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Abstract: In this article, a new recursive identification method based on subspace algo-
rithms is proposed. This method is directly inspired by the Propagator Method used in
sensor array signal processing to estimate directions of arrival (DOA) of waves impinging
an antenna array. Particularly, a new quadratic criterion and a recursive formulation of
the estimation of the subspace spanned by the observability matrix are presented. The
problem of process and measurement noises is solved by introducing an instrumental
variable within the minimized criterion.
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1. INTRODUCTION The most convincing on-line results (Gustafsson,
1997; Lovera, 1998; Oku and Kimura, 2002) have

Subspace state-space system identification (4SID)P€en obtained by introducing some techniques used
methods have been particularly developed during the'" signal processing to find the directions of arrivals
last two decades (Mooneet al, 1989; Verhaegen, (DOA). One goal of this field of research is the con-
1994; Van Overschee and De Moor, 1996). These ception of low computational cost adaptative algo-
techniques are well adapted to identify a state-space/ithms for the location of moving sources. The method
representation of a multivariable time-invariant sys- Mainly U§Ed in recursive subspace identification is
tem from measured I/O data. Contrary to PEM (Ljung, the Yang's algorithm PAST (Projection Approxima-
1999), they don't require any nonlinear regression. tion Subspace Tracking) (Yang, 1995). In this case,
They only need few structural parameters and are@ minimization problem is considered with respect to
based on robust numerical tools such as QR factoriza-2 fourth-order cost function so as .to r'etrieve the' sig-
tion and Singular Value Decomposition (SVD). How- nal subspace from I/O data. A projection approxima-
ever, these tools, which are appropriate for off-line tion is introduced in order to reduce the minimization
identification, are difficult to implement on-line due to &Sk to an exponentially weighted least-square prob-
their computational complexity. In fact, in many on- €M (Yang, 1995). Thus, recursive least-squares (RLS)
line identification scenarios, it is desirable to update Methods can be used to find the signal subspace.

the model as time goes on with the minimal computa- ynfortunately, these recursive methods are based on
tional cost. Recent researches on recursive algorithmsyn approximation. In order to overcome this impreci-

for subspace identification have been developed tosjon, a new quadratic cost function is proposed in this
avoid the application of the SVD.
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paper. The minimization of this second-order criterion u(t) andy(t). For that purpose, introduce the stacked
leads to the subspace spanned by the observabilitya x 1 output vector:

matrix (i.e. the signal subspace). This new algorithm T T T

is inspired from the Propagator Method (PM) (Munier Ya(©) =y (O)-y (t+a—1)] (3)
and Delisle, 1991). This technique proposes the de-wherea > nis a user-defined integer. From the state-
composition of the observability matrix into two parts space representation (1) and (2), it is easy to show
which can be easily extracted from the data. Thus, recursively that the output vector verifies (the stacked
the properties of the linear propagator operator areinput and noise vectors are defined in the same way

adapted to estimate the signal subspace. thanyg (1)):
In their original form, the linear methods such as Ya(t) =FaX(t) + Pauq(t)
PAST or PM need strong hypotheses on the distur- —®gfa(t) +Wawg(t) +va(t)  (4)

bances acting on the studied process. In fact, it must
be assumed that the noise-covariance matrix is pro-
portional to the identity. During any problem of iden- wherelq € R'**" is the observability matrix of the
tification, the reachable I/O data are most of the time system:

disturbed at the same moment by measurement and T T AT

process noises. The obtaining of }r/eliable estimations Fo=[CT(CA)"--(CA® )] (5)
from such data can only be realized if the effects of ®, € R'9*MandW, € R'**" are two lower triangular
the noise terms are removed. The proposed solutionToeplitz matrices. Furthermore, introduce a notation
to treat this problem is to introduce an instrumental useful in the following sections :

variable in the minimized criterion in order to elim-

inate the effect of perturbations without losing the Za(t) =Ya(t) = Palia(t) = FaX(t) +ba(t)  (6)
informations contained in the 1/O data.

ba (t)

