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The Lévy-Fokker-Planck equation:
d-entropies and convergence to equilibrium
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ABSTRACT. In this paper, we study a Fokker-Planck equation of the form u; =
Z[u] + div(xu) where the operator Z, which is usually the Laplacian, is replaced
here with a general Lévy operator. We prove by the entropy production method

the exponential decay in time of the solution to the only steady state of the
associated stationnary equation.
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1 Introduction and main results

The equation at stake. In this paper, we are interested in the long time
behaviour of the following generalized Fokker-Planck equation:

O = Tu) +div(uVV) ze Rt >0, (1)
submitted to the initial condition:
u(0,2) = up(z) = €R? (2)

where ug is nonnegative and in L'(R?) and V is a given proper potential for
which there exists a nonnegative steady state (see below). The operator Z is a
Lévy operator

Tu](x) = div (aVu)(x)—qu(x)—I—/Rd (u(z+2)—u(z)—Vu(z)-zh(2))v(dz) (3)

with parameters (b, o, ) where b = (b;) € R?, ¢ is a symmetric semi-definite
d x d matrix 0 = (0; ;) and v denotes a nonnegative singular measure on R?
that satisfies

v({0}) =0 and /min(l, |21*)v(dz) < +oo; (4)
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h is a truncature function and we fix it on this article: for any z € R, h(z) =
/(1 +|2P).

Remark that this equation is conservative: for any ¢ > 0, [u(t,z)dz =
J uo(x)dz and we will therefore assume without loss of generality that we have
Juo(x)dz = 1. The diffusion equation (1) is a natural generalization of the
well-known Fokker-Planck equation given by

O = Au+ div(uVV) xRt >0, (5)

and since 7 defined by (3) is the infinitesimal generator of a Lévy process, we
refer to (1) as the Lévy-Fokker-Planck equation.

Motivations and goals. As pointed out by Biler and Karch in [7], Equation (1)
is studied at least for two important reasons. First, it is deeply connected
with stochastic differential equations driven by Lévy stable noise, see e.g. [11].
Secondly, in the case of a quadratic potential V(z) = 3|z|* and the fractional
Laplacian Z = —(—A)2 (even for general a-stable Lévy process — see Section 2
for a definition), it permits to describe the long time behaviour of the solution
of

U+ (—=A)Z[U]=0 (6)

with a nonnegative initial condition Uy in L!(R?). Indeed, the reader can check
that the function wu(t,x) = R (t)U (7(t),zR(t)) satisfies (1) as soon as one
chooses R(t) = et and 7(t) = (e — 1)/ and Uy(z) = uo(x). Consequently, if
K(t,z) denotes the green function associated with the fractional Laplacian,

at 1
u(t, x) :edt/uo <6 o :L’y) K(et,y) dy.

On the one hand, U vanishes as ¢t — +o00 and on the other hand, u is expected
to tend towards the steady state of (1), that is to say towards the nonnegative

stationary solution us, of (1) with the quadratic potential V(z) = 3|z|?:

Tuoo] + div(ueez) =0 (7
such that [usdr = [uodz = 1. We see that dealing with the quadratic
potential is of particular interest and we will be able to say more in this case.

In full generality, we expect that the solution u of (1) converges towards the
unique nonnegative solution of:

T uoo] + div(uae VV) =0

such that f Uso = f ug = 1. Function u., is called a steady state and conditions
on V must ensure that such u., exists and it is nonnegative.

Known results. Consider a smooth convex function ® : Rt — R and uee
positive such that [u..dz =1 and define the ®-entropy: for any nonnegative

function f,
Ent] (f):= /@(f)uoodx—q></fuoodm>.
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Jensen’s inequality gives that Entfw (f) = 0. Let ug be a nonnegative initial
condition of (1) or (5) then the maximum principle ensures that

u(t

Ea(u)(t) = Bue,_ (22

Uoco

is well defined for ¢ > 0.

In the case of the classical Fokker-Planck equation (5), by using functional
inequalities as Poincaré, logarithmic Sobolev or ®-entopy inequalities, and under
proper assumptions on the Potential V' such as the Bakry-Emery criterion (T'),
one obtains exponential decays to zero of Fg(ug). Then the solution u of (5)
converges towards the steady state u, in the sense of ®-entropy. Methods to
prove such results are usually based on entropy/entropy-production tools. See
[5, 1, 4, 8] for different methods and applications.

