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of a Bessel process of dimension d, 0 < d < 2.
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RESUME. - Nous étudions les intégrales du type fot p(s)dLg, ol ¢ est une
fonction borelienne positive localement bornée et ou L; est le temps local en
0 d’un processus de Bessel de dimension d, 0 < d < 2.

TITRE EN FRANCAIS : Transformée d’Abel et intégrales du temps local de pro-
cessus de Bessel

INTRODUCTION

Let (X;,t > 0) be a nice real-valued diffusion, with scale function s
and speed measure m; we are particularly interested in the case when X, is
Brownian motion, or a Bessel process with dimension d €]0, 2[.

In a number of problems, the laws of inhomogeneous functionals

/tf(s,XS)ds
0
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are of interest (see, e.g. [3], [4], [23]). Such functionals may be represented
as (inhomogeneous) integrals of the local times of X:

(0.1) /Otf(S,XS)dS—/OOOm(diL‘) /Otdngs”f(s,x),

where

t
Lf = lslf(()l(l/m(l‘,$ + 5))/0 dS][{ﬂCSXsSZH-&}

are the (diffusion) local times at level = associated with X (see, e.g. [11], p.
174).

Although the computations of the laws of fg f(s, Xs) ds may be obtained,
in theory, from the Feynman-Kac formula, these computations are not easy
in practice. Thus, it seemed natural to first consider the “simplest” cases
(in view of (0.1)), i.e. the computations of the laws of

(¥) !
L ;:/ o(s)dLs,
0

where L; := LY is the local time at level 0.

) are easily obtained in terms of the densities
p;(z,y) of the semi-group P;(x,dy) with respect to m(dy), i.e.:

Py(z,dy) = py(z,y) m(dy).

Now, the moments of ng

Indeed, it follows from (0.1) and the continuity of p;(x,y) (see, again, [11],
p. 175), that:
Eq [dL{] = pj(x,y) dt.

We denote, for simplicity, ¢(t) := p;(0,0). With the help of the Markov
property, the moments of L&’) are given by:

o [(L9)"] = (m) B Vot /:/;1 dyLs, oo dy L o(s1) ... 0(5m)

t ot t
= (m!)/o / . / dsidsg ...dsmq(s1)q(s2 — $1) .- q(Sm — Sm—1)
S1 Sm—1

X @©(81) ... p(Sm)-

Using Fubini’s theorem, we can write:

(0.2) Fo [(L7)"] = (m) Qi@ Qu(p Qul- - Qu(p1)..))),
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(0.3) Q)= Q) = [ alt— ) (s)ds.

In the particular case when X is the Bessel process with dimension
d = 2(1 +n), where n €] — 1,0[, we get

(0.4) q(t) = knt ™1 Ky =27 (n + 1)1,

so that @ is then a multiple of the Abel integral operator (see section 1.5
below) with index « = —n. Hence, the Abel integral operators are naturally
closely related to the laws of Lﬁ“@) for Bessel processes (see also Remark 4.1).

More generally, the above computations, which could be extended to the
computations of the moments of fj f(s, Xs)ds are well-understood in the
diffusion literature (see, e.g. [19] for some particular examples).

However, what may be a little newer is that in this paper is our charac-
terization of the law of

L) = [ elopiLa(R)

for the Bessel process R, for the Bessel bridge, conditioned to take the value
y in time 1, and in particular y = 0. Recall that L{(R) = Li(R) is a
Mittag-Leffler random variable with parameter |n| (see, e.g. [7], p. 447 or
[14], p. 129).

Moreover, we show that the random variables

A
(0.5) Ry and /O o(1— Z + v) dLy(R)

are independent, and fOZ ¢(1 — Z + v)dL,(R) is exponentially distributed
with parameter 1. Here, Z is a random variable independent from R. Its
probability density function, a;y on [0, 1], is the Abel transform of index 14+n
of the derivative of a regular increasing function f. The function ¢ is related
to f by the equality o = ay/f.

Clearly, the particular case n = —1/2 corresponds to the process |B],
with B the linear Brownian motion.

Our approach is based on two probabilistic representations for the solu-
tion of a partial differential equation with mixed boundary conditions. Using



Abel’s transform and these two representations (the backward Kolmogorov

representation and the Fokker-Planck representation) we deduce some useful

information on functionals of local time Lg‘p). Some results obtained here

may be proved using the dual predictable projection of the last passage time
in 0 (see another proof of Corollary 3.4).

The plan of the paper is as follows. After some useful preliminaries on
Bessel processes and Abel operators (section 1), we give the probabilistic
representations for the solution of this partial differential equation and the
analytic relations involving Abel’s transform (section 2). In section 3 we
state our main results. The proofs are given in section 4. We also make a
number of remarks. This paper is a complement and a generalization of [10].
One of the novelties in this paper is the importance of the Abel transform
which we had not realized, hence also not introduced in our 1997 preprint.
Finally, for practical and pedagogical, purposes, we collect in the Appendix
the main formulas obtained in both papers.

1. PRELIMINARIES

In this section we review a few basic facts on Bessel processes and on
Abel operators. For the proofs of these results, the reader may consult the
book [17], Chap. XI (see, also, for a number of applications, [15], [20], [22]),
respectively the book [9], Chap. 4.

1.1. Bessel processes and Bessel semi-groups

For any d > 0 we denote by R? the square of a d-dimensional Bessel
process, the unique solution of the stochastic differential equation

t
RQ:R2+2/ R2dfs + dt,
i = Ro oV s

where [ is a linear Brownian motion. The law of the square of a d-dimensional
Bessel process, started at x, is denoted di) and satisfies the following ad-
ditivity property:

QW QY = Qi
for every d,d’ > 0 and x,2/ > 0. Take 0 < d < 2 and denote by n :=

d/2 —1 €] —1,0] the index of the Bessel process, and Q% := Q(xd). From the
additivity property we deduce the Laplace transform

E [exp (—)\ RE)} = (1+2x8)" @ Dexp (=X z/(1 + 2X1)).



By inverting the Laplace transform we get, for n > —1, the density of the
semi-group of the square of the Bessel process of index n, started at x:

gr(x,y) == (20) 7 (y/2)** exp(—(x +y)/2) Tn(v/TY/1), t > 0, x>0,
where I, is the Bessel function of index n. For x = 0 this density becomes:
gt (0,y) == (20) ' T(n+ 1) yre ¥/

The square root of the square of a Bessel process of index n, started at a?,
R;, is called the Bessel process of index n started at a > 0. Its law will
be denoted by Pf. The density of the semi-group is obtained from that of
the square of a Bessel process of index n, by a straightforward change of
variable. We obtain, for n > —1,

(1.1) Pz, y) = (y/t) (y/=)" exp(—(2* + y°) /2t) Ln(zy /1), t, 2 > 0,
and
(1.17) p;(0,y) :=2""T'(n+ 1)_1t_n_1y2n+le_y2/2t, y > 0.