The first stage of subspace methods is typically the
extraction of the observability matrix from 1/O data.
Indeed, from this matrix, it is possible to extract the
state-space matrices of the system (Van Overschee and
De Moor, 1996). In relation (4), the extended observ-
ability matrix spans an-dimensional signal subspace
which focuses on the informations about the direct
relation between the output and state vectors. The
various subspace techniques differ in the way the ob-
. L o servability matrix is estimated. The extraction of a low
turbed inputs, collected respectivelyift) andi(t): dimensional subspace from a large space is, most of
{ X(t+1) = Ax(t) +Ba(t) +w(t) (1) the time, performed by an SVD. This fundamental step
y(t) = Cx(t)+ Dii(t) is the main problem of recursive 4SID formulation.
In fact, the SVD is computationally burdensome to
update in an adaptative algorithm. The first researches
on this topic suggested to perform the SVD on com-
u(t) =act) +f(t) @) pressed I/O data matrices in order to decrease the com-
y(t) =y(t) +v(t) putational load (Verhaegen and Deprettere, 1991; Cho

with f(t) € R™ andv(t) € R the measurement noises. et al, 1994). However, it was always necessary to

All these three noises are assumed to be zero—mearﬁleply the SVD at every update. An efficient method to

. : L ) avoid this mathematical tool in system identification
white noise and statistically independent of the past ! .

. . - was firstly proposed in (Gustafsson, 1997). Under the
noise-free inputli. Furthermore, the measurement

noisesf(t) andv(t) are assumed to be independent of assumption that the order of the system is a priort
the statex(t). known, T. Gustafsson suggested to update an estimate

of the extended observability matrix thanks to the use
o . of an algorithm named PAST.

) J’ it % .
System ¥it) 2.2 Review of PAST
) l ut) PAST (Projection Approximation Subspace Tracking)

was originally introduced into array signal processing
Fig. 1. Block schematic illustration of the studied PY Yang(Yang, 1995).Inorder to correctly understand
system. the principle of this method, it is useful to present
the context of the sensor array signal processing. The
sensor array signal model can be written as:

2. BACKGROUND OF THE SUBSPACE
RECURSIVE IDENTIFICATION TECHNIQUES

2.1 Problem formulation and notations

Consider ait" order causal linear time-invariant state-
space model witt undisturbed outputs and undis-

wherew(t) € R" is the process noise. The measured
input and output signals are modeled as:

The problem is to estimateecursivelya state-space
realization from the updates of the disturbed 1/O data z(t) =T (9)s(t) +b(t) (7)
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where z(t) € CM*1 is the output of theM sensors  J(W) instead ofJ(W). Hence, the estimated column-
of the antenna at timg, () € CM*" the steering  subspace is slightly different from the one reach-
matrix for a direction of arrival vecto8, s(t) € C"*1 able with the original cost function. Theoretically, the
the vector of then (n < M) random impinging waves columns ofW minimizing the criterionJ(W) are or-
and b(t) € CM*1 the measurement noise. B. Yang thonormal. Even if this property is not necessary to
proposed an unconstrained cost function to estimateextract the state-space matrices, the minimization of
the range of (8) ((.)" denotes the Hermitian trans- J(W) leads to a matrix having columns that are not
[.] the exactly orthonormal. This property evolves during the
expectation operator): recursive minimization since, under some conditions,
— H 2 the minimizer of J(W) converges to a matrix with
JW) = E|z—Ww7Z| (8) orthonormal columns (Yang, 1995). This evolution
and proved that it has neither local minimum nor can be interpreted as a slow change of basis which
maximum except for a unique global minimum which does not guarantee thi (t) andl 4 (t — 1) are in the
corresponds to the signal subspace. Thus, the minimi-same state-space basis. This corruption could pose a
sation of (8) provides an expressionfoff) in a par-  problem during the extraction of the estimafesB,
ticular basis. In order to update this matrix recursively, C andD. In order to avoid these difficulties due to
it was proposed to replace the expectation operator inthe use of an approximate algorithm, a new quadratic
(8) with an exponentially weighted sum: criterion is proposed in the next section.

t )
JW(t)) = zi)\t_'HZ(i) ~WHWHt)z()]> (9)
i= 3. ANEW QUADRATIC SUBSPACE TRACKING
where is a forgetting factor @ < A < 1) ensuring CRITERION

that past data are downweighted (tracking capability).

