HUA OPERATORS AND POISSON TRANSFORM FOR
BOUNDED SYMMETRIC DOMAINS
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ABSTRACT. Let 2 be a bounded symmetric domain of non-tube
type in C™ with rank r and S its Shilov boundary. We consider the
Poisson transform P f(z) for a hyperfunction f on S defined by the
Poisson kernel Py(z,u) = (h(z,2)7 /|h(z,u)7*)°, (z,u) x Q x S,
s € C. For all s satisfying certain non-integral condition we find
a necessary and sufficient condition for the functions in the image
of the Poisson transform in terms of Hua operators. When (2 is
the type I matrix domain in M, ,,(C) (n < m), we prove that an
eigenvalue equation for the second order M, ,-valued Hua operator
characterizes the image.

1. INTRODUCTION

Let Q = G/K be a Riemannian symmetric space. Any parabolic sub-
group P of G defines a boundary G/ P of the symmetric space €. The
Poisson transform is an integral operator from hyperfunctions on G/P
into the space of eigenfunctions on € of the algebra D(Q)% of invariant
differential operators. Any such boundary G/P can be viewed as coset
space of the maximal boundary G/ P,,;,, defined by a minimal parabolic
subgroup P,;,. In this case the most general result was obtained by
Kashiwara et al. [9] where they proved that under certain conditions
on the eigenvalues that the Poisson transform is a G'—isomorphism
between the space of hyperfunctions on G/ P,,;, and the space of eigen-
functions of invariant differential operators on {2, namely the Helgason
conjecture. It thus arises the question of characterizing the image of
the Poisson transform for other smaller boundaries.

Suppose € is a bounded symmetric domain in a complex n—dimensional
space V. Let S be its Shilov boundary and r its rank. In this paper
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we consider the characterization of the image of the Poisson transform

Paple) = [ Plzu)p(u)dota)
s
on the Shilov boundary S when s satisfies the following condition
(1) —4[b+1+jg + (s —1)]¢{1,2,3,...}, for j=0and 1
T

where a and b are some structure constants of €2. For a specific value of s
(s = 11in our parameterization) the kernel Py(z, u), (z,u) € QxS is the
so called Poisson kernel for harmonic functions, and the corresponding
Poisson transform P := P; maps hyperfunctions on S to harmonic
functions on €2; here harmonic functions are defined as the smooth
functions that are annihilated by all invariant differential operators that
annihilate the constant functions. When €2 is a tube domain Johnson
and Koranyi [8] proved that the image of the Poisson transform P is
exactly the set of all Hua-harmonic functions. For non-tube domains
the characterization of the image of the Poisson transform P was done
by Berline and Vergne [1] where certain third-order differential Hua-
operator was introduced to characterize the image.

In his paper [15] Shimeno considered the Poisson transform Ps on
tube domains; it is proved that Poisson transform maps hyperfunctions
on the Shilov boundary to certain solution space of the Hua operator.
For general domains and for other boundaries, the image of the Poisson
transform was characterized in [16]. However for the Shilov boundary of
a non-tube domain the problem is still open. We will construct two Hua
operators of third order and use them to give a characterization. For the
matrix ball I, ., of 7 X (r 4+ b)—matrices some eigenvalue equation for
second-order Hua operator (constructed by Hua [7] and reformulated
by Berline and Vergne [1]) is proved to give the characterization. We
proceed to explain the content of our paper.

The Hua operator of second-order ‘H for a general symmetric domain
is defined as a €c-valued operator, see section 4. For tube domains
it maps the Poisson kernels into the center of €, namely the Poisson
kernels are its eigenfunctions up to an element in the center, but it is not
true for non-tube domains, see section 5. However for type I domains
of non-tube type, see section 6, there is a variant of the Hua operator,
HW | by taking the first component of the operator, since in this case
tc = E((Cl ) 4+ {?((CZ ) is a sum of two irreducible ideals. We prove that the
operator H() has the Poisson kernels as its eigenfunctions and we find
the eigenvalues. We prove further that the eigenfunctions of the Hua
operator H() are also eigenfunctions of invariant differential operators
on {2. For that purpose we compute the radial part of the Hua operator
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HW | see Proposition 6.3. We give eventually the characterization of
the image of the Poisson transform in terms of the Hua operator for
type L, .1, domains :

Theorem 1.1 (Theorem 6.1). Suppose s € C satisfies the following
condition

—Ab+1+j+(r+b(s—1)]¢{1,2,3,---}, for j=0and 1.

A smooth function f on L.,4p is the Poisson transform Ps(p) of a
hyperfunction @ on S if and only if

HYf = (r 4 b)2s(s — 1) fI,..

Our method of proving the characterization is the same as that in
[10] by proving that the boundary value of the Hua eigenfunctions
satisfy certain differential equations and is thus defined only on the
Shilov boundary, nevertheless it requires several technically demanding
computations. In section 7 we study the characterization of range of
the Poisson transform for general non-tube domains. We construct two
new Hua operators of third order and prove, by essentially the same
method as for the previous theorem, the characterization of the image
of the Poisson transform using the third-order Hua-type operators U

and W :

Theorem 1.2 (Theorem 7.2). Let Q be a bounded symmetric non-tube
domain of rank v in C". Let s € C and put 0 = Zs. If a smooth
function f on § is the Poisson transform Ps of a hyperfunction in

B(S), then

—20? + 2po + ¢

2) u 020 —p—10)

W) f =0.
Conversely, suppose s satisfies the condition
—4b+ 1+jg +2s— 1] ¢{1,2,3,--}, for j=0and 1.
r

Let f be an eigenfunction f € M(Xs) (see (8)) with \s given by (11). If
[ satisfies (2) then it is the Poisson transform Ps(¢) of a hyperfunction
ponS.

After this paper was finished we were informed by Professor T. Os-
hima that he and N. Shimeno have obtained some similar results about
Poisson transforms and Hua operators.
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2. PRELIMINARIES AND NOTATION

2.1. General setting. We recall some basic facts about the Jordan
triple characterization of bounded symmetric domains and fix nota-
tions. Our presentation is mainly based on [11]. Let 2 be an irreducible
bounded symmetric domain in a complex n—dimensional space V. Let
G be the identity component of the group of biholomorphic automor-
phisms of €2, and K be the isotropy subgroup of GG at the point 0 € €.
Then K is a maximal compact subgroup of G and as a Hermitian
symmetric space, 2 = G/K. Let g be the Lie algebra of G, and

g=t+p

be its Cartan decomposition. The Lie algebra £ of K has one dimen-
sional center 3. Then there exists an element Z; € 3 such that adZ,
defines the complex structure of p. Let

(3) gc=p T BDetcHp

be the corresponding eigenspace decomposition of g¢, the complexifi-
cation of g. We will use the Jordan theoretic characterization of {2; the
corresponding Lie theoretic characterization will be then more trans-
parent and which we will also use.

There exists a quadratic form Q : V. — End(V,V) (here V is the
complex conjugate of V'), such that
p= {51}; GRS V}>
where &,(z) = v — Q(z)v. We will hereafter identify p™ with V' via the

natural mapping

S(€ — i) =v v,

and p~ with V via the mapping

—%(fv +i&,) = Q(z)v— v eV,

we will write v = Q(2)v when viewed as element in the Lie algebra and
when no ambiguity would arise.
Let {zvw} the polarization of Q(2)v, i.e.,

{zvw} = Q(z + w)v — Q(2)v — Q(w)w.

