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For the synthesis of superheavy elements, it is indispensable to divide the fusion process
into two steps : Overcoming the Coulomb barrier and passing over the conditional saddle
or the ridgeline. To facilitate the understanding of the mechanism which explains the

1



November 10, 2006 11:4 WSPC/INSTRUCTION FILE abe-KDf

2 Yasuhisa ABE et al.

fusion hindrance, we first employ an analytic model with an inverted parabola for the
saddle. Then, results by realistic calculations are given for the cold fusion. Ambiguities
of the model are also discussed for future investigations. Since the model is general, it
is applied to incident channels with neutron-rich projectiles and/or targets. These are
necessary for synthesis of nucleides in so-called superheavy island around Z=114 and
N=184.

1. Introduction

A synthesis of superheavy elements becomes difficult as atomic numbers of the

corresponding compound nuclei become larger. This is observed in the decreas-

ing residue cross sections1. Therefore, reliable theoretical predictions are strongly

desired on favourable incident channels and optimum incident energies. For that

purpose, we firstly have to understand reaction mechanisms which result in such

small residue cross sections2. There are two aspects : fragility of the atomic nuclei of

the superheavy elements and hindrance of fusion in massive systems. The former is

naturally understood, because the fission barrier of the Liquid Drop Model (LDM)

is nearly equal to zero due to the fissility which is nearly equal to 1, and thus, the

compound nuclei are stabilized by just the shell correction energy or more gener-

ally by the quantum-mechanical microscopic energy. The latter aspect, the fusion

hindrance, has been well observed experimentally, but is not yet well understood

physically in its reaction mechanism. The present authors have proposed a two-step

model for the fusion process in massive systems, i.e., for the fusion hindrance3,4.

In section 2, we briefly recall the two-step model. The mechanism of the fusion

hindrance is clearly explained by the analytic model in section 35. As examples of

the realistic calculations, we discuss the 56Fe +208Pb system, as well as systems

including 132Sn as target and/or projectile. Remarks are given on remaining ambi-

guities in realizations of the model which are subjects for future investigations. A

tentative conclusion is also given.

2. Two-Step Model for Fusion Hindrance

The model is based on the essential observation that contact configurations of mas-

sive incident projectiles and targets are mostly located outside of the corresponding

conditional saddle point. Indeed, the deformations of the dinuclear configurations

are naturally very large, whereas the deformations of the conditional saddle points

are small due to the large fissility parameter for the compound nuclei2. This means

that after an incident system overcomes the Coulomb barrier to contact, the system

has to overcome once more the conditional saddle or the ridgeline. As is well known

in Deep-Inelastic Collisions (DIC)6, the incident systems are supposed to loose

their incident kinetic energy when they pass over the Coulomb barrier, and/or dur-

ing the formation of the stuck di-nucleus systems. Thus, the systems do not have

enough kinetic energy for overcoming the saddle point, and would fuse only by

the fluctuation associated with the energy dissipation. Therefore, the probability

for overcoming the saddle point, i.e., for the formation of the spherical compound
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nuclei is extremely small7. This is the main physical mechanism explaining the hin-

drance. Of course, the extent of the hindrance depends on the mass asymmetry of

the incident channel, even though the compound nucleus formed is the same. This

is readily elucidated by the LDM energy surface in two dimensional space with the

distance parameter between projectile and target, and their mass asymmetry in

the Two-Center parametrization, schematically shown in Fig. 1. In a large mass

asymmetry system like 48Ca+244Pu, the contact point is very close to or even in-

side the conditional saddle point or the ridgeline, while in a small asymmetry case

like 86Kr+208Pb, the contact point is far outside the ridgeline. Thus, the incident

channel with a large mass asymmetry has almost no need to overcome the ridgeline,

though the system may return back to re-separation with a substantial probability

before sliding down to the spherical compound. On the other hand, the system

with a small asymmetry has to climb up over the saddle point, mainly by energy

fluctuation. The difficulty in climbing this additional ”barrier” is amplified by the

dissipative dynamics, as it is explained analytically in the next section.

