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REMARKS ON NON-LINEAR SCHRODINGER EQUATION
WITH MAGNETIC FIELDS

LAURENT MICHEL

ABSTRACT. We study the non-linear Schodinger equation with time depend-
ing magnetic field without smallness assumption at infinity. We obtain some
results on the Cauchy problem, WKB asymptotics and instability.

1. INTRODUCTION

We consider the non-linear Schrédinger equation with magnetic field on R”

(1.1) i0iu = Hp ey u — 07 f(x, u)
with initial condition

(1'2) u’lt:to = 80'

Here

n
Hay = Y (i0s, — bA;(t,7))>, t € R, z € R"

j=1
is the time-depending Schrodinger operator associated to the magnetic potential
A(t,z) = (A1(t, ), ..., Ap(t,x)), b €]0, +00[ is a parameter quantizing the strength
of the magnetic field and v > 0. We sometimes omit the space dependence and write
A(t) instead of A(¢,x). The aim of this note is to show that recent improvement in
the analysis of non-linear Schrodinger equations can be adapted to the case with
magnetic field. As an important preliminary, we study the local Cauchy problem
for ([L.1]) in energetic space. Let us begin with the general framework of our study.
We suppose that the magnetic potential is a smooth function A € C*(R; x

R? R™) and that it satisfies the following assumption.

Assumption 1. (1) Ya e N*  sup |050;A4] < C,.
(t,x)ERXR™
(@) Yl >1, sup  [024] < Co.
(t,z)ERXR™
(3) Je>0,V|a| > 1, sup |02B| < Culz) ¢
(t,x)ERXR™
where B(t,x) is the matriz defined by Bj, = 0p; Ar, — Oz, A;.

Remark that compactly supported perturbations of linear (with respet to x)
magnetic potentials satisfy the above hypothesis.

Under Assumption fI, the domain D(Hya()) = {u € L*(R?), Hpyu € L2(R?)}
does not depend on ¢. Indeed, for £, € R one has

(1.3) Hagey = Hage) +0W (2, ') (iVe — bA(2)) + b(iVo —bA(t))W (£, ') + bW (¢, 1)
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withz — W(t, t',z) = ftt, 0sA(s, z)ds bounded as well as its z-derivatives uniformly
with respect to ¢, in any compact set. In fact, the above identity shows that the
space
Hpy(R") = {u € L*(R"), (1 + Ha))"?u € L*(R™)}

does not depend on t € R. As D(Ha)) = Hy,,(R™), the above statement is
straightforward. Moreover, the natural norms on this space are equivalent and
this equivalence is uniform with respect to the parameter b for close times. More
precisely, denoting ma = sup, ,)erxrr |0+ A(t, )|, we have the following

Proposition 1.1. Suppose that Assumptionﬂ is satisfied and let > 0 and T > 0.
Then, for all t,t' € R such that |t —t'| < b~ 1T and all u € Hf_fw we have

||(HA(t’) +1)B’UJHL2 <1+ 2mAT+m?4T2)ﬁ||(HA(t) +1)Bu||L2.

Proof. It is a straightforward consequence of equation (@), Assumptionﬂl and

the fact that (iV, — bA(t))(Ha() +1)"" is bounded by 1 in L?. O
For g € N we set
(1.4) lull s, = 1EVa = bA(t)) ul| 2 + ||l 2.

This norm is clearly equivalent (uniformly with respect to b) to [|(1+Ha )%/ ?ul| 2.
In regard of Proposition [L.1] we define the magnetic Sobolev norm by
g, = Ty,
Under Assumption [[ it is well-known (see [[[3], Th 4.6, p143 or [i§]) that for
@ € H: | the linear Schrodinger equation

mg>
(1.5) 10 =Hpwyu, up=s =

has a solution Up(¢, s)¢. The operator Uy(t, s) maps H,lng into itself, is continuous
from L? into L? and from H,,, into H,,,. Moreover, Uy(t,s)e is the unique H,,
valued solution of ([.5) and Uy (t, s) is unitary.

The first aim of this paper is to solve the Cauchy problem for the non-linear
equation in the most appropriate space. We state the assumptions on the non-
linearity f. We suppose that f: R™ x C — C is a measurable function such that

Assumption 2. (1) f(z,0) =0 almost every where.

(2) 3M > 0,a € [0, =%5[ (a € [0, 00] if n =1,2) such that
|f(z,21) = 2, 22)[< M(1+ [21]* + |22|*) |21 — 22
for almost all x € R™ and all z1, 22 € C.