This defines a triple product V- x V x V — V, with respect to which
V' is a JB*—triple, see [20]. We define D(z,v) € End(V') by

D(z,0)w = {zvw}.
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The space V' carries a K —invariant inner product

1
(4) <Z,U}> = —tI'D(Z,’lIJ),

p
where “tr” is the trace functional on End(V), and p = p(Q) is the
genus of € (see (6) below). Beside the Euclidean norm, V' carries also
the spectral norm,

1 _
|2l =I5 Dz )1,

where the norm of an operator in End(V') is taken with respect to the

Hilbert norm (-,-)2 on V. The domain © can now be realized as the
open unit ball of V' with respect to the spectral norm,

Q={zeV; |z <1}

An element ¢ € V is a tripotent if {céc} = c¢. In the matrix Cartan
domains (of type I, II, and III, see below) the tripotents are exactly
the partial isometries. Each tripotent ¢ € V gives rise to a Peirce
decomposition of V,

V =V(e) @ Vi(c) ® Va(e)

where
Vi(e) ={v eV : D(c,c)v=ju}.

Two tripotents ¢; and ¢; are orthogonal if D(cq,¢s) = 0. Orthogonality
is a symmetric relation. A tripotent ¢ is minimal if it can not be
written as a sum of two non-zero orthogonal tripotents. A tripotent
¢ is mazimal if Vo(c) = {0}. A Jordan frame is a maximal family of
pairwise orthogonal, minimal tripotents. It is known that the group K
acts transitively on Jordan frames. In particular, the cardinality of all
Jordan frames is the same, and is equal to the rank r of ). Every z € V
admits a (unique) spectral decomposition z =", s;v;, where {v;} is
a Jordan frame and s; > s > -+ > s, > 0 are the spectral values of
z. The spectral norm of z is equal to the largest spectral value s;.

Let us choose a Jordan frame {c;}’_, in V. Then, by the transitivity
of K on frames, each element z € V admits a polar decomposition
z=k Z;Zl sjcj, where k € K and s; are the spectral values of z. Let
e=c + ¢+ -+ ¢ then e is a maximal tripotent. Let

V=Y oV
0<j<k<r
be the joint Peirce decomposition of V associated with the Jordan frame

{¢j}i—1, where

(5) Vie={v eV D(cy,é)v= 0+ 0gp)v, 1 <L <7}
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for (j,k) # (0,0) and Vp o = {0}. By the minimality of ¢;, V;; = Cc;,
1 < j < r. The transitivity of K on the frames implies that the integers
a:=dimV,, 1<j<k<r) b:=dimVp; (1<j<r)

are independent of the choice of the frame and of 1 < j < k <r. The
triple of integers (r, a,b) uniquely determines 2. Since e is a maximal
tripotent, the Peirce decomposition associated with e is V = V5, & V;
with .
Vo= Z Vix and V) ZZVO,j-
1<j<k<r j=1

V5 becomes a Jordan algebra for the product zy = {xey} with identity
element e. Let n; = dim V; and ny = dim V5. Then we have

-1
ny =rb, n :T+7r(r2 >a and n = n; + ns.
The genus of €2 is
1
(6) p=p(Q)=-trD(e,&) = (r—1a+b+2.
r

Thus (cj,¢;) = %trD(cj,Ej) = %ptrD(e,é) = 1, and this is true for
every minimal tripotent in V.

The irreducible bounded symmetric domains were completely clas-
sified (up to a biholomorphic isomorphism) by Elie Cartan 2]. We
give here a list of all irreducible bounded symmetric domains and the
corresponding Jordan triples, for more details see [11] .

L2 | v | (r.a,0) |
Lim (n<m) M,,.m(C) : /(Qn,42,07)n(— n) :
IT, {z € M,,,(C) : 2t =—2z} (= 172, 4.2) (n odd)
111, {z € M,,(C) : 2! =z} (n,1,0)
i c 2.n—2,0)
% AN(®) 2,6, 4)
VI {z € M33(0) : z' =z} (3,8,0)

where O is the 8 —dimensional Cayley algebra.

Let
a=R&G+--+RE, §=¢&, j=1,...,m
Then, a is a maximal Abelian subspace of p. Let {3;}}_; C a* be the
basis of a* determined by

ﬁ](fk) = 25j,k7 1 S .77k S r,
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and define an ordering on a* such that

(7) Br > Brq > >0 > 0.

The restricted root system (g, a) of g relative to a is of type C, or
BC, and it consists of the roots £6; (1 < j < r) with multiplicity 1,
the roots :i:%ﬁj + %ﬁk (1 <j # k <r) with multiplicity a, and possibly
the roots i%ﬁj (1 < j <r) with multiplicity 2b. The set positive roots
5+ (g, a) consists of 1(Bp£6;) (1 <j<k<r);B;and 36; (1 <j<r),
while the set of negative roots is X7 (g,a) = -3 (g, a).

It follows that p, the half sum of the positive roots, is given by

pP= Z il
j=1

where

_b+14a(yj—1)
= 5 ,
Let n* be the sum of positive respectively negative roots spaces,

nt = Zggz Z giw+zgiﬁj+zgi%.

pexE 1<j<k<r 1<5<r 1<j<r

Pj jg=1...

The Iwasawa decomposition is then given by
g=tdadn .
Let, as usual, m = Zg(a) be the centralizer of a in €, then we have
g=n Omoadn’.

We let P = Py, = M AN be the minimal parabolic subgroup of G,
with M, A and N the corresponding Lie groups with Lie algebras m,
aand n™.

Let t; be the subspace
tc =CD(¢1,¢1) +---+CD(¢,, )

of €c. Then t; is Abelian and we extend it to a Cartan subalgebra
tc =tz + t& of tc. The root system ¥ := Y(gc, tc) of gc with respect
to tc, when restricted to t; is of the form

_ 1 ‘ 1 ,
Vg =B(ge. to) = {5 (mty), Lsj#Fhksr; £y, 257, 1<j<7}

where 7, are the Harish-Chandra strongly orthogonal roots defined by
%(D(cr; ) = 2055, 5l =0, 1<j k<
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The set of compact roots ¥, := (¢, tc) is such that

1 , 1 .
Velg ={50m—m) Lsj#k<r; 5y, 1<j<r,

and the set of noncompact roots V,, satisfies

1 ‘ 1 ‘
Unlg ={£50m+m), 1sj#k<r; 295 2oy, 1<j <7}

We choose a consistent ordering with (3) and (7)
Vo> V-1 > >

We will also need the set of positive noncompact roots \Ifn\:%,

1 , 1 4
Ul ={50n+7), 1<j#Ak<r; 5w, v 1<j<rh

2.2. Bounded symmetric domain of type I, , ;. Let V = M, ,,(C)
be the vector space of complex r x (r + b)—matrices. V is a Jordan
triple system for the following triple product

{zyz} = zy*z + 2y*x.
Then the endomorphisms D(z,v) are given by

D(z,0)w = {zow} = 2v"w + wv*z.
There is a canonical and natural choice of frames. One considers the
standard matrix units {e; ;, 1 <i <7, 1 <j <r+b} and defines ¢; =
ejj, 1 < j < r. Then the Pierce decomposition V' = Zogjgkgr @V of
V' is given by
‘/j,j = (CCJ‘,lSjST,

V}k = Cej,k+Cek,j, 1 S] <k <

Vo, span{ejp, r <k <r+b}, 1<j<r

Let
Ir,rer = {Z € Mr,r+b(©) . [r —2'z> O}
where I, denote the unit matrix of rank . Then I,,.; is a bounded
symmetric domain of dimension r(r +b), rank r and genus 2r +b. The
multiplicities are 2b and a = 2 if 2 < r, a = 0 if »r = 1. The domain
I, 4 is of tube type if and only if b = 0. Its Shilov boundary is

S={z€ M, ,1(C) : z"2=1,}.

Let G = SU(r,r +b) denote the special unitary group of the hermit-
ian form

(z,w) = 21wy + -+ + 2, Wy — Zp41Wyp1 — ** + — Zor+5W2r4b
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on CZ*tb and write its elements in block form

(i 3) ) &€ Mrvr((c)’ b e Mr,r—l—b((c) etc.