For our equation (1), Biler and Karch prove in [7] that Fg(ug) decreases in
time for general confinement potentials V; they also prove that for ®(r) = r?/2
and for the quadratic potential V(z) = %|z|?, there exists C' = C(uo,Z) and ¢
such that:

E‘_‘Q/Q(uo)(t) < Cpe™ . (8)
To prove the latter result, they assume that the symbol 1 satisfies for some real
number « € (0,2]:

{ 0 < liminfe_o %8 < limsup,_ o %E < 400,

GR GR 9
0 < inf 49 ¥

In particular, the second assumption says more or less that there is a nontrivial
Gaussian part (o # 0).

Main results. The results of Biler and Karch we just described are the starting
point of this paper. We tried to understand if one can generalize them and obtain
an exponential decay for any convex function ¢ under a sharper form. Our two
main contributions are:

1. to exhibit the so-called Fisher information associated with the ®-entropies
E<D7

2. and to take advantage of this result to prove an exponential decay of the
®-entropies for a class of convex functions ® and for a larger class of
operators.

Let us describe our results more precisely. Let us consider the Bregman
distance associated with ®:

Y(a,b) € R, Dg(a,b) := ®(a) — B(b) — ' (b)(a — b) > 0. (10)

Our first result states that for all initial nonnegative datum wug:

vt >0, %Eé(uo)(t) = —/q)”(v)Vv oV usedx

- /Dq; (v(t,z),v(t,z — 2)) v(dz)us (x)dx  (11)
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u(t,z)

the operator Z, see (4). The first result of Biler and Karch is a straightforward
consequence of this formula and they were very close to it (see their proof of
the entropy decreasing property). In the particular case of ®(x) = 22, the right
hand side of (11) can be seen as the opposite of a Dirichlet form (see Chapter 3
of [3]).

The main result of this paper is the following.

where v(t,z) = and v is the Lévy measure appearing in the definition of

Theorem 1 (Exponential decay to equilibrium). Assume that V(z) = %|x|?
and the operator I is the infinitesimal generator of a Lévy process whose Lévy
measure is denoted v. We assume that v has a density N with respect to the
Lebesgue measure and that N satisfies

/ In|z| N(z) dz < +00 (12)
RI\B

where B is the unit ball in RY. Then there exists a steady state uso, i.e. a
nonnegative solution of (7) satisfying [usdx = 1.
If moreover N is even and for all z € RY,
+oo

N(sz)s9 lds < ON(z) (13)
1

for some constant C > 0, then for any smooth convex function ® such that

{ (a,b) = Dg(a +b,b)
(r,y) — @"(r)y - oy

{a+b>0,b>0}

R+ x RQd (14)

are convexr on {

the ®-entropy of the solution u of (1)-(2) goes to 0 exponentially. Precisely, for

any nonnegative initial datum ug such that Entfoc o

vt >0, Ent?_ <u<t)> < e TEnt?_ <u°> (15)
u u

o0 o0

< 00, one gets:

with C appearing in (13). In addition, us is the unique nonnegative solution
of (7).

Condition (13) is fullfilled by any a-stable Lévy process and in this case,
C = a~!. It is also satisfied by multifractal operators. See the next section
for definitions. Furthermore, it should be compared with the first part of (9).
Indeed, freely speaking, it says that the symbol lies between two a-stable ones
for small &.

Conditions (14) appear in [8] (see (H1) and (H2) in this paper). Basic
but more important examples of such convex functions are given by ®(z) =
2 — 1 —p(z — 1) with p € (1,2], ®(x) = zlogx — x + 1. When p = 2,
Dg(a,b) = (a —b)? and in the latter case, Dg(a,b) = aln$ + (b —a). In
Theorem 4,4 of [9] it is proved that condition (14) is equivalent to either @ is
affine or ® is C?, ®” > 0 on RT and 1/®” is concave on RY.
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The paper is organized as follows. In Section 2, we recall basic facts about
Lévy operators and associated Lévy measures. We also recall a modified log-
arithmic Sobolev inequality due to Wu and Chafai (Theorem 2). Section 3 is
devoted to derivating with respect to time the ®-entropies for general potentials
V. The last section is devoted to the proof of Theorem 1, a discussion about
Condition (13) and some examples.