(3) Vz € C, f(x, 2) = (2/|2) f (x, |2])

Remark that these assumptions are often used in the case A = 0. More precisely,
in the case A = 0, the second property of the above assumption corresponds to a
subcritical non-linearity with respect to H'.

Let us introduce some energy functional associated to these non-linerarities. We
define

|2l

F(z,z)= f(z,s)ds, G(u) = /n F(z,u(x))dz
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and for t € R and u € H,lng we define the energy
1
Eb,t,u) = / §|(sz —bA(t, 2))u(z)>dx — b'G(u).

Formally, it is not hard to see that any sufficiently regular solution of (@), (@),
enjoys the following energy evolution law:

E(b,t,u) = E(b,0,¢) — Re/o (0sA(s)u(x), iV — A(s))u(s))2ds.

Therefore, the natural space to solve ([L1]), ([L.9) seems to be H)y
Now we are in position to state our first result.

Theorem 1. Suppose that Assumptionsﬂ and@ are satisfied and let ¢ € H}ng.
Then, there exists Ty, T > 0 and a unique v € C(] — Ty, T°, H},,) N C*(] —
Ty, T, H,.l) solution of (). Moreover, either T, = oo (resp. T® = o), or
limy— 7, [|[u(®)||m, = oo (resp. lim; 7o [[u(t)|| 1, = 00) and

(1.6) [u(®)llL2 = llellL2,

(L7)  E(btu) = E(b,0,4) — Re /0 (0, A(s)u(), (iV — A(s))u(s)) p2ds,

for all t €] — Ty, T®[. Additionally, there exists € > 0 such that, for all b > 0 and

¢ € HY,, such that [l 1, < Cb, we have Ty, T® > €b™° with § = max(1, 2y, 22).

Let us make a few remarks on this result. The Cauchy problem for non-linear
Schrodinger equation has a long story. In absence of magnetic field there are nu-
merous results; see for instance @, , [ﬂ]

In presence of magnetic field, the behavior of A when |z| becomes large plays
an important role. In the case where the magnetic potential A is bounded, the
spaces H,lng and H' coincide and the Cauchy problem can be solved in H! using
usual techniques. If the magnetic field is unbounded , it is not possible to solve the
Cauchy problem in H' as multiplication by A is not bounded on L2.

To avoid this difficulty some authors work in the weighted Sobolev space ¥ =
{fu e HY(R"), (1+ |z|)u € L%} (see for instance [f], [I4]). In particular, they
require some decay of the initial data at infinity.

In the case of [ﬁ], this decay is required because the author use dispersive prop-
erties for the Laplacian instead of Ha (). In [@] the author use magnetic Strichartz
estimates but their method based on fixed-point theorem is not adapted to the
magnetic context and requires decay of the solution at infinity.

On the other hand, there exists also of a result of Cazenave and Esteban [ff]
dealing with the special case where the magnetic field B is constant (and hence, A
is linear with respect to ). In a way, this paper is more satisfactory as they need
only ug to belong to the energy space. Nevertheless, their result applies only to
constant magnetic field.

Our theorem is, then a generalization of the above results. Before going further,
let us remark that for unbounded A, the spaces H', H}ng and ¥ are different. First,
it is evident that X is contained in H' N H, . Let us give an example where %
is strictly contained in H}ng. For this purpose, we restrict ourseleves to the case
where the dimension n = 2 and consider the magnetic potential A(z,y) = (y, z).
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Let g € H'(R?) be such that |x|g ¢ L?, then a simple calculus shows that f(z,y) =
g(x,y)e " belongs to Hy,, \ .

In the case of defocusing non-linearities the energy law implies the following
result.

Corollary 1.2. Suppose that F(z,z) <0 for all z,z, then Ty, T® = +00.
Proof. For F' < 0, we deduce from (B) and Cauchy-Schwarz inequality, that

16V = A@)u(t)] 12 < Cr + Cs / 16V = A(s))u(s) 2ds

for some fixed constant Cy,Cy > 0. Hence, Gronwall Lemma shows that ||(iV —
A(t))u(t)|| > remains bounded on any bounded time-interval. Using ([L.6]) and the
characterization of T3, we obtain the result. [l

The next section contains the proof of Theorem El In section 3 we give some
qualitative results on the solution of (IE) in the limit b — oo. More precisely, we
can construct WKB solutions and prove instability results with respect to initial
data and parameter b.