From (1.1) we see that, for positive Borel functions u, v,

(1.2) < IMfu,v >,=<u,I}v >,, t >0,

where I} denote the semi-group of the Bessel process of index n
Tfu(a) := Ej [u(Ry)],

and -
< U,V >y= / u(z)v(x)z?™Hda.
0

Hence the semi-group is symmetric with respect to the invariant measure
given by:

(1.27) v(dx) := :1:2n+1]I}07oo[(a:) dx.
The infinitesimal generator of the Bessel process is

(1.3) L= (1/2)(8%/92%) + ((2n + 1)/2x) (0/0x)



(1.3) D(£) = {1+ £, £ € Cy([0, ), lima®* f'(z) = 0}

(see also [13], p. 761, or [6], pp. 114-115).
A continuous process (7 : t € [0,%]), the law of which is equal to

Poy () =Pa(- | Ry =1)
is called the Bessel bridge from a to b over [0,%]. In the sequel, we shall
be interested in the Bessel bridge r; from 0 to 0 over [0,1—s], with s € [0, 1].
1.2. Absolute continuity properties and law of the first hitting time of 0

It is known that for —1 < n < 0 the point 0 is reached a.s. under P%
and it is instantaneously reflecting. Let us denote Tp := inf{t > 0: R; = 0}
and F; := o{Rs : s < t}. Then, the laws of the Bessel processes satisfy the
following absolute continuity property:

(P2 iy = (Bufa)exp (~w2/2) [ ds/i2) - (P2)

E

an equality which is satisfied for every n > —1. Note that PY is the law of
the 2-dimensional Bessel process starting from a. From this we deduce, for
—-1<n<0,

)

n 2|n n
(1.4) (P mpeemyy = (a/ B - ()
(o] = —n, since —1 < n < 0).
Let us denote by II} the semi-group of the Bessel process killed at Tp

Mu(e) == B} [u(Re) Lyery |

and we can deduce from (1.2) and (1.4), that, for positive Borel functions
u’ U’

(1.5) < Mfu,v >, =< u, v >, , t > 0.

Moreover, by (1.4), we can deduce the Williams’ time-reversal property:
the processes



(1.6) {Rpy—t : t <Tp} under PL and {R;:t < 5} under Pgn‘

are identical in law (cf. [18], p. 1158 or [15], p. 302). Here we denote
vz = sup{t : Ry = x}. Therefore

P(Ty € dt) = PP (v, € db).
Using a result in [15], p. 329, (or [17], p. 308, Ex. (4.16), 5°), we can write
Py (1 € dt) = (nl /) py" (0, 2) dt.

Using (1.1°) we obtain the density of Ty, under P%,
(1.7)  ¢(x,t) == (d/dt)P2(Th < t) = 2°T(|n|) ¢ Ta= 2 e #/2 2.t >0

(for this particular result and n > 1/2, see also [8], p. 864).
We also note that, using the strong Markov property at Ty we get, for
y >0,

t
(1.8) p"(0,y) =P (y,0) 2/0 o(y,s) pi"s(0,0) ds.

Here p;”"(0,y) is the density of the semi-group II# with respect to the in-
variant measure v.

1.3. Local time at level 0

The local time at level = for the Bessel process L7 (R) can be defined as
an occupation density: for every positive Borel function h,

(1.9) /O "h(R.)ds = 2 /0 " h(@) L2 (R) 2% da,

Note that we use a different normalisation than in the formula in [17], p.
308, Ex. (4.16), 4° and also than in (0.1) in the Introduction.

This choice of local times agrees with the fact that R?M —2n|LY(R) is a

martingale. Indeed, R? s a Fi-submartingale and it suffices to write its
Doob-Meyer decomposition to obtain LY(R) (up to a constant factor). We
often denote L¢(R) instead of LY(R).

Let us now mention two related scaling properties. Firstly, the Bessel
process has the Brownian scaling property, that is, for any real ¢ > 0,



the processes R.; and ¢*/2R; have the same law, when Ry = 0. Secondly,
{L{(R) : t > 0} inherits from R the following scaling property: indeed, by
(1.9),

(law)

(1.10) {Let(R) : t >0} {PILy(R) : t > 0}.

We also recall that,

1 1
(1.11) / (1) dLy(R) < o @/ o(t) 1 dt < oo
0 0
(see [16], p. 655 and [12], p. 44 for the case of Brownian motion, n = —1/2).
1.4. A simple path decomposition and the Bessel meander

It is known that, conditionally on ¢;, {Rs : s < g;} is independent of
{Rs : s > g1}, where g; := sup{s < t: R; = 0}. More precisely, the Bessel
meander

(1.12) my(u) = (1/vt — gt) Ry, 1u (t—g,)» v € [0,1],

is independent of Fg, (see [20], p. 42). Let us recall also that, for fixed
t>0,

law
gt( = )tZ—n,l—l-n,

where by Z,;, we denote a beta random variable with parameters a,b > 0:
P(Z,p € du) = B(a,b) " u" (1 - u)billl]o’l[(u) du.

Moreover, for every t > 0,

(1.12) (1) = Ry/vE =g (2

where £(1) denotes an exponential variable with parameter 1 and /2 &(1)
is a Rayleigh random variable having density u e~u/ 21[[0,00[(“)-

2¢(1),

1.5. Abel’s integral operator

The Abel transform of a positive Borel function f on [0, co[, is defined as



t
(1.13) TOR(t) = r(a)*l/ (t — w)* f(u) du, ¢ > 0,

0
where @ > 0. The operator J% is called Abel integral operator, or frac-
tional integral operator. Our principal interest is for 0 < o < 1. Clearly, J!

is the ordinary integration operator, that is J!f is the primitive of f.
By straightforward calculation we can verify that, for o, 3 > 0,

(1.14) Jo P = joth,
This, together with the previous remark, implies, if f(0) =0,
(1.14") JOHL (Y = Jof.

Let us also note that if e, (t) :=t7, v > —1, then

(1.15) J% =Ty +1)/T(a+y+1)) €ty

2. TWO PROBABILISTIC REPRESENTATIONS

Let us consider wy a continuous function with growth less than expo-
nential at infinity, and f a continuous function such that f € C!(]0, o).
Assume that wp(0) = f(0) = 0.

2.1. Dirichlet and Fokker-Planck representations

Recall that £ is the generator of the Bessel process (see (1.3)). There is
existence and uniqueness of the solution of the problem

(2.1) (0w/0t) (t,7) = (Lw) (t,2), t, 2 > 0,
with

(2.2) w(0,7) = wo(z), = > 0,

and

(2.3) Ww(t,0) = f(t), t > 0.



It admits both a Dirichlet representation (Proposition 2.1 below) and a
Fokker-Planck representation (Proposition 2.2 below). We shall then com-
pare these two representations (Proposition 2.3 below).