Notation. z - y denotes the usual scalar product in R

2 Preliminaries

2.1 Lévy operators

Let us next recall basic definitions about Lévy operators and introduce no-
tations. See [3, 6] for further details.

Characteristic exponents and Lévy measures. The characteristic expo-
nent of a Lévy process (X)¢>o is the function ¢ such that the characteristic
function ¢x, (&) of (Xi)i>0 is exp(ty(€)). The Lévy-Khinchine formula states
that ¢ can be written under the following form

P(§) = —0& - +ib- £+ alf) (16)

where a is associated with the pure jump part of the Lévy process
a(f) = / (eiz'§ —1—1i(z- f)h(z))u(dz).

Recall that h(z) = 1/(1 + |2|?) and the Lévy measure satisfies (4). The matrix
o characterizes the diffusion (or Gaussian) part of the operator (with eventually
o = 0), while b and v characterises the drift part and the pure jump part,
respectively. A Lévy operator 7 is the infinitesimal generator associated with the
Lévy process and the Lévy-Khinchine formula implies that it has the form (3).

The pseudodifferential point of view. It is convenient to introduce the
operator 7, associated with the Gaussian part,

Ty(u) =div(cVu) —b- Vu

and the operator Z, associated with the pure jump part
Zo(u) = / (u(z + 2z) —u(z) — Vu(x) - zh(2))v(dz).
Rd
The operator Z, can be seen as a pseudodifferential operator of symbol a:

Zo(u) = F(a x F1u)

where F stands for the Fourier transform. We choose the probabilistic conven-
tion in defining, for all function w € L*(R9):

Ve e RY, (&) = Flw)(€) = / ¢ € () da. (17)
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Multifractal and a-stable Lévy operators. Lévy operators whose char-
acteristic exponent is positively homogenous of index a € (0,2] are called a-
stable. The fractional Laplacian corresponds to a particular a-stable Lévy pro-
cess whose characteristic exponent is ¥ (§) = |£|*. Note that if o = 2 the Lévy
operator has no jump part. They play a central role in this paper since they are
the operators for which we have equality in Condition (13). See the discussion
in the last section.

Lévy operators whose characteristic exponent can be written as () =
St ¥i(€) where v; is aj-homogenous with a; € (0,2], are often referred to
as multifractal Lévy operators. These operators are typically those who satisfy
Condition (13).

2.2 A modified logarithmic Sobolev inequality

The functional inequality we will need in the sequel is given in the following
theorem. It was proved by Wu and Chafai.

Theorem 2 ([12, 8]). Assume that a smooth function ® satisfies (14) and
consider an infinitely divisible law p. Then for all smooth positive functions v,

Ent? (v) < / & (v)Vv - o Vop(dz) + / / Do (v(x), v(x + 2))vu(d=)p(dz) (18)

where v, and o denote respectively the Lévy measure and the diffusion matriz
associated with .

Remark that the drift of the law plays no role in this functional inequality.
Eq. (18) is proved in [12] for ®(z) = 22 or ®(x) = z log x and in this general form
in [8] but only for a pure jump Lévy process. The two articles are generalization
of the logarithmic Sobolev inequality for Poisson measure given in [2]. For the
completeness of this article, we give a sketch of the proof of this theorem in
Appendix.

The important special case ®(r) = r?/2. A simple computation shows that
the Bregman distance in this case is Dg(a,b) = (a — b)?. In this case, the ®-
entropy Ent;io reduces to the variance. One can next consider the “carré du
champ” operator I'? associated with the operator Z defined for smooth functions
u and v by:

IMu,v] = Zuv] — uZ[v] — vI[u]
= Vu-oVv+ /(u(x + z) —u(z))(v(r + 2) —v(z))r(dz),

We shed some light on the fact that one can obtain in that case Inequality (18)
by using I'; associated with 7 = Z,, defined as follows:

F%(u, v) = Z[FI[U,UH - FI[U,I[U]] - FI[U,I[’LL”.
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Inequality (18) can be obtained by remarking that (assume o = 0 for simplicity):
T2 (u,u) ://(u(m +z42) —ulr + 2) —ulz + 2) +u(z)*v(dz)v(d?) >0,

with v the Lévy measure associated to Z. This computation was already done
by Chafal and Malrieu in a nice but unpublished note [10].