2. CAUCHY PROBLEM IN THE ENERGY SPACE

The proof of theorem [] relies on the Strichartz estimates proved in [[g for the
problem

(2.1) 10w = Hayu+g(t), up=s=¢

Theorem 2. (Yajima) Let I be a finite real interval, (¢,7) and (vj,p;),5 = 1,2

be such that r,p; € [2,-2%], % = n(3 — 1) and % = n(3 - %) Let g; €

L (I,L”/J (R%)),7 = 1,2, where v}, p; are the conjugate ezposant of v;,p;j. Then
the solution u to @) with g = g1 + g2 satisfies

(22) ||u||Lq(I7LT(RZ')) S C(”ngL’Yi (I,LPII(R;})) + HgQHL’Yé(LLPé(RZ)) + ||¢||L2(Rn))

where the constant C' depends only on the length of I and the constant C, of As-
sumption E

Proof. In the case g = 0 it is exactly Theorem 1 of E] In the general case it
suffices to work as in the proof of Proposition 2.15 of [Jf] using a celebrated result
of Christ and Kiselev [E] The fact that the constant C' depends only on the C,, is
a direct consequence of the construction of Yajima [fi]. O

Remark 2.1. In the case where the magnetic potential is not regular, there are
some recent results of A. Stefanov [E] and Georgiev-Tarulli [E] which provide
Strichartz estimates under smallness assumption on the magnetic fields. This
should lead to the corresponding existence and uniqueness result for NLS in the case
of small magnetic field. This could also have consequences on the well-posedness of

the Schrédinger-Mazwell system (see @], ], for results on this topics).

It is important to notice that Theoremﬂ is not a straightforward consequence
of the above Strichartz estimate. Indeed, if we try to apply a fixed point method
to equation ([1.1]), a problem occurs when we try to control the norm of the non-
linearity in the H},, norm. Consider for instance the case f(u) = |u[*u, then

(iVa = bA®)) ([ulu) = [u* (Ve — bA())(u) + uiVa(|u?]).
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The first therm of the right hand side of this equality will be controlled by [ul|my, ,
whereas in the second term, as A(t, z) is not bounded with respect to x, there is no
chance to control iV, (|u?|) by (iV, —bA(t))(Ju?|). For the same reason it does not
seem easy to solve the Cauchy problem in magnetic Sobolev spaces of high degree.

To overcome this difficulty, we work as in @, [E] and approximate the solution of
(D) by solution of a non-linear Schrédinger equation with non-linearity linearized
at infinity. In the work of Cazenave and Weissler, the main tool to justify the
approximation is an energy conservation. In our case, the Hamiltonian depends on
time, so that the energy is not conserved. Nevertheless, the error term is controled
by the H#g—norm so that it is possible to implement the same strategy. Another
difference involved by the dependance with respect to time of the Hamiltonian is
that usual techniques to solve the Cauchy problem with regular initial data and
nice non-linearities can not apply in our context. Therefore, additionnaly to the
approximation of the non-linearity, we have to introduce an approximation of the
magnetic field itself and justify the convergence to our initial problem.

Let us introduce the approximated nonlinearities used in the sequel. Following
[ﬂ], we decompose f = fi; + fo with

(2.3) fi(z, 2) = Ly f(@,2) + Loy £, 1)2
and
(2.4) fo(@,2) = Lz (f(2,2) — f(,1)2).

Next we define f,, = fl + fgym where

(2.5) fom(a,2) = 1{|z|§m}f2(xvz) + 1{|z|2m}f2($7m)%

Remark that these functions satisfy Assumption E We consider also the energy
functional associated to these approximated non-linearities. We define

||

(2.6) Fo(z,2) = fm(z, 8)ds, Gm(u)/ Fr(x,u(x))dx

0 n
and for t € R and u € Hy,, we set

(2.7) E,.(bt,u) = /n %|(1VI — bA(t, x))u(z)Pdr — G (u).

Finally, we remark that replacing the magnetic potential A(t,z) by A(t + o, x)
it suffices to prove Theorem ﬂfor to = 0.

On the other hand, to enlight the notations we prove the theorem in the particu-
lar case b = 1. To get the general case it suffices to keep track of b along the proof.
We will also restrict our study to ¢ > 0, the other case being treated by reversing
time in the equation.

2.1. Preliminary results. In the sequel, we will need Sobolev embeddings in
the magnetic context. In this subsection, A is a magnetic potential satisfying
Assumption f.

Lemma 2.2. Let 0 < s < 5 and ps = n27n25’ then H¥ is continuously embedded in

LP(R™) for all p € [2,ps] and there exists C > 0 independent of A such that
(2.8) lullze < Cllullry
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Proof. From the diamagnetic inequality (see [[I]), we know that almost everywhere
we have
ul = |(Ha +1)"2 (Ha +1) 20| < (=A +1)72|(Ha +1) 2.
Taking the LP norm, the result follows from standard Sobolev inequalities. O
Next we prove a technical result on the non-linearity.