Then G acts transitively on I, , 4 via

d

The subgroup K = S(U(r) x U(r + b)) consisting of elements of the
form

g-z2=(az+b)(cz+d)", with g= (2 b) :

0 d

is easily seen to be a maximal compact subgroup of G. The Lie algebra
g of G decomposes into g = €+p where £, the Lie algebra of K, consists
of all matrices

(8 3) » a€M;(C), d € Mrip;10(C), a" = —a, d" = —d

and p consists of all matrices

0
(v* 8) , v € My, 4(C).

The induced vector fields are given respectively by

(a 0) , ac€U(r),deU(r+b), det(a)det(d) =1

z— az — zd,

and
2= &(2) =v— 20"z

The complex Lie algebra £¢ is given by the set of all matrices

0 d

Hence, ¢ can be written as the sum

te =t @t

<a O) ,ae M, ,(C), de M p,4+(C), tr(a) + tr(d) = 0.

where E((Cl ) and {?((CZ ) are the ideals consisting respectively of the matrices

a 0
(0 _tr(a) ) , A€ Mr,r(c)a

r+b [rer

and
0 0
<0 d) y de Mr+b,r+b<(c)7 tr(d) =0.
Then, identifying ¢ as linear transformations of V', we have

tc = span{D(u,v), u,v €V},
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and
?((Cl) = span{D(u, )Y, u,v eV},

where the endomorphism D(u, 7)) is given by

D(u, )Wz = uv*z.

3. THE POISSON TRANSFORM

Let D(Q)¢ be the algebra of all invariant differential operators on
(). Recall the definition of the Harish-Chandra e,—function : e,, for
A € ag is the unique N —invariant function on {2 such that

ex(exp(tiéy + -+ + 1) - 0) = 2 ottt Ooter),

Then ey, are the eigenfunctions of T' € D(Q) and we denote x(T') the
corresponding eigenvalues. Denote further

(8) M) ={f € C*(Q); Tf =x:\(T)f, T € D(Q)°}.

Recall the parabolic subgroup P = P,,;, introduced in the subsection
2.1. Corresponding to P there is the Poisson transform on the maximal
boundary G/P = K/M. For A € ag, the Poisson transform Py g is
defined by

Pascif(gK) = / ex(k~'g) f (k) dk

K
on the space B(K/M) of hyperfunctions on K /M.

It is proved by Kashiwara et al. in [9] that for A € af, if
A
M) 103 )

(@, a)
for all @« € ¥*(g,a), then the Poisson transform is a G-isomorphism
from B(K/M) onto M(N).
We now introduce the Poisson transform on the Shilov boundary. Let
h(z) be the unique K —invariant polynomial on V' whose restriction to
Recy + - - - + Re, is given by

(9) —2

S o) =[]0 - ).
j=1 j=1
As h is real-valued, we may polarize it to get a polynomial on V' x
V', denoted by h(z,w), holomorphic in z and anti-holomorphic in w
such that h(z,z) = h(z). Recall that the function & is related to the
Bergman operator (see (13) below) by that

det b(z,z) = h(z, 2)".
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The Poisson kernel P(z,u) on £ x S is

For a complex number s we define the Poisson transform Pgsp on the
space B(S) of hyperfunctions ¢ on S by

(Pup) () = / Pz, u)*p(u)do(u).

The kernel P(z,u)® has the following transformation property

n
T

(10) P(gz, gu)® = |J,(u)|”" " P(z,u)*, Vge G

where J,(u) is the Jacobian of g at u.

The kernel P(z,u)%, for u = e is a special case of the ey—function.
The Poisson transform P, on S can be viewed as a restriction of the
Poisson transform Py g/ys. However for fixed s there are various choices
of A and we will find a specific A so that the above condition (9) is valued
when s satisfies (1). Let

=&t T

and consider the decomposition
r—1
a=RLDE =RELDY R — &)
j=1

under the (negative) Killing form on g. We denote & the dual vector,
£5(&) = 1. We extend & to a via the orthogonal projection defined
above. Observe first that

p(&e) =n =n&(&).
We have then
Pof(2) = Prxmaf(2)

where f on S is viewed as a function on K and thus on K/M, s € af.
is given by

(11) As = p+2n(s— 1)
Thus
PB(S) C P, kmuB(K /M) C M(A).
When s satisfies (1) we have then P, /nB(K/M) = M(X).



12 KHALID KOUFANY AND GENKAI ZHANG

4. THE SECOND-ORDER HUA OPERATOR

We shall define the Hua operator both in terms of the enveloping
algebra and using the covariant Cauchy-Riemann operator, the later
having the advantage of being geometric and more explicit. To avoid
some extra constants we fix and normalize the Killing form B on gc¢
by requiring that on p* x p~ it is given by,

1 _
B(u,?) = (u,v) = —tr D(u,v), weV=proeV=p"
p

where the trace is computed on the space V. (So the standard Killing
form, (X,Y) — tr Ad(X)Ad(Y), is —pB(X,Y).)

Let {v;} and {v}} be dual bases of p* and p~ with respect to the
normalized Killing form B. Let U(gc) be the enveloping algebra of gc.
Since [p™,p~] C €¢, the operator

H=Hy ==Y v} @ [v),0]]
i\j
is an element of U(gc) ® ¢, and is independent of choice of the basis;
it is called the second-order Hua operator. If we identify U(gc) with
left invariant differential operators on GG, H defines a homogeneous op-
erator from C*(G/K) to the C*—sections of G Xk &c. H can also be
viewed as a differential operator from C*(G) to C*(G, t¢).

For X € €, define
HY == [X v} € Ulge).

J

Let S be a linear subspace of €, S¢ its complexification. Let {X;}
be a basis of S¢c and { X} be the dual basis with respect to the Killing
form B. Then the projection of H onto U(gc) ® Sc is

Hoe = 2 MY @ X5,
J

It can also be defined independently of basis, see e.g. [10, Proposition
1].

We need another more explicit and geometric definition of the Hua
operator using the covariant Cauchy-Riemann operator studied in [3],
[18] and [23]. Recall briefly that the covariant Cauchy-Riemann oper-
ator can be defined on any holomorphic Hermitian vector bundle over
a Kahler manifold. Trivializing the sections of a homogeneous vector
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bundle F on the bounded symmetric space €2 as the space C*({, E)
of E-valued functions on {2, where E is a holomorphic representation
of K¢, the covariant Cauchy-Riemann operator D is defined by

(12) Df = b(z, 2)0f,

where b(z, Z) is the inverse of the Bergman metric, also called Bergman
operator of €2, given by

(13) b(z,w) =1— D(z,w) + Q(2)Q(w).

The operator D maps C*°($, E) to C*(Q,V ® E), with V viewed as
the holomorphic tangent space.

Consider the space C*(£2) of C'*°-functions on 2 as the sections of
the trivial line bundle. The operator 0 is then well-defined on C*°(Q2)
and it maps C*(Q) to C=(, V') = C>(£, V) with the later identified
as the space of sections of the holomorphic cotangent bundle. We can
then define the differential operator

Adygy (D ® 0) : C7(Q) — C(€, k), [ = Adygy(D @ 0f)

with Ady gy : V@V =pt @p~ — € being the Lie bracket, u ® v —
D(u,v). So by the covariant property of 0 and D (see [23]) we have

Adyey (D ® 0)(f(g2)) = dg(2) " Adygp (D ® 0f)(92),

where dg(z) : V = T Tg(;’o) is the differential of the mapping g,
which further is dg(z) = Ad(dg(z)) the adjoint action of dg(z) € K¢
on £c. It follows easily that this operator and the operator Hy. agree,

Adyey (D ®0) = H = Hy,.
Symbolically we may write
H = D(b(z, 2)0, ).