The key idea of PAST is to approximaté(t)Hz(i) in The new proposed cost function is inspired by a
(9) with: signal processing method for source bearing estima-

h(i) = WH (i — 1)z(i) (10)  tion. This technique, named the Propagator Method
(PM) (Munier and Delisle, 1991), is used to find
the direction of arrival without requiring the eigen-
decomposition of the cross-spectral matrix of the re-
ceived signals (Marcost al.,, 1995).

This so-called projection approximation lets the crite-
rion (9) be quadratic iW (t):

JW(t) = _;AHHZ(U ~WOh@{[*  (11)

Assuming that the covariance of the measurement3 1 The Propagator Method

noiseb(t) is proportional to the identity matrix, it is

also possible to estimate the signal subspace by usingrhe propagator is a linear operator which provides
efficient recursive tools like RLS algorithms. the decomposition of the observation space into a
noise subspace and a source subspace. In order to
Jvell understand the key point of this method, consider
again the sensor array signal model (7). Assuming
that the steering matrik is of full rank, n rows of

I are linearly independent, the others being expressed
as a linear combination of theserows. Under this

. hypothesis and after a reorganisation of the sensors
Za(t) =Ya(t) — Pa(t — Luqa(t) = FaX(t) +ba(t) outputs so that the firsh rows of I are linearly

(12) independent, it is possible to partition the steering
Then, the terms of (12) can easily be connected with matrix according to:

those of (7) (cf. tab. 1). Thus, assuming that the noise- axn

covariance obg is proportional to the identity matrix r= {rl] b€ CM_nxn (13)
(e.9.f(t) = w(t) = 0and Coyv) = a?l), it is possible F2] jeC

to apply the PAST criterion to (12) so as to estimate The propagator is the unique linear operar

T. Gustafsson (1997) was the first to use this crite-
rion in order to estimate the subspace spanned by th
observability matrix. In fact, assuming that an esti-
mate @, (t — 1) of the Toeplitz matrix®, can be
constructed, in the same way than (4), the following
approximation can be considered:

the observability matrix. C™M-n defined as follows:
Table 1. Relations between signal process- r,=pPHr, (14
ing and subspace identification From the works of S. Marcos et al. (1995) on the
Za() RO () € CMx1 source bearing estimation, on the basis of the simi-
My e RIOXD r(@) e cMxn larity between (6) and (7) (cf. tab. 1) and under the
x(t) € R7*1 s(t) e c™1 hypothesis thafA, C} is observable, the extended ob-
ba(t) e R b(t) e CM*? servability matrix can be decomposed in the following
way:
With the PAST criterion, the signal subspace is ro_ Mg | } €R™" (15)
derived by minimizing the modified cost function T |Tg, | }eRrla™N
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whererl 4, is the block of then independent rows and ~ Since only a finite number of data are accessible in
Iq, the matrix of thela — n others. Thus, there is a  practice, replacing the expectation operator with a fi-

uniqueP € R™!9-" sych as: nite exponentially weighted sum, the previous crite-
Mo = PTral (16) rion becomets:
Itis also easy to verify that: Jv (P(t)) = Z)\H 12, () ET (i) = PT (t)z4, (1) ET ()2
r | =
a — {ral} = {P? ] ral = eral (17) . . . (23)
a Assuming an instrumental variable can be constructed,
This means that the columns B, are linear combi-  the minimization of (23) can be realized by two differ-
nations of the columns @s. Thus: ent manners according to the number of instruments in
B &. Indeed, ify = n, using the matrix inversion lemma,
spar{Qs} = spar{lq} (18) it is possible to find a first IVPM algorithm:

The new quadratic criterion proposed in this paper T
is based on this property (18). Indeed, this equality K(t) = ‘ET HR({-1) (24a)
implies, from the knowledge of the propagafrthe A+& (HR(t—1)zq, (1)
ability to find an expression of the observability matrix  pT (t) = PT (t — 1) 4 [z, (t) — PT (t — 1)z, ()]K (t)
in a particular basis. Thus, assuming that the order (24b)
is known, an estimation of the subspace spanned by 1
the observability matrix is available by estimatiRg R(t) = ~[R(t—1)—R(t—1)zq, (K ()]  (24c)

For that purpose, consider the equation (6). After an
initial reorganisation such that the finstrows of I, whereR(t
are linearly independent, the following partition can
be introduced:

— >

= {Elza, )& (1))}t =C 1, (1)

2q, &
1

In (Soderstrom and Stoica, 1989), it was proved that
the accuracy of the estimate obtained from an instru-

Zq(t) = FaxX(t) + by (t) = {Zal(t)] = Rr:fnxl _mental variable method in_creases_ with tr_le number of
2o, (1) | } €R instruments. It would be interesting to improve the
, o (19) efficiency of the previous algorithm by increasing the
In the no-noise case, itis easy to show that: number of used instruments (iy> n). In that case,
Zg, = PTZal (20) the minimization of the criterion (23) appeals to a

technique named the Extended Instrumental Method
(Friedlander, 1984). The application of such a tech-
nique gives the recursive updating formulae of ap-
pendix A, named EIVPM, the main step being:

PT(t)=PT(t—1)+(g(t) -PT (t—1)W(1))K(t) (25)

The complexity of this new algorithm is comparable
to the one of PAST or its by-products.

The criterion (21) is, by definition, quadratic and

reduces the determination of the rangefef to the  Remark 1.From the second iteration, the updating of

estimation of ada —nx n matrix. Its minimization  the estimated subspace has always the same writing:
is possible by using techniques such as RLS or TLS

algorithms (Ljung, 1999). However, these techniques My = [ In } (26)

give biased estimates when the noisg(t) is not

white. In order to obtain an unbiased estimation of the This means that, after a short transient period, the
signal subspace, an instrumental variable is introducedrecursive estimation is made in the same state-space
in the previous criterion so as to be applicable even pasis. This property is an important asset for the

if colored disturbances act on the system, as done byextraction of the state-space matrices.

Gustafsson (1997).

In the presence of noise, this relation holds no longer.
An estimation ofP can however be obtained by mini-
mizing the following cost function:

I(P) =E|zq, — P zq, ||? (21)

the unicity ofP being ensured thanks to the convexity
of this criterion.

. . 4. RECURSIVE IDENTIFICATION SCENARIO
3.2 Instrumental variable tracking AND INSTRUMENTAL VARIABLE CHOICE

Since the covariance matrix of the noisg is rarely
proportional to the identity matrix, it is necessary to
modify the criterion (21) so as to be applicable with
colored disturbances. This correction is realized by
introducing an instrumental variabfgt) € RY** (y >

n) in (21), assumed not be correlated with the noise but
enough correlated withi(t):

In this section are presented the main stages of the
recursive update of the state-space matrices. First of
all, assume that an estimate of the system matrices
is available at time — 1. It is then possible to build

an estimate of the matri®, (t — 1) by noticing, for
example, that the first block column @b, (t — 1)
expresses itself simply accordingBet — 1), D(t — 1)
Jv(P) =E||ze,&" —PTz,, &2 (22)  andl4(t—1), the other blocks being simple partitions
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of this one. From this estimate, the approximation
Zq(t) (cf. eq. (12)) can be constructed.

The following step is the setting up of the instrumental

variable. Since the available data are temporal data,

the easiest way to get a good instrumental variable is

to use delayed I/O data. As far as figure 1 is concerned,

the instruments must be correlated with present and
future datay, and/orli, but uncorrelated withivg, fo
andvy. Introduce the following notation:

ug(t) = [uT(t—=B—p) - uT(t-1-p)] (27)
wheref andu are user-defined integers. This variable,
asyg, represents the available past I/O data from

13th IFAC Symposium on System ldentificat

0.603 0603
—0.603 Q603

Xk+1 = { 0 0
0 0

1.1650 —0.6965

0 0
0 0 Iy
—0.603 —0.603 | 7'k

0603 —0.603
0.0751 00591 [ 0.0390 —0.0968
0.3516 17971 —0.0225 01459

- _[0.2641—1.4462 12460 05774])(
Yk =|08717 —0.7012 - 0.6390 —0.3600) Xk

~0.1356 —1.27041 ~
+ [ 723403 aveas | Uk

_ [ 00176 —0.026
Cov(e) = [ Sybz6r 00407 (31)

To be in the case of figure 1, measurement noises are
added to the undisturbed 1/O data. Thus, the irput

a Gaussian white noise sequence with variahcis
contaminated with a zero-mean white noise sequénce