PROPOSITION 2.1. - The solution w(t,z) of (2.1)-(2.3) can be written as

(2.4) w(t,z) = wi(t,z) +wa(t,z), t,x >0,
where

(2.5) wi (t, @) == E} [wo(Rt)]I{KTO}] stz >0,
(2.6) wa(t, x) == E} {f(f - TO)]I{tZTO}]

_/tqﬁ(x,s)f(t—s)ds,tZO,x>O.
0

Proof. - To obtain (2.4) it suffices to solve the Dirichlet problem for the
operator £ — 9/0t on [0, 00[%[0, ] (see also [10], Proposition 1.2). O

PROPOSITION 2.2. - The solution w(t,z) of (2.1)-(2.3) (also) admits the
following Fokker-Planck representation

[e.e]
(2.7) vt y) = / wo(x) pi(a,y) 2+ da
0
t
« BB {exp (—/O cp(s)dLS(R)> | R — y} iy >0,
where, if w is given by (2.4),
(2.8) plt) = (1/7(0)) Ty ™+ (010/0) (1,2, 1
x
REMARK. - (i) Unlike formulae (2.5) and (2.6), formula (2.7) features the
“unknown” function w both on its left and right hand sides.
(ii)) The decomposition (2.4), w = w; + wa yields a corresponding decompo-
sition ¢ = @1 + @2 (with obvious notation). In Proposition 2.4 below, fy;

and fys shall be given in a closed form, in terms respectively of wg and f.

Proof of Proposition 2.2. - Let ¢ be given by (2.8) and define
t
My = exp(= [ pls)dL(R).
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We introduce, for ¢ > 0, x > 0, the function @(¢, ) defined by

(a) < h(-),@(t, ) >,:= E}

wov

[h(Re) My] .
Here h is an arbitrary bounded positive Borel function and we denote
PL (A) = / P2 (A) wo(z) 22 da
0

i) Let g : [0, 00[x[0, co[— [0, 0o[ be a smooth function with compact support
disjoint of [0, 00[x{0}. Ito’s formula gives

g(t, By) My = (0, 2) + /0 "(99/01) (s, R.) M, dB.

t
+ / (99/s + Lg) (s, Rs) M, ds,
0

so, taking the expectation, we can write
(ta )7‘:)(t7 ) >p=< g(ov '))WO(') >v

<y
t

+/ < (9g/Bs + Lg) (5,-),(s,-) > ds,
0

Taking the derivative with respect to ¢ we get
(b) < g(t7 ')7 (8&/6t) (t7 ) =< (‘Cg)(tv ')’(D(ta ) >y

Since the support of g is disjoint of [0,00[x{0}, integrating by parts we
deduce

< g(t, ')a (aw/at) (ta ) >p=< g(t, ')a (E‘D) (tv ) >us

Hence @ satisfies (2.1).

ii) Let us consider u and v two smooth functions defined on [0, co[ and
take now g : [0,00[x[0,00[— IR a smooth function with compact support
such that g(t, z) := u(t)z?™ +v(t) in a neighbourhood of [0, co[x{0}. Since
R?M — 2|n|Ly(R) is a martingale, Ito’s formula gives

ot B) My = 9(0,2) + [ (00/00) (5, k) MedB, + [ £(s, ) My ds
t t
+/O (8g/0s) (s,RS)MSds+/O (2In] us) — p(s) v(s)) My dLy(R).

11



iii) Assume that u,v, ¢ verify

(c) 2[n|u(s) —p(s) v(s) = 0.

By the same arguments of i) and by (c), we obtain again (b). Since the
assumptions on the function g are different, let us detail the integration by
parts on the right hand of (b). Using the form (1.3) of the operator £ we
can write,

< (‘Cg)(tv ')?Jj(t’ ) >y

zToo 00 -,
- (Geetian) -3 [T Lt
T |0 0 Z €T
_ (19 on+1 -~ ) N (1 20410 )mo
= (28:U (t,z) z™ T @(t, ) o 5 g(t,x)x o (t,x) o
L[ 9 ([ onp10w )
4y [ ot (152 4 0) ) da

= |n|u(t)©(t,0) — v(;) lg%:vQHle(g';(t,x)jL <g(t,), (Lo)(t,) >, .

Since w verifies (2.1), replacing the above equality in (b), we deduce
(d) 2|n| u(t) @(t,0) — v(t) 11?3 > (0w /o) (t,x) = 0.
iv) Since u,v are arbitrary functions, combining (c) and (d) we get

. ow w(t,0) . oo
1 2n+1 _ ) 1 2n+1 = 0.
(e) imz*"" —(t, ) 5(£,0) lim 2™ = (t,x) =0

Moreover, @ satisfies
@(0,2) = wo(x), Yz > 0.

Since @ and w verify the same parabolic equation (2.1) with the same initial
and mixed boundary conditions (2.2) and (2.3), we deduce that @ = w.

v) Therefore, by (a) we deduce that, for every bounded positive Borel func-
tion h,

/O hy) wit, )y dy = / wo(x) 22 d

<Ez [ exp (= [ w1 )]

12



By conditioning with respect to R; = y on the right hand side of the above
equality we obtain (2.7), since h is arbitrary. O

Now, the Dirichlet representation of w naturally decomposes w into

w1 + wo and, in the next proposition, we also find this decomposed form
in the Fokker-Planck representation.

PrRoOPOSITION 2.3. - The decomposition w = wi + wy appears as follows
in the Fokker-Planck representation: for t,y > 0,

(2.9) y2n+1w1(t, y) = / wo(x) pi(z,y) 22 dr PY[To >t | R =y

0
on [7° n|
=y “/0 wo(z)py '(z,y) z dx,

and

o)

(210) v anty) = [ wol@) ph(a,y) 2™ da

t
<E2 |exp (= [ @(9)L.(B)) Liomy | Re=1],
or, equivalently,
t
(211) 4> lun(t,y) = / ds Ej [exp (‘/
0 0

[ee]
x /0 e 0(2) gl 5) ph_y(0,y) dar, £,y > 0.

Here, p} is given by (1.1), (1.1°), ¢ by (1.7) and ¢ by (2.8).

t—s

pls+0dLu(R)) | Rieu =]

Proof. - The first equality in (2.9) is only the translation of the symme-
try of the semi-group of the killed Bessel process II%, with respect to the
measure v (see (1.5)). The second equality in (2.9) is obtained thanks to
formulae (1.1) and (1.4), from which the formula

Pi(To >t | Ry =y) = (Ly/Ia)(zy/t)

follows. To get (2.11) we use the strong Markov property at Tj. O
2.2. Analytic relations involving Abel’s transform

There exist some analytic relations between the functions wg, f and ¢
involving Abel’s transform (cf. Proposition 2.4 below).

13



Recall that f is a continuous function such that f € C*(]0,00[) and
f(0) = 0. Let us introduce, for t > 0, and —1 < n < 0, the constant

(2.12) = 2"""T(n+1)/T(|n),
and the function
(2.12)) ap(t) = ca (S0,

Recall that, from (1.14°), we have (J'ay)(t) = ca (J*T1 f)(t), hence

1
(2.13) ky ::/0 ay(t)dt = e (J5FLF) (1),

We now give the promised explicit representations of ¢ and ¢y (see the
remark following Proposition 2.2):

PROPOSITION 2.4. - Assume that ¢ is given by (2.8) with w the solu-
tion of (2.1)-(2.3). Write ¢ = 1 + @2, where

lillng 2> (Qw; /o) (t,x), i = 1,2.