Proposition 2.3. Let M >0, =p1 =2 and r9 = p2 = a + 2 then
(1) the sequence (fom(.,u))men- converges to fo(.,u) in LP>(R™) uniformly
with respect to uw € HY such that [ullgy < M.
(2) there exists C(M) > 0 independent of A such that for all m € N* and for
all u,v € HY with max(||ul| g1, [0l g ) < M we have

1) = Pl o)l ot gy < COD = vl 2
1Foan(r0) = Foum e 0) oy + 152 0) = Fols0)l o gy < COM s = 0] e

Proof. We follow the method of Example 3 in [E Taking x the characteristic
function of the set {z € R™ | |u(z)| > m} and using Assumption [, we have

(2.9) 1F2(u) = Fran ()l ot oy < Xl oy = 20l 322

. . . . 2n
On the other hand, using Hélder inequality and Lemma @ we get for p = =5,

1— ot2 otz
(2.10) ||U||H1 > Clixullze = Cm =+ |xul oo
As a < =45 then 1 — =25 > 0. Combining equations (2.9) and (.9), we obtain the

first pomt of the proposmon

The second assertion follows, as in example 3 in [E], from Holder inequality,
Assumption P and Lemma .3, The fact that the constant C'(M) is independent of
the magnetic fields follows from the uniformity of the constant in Lemma @ O

Lemma 2.4. LetT >0 and v, k=1 2bedeﬁnedby——n(%——) For M >0

there exists a constant C'(M) independent of A, such that for all u,v € HY with
[ullgy < M and |[v]| gy, < M we have

|G(u) = G(v)| + |Gm(u) = G (v)| < C(M)([[v = ullz2 + [[v = ull72),
with 2 = % — 22 and for all u,v € L>([0,T1H}),
12 Co) = Fr G ot o,y ot gy < CODT M= vl 2o fo,71,21 (8-
om0 = Famlos )l g .y oy + 1) = ol )l g oy gty
< CONT Ju = vl o117y

Moreover, Gy, — G as m — oo uniformly on bounded sets of HY.

Proof. Remark that G(u fo (z,su),u)r2ds and Gy, fo fm(@, su),u)2ds
and copy the proof of Lemma 3.3 in [f], replacmg classu:al Sobolev inequalities by
Lemma @ and using Proposition P.J. (]

We are now in position to prove the uniqueness part of Theorem .

Proposition 2.5. Let T > 0 and u,v € C([0,T[, H},,)NC' ([0, T[, H,,}) be solution
of . Then u = v.
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Proof. Let u,v € C([0,T[,H},,) N C*([0,T[, H,,}) be solution of (1), and set
w = v — u. Then w(0) =0 and

0w — Hayw = fi(u) — fi(v) + fa(u) — f2(v).

Let 7 € 2, —%5] and ¢ > 2 such that % =n(3—1). Apply Theorem H together with

Lemma @, we get

lwllaqo,rory < C(T+T7)(|w|l o (fo,r1,22) + lwll L2 (0,71, 202))

where v, = g—ié and 7_22 = n(% — p%) As we can alternatively take (g,r) to be
equal to (2, 00) and (72, p2), we get the announced result by summing the obtained
inequalities and making 7" > 0 small enough. (]

2.2. Autonomous case. In this section we explain briefly how to solve the Cauchy
problem in H,, when the magnetic field A(t,z) = A(z) is time independent. In
this context, the functional E does not depend on time and formally we have the
following conservation of energy. Suppose that u is solution of (E) then

E(b,u(t)) = E(b, ), Vt.
More precisely, we prove the following

Proposition 2.6. Let M > 0 and C,, o € N* a family of finite positive numbers.
There exists T > 0 depending only on M and the C, such that for all A satisfying
oA = 0 and Assumption [| with C, and for all ¢ € HY such that ol < M,

there exists a unique u € C°([0, T[, Hy) N C*(]0,T[, H;") mazimal solution of
i0u=Hau+ f(z,u)

with initial condition uj—oy = . Moreover, for all t € [0,T[ we have
E(b,u(t)) = E(b,¢),

and if T' < oo then limy_ [|u| g1 = occ.

The proof is slight adaption of [E}, [E] to our context. We need also to investigate
the dependence of the existence time with respect to the magnetic field. However,
the scheme of proof is the same and consists to consider an approximate problem
and justify convergence on fixed time intervals. Let us give the main steps of the
proof.