3 ®P-Entropy and associated Fisher information

In this section, we are interested in the (time) derivative of Eg(up)(t) in the
case where a steady state is given. Precisely, the following theorem is proved.

Proposition 1. Assume that the initial condition ug is nonnegative and satisfies

Ent® (ﬂ) < 00 with Uss, a solution of (7). Then for any convex smooth

function ® : RY — R and any t > 0, the solution u of (1)-(2) satisfies (11)
u(t,z)

where v(t, ) = and v is the Lévy measure associated to I.

Remark 1. In the special case ®(x) = 2?2 /2, Proposition 1 can be reformulated

as follows:

B0 == [ 1[0, unde <0,

As in the case of the classical Fokker-Planck equation, the energy does not
depend on the potential V.

In order to prove Proposition 1, since the ®-entropy involves the function

v(t,x) = st(i)) , its derivative makes appear &;v and it is natural to ask ourselves
which partial differential equation v satisfies. A simple computation gives:
1
Ov = —Tuxv] + div(usevVV)
Uco
1
= —(Z[ucv] — Z]ucov) + VV - Vv =: Lu. (19)
Uco

In the case where Z[u] = Au (i.e. o is the identity matrix, b = 0 and a = 0),
Equation (19) writes:
O =Av—VV - Vv

and is known as the Ornstein-Uhlenbeck equation. This is the reason why we
will refer to Equation (19) as the Lévy-Ornstein-Uhlenbeck equation. We next
give a simpler formulation for the Lévy-Ornstein-Uhlenbeck operator.

Lemma 1 (Lévy-Ornstein-Uhlenbeck equation). If the integrodifferential oper-
ator in the right-hand side of (19) is denoted L, we have for all smooth functions
w1 and ws:

/w1 Lwy tsodr = /(f[wl] —VV - Vwy) wy usedx
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where T is the Lévy operator whose parameters are (=b,0,0) with v(dz) =
v(—dz). This can be expressed by the formula: L* =T — VV -V where du-
ality is understood with respect to the measure uoodx.

Proof. The main tool is the integration by parts for the operator Z, for any
smooth functions u, v one gets

/ vI[u]dr = / uZlv]dz.

If w; and wq are two smooth functions on R?, then:
/w1 Lws tsodr = /w1 (Z[tucows) — Z[tco|wa + oo VV - Vg )da
= /w2 f[wl] UoodT — /I[um]wlwgdm‘ — /div(uoow1VV)w2dx

- /uoo(f[wl] — VV - Vuw; )wedz.

The proof of Proposition 1. By using Lemma 1 with v = u/u«,, we get:

%E@(uo)(t) = /CI)’(U) O Uodx = /fbl(v) Lv usodz
= /f[@’(v)] V Unodx — /VV V(@' (v)) v usod.

If now one remarks that r®”(r) = (r®'(r) — ®(r))’, we get:

%E@(UQ)(t) = /vf[@’(v)]uoodx - /VV -V (d'(v) — ®(v))) usdz
_ / VI [® ()]t dar + / div (e VV) (' (v) — B(v))da
= /vf[@’(v)]umdx - /I[um](v@’(v) — ®(v))dx
— /(vf[(l)’(v)] — T[v® (v)] + Z[® (V)] usodz
GE)0) = [(L[80)] - L0t (0)] + L, [0(0) s

+ / (To[®' ()] — Za[0®' (0)] + Zu[®(0)] oot
= —/CI)N(’U)VU - oV Usodx
+ / / (v<x><<1>'(v<m +2)) - @ (0())) — v(z + )P (v(z + 2))

+o(2) @' (v(x)) + S(v(z +2)) — <I’(v(%)))> D(dz) oo (x)d
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—FEg(up)(t) = 7/@”(’[))VU'O’V’U UoodT
- [ [ (2@ - ot + ) - @0t 4
x (v(z) —v(z + z))) (dz) Ueo(x)d.