(2.8) wi(t) == (1/f(t))
Then, we have
(2.14)  (p1f)(1) = 2 /T(jn))) 27 /Ooo ywo(y) e VP dy, t >0,
(2.15) (p2f)(t) = —a(t), t >0,

and, consequently:

(216)  (ay + @f)(t) = (2271 /T(|a])) = /0 T ywo(y) e 2y, t > 0.

Proof. We need to compute the limits in (2.8’). First, using (2.9) and
(1.1), we can write

@ wlt) = @/ E") [Ty anly) exp(- (@ )/ 208 (op/0) dy

Since

/2" (y/2)k !

I ~N — ~N —— ~ U.
|n\(y) F(]n|+1)’ \n|(y 2F(]n|) , a8 y~0

14



(2.14) follows from (a) by direct calculation.
On the other hand, by (2.6) and (1.7), we can write

2 (wa(t, ) — wa(t, 0)) = (2%/T(|n]))

Y (/t SLe T2 (f(t — 5) — F(t)) ds — f(1) /OO sn_le_m2/25ds> ,

0 t
from which we deduce

() @ (2 N0 = /T ([ (=) = F0) ds + 501/ )

To obtain (2.15), we write in (b), f(t —s) — f(t) = [/~ f'(u)du, and,
by straighforward calculation, we find (2.12’). O

3. MAIN RESULTS

Before stating our new results, we explain the guiding idea behind them:
suppose wgy and f are given. We shall write another form of (2.11), using
(2.6) and (2.16). For ¢t = 1 and every y > 0, we get

1 2
y [ @T (D) e g (1 8) ds
0

B /ol(c“f +¢f)(s)Pi_s(0,y) ds

1-s
<Ef |exp (= [ ols 4 0dLu(B)) | Riu =],
0
since, by (1.7),
2 g (2)d(x, 8) = 2°T(|n]) o wo(x)sn_le_x2/2s

The first above equality was obtained using the two probabilistic represen-
tations (2.1)-(2.3) and Abel’s transform. We see that the given function
wo does not appear in the above equality. It suggests the following general
result, where, this time f and ¢ are given as new parameters:

THEOREM 3.1. - Consider the continuous functions f : [0,1] — [0, oo and

¢ :]0,1] — [0,00[. Assume that f € C'(]0,1]), f(0) = 0 and that tI*p(t)
converges as t | 0. If ay is given by (2.12’), then, for every y > 0,

15



1

(3.) | (s +en=0.pds
x Ef {exp (— /08 p(l—s+ v)dLv(R)> | Ry = y}
= () y [ e 5) ds
0

or, equivalently, for any positive bounded Borel function h,

1
3.1) @+ en-ss

« R {h(Rs) exp (- /0 o(1— s+ v)dLv(R)>]
= @ () [ yht)dy [ e 9 s,

In Remark 4.13 we prove a reciprocal result to Theorem 3.1. As con-
sequences of this theorem, we can prove the following interesting results:
Propositions 3.2 and 3.3 below concern the Bessel process, whereas Propo-
sitions 3.5 and 3.6 below concern the Bessel bridge r (see also the end of the
section 1.1).

PROPOSITION 3.2. - Consider a continuous increasing function f : [0,1] —
[0, 00[ such that f € C1(]0,1]), £(0) =0 and f'(t) ~ ctP (for some constants
e,p > 0)ast | 0. We also assume, without loss of generality, that the
function f is chosen such that the constant ks in (2.13) equals 1. Consider
a random variable Z with the probability density function a(1—s)Tgq1(s),
independent of R. Then, for ¢ := ay/f, the random variables

z

(3.2) Ry and / o(1 — Z +v) dLy(R)
0

are independent. Moreover,

(3.3) /OZ o(1 — Z +v) dLy(R) (liw)gu).

PROPOSITION 3.3. - Consider a continuous function ¢ :]0, 1] — [0, co[ such
that ti*lp(t) converges ast | 0. For A\ > 0, we denote
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(34)  Au(a) = ED [exp (—)\ /0 T ot v)dLU(R)ﬂ Lae 0]

Then,

(3.5) I+ (N en)Ap) Ay =1,

where, ¢, is given by (2.12), and we denote, for a positive Borel function h,
(3.6) (A h)(a) == J2(¢h)(1 — a), a € [0,1].

Here and elsewhere h(a) := h(1 — a). Hence,

(3.7) Ap(a) =) (=M )" (AfL)(a), a € [0,1],

k>0

COROLLARY 3.4. - For any random variable Z > 0 a.s., independent of
R, the integral

Z
(33 @0 () [*(Z o)

is a standard exponential variable and is independent of Z.

In Remark 4.6 we prove a reciprocal result to Corollary 3.4.

PROPOSITION 3.5. - Consider a continuous increasing function f : [0, 1] —
[0, o[ such that f € C1(]0,1]), £(0) = 0 and f'(t) ~ ct? (for some constants
e,p > 0)ast | 0. We also assume, without loss of generality, that the
function f is chosen such that f(1) = 1/2, or, equivalently

1
(3.9) 27"T(n + 1)*1/ (1—t)™ tay(t)dt = 1.
0
Consider a random variable Z with the probability density function

27" T(n + 1)*137"*10@«(1 — 3)11[0’1](3),

and Z is independent of r. Then, for ¢ := ay/f,
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(3.10) /OZ (1 — Z +v)dLy(r) (liw)gu).

(law)
COROLLARY 3.6. - If 7" =

independent of r, then,

Zjglas & > 0, is a beta random variable,

(3.10") 2°10(n + 1) B(|n|, a) ! /02(1 — 7+ v)* dLy(r) (law) £(1).

PROPOSITION 3.7. - Consider a continuous function ¢ :]0, 1] — [0, co[ such
that tlo(t) converges ast | 0. For A > 0, we denote

(3.11)  E,(a):=E3 {exp (—)\ /OH ola+ v)dLv(r))] Lac o]

Then,

(3.12) (I 4+ (M en)By)E, = 1.

where, ¢, is given by (2.12), and we denote, for a positive Borel function h,
(3.13) (Byh)(a) :== (1 —a)* T ™(@e_n1h)(1—a),ac]01]

(recall that e,(s) = s7). Hence,

(3.14) Za(a) = 3 (=M ea)F(BEL)(a), a € [0, 1],
k>0

4. PROOFS AND REMARKS

Proof of Theorem 3.1. - (i) Let us denote 9 (t) := tI*lp(). Tt is enough
to consider (3.1) for f and 1 positive polynomials. Indeed, for general
functions f,1 the result is obtained by a limiting procedure: there exist
positive polynomials f; and vy, such that

fe—= [ fo—= 1w — 9,

uniformly, when £ T oo (thus oy, — ay).
(ii) As said in the beginning of the previous section, to get (3.1) we need to

18



verify the equalities (2.11) (combined with (2.6)) and (2.16). Suppose that,
for given f, ¢, the integral equation (2.16) has a solution, wg. Then, section
2.1 asserts the existence of the solution w(t,z) of the problem (2.1)-(2.3),
with boundary conditions f and wy. Moreover, by (2.8), we can find a func-
tion, which we denote, for the moment, as ¢. Since, by Proposition 2.4, @
verifies (2.16) we conclude that ¢ = ¢. Finally, by Propositions 2.1-2.3 we
get (2.11). Therefore, we need to study the integral equation (2.16).