Using an orthonormal basis {e;} of V' with respect to the hermitian
scalar product (4), the operator H can also be written

Hf(z) = Z D(b(z, %)@, ¢;)0,0; f (2).

5. THE POISSON KERNEL AND THE SECOND-ORDER HUA
OPERATOR

We will compute the action of the Hua operator on the Poisson
kernel. Let us first recall the notion of quasi-inverse in the Jordan
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triple V; see [11]. Let z € V and @w € V. The element z is called quasi-
invertible with respect to w, if b(z,w) is invertible. The quasi-inverse
of z with respect to w is then given by

2% =b(z,w) (2 — Q(2)w).
For example, in the type I, 4 case (see 2.2), let z,y € V = M, ,.,(C),
then
b(z,y)z = (I —xy*)z(I —yz7).

If I — zy* is invertible, then the quasi-inverse of x is

o' = b(z,5) " (2-Q(2)y) = (I—2y") (z—ay"z)(I—y"z) "' = ([—ay") 'x.

Fix a Jordan frame {c;}1<;<, and choose and orthonormal basis {e, }
of V' consisting of the frame {c;}1<;<,, orthonormal basis of each of the
subspaces Vj, and an orthonormal basis of each of the subspaces Vj.
The following lemma can easily be proved by direct computations.

Lemma 5.1. (1) For any irreducible bounded symmetric domain S

it holds
(a) Yooy D(€a,€a) = pZo.
(b) Eeaerk D(eav éa) = % [D<Cj7 Ej) + D(Ck7 ék)] :
(2) If Q2 is of type Liyyp, then 3, v Dlea, o)V =bD(c;,¢;)W.

We need also the following lemma.

Lemma 5.2. Let w € V. For any complex number s, the holomorphic
and the anti-holomorphic differential of the function z — h(z,w) are
gien by

Oh(z,0)* = —s h(z,w)*w* ; Oh(z,w)* = —sh(z, W) w?.
Proof. This is a consequence of the formula
w* = —0logdet b(z, w)» = —0log h(z,w),
see [25, Proposition 3.1]. d
Theorem 5.3. For u fixed in S, the function
2+ Py (2) = P(z,u)°

satisfies the following differential equation

HP, . (2) = [(gs)QD(b(z, ) — ), 5 — @) — (gsp)Zo] Pyu(2).
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Proof. Choose a basis {e,} as in Lemma 5.1. Then

HP,u(2) =Y D(b(2, 2)ea, €5)0a0p Pru(2).

o,
According to Lemma 5.2,
h(z,z) 1%s n o h(z,z) 1%, _
P, — N\ ) _ ol =) z _ =z
OFsul2) 8[|h(z,u)|2} TS[|h(z,u)|2} [z - @]

where we have identified (p~)" with p™ by the Hermitian form (4).
Performing one more time differentiation, we get

DOP, u(2) = (%)QPS,U(Z) (7 — ] ® [ —w] — §5P87u(z)5[zz — ).
Moreover,
0|z —w’] = 9[z°] = 00log h(z,2)~" = b(z, 2)"'1d,
where Id is the identity form in (p*)’ ® (p~ ). Hence,
OP,u(2) = (5)Pa(2) [* =] @ [7* = @] = (S5)b(z. 2) 'Id.
Consequently

HPu(2) = [(28) (5 =, ea) (5 = @, €) D(b(z, 2)ea, )

" a,p
_(23) > Dlea, éa)} Pyu(2)

= |G Dbz 2) (5" =), 2 — ) = (Zs)pZo] Poa(2),

since Y D(eq, €q) = pZy.
U

If Q2 is of tube type, then the genus p is given by p = 2% and Theorem
5.3 becomes :

Corollary 5.4. Let Q be a tube type domain. For any u € S, the
function z — Py, (z) satisfies the Hua equation

r

This corollary has been proved also by Faraut and Kordnyi in [4,
Theorem XIII.4.4]. Notice that the first factor 2 in (14) is because in
this case our Hua operator is twice the Hua operator of Faraut and
Koranyi. In fact we are using the definition [u, 9] = D(u,v) so that for
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tube domain it is twice the “square” operator [J of Faraut and Koranyi.

In [15, Theorem 4.1] Shimeno gives the following characterization of
the image of the Poisson transform for tube type domains :

Theorem 5.5. Let ) be a tube type domain. Suppose s € C satisfies
the following condition

—4[1+jg+%(s—1)]¢{1,2,3,---} for j=0and 1.

A smooth function f on ) is the Poisson transform Ps of a hyperfunc-
tion on S if and only if f satisfies the following Hua equation

Hf = 2(%)25@ —1)fZ.

This is a slight different formulation of Shimeno’s result. In fact, if
s’ denotes the Shimeno’s parameter, then our parameter s is
r,, n
s=—(s+-).
2n ( T )
6. THE MAIN RESULT FOR TYPE I, ., DOMAINS

In this section we restrict ourself to the case {2 =1I,,4;. Recall that

in subsection 2.2 we have fixed a decomposition ¢¢ = E((Cl ) @ E((CQ ). We let
H™ be the first component of the Hua operator H .
Symbolically H™" is given by

HY = D(b(z,2)0,0)V,

and can be identified with the operator

(I, — 22°)0, - (Iyp — 272) - 10,

introduced by Hua [7], since in this case b(z, Z)v = (I — zz*)v(I — 2*2).

We state now the main theorem of this section.
Theorem 6.1. Suppose s € C satisfies the following condition
(15) —Ab+14+j4+(r+0b)(s—1)] ¢ {1,2,3,---} for j=0and 1.

A smooth function f on L. ,4p is the Poisson transform Ps(p) of a hy-
perfunction ¢ on S if and only if f satisfies the following Hua equation

(16) HOf = (r+b)%s(s — 1) f1,,
where I, is the identity matrix of rank r.

Note here that the constant r + b = % for the domain I,.,,.
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6.1. The necessity of the Hua equation (16). To show the neces-
sity of the Hua equation it is sufficient to show that the function P,
satisfies (16) for every u € S.

Proposition 6.2. If (2 is of type L, .1y, then
HOP, ., (2) = (r 4+ b)*s(s — 1) Py u(2)I,..
Proof. 1t is sufficient to prove the formula at z = 0. Specifying the
result of Theorem 5.3 to the type L, ,;, domain we get for any v € .5,
n

HOPu0) = (7 Dl w)") = (Zsp) 24P (0).

Now, obviously D(u,u)®) = I, and Z\" = =L 1. Therefore,

HOP,,(0) = (r + b)%s(s — 1) Py o (0) 1.

n

6.2. The Hua operator and the eigenfunctions of invariant dif-
ferential operators. We give first the expression for the radial part
of the Hua operator H(1, i.e. its restriction to K —invariant functions.
We fix a Jordan frame {c;}_,, then every element of V' can be written
as

r
z=k Z tjCj,
j=1

with £ € K, and t; > 0. If f is a function on €} invariant under K, we
write

f(Z) = F(th c. 7tr)-
The function F' is a symmetric function of the variables ¢4, ..., t,, de-
fined on the unit cube 0 <¢; < 1.