Step 1. Let f,, be defined by (2.3), (-4), (£.9) and let A be a magnetic field
satisfying the above hypotheses. Consider the problem

(2.11) 10w =Hpu+ fr(x,u), u—o=¢
with ¢ € HY. We have the following

Lemma 2.7. Let ¢ € H}x, then there exists T 4 > 0 such that there exists up, €
C([0, T, al, HY) N CH([0, T, al, HyY) solution of [2.1]). Moreover we have for all
te [0, Tm7,4[,

(2.12) Emn(um) = Em(p)

and

(2.13) l[tm (B)l L2 = [l L2-
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Proof. The proof is the same as that of Lemma 3.5 of [ff], replacing usual deriva-
tives by magnetic derivatives. ([

Step 2. We show that the existence time 7, 4 can be bounded from below
uniformly with respect to m € N and A satisfying Assumptions of the above propo-
sition.

Lemma 2.8. Let M > 0. There exists Ty = T1(M) > 0 such that for all m € N,
all A satisfying Assumption [] and all ¢ € HY with ol 1, < M we have

lwmll Lo 0,10,y < 2llpll oy, -

Proof. The proof is exactly the same as in Lemma 3.6 of [B], making use of Lemma
E (in particular, we use strongly the conservation of energy) and Proposition E
to get uniformity with respect to A. (I

Step 3. The final step is to prove convergence of the u,, to solution of the initial
problem. First we prove convergence in L2,

Lemma 2.9. Let M > 0 and C,, o € N a family of finite positive numbers.
There exists To > 0 depending only on M and the C,, such that for all A satisfying
Assumption [] with C,, and for all p € HY such that oz, < M, such that

(um)men is a Cauchy sequence in C([0,Tx], L?).

Proof. The proof is the same as in [E], making use of Theorem E, Lemma @,
Proposition .3 and Lemma P.7. O
Now, we can complete the proof of Theorem EI We denote u the limit of u,, in
C(]0, Ty], L?). From Lemma .4, it follows that v € L>°([0, T3], H}) and by Lemma
ﬁ U, converges to u in C([0, T3], L") for all » > 2n/(n — 2). Hence, it follows
from Proposition .3 that fo,(u,) converges to f(u) in C([0,T], H;"') and u solves
in L>°([0, To], H, ). Moreover, combining Lemma .4 and B.] we prove that

E(b’ t7 u) = E(b7 0’ 80)'
This shows that u € C([0, T3], H},,) and hence u € C'([0, T3], HY.

2.3. Cauchy problem in the time-depending case. We suppose now that
A(t, z) satisfies Assumption . The strategy of proof is the same as in autonomous
case and we first consider the problem

(2.14) i0iu = Hapy v+ fm(2,u), =0 = ¢

At least formally, we can see that the energy of the solution of this equation satisfies
the following rule

(2.15) E(t,u) = E(0,¢) — Re/o (0s A(s)u(s), (iVy — A(s))u(s))ds.

This will replace the energy conservation in our approach. On the other hand
another problem occurs if we try to apply the proof of [E] Indeed, the first step
should be to obtain a generalization of Lemma @ in the time depending framework.
Following the proof of Lemma 3.5 in [ﬂ], we should regularize the initial data and
solve the Cauchy problem in H,Qng. The issue is that contrary to the autonomous
case, the existence of smooth solution is not easy to prove. Indeed, the key point
in the approach of [H] is that for any g € C([0,T], H') Lipschitz continuous with
respect to time, the function v(t) = fot Uo(t,s)g(s)ds is also Lipschitz continuous
with respect to time. Such a result is easely proved in the autonomous case as the
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identity Ug(t + h, s) = Uy(t, s — h) permits to use the assumption on g. This fails
to be true in the time-depending case. For this reason, we prove the existence in
H},, in a direct way.

2.3.1. Existence of solution for approximated problem. In the case where the mag-
netic potential depends on time, we can not use the method of [E] to prove existence
of solution on (2.14) in H.,,. However we can prove the following.