 

Fig. 1. A schematic illustration of relative position between contact point Rc and ridgeline(shown
with a long dash-dotted line) as a function of mass asymmetry. R and R0 in the x-axis denotes the
distance between two centers of the potentials and the radius of the spherical compound nucleus
used as a normalization. α of the y-axis is the mass asymmetry of the dinuclear configuration
given by the incident channel. Typical trajectories are shown schematically for the cases with a
large mass asymmetry case and a small mass asymmetry. In the latter, most of the trajectories
are reflected to re-separation, i.e., to quasi-fission channels, while in the former, they bifurcate
into two directions with a substantial probability for formation of the compound nucleus.
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3. Analytic Model for Fusion Hindrance

In order to understand the mechanism of the fusion hindrance, we employ a simple

one-dimensional model for overcoming the saddle point under dissipation, i.e., we

approximate the saddle point as an inverted parabola and assume the inertial mass

and the friction coefficient to be constant around the saddle point5. Then, equations

to be solved are as follows,

dq

dt
=

1

µ
p, (1)

dp

dt
= µω2q − βp + R(t),

where µ denotes the inertial mass for the motion of the distance q between the

components of the di-nucleus, and ω is the frequency of the inverted parabola.

β denotes the reduced friction γ/µ, while R(t) represents the fluctuation force

associated with the friction γ, which is assumed to be Gaussian and to satisfy the

dissipation-fluctuation theorem,

< R(t)R(t′) >= 2γT δ(t− t′), (2)

where the memory effect is neglected8 and T is the temperature of the heat bath,

i.e., that of the compound nucleus. The symbol <> denotes the average over all

the possible realizations of R(t). Eq.(1) is a linear equation, and thus an analytic

solution can be written as a function of the parameters in the equation and ini-

tial values of the coordinate q0 and the associated momentum p0. The probability

distribution function in the phase space (q, p) at any time t is naturally Gaussian

around the mean trajectory. By integrating over the whole p-space and half q-space,

we obtain the probability for the system to enter into the other side of the saddle

point, and then, letting the time t become infinite, we obtain the probability for

the formation of the compound nucleus. It is given simply by an error function as

follows,

F (p0, q0) =
1

2
erfc

[
√

η + η′

2η

[

√

B

T
−

1

η + η′

√

K

T

]]

, (3)

where B = µω2q2
0/2 and K = p2

0/2µ. The former denotes the relative height of

the saddle point measured from the contact configuration, while the latter is the

initial kinetic energy at the contact point, i.e., the energy left after overcoming

the Coulomb barrier where friction is supposed to be also in action to heat up the

system. The non-dimensional parameter η is defined as β/2ω and η′ is
√

1 + η2. The

hindrance is readily understood from Eq.(3). In order for the formation probability

to be 1/2, the argument of the error function should be equal to zero. Then, a

necessary remaining kinetic energy is given as follows,

K = (η + η′)2B. (4)

This means that the remaining kinetic energy at the contact point should be much

larger than the saddle point height, because the factor in front of B in the r.h.s.
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is estimated to be ten or a few tens, from the strength of the friction calculated

with one-body Wall-and-Window Formula (WWF).9 This is consistent with other

experiments, such as measured fission time scale ones10,11. Thus, it is apparent

that a large extra kinetic energy is required to overcome the hindrance of fusion.

It is worth to notice once more here that the kinetic energy K is not the incident

kinetic energy, but the remaining one at the contact point ; it is reduced very much

from the incident c.m. energy if we employ the Surface Friction Model (SFM)6 for

the description of the first step, i.e., for the process of passing over the Coulomb

barrier. At the same time, the kinetic energy at the contact point has a distribution

due to the fluctuation associated to the surface friction, which is Gaussian due to

the assumption of a Gaussian nature for the fluctuation force. Its mean value is

obtained to be zero in massive systems leading to superheavy elements12. This

means that for a given incident energy, the kinetic energy is completely dissipated

on the average, and thus, the probability for the system to have enough energy

to overcome the saddle point is very small. By taking an average of the formation

probability F (p0, q0) over the distribution of p0, we obtain the formation probability

for a given incident energy, again in an error function form as follows5,

Pform =
1

2
erfc

[

√

B

T

]

. (5)