(iii) By composition with J™™ in (2.16), and using (1.14’), and (2.12’), we
obtain

(a) D(n+1) f(t) + (D(In])/2%7) T (0 (1)

e8] t
= I‘(—n)_l/ ywo(y) dy/ (t — w) " hr e 2u gy,
0 0
(since f(0) =0). Now we use the next equality
¢ —n—1,n-1_—y2/2 - —n—1_2n _—y?/2t
(b) /(t—u)n WP le TV Uy = 27 (—n) TRy PR e Y /2
0

We can verify (b), by (1.8), (1.7) and (1.1’). Replacing (b) in (a) and
using again (1.1’) we obtain that (2.16) is equivalent to

() f)+ (1/ea) T2 f)(t) = TEwo(0),

We need to prove the existence of a solution wy for (c).
(iv) Let us note that, for given f, ¢, such that ¢(t) = t*¢(t), with f,¢
positive polynomials, J (¢ f) is also a positive polynomial. By (1.13),

t

T2 (eN(®) = T=a) ™ [ (¢ = u) ™ () (w) du

0

=) [ -0 e ) d

and the right hand side is a positive polynomial in ¢.
(v) Tt suffices to prove the existence of a solution wy for

(c”) wo(0) = 7(t),
where 7(t) is a positive polynomial, with 7(0) = 0. Since, for p > 0,

17 (e2) (0) = B (") = " E§(RY"),
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there is existence of a solution, wy(x) of the equation (c¢’), which is a poly-
nomial in z, with wy(0) = 0. O

Proof of Proposition 3.2. - First, we note that by the hypothesis on f,
the function ¢ satisfies the assumptions of Theorem 3.1. Take A > 0 and
apply (3.1°) with the function ¢ = ay/f replaced by Ap. Then, for every
positive bounded Borel function h,

/01 af(1—s)Ej |:h(Rs) exp (—)\/OS o(l—s+ v)dLU(R))} ds

= (L 7@l [ k) dy/ol Sl VI (1~ s) ds.

Since 1/(1 4 X) = [5° exp(—(1 + A) u) du, we obtain (3.2), noting that h is
arbitrary. Taking in the above equality h = 1, by (2.13) and integrating
with respect to y, we get on the right hand side (1+ A)~! (because ks = 1).
We deduce (3.3) at once. O

Proof of Proposition 3.3. - It is enough to prove that A, verifies (3.5).
We begin by proving that, for [ a regular function,

) [ (9)1(5)ds = (1 = @P(1) + Do+ 1) (4111~ )

(with, I’(s) = —I'(1 — s)). Indeed, by (2.12’) and integrating by parts,

(4.1)

1 1
((ia/2) [ as()1(s)ds = Dlat 1) [ U(s) (21)(5) ds
1

—u n+1 s_unJrl
(1n+)1 l(l)_/ul ( n+)1 l,(S)dS‘|

- /Oll(s) ds/os(s—u)nf'(u) du = /01 1 (u) du/ (s —w)™l(s)ds

= /1 f'(u) du

0
1 1
=~ [ Jwdu [—(1 —wr) + [ 5wt ds].
0 u
Taking f := d,, the Dirac delta function in the above equality, we get

1

(/2 [, () i)ds = (1= ai(1) = [ s = a5 ds

— (1—a)PI(1) - /Olau —a— o)1 —v)dv,
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from which we deduce (4.1).
Integrating with respect to y in (3.1) (with A ¢ instead of ¢), we obtain

/2 [ g + Ao Aolo)ds = [ (1= 57 (s) ds.

Take now [(s) := Ay (s) and f := §, and assume just a moment that A, is
regular. In this case, using (4.1), the above equality becomes:

(- A1) + T+ 1) (R - @)+ 5D (oA @) = (- ap,

or, since Ay (1) =1,
a® + T(n+ 1) (J*AL) (@) + (AT(Jn])/2%71) (2 Ag ) (a) = ™
By composition with J™™ and by (1.14), we obtain,
Ap(1=a) + (Mea) J(@ Ap) (@) = 1,

(since J ™(&n)(a) =T'(n+1)). Moreover, this equality is true for continuous
A, so the regularity assumption can be removed. O

REMARK 4.1. - Clearly, by (3.7) we get, for a € [0,1], and k € IN*,

a k
(3.7) o [( /0 ' @(a+u)dLv(R)) ] — (k1/cb) (A1) (a).

If a = 0, this expression for the moments is identical to (0.2), up to multi-
plication by 2, since, by (0.4), cyknI'(|n|) = 1. The factor 2 is given by the
different normalizations in (0.1) and (1.9); the local time defined in (0.1) is
the double of that in (1.9). O

REMARK 4.2. - We can prove the second part of Proposition 3.2, that
is (3.3), as a consequence of Proposition 3.3. Indeed, we need to compute
E[Ay(1 — Z)], where Z is a random variable with the probability density
function 3y on [0,1]. We can write

E[(ApA,)(1 - 2)] = E [T (3 4,)(2)]

=I'(-n)! /01 ar(l—s)ds /Os(s —u) Y@ AL (u) du



1 1
:/0 (pAL)(1 —u) (J*naf)(l—u)du:cn/o As(1—u) (pf)(1 —u)du

_ cn/OlA@(l “wap(l—w)du=cB[A( - Z)]

(since ¢ f = ay). Taking the expectation in (3.5) we get (1 + A) E[A,(1 —
Z)] = 1. Therefore, E[A,(1 — Z)] is the Laplace transform of £(1). O

REMARK 4.3. - In the particular case o(t) := t°+® 3 > 0, we can per-
form more calculations. Indeed, by (3.6) and induction, we get, for k € IN*,

k—1
(As1) (0) = = ;U (8, nl).

Therefore, we obtain the moments

(42) E l(/olv‘”ndLv(R))k] R (M)k ! kl_[lB (i3, Ia]).

n [10] the case ¢(t) := t* was considered (see Sec. 2.3), and the results
were obtained by a slightly different method. FExplicit laws appeared for
beta random variables Z1 , a > 0. O

REMARK 4.4. - We consider ¢(t) := (1 — )%, # > n. Then we get, by
(3.6) and induction, for k € IN*,

(.Akl)(a) 1_a ﬁ ﬂ""l (J_l)(/B_n))

¢ U= rGG-a+1
Therefore,
a k
(4.3) E3 [(/01 (1 —a—v)ﬁdLU(R)> ]
: ﬁ+ +(U—-1)(f—n)
(k:l/c 1;[ HCEEES) .

REMARK 4.5. - If we take in (3.7) ¢ = 1 and a = 0, by the above calcula-
tions with 6 = 0, we obtain the moment expressions

(4.4) B3 [(cal1(R))*| = KI/T(kfn| + 1), k € N",
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that is the moments of a Mittag-Leffler random variable with parameter
ln| (see e.g. [7], p. 447 or [14], p. 129; see also [5], p. 452). This is equiv-
alent with the well known fact that the subordinator {7 : ¢ > 0} is stable
with index |n|:

(4.5) Eg [e—)\frl} _ e—cn)\\n\'
Here 7 is the inverse of L(R), 7 := inf{s : Lg(R) > t}, and satisfies the

scaling property:

(law)

{m:t >0} {aTeme 1 t > 0}.