Proposition 2.10. Let ¢ € H}ng, then, there exists T > 0 such that there exists

U, € C([O,T[,Hﬁlg) ﬂCl([O,T[,Hn’l;) solution of (B.1}). Moreover we have for all
te 0,7,

(2.16) Ep(t,um) = En(t, ) — Re/o (0 A(s)u(s), (iVy — A(s))u(s))ds.
and

(2.17) [um(@)]lz2 = llll -

Proof. The method consists in approximating the magnetic potential A(t,z) by
potentials which are piecewise constant with respect to time. More precisely, remark
that thanks to Assumption ] and Proposition P.§ there exists T = T5(M) > 0 such
that for all ¢y € [0, T3] the Cauchy problem
i0su = Ha(rg) u(t) + frn(u(t)), uji=t, = ¢
can be solved in C([tg, to+ T3], H114(t0)) for all initial data such that H(‘DHHZ@ , < M.
0

Let T €]0,T5[ and for n € N*, k € {0,...,n — 1} define t& = 2L We set
An(t,z) = Atk x), Vvt € [th tE+1] and A, (T,x) = A(T,x). Next, we define the

Hamiltonian H,, = (iV, — A,)? and we look for solutions Up,m Of
(2.18) i0iu = Hpu + fr (), uji—o = @

From uniqueness in the autonomous case, such a function is given by

n—1
(2.19) U (t:2) = Vi esr ()0, (8, 7)
k=0

where Vg n.m (t, x) is defined as follows. We choose vg »m to be solution of
; — (4 — A(4° 2
(220) { Zatvoﬂlﬂzo (’LYI (tn’ x)) Vo,n,m + fm('UO,n,m)
UO,n,m( nax) - QD(CE)
and for k > 1, vg n.m (¢, z) is the solution of
(2.21) 000 = (15— A, 220k + For (V)
- Ukﬂl,m(tfw x) = ’Uk—lﬂl,m(tfw x)

Thanks to Proposition @, the function vy, ., are well defined and belong to
CO([tk, th + T»], H},,) and satisfy the following conservation equations

En,m (ta Uk,n,m(t)) = En,m (tﬁa ’Uk,n,m(tfl))
forall k=0,...,n—1, t € [th, ti*[ and where for all w € H,, ,(R™),

n’'n

E,n(t,w) = %/n |(iVe — An(t, 2))w(z)Pdz — G (w).
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Let us write A(tf, ) = A(tF~, z) + W, x(2) with W, ,x(z) = 1 fk 1 OcA(t, x)dt
and use Vg n.m (8, 2) = vp_1.0.m(tE, ), then
(2.22)

Enm (tfm unm(tﬁ)) =Enm (tkilv un,m(tkil))

- / " Re((iVa — At (571, DAt @)1ty (57 1))

k—1
n
+ ||Wn,k“n,m(t5;1)||2L2-

Thanks to Assumption [I] and conservation of mass, we have ||W, ptn,m (t5)[|2, =

O( ”ﬂlﬂ) uniformly with respect to k, n,m.
Hence, taking the sum of equations () for k=1,..., ko with kg = [%t], and
using the fact that the energy is constant on [tFo, tko+1[ we get for ¢ € [tho, tho+1]

(2.23)
En,m (ta Un,m(t)) = En,m(oa (10)

ko tk
fZ/kilRe«in — AMEY o (7YY, By At @) (£ 1))
k=1"1tn

l 2
+O(=llgl3e).

With this equation we can show that the sequence (un,m)(n,m)enxn is bounded
in H}, . The proof is a discretization of the proof of Lemma 3.6 in [{]. Let M =
2||<p||H1 and let T, ,, > 0 the maximal time such that 14+2maTy, m+m3 T2,
and for t € [0, Ty s

”Un,mHH}ng <M.

Thanks to Propositions E, @ and Lemma @ there exists K (M) > 0 independent
of n,m € N, such that

|\8tun7m|\H;§ < K(M), Vn,m € N,¥t € [0, T}, m]
and consequently,
(2.24) [t — @llz2 < 2MK(M)t, ¥t € [0, T |-
On the other hand, it follows from (R.23) that

%nwz—An(t»um(t I3 < S1Ve — AO)lEs + Conlitnm) ~ Gm(o)
(2.25) - Z/ Re((iVy — A ) tn,m (tF), 05 A(s, )t m (tE71))ds

= 2
+ (=gl

As 9; A is bounded, the fourth term of the right hand side of (R.2) is bounded by
CtM?. Moreover it follows from Lemma P.4 and estimate (2.24) that
|G (un,m) — Gm(p)| < C(M)(t +¢t¥).
Combining these equations with Proposition we get
25 M*?

||Un,m||%1,1n SET+C( )T+ T3 1)
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Taking 0 < T}, »,, < T with T sufficiently small independently on n, m, this proves
that