Since the mean kinetic energy is equal to zero, the formation is only possible in the

tail of the momentum distribution, i.e., by the fluctuation. This is exactly equal to

the expression used by Swiatecki et al.13 as a diffuse factor. For the calculations

of B, they introduced a parameter s for the separation between two nuclear sur-

faces where the evolution of the di-nucleus system starts. The value of s = 1.6 fm

that they take in order to reproduce the observed residue cross sections appears to

be very large, probably unphysically too large, because the point is located even

outside the Coulomb barrier. This is inferred to be due to the oversimplification

of the dynamics to one-dimension, i.e., degrees of freedom other than the relative

distance are completely frozen. Possible effects of other degrees of freedom can

be investigated analytically within the multi-dimensional parabolic model5,14. Pre-

liminary results with reasonable parameters show that the effective saddle point

height is larger than that value B in the one-dimensional model. In our realistic

calculations below, the formation probability is calculated not by a one-dimensional

model, but by a two-dimensional model with a coordinate-dependent inertial mass

and a friction coefficient, and with the LDM potential surface like the one shown

in Fig.1. The mass is calculated by the Werner-Wheeler method15, and the fric-

tion by WWF, while the potential results from the finite range LDM16 with the

Two-Center parametrization17. There is no free parameter in the model, but the

two-dimensional model with the distance and the mass asymmetry itself assumes

other degrees of freedom to be frozen. The most important one would be the so-

called neck degree of freedom, which will be taken into account in the near future,

but is treated as a free parameter in the present investigations.
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It is worth to emphasize that the two-step model provides a method for a con-

nection between a two-body collision process and the subsequent one-body shape

evolution. This should be called as a “statistical connection” (This is completely dif-

ferent from those discussed before, say, the adiabatic, or the diabatic connection.)4.

For, the remaining kinetic energy at the contact point has a distribution, which is an

initial condition for the dynamics of the second step. It is also worth to notice here

that one cannot connect the two potentials (potential of two body collisions and

potential energy surface of the two-center parametrization) at the contact point,

because they have different physical definitions. As is well known in cluster model

studies, the energy surface of the composite system is the total energy including the

kinetic energy of collective motions in an approximate way, say, the kinetic energy

of the radial motion, while the potential in the two-body collisions naturally does

not include the kinetic energy.

4. Practical Realizations; Comparisons with experiments

In the two-step model, the so-called sticking probability has to be calculated, which

is just the probability of passing over the Coulomb barrier. In lighter heavy-ions,

this is taken as a transmission coefficient or a barrier penetration factor, but in

massive systems, the system is supposed to be dissipative and thus, the probability

is reduced. The mean trajectory starting with a given incident energy well above

the Coulomb barrier may be even reflected by the Coulomb barrier due to the

loss of the kinetic energy which is supposed to be transformed into the thermal

energy of intrinsic nucleonic degrees of freedom. As is well known, the viewpoint of

dissipative dynamics is successful for the description of DIC, say, the SFM. It would

be better to readjust the parameters of the model to accommodate the lower energy

region of fusion into the superheavy elements. And refinements such as inclusion of

the rolling friction etc. would be necessary, but we do not change anything in the

present preliminary investigation. Note that we use it until incident systems reach

the contact point, i.e., just for passing over the Coulomb barrier, and there we start

a dissipation-fluctuation dynamics of shape evolution of the amalgamated system.

As stated in the previous section, the distribution of the radial momentum at the

contact point is a Gaussian, i.e., a Boltzmann distribution with the temperature

of the heat bath; and the sticking probability is obtained by the ratio between the

number of trajectories that reach the contact point and the total number of the

trajectories. Details are already published elsewhere4,7.

In our model, calculations are performed for each total spin J and then cross

sections are obtained by summation over J, which is different from Swiatecki et al.13.

The fusion probability is obtained for each J by a product of the two probabilities,

P J
fusion = P J

stick(Ec.m.)P
J
form(Ec.m.), (6)

where P J
stick and P J

form are calculated by SFM and the two-dimensional Langevin

equation with the distance and the mass asymmetry degrees of freedom, respec-
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tively, as stated above. With this probability, we calculate fusion excitation func-

tions as usual,

σfusion(Ec.m.) =
π

k2

∑

J

(2J + 1)P J
fusion(Ec.m.). (7)

Furthermore, we calculate xn residue excitation functions, combined with the sur-

vival probability P J
xn(E∗),

σxn(Ec.m.) =
π

k2

∑

J

(2J + 1)P J
fusion(Ec.m.)P

J
xn(E∗), (8)

where E∗ = Ec.m. + Q, with the reaction Q-value calculated with P. Möller et al.’s

table18. This is calculated with a new statistical code, KEWPIE II19 suitable for

the superheavy elements. The preliminary version is already published20, and a

revised version which is used in the present calculations will be published soon. In

the present calculations, we treat the neck parameter as a free parameter.

 

Fig. 2. Comparison of calculated fusion and 1n residue cross sections with experimental data on
58Fe+208Pb.