Proposition 6.3. Let Q be the type 1,,., domain. Let f be C* and
K —invariant function, then for a = Z§=1 tjc;,

(17) HW f(a) = ZT:HjF(tl, .., t)D(cj, )Y,
where the scalar-valued opjer;tors H; are given by
H=(1 - t?)Q(% + %%H
+> (1=t —tz)[tj itk(a% —~ 8%) + tjitk(a% - a%)]Jr

k]
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10
2b(1 — t3)——.
TR -5 g
Proof. The proof is similar to the proof of [4, Theorem XII1.4.7] and
we will only show how one can compute the last term of the radial part

Hg»l), namely 2b(1 — t?)%%. Let {e,} be an orthonormal basis of V'
consisting of the frame {¢;}"_;, an orthonormal basis of each of the
subspaces Vj, and an orthonormal basis of each of the subspaces Vj;
and let z, = x, + 1y, be the complex coordinates. Let f be a function

on Q and fix a = Y ;_, txc,. Then,

82
HOS0) = 3 DOfe ) ) 510,

For any X € g and any v € V| it is known that
aXvava _'_aXQvf = 0.
We will apply this formula for different elements in g. Suppose e, =
eg € V;o. For the element X = i(D(eq,¢;) + D(cj, €4)) € € we have
Xa =1i(D(eq,¢j) + D(cj,eq))a = iD(eq, ¢;)a = iD(a, é,)eq = it;eq,
and
X2a = X(itjea) = —t]‘(D(ea, Ej) + D(Cj, éa))(l = —tjCj.
Therefore
8itjeaaitjeaf(a) + aftjcjf(a) =0,
which implies
0? 19
8y§ N tj 875] ’
Similarly, For X = D(eq, ¢;) — D(cj,€,) € ¢, we have
Xa = (D(eq,¢;) — D(c¢j,€4))a = tieq,
and
X2(l = X(tjea) = tj(D(ea, Ej) — D(Cj, éa))ea = —tjCj.
Hence,
8tjeaatjeaf(a) + a—tjcj'f(a) = 0

From this we obtain

Summarizing, we find on Vj,

0? 0 ifa£p
Yoo TN L Byl op g
2a0%p (axg +8y§)f_ t; ot ifoa=0

J
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Furthermore,
D(b(a,a)eq, éa)(l) =D((1- t?)ea, éa)(l) =(1- t?)D(ea, éa)(l).

Hence,

82
> Y Db 5@

J=1 ea,eg€Vjo

d 1 OF
- _ 42 g )1
= E E (1—=t5)D(ea, €a) 2t 8t

j:l eaeV:j,O
- 1 0F
_ VAl 1)
= 22(1 t ) D Z D(eq,é€q)
7j=1 eaeVy()

since we already proved in Lemma 5.1, that }-, o D(ey,eq)M =
bD(c;, ;). This finishes the proof. O

The next proposition claims that the Hua equation (16) for s € C is
sufficient for f being an eigenfunction of D(Q)“. A similar result for
general tube domains is proved in [15].

Proposition 6.4. Let €2 be the type L, 1, domain. Let s € C and let
As be given by (11). Suppose f on § satisfies the Hua equation (16).
Then f is an eigenfunction of all T € D(Q)Y with eigenvalues xy,(T).

Proof. Let f be a function on €2 solution of the Hua equation. Let
g € GG, then the function

:/ f(gk - x)dk, z € Q

is a K —biinvariant solution of differential equations (17). Thus by a
result of Yan [22]', f is proportional to the unique spherical function

or(2) = [ e, (b 2)d
K
in M(Ay), i.e. f(2) =cpr(2). It is easy to see that ¢ = f(g - 0), then

Aj@hdﬁzwwdﬂa®;

1Roughly speaking, the the differential equations used in [22] is obtained from
(17) by the change of coordinates x; = —3/1 — t3.
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and consequently, by [6, Proposition 2.4, Chapter IV], f is a joint
eigenfunction of all T' € D(2)¢ with eigenvalues x, (7). O

6.3. The sufficiency of the Hua equation (16). We suppose in
the rest of section 6 that s € C satisfies the condition (15) and that f
satisfies the sufficient condition (16) in Theorem 6.1. It follows imme-
diately from Proposition 6.4 that f € M(\), and thus by Kashiwara
et al. [9], f is the Poisson transform of a function ¢ on the Furstenberg
boundary G/Pin, [ = Ps(¢). To prove that ¢ is a function on the
Shilov Boundary S, we follow a method by Berline and Vergne [1] (see
also [10]), the reader is refereed that paper for some general arguments.

We need first two elementary lemmas for general bounded symmetric
domain €2; the first one gives explicit formulas for the root spaces g,
a € Y(g,a) and can easily be deduced from the Peirce decomposition
(see [11], [19] and [21]). The second is essentially stated in [1] in terms
of the Cayley transform, it has however an easier form in terms of
the Jordan triple and can easily be proved using the first. To state
them we need some notational preparation. Recall the quadratic map
z — @(z) given in section 2. For the fixed Jordan frame {c;} and the
corresponding Peirce decomposition (5), the map

T:2—7(2) =Q(e)z
where e = ¢; + ... + ¢,, defines a real involution of V5 and thus a real
form
Ale) ={z €V ; 1(2) =2}
of Vy; let Vo = A(e) @iA(e) be corresponding decomposition with A(e)
being a real Jordan algebra. Let
B(e) ={z€V; 7(2) = =z},
then A(e) =iB(e). For 1 < j <k <r, let
Vie = Ajir © Bjy,
be the decomposition of the space Vj; into real and imaginary part
relative to the real form A(e).

Lemma 6.5. The root spaces g%, o € Y(g,a) are explicitly given as
follows :
giﬁj = R(ficj + 2iD<Cj7 éj))v
Br—B; _
g 2 :{§Q+D(Ck_cj7a);a€Ajk}a
i5k+ﬁj _
g 2 :{gb:FD<Ck+C]7b)7 beB]k}a
B _ _
gj:7 = {gv + (D(Cjav) - D(v,cj);v S VO]}
for1 <4,k <r.
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Lemma 6.6. The corresponding root spaces for the positive compact

roots@, 1<)i<k<r and%vj, 1 <5 <r are given by
k75
te® = {D(e,0); v e Vie} ={D(v,¢); v € Vi,
and

%

¢ =1{D(c;,v); v € Vjo}.

For the matrix domain 2 of type I,,., in M, ,1,(C) we choose as
in subsection 2.2 an explicit frame {c;} = {e;;} consisting of diagonal
matrices, viewed as a r X (r + b)—matrices. Let now {v,} be an or-
thonormal basis of V' = M, ,,,(C) consisting of root vectors. The dual
basis vectors are v} = U,.

Recall that
HY =1 +HY +HY,

C C
therefore, the system (16) implies in particular
(18) MY f=o0.

C
However,
1 _ 1) (1)
Ry = > H i > H e
k>] C ]:1 C
Lemma 6.7. We have,
C =Y
%

Proof. Indeed, using Lemma 6.6, let D(c;,0) € €2, with v = € j1m €
Vio (m > 0). Then

D(cj,0) = €€} 1 = 0.
O
Hence, from (18) it follows
1
(19) ZHim)k—w/zf = 0.
k>j €
Lemma 6.8. We have
(1) L)
() =2 (e )
k>j
. o . . M5 (1)
and the right hand side is a linear direct sum, namely the spaces ({?C 2 )

are linearly independent.



22 KHALID KOUFANY AND GENKAI ZHANG

Proof. This follows easily from Lemma 6.6 by observing that D(cy, v) —
D(cy,v)M is a linear homomorphism, and that D(cy, 9)) = aey,; for
U = €k + bek,j € ‘/j,k-
U
We conclude from (19) and the above lemma that

(20) HY L f=0

(V=5
E(C

111 Y=
for any positive compact root —g .

Let \I'j’(i) be the set positive compact roots in E((Ci), for i = 1,2. Then
(20) implies

HOf =0, for Be U™ with ﬁz% (k > §)

where H? is the component of H given by
H* =" [Ep, va]0a

acW;h
and Fjg is the root vector of 3.
Now we fix for the rest of this section 3 € U5® guch that

Vi = V-1
/B‘tg: ’ 2] :

The root vector Es has the form Ez = D(c¢j, w) withw =e; ;1 or w =
e;—1,; being one of the basis vectors {v,}. Observe that [Eg,v,] = 0
unless « is in the set ¥; U ¥y U W3 where

Uy ={a e U, a|%:%, k<j—1},
W = {a € i ol = B k> ),
Uy ={aeU; oz|tc— = 11

no 2

Consider the Poincaré-Birkhoff-Witt decomposition
U(gc) = U(ge)te + U(ac + ng)
and let m be the projection
7 U(ge) = U(ge)tc +U(ac +ng) — U(ac +ng)

The function f is now viewed as a function on G = NAK, and the
group A will be identified as (R™)". Under this identification, f satisfies
furthermore the equation

R(n(H)f =0,
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where R is the mapping from U(ac + n¢) to differential operators on
N A defined by

0
R(Sk) = tk:aTa R(X—Oé) = tOéX_O“
k

for ¢, € a, 1 <k <r,and X_, € n identified with the corresponding
left-invariant differential operator.