(2.26) l[ttn,m ()| £oe (0,71, 113, ) < M, ¥n,m € N
Let now p,q € N, then
(0 (up,m — tq.m)(t) = Hp(upm — tg.m)(t) + Bp.gm(t) + gm (tpm(t)) — gm (tgm(t))
and (Up,m — Ug,m) =0 = 0, where
Rpgm(t) = ((Ag = 4p)(iV — A(0)) + (iV — A(0))(Aq — 4p)(1)
+ (AR — AD)(t) + 24(0)(Ag — Ap)(t))ug.m (t)-
Thanks to Theorem [, we have for T €0, T, r €|, 20 [ and 2 = n(
tp,m = tgmll Lagpo, 71, r@ny) < [Bpamll e 0,79, L2mmy)

~yp—1
+ C(M)(T|u — U”Loo([ojﬂ],m(ugn)) +T = flu— U||pz([07%],yz(w)))-
On the other hand, € > 0 being fixed, for p, ¢ large enough we have

sup |4, — A4 <e.
(t,z)ERXR"

Hence,
||Rp,q,mHLao([o,%],Lz(Rn))|| < 26||“q,m||H}ng + Cellugm|[2 < CMe,

and for p, ¢ large enough we get

l[tp,m — uqm||Lq([o,T],Lr(Rn)) <e+ C(M)T|lu— UHLoo([oyT]yLz(Rn))

~y2—1
+CM)T 2 [u =0l oo 0,77, L7 (R )

This estimate is available, both for (¢,7) = (00,2) and (¢,7) = (72, p2). Summing

the two inequalities obtained and making 7" > 0 small enough, we get

ltpm = thgm | o7,y < 26

Therefore, the sequence (U, m)nen converges, as n goes to infinity, to a limit u,, €
L? which is solution of (2.14). Moreover, as (unm)nen is bounded in H},, we can
suppose that it converges weakly to wu,, in H,lng.

Now let’s go back to equation () Using the fact that w, ., converges in L?
and converges weakly in H,lng it is no hard to see that E,, 1, (¢, Un,m ) —En,m (0, ¢) con-
verges as n — 00, to Re fg(@sA(s)um(s), (iVy — A(8))um/(s))ds. From Proposition
B.3 and weak lower semicontinuity of the magnetic Sobolev norm ||(iV — A(t)) . 2
it follows that

E,(t,um) < En(0,0) — Re/0 (0sA(s)u(s), (iVy — A(s))u(s))ds.

Finally, ¢ > 0 being fixed, consider vy, () = tn,m(t — s), which is solution of

iasvn,m = - HA(t—s) Un,m — gm(vn,m)

with initial data v, (s = 0) = wy m(t). Then we can do the same computations

=

as above to get the converse inequality and hence (R.16)) is proved. (I
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2.3.2. Convergence to the initial problem. In this section, we show that the sequence
Uy, converges to a solution of (m) when m goes to infinity..

Lemma 2.11. There exists Ty > 0 depending only on ol mz,, such that (um)men
is a Cauchy sequence in C([0,Ts], L?).

Proof. The proof is the same as in [E], making use of Theorem E, Lemma @,
Proposition P.3 and Proposition R.10. O

Now, we can complete the proof of Theorem m This is the same as in [ﬂ] and
we recall it for reader convenience. We denote u the limit of w,, in C([0,T5], L2).
From estimate (R.26), it follows that u € Lm([O,TQ],H}W) and by Lemma P.2,
U, converges to u in C([0,T3], L") for all 7 > 2n/(n — 2). Hence, it follows from
Proposition P.3 that f,, (un,) converges to f(u) in C([0, T3], H,,4) and u solves ([L.1)
in LOO([O,TQ],H,#). Moreover, combining Lemma P.4 and Proposition we
prove that

E(t,u) = B0, ) — Re /O (0, A(s)u(s), (Vs — A(s))u(s))ds.

This shows that u € C([0, T3], HL ) and hence u € C([0, T3], Hb).

mg
3. WKB APPROXIMATION

In this section we justify WKB approximation for solution of (E) when the
strength of the magnetic field b goes to infinity and obtain instability results. We
stress our attention on the case where the magnetic field and the non-linearity have
the same strength; that is we consider the case v = 2 and search approximate
solution for

. Ujsmp = ao(x)ezbs(z)
where g does not depend on x. Remark that with the previous notations, f =
ug(|u)?). In thi section we still ask f to satisfies Assumption f| and we require
additionnaly

Assumption 3. g € C*°(R,,R) with ¢’ > 0.

Remark that if we suppose that ap € H! and VS + A(0) € L? then the ini-
tial data satisfies ||ao(z)e™®*®)| g1 , = O(b). Therefore, under Assumptions i,
and [ it follows from Theorem [ that there exists a unique solution of (B.1)) in
C(—=Ty, T", H}, ) with T, T > Cb~°,6 = max(2, 2). In fact this solution takes a
particular form.