Unfortunately, there are not so many experimental data on fusion excitation to

be compared with our calculations. The 58Fe+208Pb system is the only exception

among the cold fusion systems21. Thus, in the present paper, we concentrate on

this system. In Fig. 2, the fusion and 1n excitation functions are compared with

the experiments. Here we choose the neck parameter to be 0.6. The reproduction

(full curve) of the 1n excitation function by the Kosenko-Shen model is very good,

considering the peak position as well as its absolute value. Note that the calculated

values are not yet averaged over the width of the experimental incident c.m. energy.
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The fusion excitation functions are calculated with the two different models; one

of them is the present two-step model, while the other is Swiatecki et al.’s model13.

It is interesting to observe that the calculated fusion excitations (dash-dotted and

dashed lines ) are far smaller than the experiment which, however, is apparently

hindered. The fusion probability in the present calculations is the product of the

sticking probability calculated with SFM and the formation probability calculated

with a two-dimensional model. The other model gives the fusion probability by

a product of so-called capture probability and diffuse factor. The latter factor is

the same as the formation probability of a one-dimensional version of the multi-

dimensional dissipation-fluctuation dynamics, as shown in Y. Abe et al.5, and is

adjusted with a free parameter s as discussed above.

The SFM sticking probability is much smaller than that of the empirical formula

for the capture probability22 used by Swiatecki et al.13, but this is partially cancelled

by the difference in the second factor, i.e., that between the formation probability

and the diffuse factor. Of course, we cannot conclude at present which model is

more realistic. This is because the quantitative accuracy of SFM is not sure, and

as well we do not know how accurately the empirical formula of the capture cross

section can be extrapolated to heavier systems, nor how the one-dimensional model

with the parameter s is justified.

In our previous calculations, we reproduced the fusion cross section with the

neck parameter 0.8, but could not reproduce the absolute value of the 1n cross

section, and had to introduce a reduction factor 1/2 to the predicted shell correction

energy23. In brief, to reproduce the fusion and the 1n cross section at the same time

is difficult with the present model as well as in the model of Swiatecki et al.

Since the present theoretical framework is general, it can be applied to various

incident systems, such as those including neutron-rich isotopes which are neces-

sary to reach superheavy nucleides around the so-called superheavy island with

Z=114 and N=184. As examples, we apply the present model to 132Sn+160Gd24

and 132Sn+132Sn systems. The latter system is mass symmetric, hence it is inter-

esting to know how strong is the fusion hindrance. The results are shown in Fig.

3, where we take the neck parameter to be zero arbitrarily. (If it is ≈ 0.8, all the

results are one to two orders of magnitude larger than those shown in the figure). Of

course, there is no consideration of the possible special enhancement mechanisms

due to a neutron skin25. Nevertheless, the present results show rather large fusion

cross section, i.e., the hindrance is not very strong. And xn residue cross sections

are very large, because the survival probabilities are favoured by the neutron rich-

ness of the compound nuclei. That is, by using neutron rich targets and projectiles,

we reach the compound nuclei which are located in the far-side of the β stability

line. This shows a crucial role played by neutron-rich projectiles and targets for the

sysntheses of superheavy elements. Considering the ambiguity in the neck parame-

ter which may give rise to much larger cross sections, we think that our results are

encouraging for further study.
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Fig. 3. Fusion and xn residue cross sections calculated with the two-step model and statistical
code KEWPIE II.

5. Discussion and tentative conclusion

As stated above, there is a dilemma in reproducing the fusion and the residue

excitation functions. Of course, there are aspects which are not yet properly taken

into account. For example, the Kramers factor and the collective enhancement factor

which act in an opposite way to each other in calculations of the fission probability,

are crucial in calculations of the survival probability in the statistical decay. If such

two factors finally result in an increase of fission width by two to three orders of

magnitude, the dilemma might be solved. Another parameter to be mentioned is the

shell damping energy, which is taken to be 18.5 MeV as usual26. But we are not sure

that the value could be accurate also in the superheavy nucleides where “shells”

are much more fragile than those in lighter nuclei where the value is obtained.

Although there are still ambiguities in quantitative predictions as explained

above, it can be stated that the two-step model with the statistical connection is

canonical for the description of the fusion of massive systems and indispensable for

a prediction of the synthesis of the superheavy elements. Efforts to eliminate such

ambiguities are yet to be made for precise quantitative theoretical predictions on

the synthesis of superheavy elements, which are under way both analytically with

the simplified model and numerically with the realistic model.
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