We can write, for any k € IN*,
B8 [(ata ()] = 5 /] = i [ g [
By (4.4),
[T AR g [ ] = (k= 11/ (al k) = [T AR

and we deduce (4.5), using the injectivity of the Mellin transform. Assuming
(4.5), the above equality gives (4.4). O

Proof of Corollary 3.4. - We simply take in (4.3), # = n to obtain the
k-moments and the Laplace transform of (I'(|n|)/2**!) £(1). Then, by scal-
ing, we note that A, does not depend on a € [0,1[. The independence
property announced in the corollary also follows by scaling. O
Another proof of Corollary 3.4. - To prove (3.8), we may assume that Z = 1,

by scaling.
i) We denote g := g1 = sup{s <t: R; = 0}. It is sufficient to prove that

(a) Ap = 221D (|n) 7! /Ot(l —v)dLy(R), t € [0,1]

is the dual predictable projection of Cy := Ty <4y, t € [0, 1], that is

(v) Bty = B[ [ hoda]

for every predictable process h > 0 (see, e.g. [21], pp. 16-18). Indeed,
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we can follow the method in [2], p. 99. Since A, = Aj, taking in (b)
h = exp(—AA), we have, for every A > 0,

Blesp(-A41)] = B[ [ exp(-Ad) ] = BIO/N( — exp(-A41))-

Thus, we obtain Elexp(—AA;1)] = 1/(1 + A), the desired result.
ii) We shall verify (b). It is enough to show this formula, for h, := T 7)(v),
where T is a stopping time with values in [0, 1]:

() P(g <T) = E[A7].
Using (1.7), we can write
P,(Ty > v) = 2°T(|n|) '@ (22 /v),
where we denoted ®(y) := [ s7 1e~%/2ds. Then,
P(g<T | Fr)=2"T(jn)) "' ®(R}/(1 - T))

= 2°1(|]n)) '@ (Xr /(1 — T)) = 2°0(|n)) " W(RT™ /(1 — 7))

Here we denoted U(y) := ®(y/™) and by {X; : 0 < t < 1}, the square of
the Bessel process of index n, whose infinitesimal generator is:

L = 2x(9%/022) 4+ 2(1 +n) (8/0x).

Clearly, (£ 4 (8/ds))®(x/(1 —s)) = 0. Using the fact that Xt|n‘ —2|n| L(R)
is a martingale (see section 1.3), by Ito’s formula we can write

T
B [2°T(n)) ' ®(Xr/(1 - T))| = E [2nr<|n|>—1 | 2w - v)ﬂdLv<R>] .
Since ¥/(0) = 1/|n|, we get
T
P(g < T) = 21T (|u]) 'R [ | a- v)ﬂdLU<R>] = E[ A7),

by (a), and (c) is verified. O

REMARK 4.6. - We can prove the following result which is, in some sense,
a reciprocal result of Corollary 3.4:
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Assume that, for any a € [0, 1], the integral

l1—a

(3.8 | elato)dLy@)

0
is a standard exponential variable. Then
(3.8") o(t) = (2T (|a])) (1 — £
For the proof, we note, by (3.4), that, for any a € [0,1[, Ay(a) = 1/(1+ A).
By Proposition 3.3, A, verifies (3.5). Hence J ™(¢)(a) = cq. Since, by
(1.15), J ey = '(n+ 1), we conclude using the injectivity of Abel’s trans-

form. O

Proof of Proposition 3.5. - The right hand side of (3.1) can be written
as

@YD)y [ e (1 ) ds

1/y?
_ (2n+l/r(‘n’)) y2n+l/ un—le—l/2uf<1 o qu) du.
0

We replace in (3.1) (with A ¢ instead of ¢) the above equality, the expression
(1.1°) for p2(0,y) and we simplify by y***1. Then, letting y | 0, we get

27T (n+1)"" /01 ap(l—s)s ™ 1E] [exp (—)\/Os o(l—s+ v)dLv(r))] ds

— (L )7 @) £ [ et

(recall that ¢ f = o). Since (recall that f(1) =1/2)

D)) £1) [ e B = 2£(1) = 1.

we get (3.10). To justify (3.9), we use (1.14") and (2.12):
1
1=2(J (")) =2 (F(\nl))fl/o (1= )" (I ) (s) ds

1
9 T(n+ 1)—1/ s Lo (1 — 5) ds.
0
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Proof of Corollary 3.6. - The result is obtained taking f(t) = (1/2)t* 1
in Proposition 3.5. O

Proof of Proposition 3.7. - Let us denote

@ Asan) = e (A [ oot (R | Ria =]

(b) I(s) 1= (1 — s) ™ L ¥ 2090 (s59).

Clearly, Z,(a) = Ay(a;0) and, for y = 0, [ =€ q =,. With these no-
tations and using (1.17), (3.1), with Ag instead of ¢, can be written as

1
() 2 I'(n + 1)*1/0 (s + Ao f)(s) I(s) ds

= D)y [ e ) ds
Taking in (c) f := &,, the Dirac delta function, and using (4.1), we obtain
T+ 1)1 — a)™(1) + 22(J*TH")(1 — a) + (AL(|n|)/2D(n + 1)) (l)(a)
_ 4ny—2n(1 _ a)n—le—y2/2(1—a).
Since, by (b), I(1) = 0, we get
2°(J*H1") (@) + (AL(|n))/(20(n + 1))) (@1)(a) = 47y~ Ra> eV /2,

or, by composition with J ™,
(d) [(a) + (A\/en) T (@ e-n1Ap(959))(a)
_ an(_n)—ly—Qn/ (a o u)—n—lun—le—yQ/Qudu
0

On the right hand side of (d), we make the change of variable u = vy? to
get ~ ~
l(a) + (A ca) J7H (P en1Mp(e59))(a)
2

aly
= 2°T(—n)! / (a — UyQ)fnflvnflefl/Q”dv.
0
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Then, letting y | 0 in the above equality, we obtain,

a7 1E (@) + (Men) TG et Ep)(a) = a7,

and making a straightforward calculation on its right side hand, we get
(3.12). O

REMARK 4.7. - By (3.14) we get the following moment expressions: for
a € 10,1], and k € IN*,

—a k
(3.14) ES K/@l vla+ v)dLU(r)> ] = (k!/ck) (BZZl)(a).

REMARK 4.8. - We take o(t) := 7+ 3 > 0, Then we get, by (3.6) and
induction, for k € IN*,

(551) ©)

Therefore, we obtain the moments

kol

B(j0, [n]).

k

(4.6) Eal(/olvﬂ“du(r))k]:k! (M) 11 205 s

REMARK 4.9. As in [10], Sec. 1.4, we can use the moment (or the Laplace
transform) formulas to deduce some limit theorems. For example, by (4.6)
we can prove that, for 3 | 0,

2n+1F 27 T(n+1) 0 1 (law)
(4.7) ( / i 2n+1r(n+1)\/3) ) N0, 1),

Here, N (0, 1) denotes the standard normal distribution and
= (I'(1)/T(1)) = ('(jn)/T(In))), 2Bz, [n]) = 1 + daz + o(), 2 | 0.