Theorem 3. Let 0 > 5 +2 and suppose that Assumptions E, E andB are satisfied.
Assume additionally that ;A belongs to H°~1(R™) for all t € R and take ag in
H(R™) and S such that VS + A(t = 0) belongs to H°~1(R™). Then, there exists
T > 0 and ap, ¢y in C([0,T[, H°(R™)) N C*([0,T[, H*~*(R™)) such that u(t,z) =
ap(bt, 2)e®S@)+eu(b8.2)) s solution of on [0,b71T.

Proof. We start the proof by a time rescalling leading to a semiclassical feature.
We denote h =b~! > 0 and set u(s) = v(bs). Then equation (B.J) is equivalent to

{ ihOp = (ihVa — A(ht))*v + vg (v (t)[?)

3.2 I
(3.2) Ve = ao(z)eh 5@
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We follow the general method initiated by Grenier [@] for the semiclassical
Schrédinger equation and look for a phase and an amplitude depending on the
parameter h. Putting the ansatz v(t, z) = oy, (t, z)e™ #n(:2) in the equations (B-2)
we get
(3.3) Ordn + | Va onl® + g(Jan])? =0

) Orap, + VA op Vay, + div(VA ¢h)ah = thAqy,
where Vo ¢ = (Vz¢ + A(ht)). Next we set ¢p(t,x) = Vadp(t,z) € R” and
differentiate the above eikonal equation with respect to . We obtain
(3.4) Ovpn + 201V + 29 (|an|?) Re(@nVay) = ho A(ht, x)

’ Ora, + pp . Vay, + div(en)an = ithAay,

Separating real and imaginary parts of a = oy + i p, (@) becomes

(35) Oywy, + Z Aj (’wh)amj wp, = hLwy + vy,
j=1
with
a1,h 0
Qg p, 0
(36) wp, = P1,h JUp = h@tAl(ht, .Z')
Pn.h h@tAn(ht, .Z')
0 —-A 0
(3.7) L= A 0 0
0 0 Onxn
and
Pj,h 0 al ... o1
0 Pj.h Qg ... (67)
(3.8) Ajw) = | 20/ 2¢g'a2 w; 00
: : 0o . 0

2¢'ar 2¢'as 0 0 @in

This system has the same form as in [, [H] with the exception of the source term
vy, in right hand side of (B.H) and the initial data. Thanks to the assumptions, vy,
belongs to H7~!(R"), whereas the initial condition in (B.2) yields

Rea,
Imag

(3-9) wh(t = 0) = 02,8 + Al(o)

02,5 + An(0)

which belongs to H7~1(R").
On the other hand, thanks to the assumption on g¢’, the system (@) can be
symmetrized by

I 0
a0 = (40
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which is symmetric and positive. It follows from general theory of hyperbolic sys-
tems that the problem (B.§) together with initial condition (B.9) has a unique so-
lution wy, € L>([0,T], H°~1) for some T}, > 0.

Hence, we have to bound T}, from below by a constant independent of A. This
is done by computing classical energies estimates as in [@], [E], and using the fact
that 9; A as well as V.S + A(0) belong to H 1.

Finally we define oy, and ¢y, by ay, = wq p + iw2 p and

t
on = S(z) — / lonl? + F(lom[?)ds.

By construction, ¢y belongs to L?. Moreover, a simple calculus shows that V¢, =
on — A(ht) belongs to H°~1 so that ¢, is in fact in H. Going back to the equation
on ay and making energies estimates we show that oy € H?. Finally, it a direct
calculus shows that (o, ¢p) defined above solves (B.9)

O

Remark 3.1. The above solution belongs to the magnetic sobolev space Hrlng. In-
deed,

(iV, — bA) (pe™®®) = (iVay — b(Vy + A)ay)e®?
belongs to L2. Therefore the solution built in Theorem B coincide with the one of
Theorem I]

With TheoremE in hand it is easy to prove instability results.

Proposition 3.2. Let 0 > § + 2 and let A satisfy the assumptions of Theorem
B. Suppose that S is such that VS + A(t = 0) belongs to H?~'(R"). Then, there
exists ag and agp in H7(R™) and 0 < t, < Cb™t such that

lao — @opllrz — 0 as b — oo

and the solutions uy, (resp. Up) associated to ([3.1) with initial data age™®®) (resp.
a0e™®3®) ) satisfy
lue = sl o< (j0,1),22) = 1.

Proof. It is a straightforward consequence of Theoremﬁ and the methods of [ﬂ]
O
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