We will prove that the operator t~2(%#i-)R (7 (H?)) has analytic
coefficient near t = 0 and study the induced equation of =20 iR (n(HO)) f =
0.

6.3.1. The projection of the Hua operator in the PBW-decomposition.
We will compute the Poincaré-Birkhoff-Witt components of the Hua
operators as an element in the universal algebra of gc. Let now 2 be
a general bounded symmetric domain.

Lemma 6.9. The Iwasawa decomposition of v € p™ and v € p~ in
gc = ac + ng + € is given as follows :
(1) Forve Vi, r>k>j5>1,

v = (+ ¢ — D, ),
v = n;+n,— D(ck,0)
Br—B; 75k+5j
2

where Gy, M5 € §c > G 1l € B¢ are given by

G = lo=T0)+ Dl,a - )

¢ :%@+dm+0m@+@»
mo= 3lo— () + Dle; — o))
Ny = %[T(U) + 0+ D(cj + cx, v)].

(2) Forv=c; €V;;, 1<j<r,

1 1 _
¢ = 58— 56— Dleg),
_ 1 i _
¢ = —5& 56— D),

with
Cj = Z[Szcj + 2D(Cj7 Ej)]'
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(3) Forve Vi, 1<j<r,
v = (¢ — D(v,¢),

v = 05— D(c;,0),
with
B
G = v+ D(v,¢) €ng?
B

he = 0+ Dle;0) € gt
We denote by T the projection onto the nilpotent subalgebra

0 _ Br—=B5
=) g
k>j>1
in the Iwasawa decomposition of gc,
_Bk‘Fﬁj
gc =% +ac+ Z gc ° —|—n9c.
k>j>0
Then, it follows from Lemma 6.9
(21) T (0) = = (7(0)),

which we will need in the next proposition.
Return back to type I, ,4, domains. We compute now the projection

m(H?) of HP. Recall that the 3—root vector is Ez = D(cj,w), with
W= €j,;-1 0 W=¢€j_1;.

Proposition 6.10. The projection w(H") is given by

=2
W(HB) = Z Z (C{Cj’wva} + chwva})(%a + U%a) + .]77@ + ]77{5

k=1 vy GVk’jfl

) :
+ (Crw) + C;(w))(—ﬁfj—l - %qu)

+ Y Y (Ceyavay + Ceymnny) M5 + 1)

k=j+1va€Vy j_1
1 1 ,
+ (551 - 5@)(’% + 1)

_'_ Z C{Cjwva}n’ﬁa _'_ Jﬁ
va€Vj_1,0
where the last term
Jy = {b(nw +n5) if w=ej1
ﬁ p—

0 Zf W= €541
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and where the sum is taken over the orthonormal basis {v, }of

Vij-

vaGij

Proof. We compute the projection ) g+ m([Es, va]v}). For a € WF
we know that [Eg, v,] = 0 unless a € Uy U Wy U 3.

e Case I : a € ¥y, with O‘|t(g = % Then v, € Vj ;-1 and

VB+a ‘= [Eﬁa voc] = [D(Cia QD), voz] = D(Ci’ w)vﬂé S V}vk'

By the previous Lemma, for k < j — 1,

Vpta = §U5+a + Cz/;5+a - D(”B-ﬁ-m Cj)
and modulo the ideal U(gc)tc,
[Es, valvy, = vorala = (Copra + oy ) (e + 15,) — [D(Up1as ¢5), Dol

= (Cvﬁ+a _'_ C;ﬁ_’_a)(nﬁa _'_ T}%a> + D(C]7 Il_]ﬁ+a)va'

To find the last term we note first that for any Jordan triple system
[11],

[D(Va, Ta), D(w, ;)] = D(va, D(cj, w)vs) — D(D(w, )V, Va);

we let it act on ¢; and then sum over v,

3" Dle;, Dics@)va)va = gw(cj,l,cj,l) + D(ep, ex))w

vaGVk’jfl

by using Proposition 5.1. It is further w, since a = 2 for type I domains.
Thus

S Bsvavi= D (CopeatChy, ) Ma s ) =200+ (1 —2)1;

va €V i1 Va€Vi,j—1
k<j—1 k<j—1

Now consider v, € Vi j_1 with k = 7 — 1, namely v, = ¢;_;. Corre-
spondingly

[Ep,va] = [D(cj, w), cj1] = Q¢j + ¢j-1)w = Q(e)w = 7(w)
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with w — 7(w) = Q(e)w the involution on V3. Modulo U(gc)tc
[Eﬁa ’Ua]@oz = T(w)éj—l = (gT(w) + C;—(w) - D(T(w)v Cj))éj—l

= (G + G351 — 5G1) = DO (w), 6)es
= (G + ) (561 — 5G1) + Do r@Nes
= (G + G651 — 5Go) +T

= (G + G (51— 5G-1) + 7o+ 7y

e Case Il : o € Uy, with Oz|tE = 2(vj-1+ ), k > j. Consider k > j
first. Similar to the previous case we have, modulo U(gc)€c,

[Es,va)0a = (Clejwoat + Cleymoay) (Moa T 15,) + Dler, D(cj, @)va)va
= (C{Cjﬁ)va} + chwva})(%a + 77;7&)
since D(cy, D(cj, 0)vy)ve = 0 by the Peirce rule {VisVi;Vij—1} = {0}
and D(cj, w)v, € Vjy.
Now let k = j, then [Eg, v,] = D(cj, W)vy = D(vy, W)c; = (Va, w)c;,
which vanishes except when v, = w and in that case,
_ _ 1 1 -
[Es, valta = ¢jva = (5§ — 56 — Dlej, &),

and
_ 1 1
[Eﬁa Uoz]va = (§§j - §CJ)(7]7IJ + 771/17) + N + 771/17

e Case Il : o € V3, with a\% = %fyj,l, and the root vector v, €
Vj—1,0. In this case, we have,

[Eﬁv Va)Ua = D(Cj> W)Vl = (QD(CJ-,U’J)UQ - D(D(Cj> W)Va, Cj))n@a

= (D(ej0)valloa T D(cj, D(¢j, 0)Va)Va-
However by the commutator relation (JP15) in [11] we have
[D(w,Va), D(¢;, &)] = D(D(w, Va)c;, &) —=D(¢j, D(va, w)¢j) = =D(¢;, D(va, W)c;)

since D(w, Uy)c; = 0 by the Peirce rule that D(w, Uy)c; € {V;;-1Vj_10Vjj} =
{0}, thus

D(c;, D(cj, w)va)va = [D(cj, ¢j), D(w, 0a)|va = D(cj, ¢;) D(w, 00) 06 = D(V, Ua)w

since D(c;, ¢;)va = 0.
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It is easy to see, by direct matrix computation, that,

- o if — s 1
> D(va,ﬁa)w:{bw i w=cjy

0 if w=e;_.
va€Vj—1,0 a1

Hence, modulo U(gc)tc

. _ 17 1 — . .
o R

va€V—1.0 0 if w= ej,j—l
Consequently;,
b(?]a; —+ 7],7) if w= €i_1.4
3 1Bl = X ot + {1070
ve€Vi—1.0 oo O lf w = €j7j,1
and this finishes the proof. O

6.3.2. The induced equations. We apply now the theory of boundary
values of eigenfunctions of D(Q)¢ on symmetric spaces, see [9], [12],
[13], [16].