Then the definitions of the Bregman distance and of the Lévy measure v give

d

%E¢(UO)(t)=—/@”(’U)VU'O’VU uoodx—//Dé(v(x),v(x—z))u(dz) Uoo (T)dz.

O

4 The proof of Theorem 1, discussion and ex-
amples

To prove the first part of the Theorem, the existence of the steady state, we
need to state the following lemma.

Lemma 2. Assume that the Lévy measure v has a density N with respect to
the Lebesgue measure and that it satisfies (12). There then exists a steady state
Uoo, .. a solution of (7). Moreover, it is an infinitely divisible measure whose
characteristic exponent A is defined by:

1
. ds
A(f):—g-of—&-zb-f—&-/ a(sf)?. (20)
0
Moreover, parameters of the characteristic exponent A are (0,b — ba, Noodx)
where L ol
(1-72)z
= [ [ s e 2!
and

Nuo(2) = /100 N (tz)t4tdt. (22)

Note that the Lévy measure v, associated to the characteristic exponent A has
a density Noo with respect to the Lebesgue measure.

Remark 2. In the general case, Condition (13) precisely says that Noo < CN
which can be written in term of measures as follows: v, < Cv.

Proof. Let us start as in [7]. At least formally, the Fourier transform @, of any
steady state us, satisfies

P(€)lioo + &+ Viloo =0
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so that s = exp(—A) with A such that:

VA - & =1(8).

The solution of this equation is precisely given by (20). It is not clear that A is
well defined and is the characteristic exponent of an infinitely divisible measure;
this is what we prove next. This will imply in particular that F~!(exp(—A4)) is
a nonnegative function (see [6]).

Define the nonnegative N, by Equation (22). This integral of a nonnegative
function is finite since for any R > 0, if do denotes the uniform measure on the
unit sphere S9! we get,

/: /lDl:lN(TD)Td_ldeU(D) :/ylzRN(y)dy e

We conclude that for any » > R > 0 and almost every D on the unit sphere
(where the set of null measure depends only on R),

1Ny (rD) = / N(rD)7% Ydr < 400

so that N (z) is well-defined almost everywhere outside Bg. Choose now a
sequence R,, — 0 and conclude.

Let us define I(r) = f‘D‘:l N(rD)do(D) and I in an analogous way. The

previous equality implies that: 791 (r) = ffoo I(r)7%tdr. We conclude that:

1 1 +oo
/ |2|2Noo (2)dz / Ioo(r)rd+1dr:/ 7"/ I(7)r% Ydrdr
|z]<1 0 0 T
1

1
- N(z)dz + 7/ |2|>N(2)dz < +o0
2 Jjziz1 2 Jjz1<1

+o00 +oo 1 +oo
/ Lo (r)r®dr = = / I(r)r* drdr
1 1 rJr

= / In |z|N(z)dz.
2|21

Hence we have [min(1,|z|?)Nao(2)dz < 400. We conclude that it is a Lévy
measure. Now consider the associated characteristic exponent:

/|Z|>1 Noo(2)dz

A(€)=ib- £ — ol £+ /(ei‘z'E —1—i(z-&) h(2))Noo(2)dz.

10
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Now compute:
A(€) — ib-E+08- €
// e —1—i(z-€) h(z))N(sz)s? 1ds dz

/1{/(6“—1—2( )h(i)) =
O R H USRI

= A(§) —i§-ba

where b4 is defined by (21). Properties (4) of the Lévy measure v implies that
by is well defined. We conclude that A is the characteristic exponent of an
infinitely divisible law us, whose drift is b — b4, whose Gaussian part is o and
whose Lévy measure is Ny (2)dz. O