The proof of this result is similar to the proof of Theorem 1.27 in [10]. The
same result can be obtained for the Bessel local time using (4.2): for 8 | 0,

5 2 T(n+1) ' Bin B 1 (law)
(4.7°) \/g<\/5/0 vP1RdL,(R) 2n+1F(n—|—1)\/B> N(0,1).
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REMARK 4.10. - Proposition 3.5 can be obtained as a consequence of Propo-
sition 3.7. Consider Z a random variable with density

27" (n+ 1)_18_n_1af(1 — S)]I[()’l](s),
independent from the Bessel bridge r. We compute

B[(B,Z,)(1— 2)] = B[ 2" T (e n1Z,)(2)]

1 s .
=2t 1)71F(—n) /0 af(l =) ds/o (s - u)inil(@s Ecp)(u)ufnfldu

=27I'(n+ 1)"'I'(-n) /Ol(gé E)(uw)u ™ tdu /Olu(l —u—v) " ay(v)dv
1
— 2 T4 1)"! /0 (0=,)(1 — wu" (T ) (1 — u) du
1
=20(a) ! [ 2,0~ w)u o) — u) du

1
= 2F(yn|)*1/0 Ep(l —uw)u ™ oyl —u)du = E[Ep(1 — Z)]

(since ay = ¢f). Then, we take the expectation in (3.12) and we deduce
(3.10). 0

REMARK 4.11. - We can obtain (3.3) from (3.10) and vice-versa. Indeed,
by (1.10), it is not difficult to see that

(law)

(4.8) (Le(r))eep,) = (9"Lgt(R))eefo,1)-
Here, we denote g := g1 = sup{s < 1 : Ry = 0} which is independent

from (g7Y2Ry; : t < 1), hence from (¢*Ly¢(R) : t > 0). From (4.8), we
obtain that, for any positive Borel function 1,

! (law) [1
g /0 Plgv) dLo(r) = /0 () dLy(R).

Recall that (see section 1.4) g is a beta random variable with parameters
—n,n + 1. Then, by (3.14), to deduce (3.7) (both for a = 0), we need to
verify, for any k € IN*,
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(4.9)  (A51)(0) = B(-n,n+1)"" /O lrnflu — ) (BE, , 1)(0) dt.

For k =1 we can write, by (3.13),

B(—n,n+1)"" /01 1 —t)nt_kn(BZZ(t.)l)(O) dt = B(-n,n+1)"'T'(—n) ™"

x /01 (1 — t)“tndt/ol(l — ) lp(#(1 — W) L

1

=B(-nn+ 1) 'T(-n)" /Olv“so(v) dv/v (1= 1)t —v) ™ dt

=) [0 ) do = (A)00),

as we can see by making the changes of variables (1 — u) = v and s =
(t —v)/(1 —v). The same reasoning applies for arbitrary k. We leave to the
reader the proof of the fact that (3.14) can be obtained by (3.7). 0

REMARK 4.12. - Assume that the conditioning is {R;_, = y}, with ar-
bitrary y. Then a functional equation, similar to (3.5), can be written,
using (3.1):

(4.10) (I + (Mea)Ap) Uy (o5y) = (e y)
where
(4.11) Vo(asy) = pi_4(0,9)

« R [exp <—/\ /0 T et v)dLU(R)> | Ry = y}
and
(4.12)  Y(a;y) :=T(n+ 1)1F(—n)1y/0a(a - u)*nflunfle*yy%du.

Therefore, we get a similar expression as (3.7) for ¥, (a;y) with i (e;y)
instead of the constant function 1. O

REMARK 4.13. - Here, we give a probabilistic explanation for the appear-

ance of Abel’s integral operator, using the Bessel meander. In fact, we can
state a reciprocal result of Theorem 3.1:
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Consider the continuous function f : [0,1] — [0, oo[, such that f € C(]0,1]),
f(0) = 0, and assume that the random variable Z is independent from the
Bessel process R, having the probability density function B(1 — s)Tjg ().
Suppose that the random variable Ry has the probability density function
given by

1 2
(@13) kT y L) | e (15 ds,

Then, the function (3 is an Abel transform of f’. More precisely,

(4.14) Bt) = ay(t) = ca (T f)(1).

For the proof, we recall that, by (1.12) and (1.12’),

(law)

Ry Vit —gimy(1),

and my(1) is independent of g;, being Rayleigh distributed. Let us denote,
for any positive bounded Borel function h,

@u(s)i= [ by v ye Py,
0
Then, by (4.13),
1. . ) 1 .
| B B3 [@1(s = g)] ds = k7 (2= /T(D) [ () f(5)ds.
Hence, the probability density function of the random variable Z — gz is
(a) k(28 /T(|a])) s f ()T 0y (s)-
(law) . .

On the other hand Z — gz = "Z (1 — ¢1), with g; independent from Z.

Recall that 1 — g1 is a beta random variable with parameters n + 1, —n.
Hence,

1 1 ~
(0) BUZ )] =B+ 10" [ ) dy [ 01— o ) do

for any positive bounded Borel function [ on [0,1]. Combining (a) and
(b) we get, for y € [0,1],
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(c) k(28T (n)) (1 —y)"f(y)
=I(n+ 1)_11“(—n)_1 /1 u*(1 — u)_n_lﬁ(l —(1—y)/u)du
1—y

We make on the right hand side of (c) the change of variable v = 1—(1—y)/u
and we get, after straightforward calculations,

f(y) = (/) (J720)(y)-

We get the same result by composition with J~™ in (4.14). O

APPENDIX

Formulae on integrals of Bessel local times

We gather here the main results obtained in [10] (these are denoted be-
tween brackets) and in the present paper.

Explicit laws

We denote by L;(B) and L¢(b) the local times at 0 of the Brownian motion
B starting from 0, and of the Brownian bridge b; we denote by L;(R) and
Li(r) the local times at 0 of the Bessel process R, of index n €] — 1,0],
starting from 0, and of the Bessel bridge . Here, Z, j denotes a beta random
variable with parameters a,b independent of the process for which the local
time is considered; in particular U = Zj 1 is a uniform random variable on
[0,1] and V = Z 11 is an arcsine random variable. £(1) is the standard
exponential dlstrlbutlon and v(2) is the gamma distribution of parameter 2.
¢ denotes a normalisation constant. The last passage time in 0 before time
1 is denoted g = sup{s < 1: Bs; or R; = 0}. Z is independent of the process
for which the local time is considered. A is a strictly positive parameter. If
f € CYRY), with f(0) = 0, we denote by a the function

ar(t) = /P [ (= )" (w)

1) Brownian motion:
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V21 AN dL(B) (la_w)
BN, Tzt W

271'

(B1)

dL,(B law dlLy(B laW
/ \/ﬁ \f / St
(B3) 27T B V! g NG 1+df t (kiw)f(l) 2.25

(B4) \f/lst (law) \[/m dL;_l = (1) [1.23, A.16], see also [A]

o0 a 1
(B5) a/ stt(B) (a:vv) E(1), (L* local time at level a) [Rk.1.26,iv)]
0

(B2)