We identify the space G/K with NA and A with (RT)". It fol-
lows from Proposition 6.10 that the operator t~2% %~ R [x(H?)] has
analytic coefficients near t = 0, then the induced equation for the dif-
ferential equation ¢~ 2@ =fi-DR[x(HA)|f = 0 is

lim ¢ 2GR [ (HA A (Baf), = 0

t—0
where t = (1,2, ,t,) € A= (R*)", and
tH = t/i‘(gl) .. tﬂ(gr)

for p € af. Here B, f is the boundary value of f.

Proposition 6.11. The boundary value By f of f satisfies the following
mduced equation

(22) RlCrw)](Baf) = 0.

Observe, using (21), that the induced equation (22) is equivalent to
the following one

Rlna](Brf) = 0.
Proof. Let us compute the limit of the differential operator
Pt 3 BB DR [ (HP) ]t

when ¢ — 0. We will consider each term in the projection 7(H?).
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e The differential operator corresponding to j(ng + 1) is
PArg=a(B5=0i-1) [t%(ﬁj*ﬁjfl)R(nw) + t%(ﬁjJrﬁjfl)R(n:D)]tP*)\’
and its limit when ¢ — 0 is
(23) JR(Nw)-

e Consider the quadratic term ((ro + L) (=31 — 5¢j—1). The
corresponding differential operator is

Pt 5O (5O ARGy + B EFAIR (L)) X
(=3t 1atj . — P R(Go)) [t
(R(G(w ) + ¢Pi- 1R( (w) )) (—%(p — )\)(fjﬂ) _ %tﬁj-lR(Cj,l)).

Its limit when ¢t — 0 is

_%(p ~ N (E)R(Grw)-

e For the quadratic term (3&; — 3¢;) (s — 7j;), the corresponding
differential operator is

oo (R — SR (¢

Its limit is

+B8i_1

ﬁ.
(ne) +t =

R(1z)) |7~

Bj—Bj—1

P R(ng) + 1 O R(7L) ]

B;=6;_
limg_o Pt "7 5o (t
—1

(2 (2= gy) + <p—A><sj>) AR ()
L= () 4 (p— N(&) T2t R ()]

. Br
= lim;_,o t* Pt~

which is

S+ (0= V(&R ).

e The induced equation corresponding to the last term of the
projection 7(H?) is

e Now, it is easy to see, using the same computations, that the
induced equation of the remaining terms of 7(H”) is zero.

It follows now from (23) — (24) and (21), that the boundary value B, f
of f satisfies

R(Crw))(Brf) =0



HUA OPERATORS ON BOUNDED SYMMETRIC DOMAINS 29

where C' is given by
1 T+
Cr=5p =N = &) + {g y
Now if C} # 0, then the induced equation is R((r(w))(Brf) = 0. On the

Bj—Bj—1
2

other hand, if C; = 0, we may replace f by t*( ) f for sufficiently

large k > 0, consider the differential operator
1300, N R [ (38R
and we still prove that R((-w))(Brf) = 0, see also [15]. O

We continue the proof of the necessity condition of the Hua equation.
We now get R(Cr(w)) (B, f) = 0 for any root 3 such that 3 = $(v; —
Yj—1). Since {(7; —7;-1), 2 < j < r} is the set of simple roots of the
system {3 (7x —7;), 1 <j <k <r}, it follows that R((rw))(Ba, f) =0
for any w € V. However, by Lemma 6.9, span{( () ; w € Vj} is
nl. Thus By, f € B(S). This finishes the proof of Theorem 6.1.

7. GENERAL NON-TUBE DOMAINS

7.1. Third-order Hua operators. We first construct two third-order
Hua operators using the covariant C-R operator D and the covariant
connection V. Let again E be as in section 4 a homogeneous holomor-
phic vector bundle on 2. On E there is a Hermitian structure defined
by using the Bergman operator b(z, z) as an element in K¢ and thus the
corresponding Hermitian connection V : C*(§), E) — C*(Q,T' ® E),
where 7" is the cotangent bundle. Under the decomposition 77 =
(T’)S’O’ + (T')S“) we have V = V10 4 9 with

VIO C®(Q, E) — C*(Q,(T)" @ E) = C=(Q,p” ® E),

using our identification that (7"){"” = p=. (The operator V19 ig
denoted by D in [23].) Note that on the space C*°(Q2) of sections of
the trivial bundle we have V10 = 9.

We now define the third-order Hua operators W and U on C*(), E)
by

WF = Adpgie—p+ (D(Adprgp—e.(DVED )
and o
UF = Adeeapt—p+ (Adp-gpr—e(VEUD)DF) .

It follows from the covariant properties of the C-R operator D and
V&0 that we have

W(f(g2)) = Ad(dg(z) " )Wf(g2).
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These operators can also be defined by using the enveloping algebra.
For our purpose we consider F to be the trivial representation and
the space C*°(£2) of smooth functions identified as right K-invariant
functions on G. Let {v,} be a basis of p* consisting of root vectors
and {v’} be the dual basis of p~. Then we have

WS = Z vgvgvyféb [Vas [V, V3],
.8y

I/{f = Z UVU;U;]‘:@) [['U:ava]v Uﬁ]?

a,B,y

where f is the lift of f to G.

Remark 7.1. The third-order Hua operator defined by Berline and
Vergne in [1] is, in terms of the above notation

V=3 vaviv,8[vs, 09, 03]) = Ady-ore—p- (VD Adyegp (DY),
B,y

up to some non-zero constant. So it is different from our W andU. For
explicit computations the operators YW and U are somewhat easier to
handle as the operator D has a rather explicit formula (12) on different
holomophic bundles [3], whereas the formula for V0 depends on the
metric on the bundles [23]. Note also that the first V) and the second
VA0 in YV are different as they are acting on different bundles.

Denote

(25) c=2n+1)+ %(& — 4) dim(P0)

where dim(P'V) is the dimension of the irreducible subspace of holo-
morphic polynomials on V' with lowest weight —v; —~,. For any s € C,
put 0 = 2s. Our main result for non-tube domains is

Theorem 7.2. Let Q be a general non-tube domain. If f = Ps(p) is
the Poisson transform of a hyperfunction ¢ on S. Then

—202 + 2po + ¢
o(20 —p—0)

Conversely, suppose s satisfies the following condition

+§(s—1)] ¢{1,2,---}, for j=0and 1.

(26) (U -

W) f =0.

a
2

Let [ be in M(X,) and suppose [ satisfies (26). Then f = Ps(p) is the
Poisson transform of a hyperfunction ¢ on S.

—Ab+ 1+
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7.2. The necessity of the Hua equation (26). Consider the oper-

ator
—20? + 2po + ¢

o(20 —p—0)
Proposition 7.3. Let s € C. We have
WP,.(2) = Psu(2)0%(20 — p — b)u

y=U- W.

and
UP, (2) = P,u(2)0(—20" + 2po + c)u.
In particular, for o # 0, pTer
YPsu(2) =0,

and the image f = Pg(p) of the Poisson transform of a hyperfunction
@ on S satisfies

Yf=0.