Proof of Theorem 1. The proof of the first part is exactly given by Lemma 2.
We now turn to the second part of the theorem. Proposition 1 gives for
t>0,

iEnt‘D (v(t,")) = —/q)"(v(t, NV - (t,-) - oVu(t, Jusdz

dat
_ //Dq,(v(t,x),v(t,x — 2))0(d2) usda
_ —/(I)”(v(t, NV (1) - oVo(t, Yuda
- //D¢(v(t,x),u(t,x+z))u(dz) Uood

where we used the fact that v is even. It is now enough to prove the following
inequality

u

Enty (v) < C/q)"(v(t, ))Vo(t,-) - o Vousedx

e / / Do (v(z), vz + 2))0(d2 s (z)da

for some constant C' not depending on v and Gronwall’s lemma permits to
conclude. But this inequality is a direct consequence of (18) for the infinitely
divisible law u.,. Remark also that if one considers another nonnegative steady
state li, such that Entffoo (lis) < 400 for some P strictly convex and satisfying
the assumptions of the theorem, then Entfoo (loo) = 0 and we conclude that
oo = Uoo-

O

11
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4.1 Discussion of Condition (13) and examples

Let us discuss the condition we impose in order to get exponential decay. We
point out that equality in this condition holds true only for a-stable operators
and we give a necessary condition on the behaviour of the Lévy measure at
infinity if one knows that it decreases faster than |z|~9.

Proposition 2. e Equality Noo = N/X if and only if ¢ is positively ho-
mogenous of index X € (0,2], i.e.

P(t6) = (&) for any t > 0,¢ € RY.

In this case, we get A =1 /X and by = 0. Note that in the extreme case,
where A = 2, then we get Noo = N/2 = 0.

o If |x|?N(x) — 0 as |z| — +oo, then the densities N and Nu. satisfy:

N = —div(zN).
o In this case, Condition (13) is equivalent to:

{ Noo(tz) < Noo(z)t=41/C ift > 1 (23)

Noo(tx) > Noo(z)t= 1/ jf0 <t <1

Proof. The first item simply follows from the definition of A.
Let us first prove the second item.

N(z)

+oo d
—( lim tIN(tz)) + 1°N(1 x z) = —/ —(tIN (tz))dt
t—+00 1 dt
= —dNy(z) — - VNx(z) = —div(zNs).
To prove the third item, use the first one to rewrite (13) as follows:
Z - VNoo(z) 4+ (d+1/C)Noo(x) <O0.
Integrate over [1,¢] for ¢ > 1 and [t, 1] for ¢ < 1 to get the result. O

Ezample 1. In R, the Lévy measure ﬁe‘w does not satisfy Condition (13).
Indeed, it is equivalent to:

and the monotone convergence theorem implies that the left hand side of this
inequality goes to +o0 as |z| — +o0.

12
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A Appendix

This is a sketch of the proof given by Chafai. The difference is that we treat
here the case of a Lévy operator with eventually a diffusion part (¢ # 0 in (16)).

Proof of Theorem 2. Let u be the infinite divisible law. There then exists ¢ a
characteristic exponent such that the characteristic function of p is exp ¢». Now
consider K (t,-) the law associated with exp(¢y). If 7 defined by (3), we know
that in this case the solution of
Opu = Tu]

u(0,x) = ugp(x)
is K(t,-) *ug. Let v be a smooth and positive function on R. Define next for
s €[0,t]:

P(s) = K(s,") * p(K(t — s,-) xv).

It is convenient to write g for K(t — s,-) x v.

One gets, for s € [0, 1],
o) = Kl (T00) - #0)T(0)
K(s, ) * (@"(gwg - an) FK(s,)x ( [ Patat+ z>,g<->>uu<dz>).

Using the fact that (a,b) — Dg(a + b,a) and (x,y) — ®"(z)y - oy are convex,
one gets by Jensen’s inequality,

W(s) < Kt ) % (3" (0)Vo - aVv) + K(t (/D¢ +2), ())z/u(dz))

Integrate over s € [0, 1], we obtain for t > 0 and x € R%,
K(t,") % (®(0))(z) — (K (t,-) % ) <tK(t,-) % (®"(v)Vv - oVv)(z)
K (t < / Da(0(- + 2), 0(. ))z/u(dz)> (). (24)

Then choose t = 1 and 2 = 0 in Inequality (24) and get:

Ent}}}w (v)ﬁ/@”( )V - o VoK (dz)+ //Dq> (x4 2))v,(dz) Ky(dz).

O
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