0.1242 —0.0895 (29)

—0.0828 -0.0128
E

0.6268 16961 O+

(30)

which the instrument vector can be constructed. Thesewith variance0.64. The outpuf/ is also disturbed by a
data are not noise-free. It is then necessary to studyGaussian white measurement noise such as the signal-
the correlation between the past and future reachableo-noise ratio equal$6dB. Now, let the initial system

signals to focus on the informative data uncorrelated
with the disturbances. By considering table 2, the

Table 2. Correlation between the available

I/O data
g g wg ¥ Vg
& 0 0 0 0 0
fy, 0 0O O 0 0
we O O 0 0 O
%« v 0 v v 0
v 0 0 0 0 O

only past data uncorrelated with present and future
disturbances but correlated with the informative signal
Yo is the past measured input vectay = {{ig,fg}.
Thus, the choice of the instrumental variable is:

&(t) =ug(t) (28)

where 8 is chosen so thay = mB > n and 1 so
that the temporal correlation length of the instrumental
variable is larger than that of the noise.

By feeding the EIVPM algorithm (cf. Appendix A)
with Z,(t) and & (t), a new estimation of the observ-
ability matrix is reached. Then, the last stage con-
sists in the extraction of system-matrices. Firstly, the
estimation ofA(t) and C(t) is made as in the non-
recursive case thanks to the shift-invariance structure
of [4. Given the estimate&(t) andC(t), the matrices
B(t) andD(t) can be obtained from a linear regression
problem ((Van Overschee and De Moor, 1996) chap.
4), the second part of the regressor being calculable
recursively (e.g. (Lovera, 1998)).

5. EXAMPLES

In this section, the results of a numerical simulation
are presented to illustrate the performances of the
new recursive algorithm EIVPM compared with the

extended instrumental version of the PAST method
named EIVPAST (Gustafsson, 1997).

Consider the following fourth-order MIMO system
found in the appendix diskette of (Van Overschee and
De Moor, 1996) ¢ta_demo.m ):

matrices be randomly generated under the constraint
that the absolute value of the maximum eigenvalue of
A(0) is less tharll (stability requirement). To reduce
the effect of this random initialization, consider the
following forgetting factor:

A(t) =min{ApA (t = 1)+ 1— Ao, Afinal } (32)

For this exampledo = A(t = 0) = 0.99 and Afjna =
0.999 Furthermore, the following user-defined quan-
tities are appliedo = =6andu = 1.

In figure 2, the eigenvalues trajectories obtained re-
spectively with the new EIVPM algorithm and EIV-
PAST are presented. In both cases, the eigenvalue es-
timations are close to the true values.

12—

= EIVPM
o EIVPAST
—— System eigenvalues

o
©

o
=)

Real part of the eigenvalues

600 800
Sample n°

260 460 1000
Fig. 2. Estimated real part of the eigenvalues using the

new EIVPM algorithm and EIVPAST.

Even if both results seems to be equally accurate (both
methods present the same behaviour &t#loops),

the speed of convergence of EIVPM is higher than
the one of EIVPAST. This asset is confirmed in figure
3 since, for each eigenvalue, the normalized mean
guadratic error for EIVPM is globally smaller than the
one supplied by EIVPAST.

The figure 4 emphasizes the real benefit of EIVPM in
term of accuracy, the initialization step being aside.
By avoiding to take account of tHEOfirst iterations,

the normalized mean quadratic error for both methods
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criterion has been proposed to estimate recursively the :

subspace spanned by the observability matrix. The use Ing 43(1), 95-107.
of an instrumental technique has allowed to annihi-
Ia_lte the effects. of thg di‘_sturbances during the recur- Appendix A. THE EIVPM ALGORITHM
sive subspace identification. The performances of the

EIVPM algorithm have been compared with those of

EIVPAST on a simulation example. The good results

of EIVPM in terms of accuracy and speed of conver- P (t) =PT (t—1)+ (g(t) — PT (t — 1)W(t))K (t)
gence have been underlined. g(t) = éza

g 8§ 8 & B

Fig. 4. Normalized mean quadratic error of both eigen-
values aside from the initialization step.

6. CONCLUSION
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