Proof. We compute first W on Py(z,u). By the covariant property of
W and transformation property (10) of the kernel Ps(z, u) we need only
to prove that the formula is valid at z = 0. Proceeding as in the proof
of Theorem 5.3 using Lemma 5.2, we have

DV P (2, u) = 0% Py (2) [b(z, 2) (27 — v*)] ® [2° — @7] — 0Py u(2)1d.
Its image under —Ady gy, is,
—Ady gy DV P (2,u) = 02 Py (2) D(b(z, 2)(2° —u?), 7 —0*) —0 Py o (2)pZo,
since
—Adygp_e.(u®0) = —[u, 0] = D(u, )
and
—Adygy ¢ Id = pZp.
To compute f)A(jV®VHECf)7V(1’O)PS(z,u) at z = 0 we observe that for
any function f, Df(0) = 0f(0) and the later is the coefficient of z in
the expansion of f near z = 0. By direct computation we find
—f)AdV®\7HECf)V(1’O)PS(z, U)o = 0°u @ D(u,u) — po*u @ Zy
+02 Ej v; & [D(Q(u)@]a ﬂ) - D(u7 @j)]'

where {v;} is an orthonormal basis of V. Now for v € V, X € ¥,
Adyge.—.(v® X) = [v, X] = —Xwv, where Xv is the defining action of
€c on V. We get

AdV@E@HVDAdV®Vﬂ&CDV(LO)PS<27 u)lz:0

= 20%u — po*u+ 0?37 [D(Q(u)v;, w)v; — D(u, v;)vyl.

J
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The sum can further be evaluated by using the Peirce decomposition
with respect to u, and we obtain eventually

AdV®EC_,V[_)AdV®‘7_)ECI_)V(1’O)PS(z, U)|zm0 = 0?20 —p — b)u.

This proves the first formula.
For the second formula we have first

DP,(z,u) = 0 Py(z,u)b(z, 2)(2* — u?)
and,

VIOIDDP,(z,u)(0)jm0 = 0 3 95,0y, (Pal(z, u)b(2, 2) (27 — 1)) .-
gk

Performing the differentiation we find then
VEIDDP(2,u),—0 = 030 @ u @ u
=023 (U ® (i @u+uRu)) — UZM U @ v; ® D(vg, U;)u.
So that
UP,(z,u) .0 = —0°D(u, w)u
+o?3>7, [D(vk, U)u + D(u, Ek)vk} +o Ej,k D(vj, ) D(vg, 0;)u.

Again ), D(vy, v)v = pv for v € V and

Z D(vj, 0)D(vg, 0j)u = cp
gk

by [24, Lemma 2.5] with ¢ given as in (25). O

In particular, if s = 1, WP, ,(2) = 0; the similar result, VP; ,(z) = 0
for the Hua operator V was proved by Berline and Vergne [1, Proposi-
tion 3.3].

7.3. The sufficiency of the Hua equation (26). The idea of the
proof is similar to that in section 6, and many technical computations
on the various decomposition involving the third-order Hua operators
W and U are parallel to those in [1] for the Berline-Vergne’s Hua op-
erator V, so we will not present all details.

Suppose hereafter that f € M()\,) satisfies (26). We first observe
that the operator U can also be written as

U= U‘/UZU; ® [UOH [Uﬁv U:H
By
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since [[v2, Vo), V5] = [va, [Vg, v2]] by the Jacobi identity and by [va, vs] =
0. Writing
U= Uouv, W= W auv,
with
(27) U @us = Z VULV RVs, WP @us = Z VLU0, R s,

a+B—y=d a+fB—y=0
we have, modulo U (gc)€c,
U v =W @us=( D |CapylIv; @05
at+pf—y=6

where C, 5, are given by [va, [vg, VZ]] = Ca,p40s.
Writing V) = > V° @ v as above with }° € U(g). We have then,
modulo U(gc)tc

V0 = Cv} + CoW?

with
—202 + 2po + ¢
CH = |Cjoé7 ’|2, Cb =1- .
a—l—;yé e o(20 —p—10)
Thus
(28) Y'f=0.

for any non-compact root § = % modulo t;, by our assumption on

f. We will henceforth fix one such ¢, and study the induced equation
of (28).

Recall projection 7 from U(gc) onto U(ac + ng). Here we will not
be able to find explicit formula for 7()?) as in Proposition 6.10. Nev-
ertheless we can compute the induced equation.

Consider the decomposition of U (ac + ng) under ac,
(29) U(ac+ng) = Y Ulac +ng),
pell—

where

Hfz{p: Z Cﬁﬁ, 0 <cg, CﬁEZ}

BEE™ (g,a)

is root lattice of ¥ (g, a).
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Lemma 7.4. Let a + 3 —~ = 6§ = 2= be as in (27). Decomposing
T(Ualgvy) € U(ac + ng) according to (29),

(30) T(Dalpuy) = Z T(VaUgUy )p,
pell—

Bi=Bi-1

we have thatp < — 5] L, for any p appearing in (30) so that (0,050, ), #

0.

Proof. The lemma can be proved by a case by case computation of
the projection by using Lemma 6.9, and is essentially contained in [1].
We sketch another somewhat more systematic method. We denote the
Iwasawa decomposition as v, = 7(0,) + y with y € €c. Thus

VaUgUy = (Vo) Vg0y + YUZ0,.
The Iwasawa projection of the first term is
(Vo) (Vguy).
The projection of the second term is
([y, vglvy) + 7 (Vsly, v,]).

Observe by Lemma 6.9 that the element y is a positive compact root
vector, so that all these projections involved are of the form m(vsv.)
with vs and v, being non-compact positive root vectors. Our lemma
reduces to the following claim, which can be proved easily by using

Lemma 6.9:
The weights p of 7(vsv) satisfy the inequality

ﬁj - ﬁjfl + ﬁk - ﬁk’

P —

2 2
i 6 — e = W=l BB i o> R
B; — B
< 2 Fi=d
b= 2
ifé—e:%—%,and
ﬁj_ﬁjfl ﬁk
Gt R ot et R W b
b= 2 3
if § — e = WEY=L % O

From this it follows that the operator ¢~2(%#-DR[x()%)] has ana-
lytic coefficients in ¢ near ¢ = 0 and thus the induced equation

(31) lim 2742 == R [w(V0)]t (B f) = 0

t—0

of the equation )° f =0 is well-defined.
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Consider next the eigenspace decomposition of the space ng under
the element 36, = 5377 &t

1
I | -3 0
Ne =N + 0" +n¢

with
_ BrtB; B —B;

1 B
-1 _ -3 _ -5 0 _ ——5 .
“(C—E dc a“c2—§ 9@2711@—2 gc °

k>j>1 k>1 k>j

and correspondingly

1

(32)  U(ac +ng) =U(ac +ng)(ng' +nc?) +Ulac +ng).
Let
(V%) = V1 + Vo
be the decomposition of 7()?) according to (32). As the decompo-

sitions (29) and (32) are consistent, we see that the weights p that
appear in the decomposition of }; according to (29) satisfies p < —4,
1

and p < p for p such that nf. C ng' 4+ ne?. The first implies that
the induced equation is well-defined, and the second that the induced
equation (31) now reduces to

(33) lim 2742 =BR[] (B f) = 0.

t—0
The element ), can be found along the same lines as in [1], where
the constant term C'(,, was found.

Lemma 7.5. The element Y, is given by

(araljeg-g.regn )

where £ € ac, C] is some constants independent of \.

In particular the induced equation (33) is of the form
(C1+ CoD(A))R(Cws) (Brf) = 0.

where

D(A) = 3(=(p = N(&)* = (p = N(&-1)* + (p = N(&)(p = N (§-1))
+C1(p = A)(E)-
Observe first that C; > 0. If ¢, = 0 it follows immediately that
R(Cvs)(Brf) = 0, so we need only to consider the case Cy # 0. If
Ci + C2D(N) # 0 we get again R((y,)(BaF) = 0. Finally if C) +
CyD(N\) = 0 we may replace f by t"% for sufficiently large x and still
prove that R((y,)(Bxf) = 0; see [15]. This completes the proof.
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