) L

where C' is a constant depending only on d, H, K, T, x and (5.

Using this inequality a? +b? < 2ab, for every a,b € R, we conclude that there exist a constant
C(H, K) positive, such that for every i = 1,...,d

OR;, OR; S —_—
[ < H K 1 g
dr (T’ S) ds (T’ S)‘ = C( ) )(TS) )

IO\»—'
s

|B€’L

L(r,s)| < C(H, K)(rs)TiKi=1
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and

RZ’(T )
(rs)Hifti

It follows by anterior inequalities that

IEOI . < Y +vm Y H

m>0 In|=n1+...4ng=m j=1 n]

Ri(r,s)" ! rs)1— 5 HHIK; Ry(r,s)" rds
X /Mg( (rs) H drds.

7“8)("1 )H; K; e 1 )n]HK

J#i

< C(H,K).

) 2HK

We use the selfsimilarity of the covariance kernel R(r,s) = R(1, and the change of

variables /s = z in the integral respect to dz to obtain

IEOIP . < Y +m Y H

m20 [nl=n1+...+ng=m j=1 “a\/l)
t 1 n;—1 d nj
2(y—1+H; K;) y—34+H;K; R;(1,2) Rj(laz)
X /07“ dr/o ()72 (ZHiKi 1—[1 K dz.
j
J#i

Since for each i € {1,...,d}, v — 3 + H;K; > —1, 2(y — 1 + H;K;) > —1 and from Lemma 12
and the proof of the Proposition 12 in [[[(], we obtain that

1
1750512 < CZ(1+m)°‘m 2(HR)” Z H
m20 In|=n1+...4+n4=m j=1 n] N 1)
< % (14 m)*(m)” mR LA
m>0
and since is finite if and only if a < W — %l

On the other hand, for every (s, z) € (0,T] x R? we have

|0:U (s, 2)| < Cs 2+ ‘ ((21 )KL s Hde) ‘2 ¢

and
i 1 (2—d)+0 H1K1 Hokcd) |24
‘U(s,z)| < 05227+ ‘((zl —xy)s L (zg —xg)sT )‘
and this inequalities imply as in [R1] the convergences (R9) and (Bd) in mathbbDS. [ |
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