£(1) [1.25,1.26]

(law)

B6)  vaLB) " 215 ") Mittag- Lefﬂer(;) [Rk.1.26, )], (4.4)

2) Brownian bridge:

(b1)

VIR [0 dL(b) (aw)
50T / il £1)  [131]
Z)\

1
2

(b2) \/>/ /7?? v ) \/E/Ol\c/i%(liw)s(l) [1.32]

) 1.34]

(b3) \/*/1 (iLj— law £(1) (g <11W)Z

1
2

=

(law) Z(la_w) 1 log 1/u

v |2 Gt 0 L ey

(u) [1.36]
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1 [z dLy(b) (law) 1 1 dLy(b) (law)
b _— =’ — ='¢& .23,A.16

(b6)  Li(b) = \/2€(1) [Rk.1.26, iv)]

3) Bessel process:

(R1)  2Ja] /Ong(l—Z—i—t)st(R)(liw)é’(l),Z(lazw)cozf(l—u)]l[m](u) (3.3)

2 (n 21 aw
(R2) W / (- Zux+ ordiu(®) " ey 237, 3.3)
2 (n s aw
(R3) W / S e ey 231, 33)
(B4) r2<|j> [0 2w o ") 27, 39)

n+1 A aw
(R5) 1?(|ny) /D (Z - tpdL(R) B (1) vz > 0)  (3.8)

ntl ol aw
(R6) 1?(|ny)/() (1= tpdn(R) 2 ey (3.8)

o+l rg OT 1 aw aw
(R7) 1‘2(|n!) /0 (-grordn(r) 2 g1y (412 )ZM,HH) (3.8,4.7)
(R8) w Li(R) (la:w) Mittag-Leffler(|n|) (4.3), seealso [D — K]

I([n])

4) Bessel bridge:

(la:vv) (law) w™ Lay(1 —u)

A
(rl)  2fn| /0 (1= Z+4) dLy(r)

220 (n+ 1)
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22+ (n + 1)
B([n/, )

r 2n+1r(n—|— 1) 1 Z)x,|n\ n i (la_w)
(r3) B0\ Ja)) /0 <1—ZA,|H|H> dLi(r) = (1)  [2.43]

Zlnl.x n (law)
/0 (1= Zigr + 7Ly (r) "2 £(1) (3.10)

PARE 1—g n (law) (law)
) | (L) aum e (67 Zuar) @54

5) Ornstein-Uhlenbeck process:

2” / d(0)  Uaw) gy 2.21]

et

M\H

2 [0/ VdLi(O ) (law)
\[T Vv £(1) [2.23]

k-th moments

Here, k € IN*; 8 > 0; ¢, = 2°MT'(n +1)/T'(|n|). For ¢,k :[0,1] — IR, Borel
functions, we denote, for a € [0, 1],

1-a
(Agh)(@ =T(ia) ™ [~ (1= a = (o)1~ u)du

and

1—a

(Byh)(a) = (1 —a)*'T(|n|)~ 1/0 (1= a—u)(l = u)" " (ph)(1 - u)du

1) Brownian motion:

k
(MBI) Eg [(g /1 — Z)“l /01 (Z)\J + (1 - Z,\’l)t)ﬁ—l/Q st(B)> ]
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k—1
= (k1) (2m) "2 (\/(kB+ X)) [I BB+ A 1/2), A >0 [1.43]
j=0

(MB2) Eqg [(/01 t5—1/2st(B)>k]

k—1
= (k) (2m) "2k T] B(jB. 1/2)  [1.47]
j=1

(MB3) Eqg [(/01 t5—1/2st(B)>k]

k-1
= 9fk(k=1)/ ((Qﬂ)k/%’f 11 C%j@ﬁ) , e IN*  [Rk.1.26,4i)]
j=1

(MB4) Eqg [( /O 1 t5—1/2st(B)>k]

kE—1)! I'(p -
:(Qk/Qﬁ) T((k _154-% l;ll;ljﬂ_l ﬂ—*G]N [Rk.1.26,17)]

2) Brownian bridge:

(Mb1) Eog [(\/ L= 2Zx1/2 /01 (Z,\,1/2 + (1 - Z,\,1/2)?5)/3_1/2 st@)j

= (K!) (2m)~F/2 ﬁ B(jB+A1/2), A>0 [1.44]

(Mb2)  Eq K /O 1 tﬁl/Qst(b)Y}

— () (20 2 [[BGS ) (149

j=1

(Mb3)  Eq [( /O 1 tﬁl/zst(b)>k1

k
— 9fh(kt1) ((Qﬁ)kﬂﬁk) I1 cg]@ﬁ) ,BeIN*  [Rk.1.26,ii)]

=1
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(Mb4)  Eg [( /0 1 tﬁ—l/Qst(b)ﬂ

k 5—5
= (k1/2¥/%) (0 (3) /T ( kﬂ+ NI T 68—, 5—%@\1 [Rk.1.26,47)]

7j=11i=1

3) Bessel process:

—a k
(MR1) Egl(/ol gp(a—l—t)st(R)>]
= (k!/cF) (Ak1)(a), a € [0,1] (3.7

k
— (k1)) H ﬁ“ B(j;)ll(l’; 2 aeo1] (43)
(MR3) E& [( /0 tPHRAL (R))k]
k 1 k—1
4! () i L1208 (42)

(MR4) Ej [e*m] = ==\t (7, the inverse of Ly(R))  (4.5)

4) Bessel bridge:

a k
(Mr1) ES[(/Ol go(a+t)st(r)>]
— (k/eh)(BEL) (), a € [0,1]  (3.14))

(Mr2) ER l( /0 ' t’6+nst(r))k
k

e (Mn“) IIeGA) - (4
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Limit theorems

Here 6, = (I'"(1)/T'(1)) — (I'(Jn])/T(|n])), 6_1/2 = log4. We have the con-
vergence in law to the standard normal distribution of:

1
(LB1) 1/& (\/B/O WP=124L, (B) — 217T5> as 10 [Rk.1.28]
T 1 L dL,(B) [logl/e
(LB2) 1/2log2 (\/logl/a ) Vero o ), as € | 0 [1.53]
T 1 L dL%(B) log 1/a?
(LB3) 1/210g2 (\/W 0 Vo - ), as a | 0 [1.56]

i 1 t dL,(B) log (t/s)
(LB4) 1/210g2 (\/W M o ), as s/t — 0 [1.58]

™ 1 ,871/2 1
(Lbl) ) <\/B/O v dLU(b)—\/m>, as 310 [1.50]

T 1 L dL,(b) [log1/e
(Lb2) 1/210g2 (\/logl/s o Vero - ), as € | 0 [Rk.1.28]

2210 (n + 1) 1o 1 ,
(LR1) — (ﬂ/o v AL, (R) — 2n+1F(n—|—1)\/B>’ as 610 (4.7)
28I (n + 1) v 1
L Zt (m/o VIHRL (1) — 2n+1f(n+1)\/ﬁ)7 as 310 (4.7)
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