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Abstract

The spin-fermion model describes a two level quantum system S (spin 1/2) coupled to finitely
many free Fermi gas reservoirs R; which are in thermal equilibrium at inverse temperatures ;.
We consider non-equilibrium initial conditions where not all 8; are the same. It is known that, at
small coupling, the combined system S + ; Rj has a unique non-equilibrium steady state (NESS)
characterized by strictly positive entropy production. In this paper we study linear response in
this NESS and prove the Green-Kubo formula and the Onsager reciprocity relations for heat fluxes
generated by temperature differentials.
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1 Introduction

This is the third in a series of papers dealing with linear response theory in quantum statistical mechanics.
In the first two papers in the series [JOP1, JOP2] we have given an abstract axiomatic derivation of the
Green-Kubo formula for the heat fluxes generated by temperature differentials. In this paper we verify
that this axiomatic derivation is applicable to the spin-fermion model (abbreviated SFM). We shall assume
that the reader is familiar with general aspects of linear response theory discussed in the introduction of
[JOP1].

The Green-Kubo formula is one of the pillars of non-equilibrium statistical mechanics and is discussed
in many places in physics literature (see e.g. [KTH]). A mathematical justification of this formula is one of
the outstanding open problems in mathematical physics [Si]. In the literature, most existing results con-
cern currents induced by mechanical driving forces such as time-dependent electric or magnetic fields (see
[NVW, GVV, BGKS] for references and additional information). In contrast, there are very few results
dealing with fluxes generated by thermodynamical driving forces such as temperature differentials. The
central difficulty is that a mathematically rigorous study of linear response to thermodynamical pertur-
bations requires as input a detailed understanding of structural and ergodic properties of non-equilibrium
steady states (NESS). In the papers [JOP1, JOP2] we have bypassed this difficulty by assuming the
necessary regularity properties as axioms. The general axiomatic derivation of the Green-Kubo formula
in [JOP1, JOP2] has led to some new insights concerning the mathematical structure of non-equilibrium
quantum statistical mechanics. Concerning applications to concrete models, it reduced the proof of the
Green-Kubo formula to the study of regularity properties of NESS.

In most cases, the study of NESS of physically relevant models is beyond existing mathematical
techniques. The information necessary to study linear response theory has been obtained only recently
and only for a handful of models [JP3, JP4, AH, AP, FMU]. To the best of our knowledge the SFM
and its obvious generalizations are the first class of non-trivial models in quantum statistical mechanics
for which the Green-Kubo formula and the Onsager reciprocity relations have been proven. We would
also like to mention related works [AJPP1, AJPP2] where the Green-Kubo formula was established for
some exactly solvable quasi-free models. Linear response theory for the quantum Markovian semigroup
describing the dynamics of the SFM in the van Hove weak coupling limit was studied by Lebowitz and
Spohn in [LeSp] and this work has motivated our program. The Green-Kubo formula for a class of open
systems in classical non-equilibrium statistical mechanics has been established in [RBT].

The rest of this introduction is organized as follows. In Subsection 1.1 we quickly review a few basic
notions and results of algebraic quantum statistical mechanics. This subsection is primarily intended
for notational and reference purposes. The interested reader may consult [Ru3, JP4, FMU, AJPP1] for
recent reviews of non-equilibrium algebraic quantum statistical mechanics. In Subsection 1.2 we review
the abstract axiomatic derivation of the Green-Kubo formula given in [JOP1, JOP2]. In this paper we
will also give a new proof of the main results of [JOP1, JOP2] (see Section 2). This new proof emphasizes
the important connection between linear response theory and McLennan-Zubarev dynamical ensembles
[M, Zu, ZMR1, ZMR2, TM] (this point will be further discussed in [JOPR]). In Subsection 1.3 we
introduce SFM and in Subsection 1.4 we state our main results. The results of this paper can be used to
refine the existing results concerning the thermodynamics of SEFM and we discuss this point in Subsection
1.5. Finally, some generalizations of our model and results are discussed in Subsection 1.6.

Acknowledgment. The research of the first author was partly supported by NSERC. A part of this
work has been done during the visit of the first author to CPT-CNRS. Y.O. is supported by the Japan
Society for the Promotion of Science. This work has been done during the stay of Y.O. to CPT-CNRS,
partly supported by the Canon Foundation in Europe and JSPS.
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1.1 Basic notions

A quantum dynamical system is a triple (O, 7,w) where O is a C*-algebra (usually called the algebra
of observables) with identity 1, 7 is a C*-dynamics on O, and w is the initial (reference) state of the
system. We denote by N, the set of all w-normal states on @ and by Z the set of all T-invariant states
on O.

An anti-linear involutive *-automorphism © : @ — O is called time-reversal of (O, 7,w) if @ o 7t =
7700 for all t € R and w(0O(4)) = w(A*) for all A € O. More generally, a state n on O is called
time-reversal invariant if n(©(A)) = n(A*) for all A € O.

Thermal equilibrium states of (O, T,w) are characterized by the KMS property. Let S > 0 be the
inverse temperature. A state weq on O is called (7, 3)-KMS if for all A, B € O there exists a function
F4 p(2), analytic in the strip 0 < Imz < 3, bounded and continuous on its closure, and satisfying the
KMS-boundary condition

Fa p(t) = weq(AT'(B)), Fa p(t+iB) = weq(T'(B)A).
The three line theorem yields that
[FaB(2)| < [IA[IIBI, (1.1)
for z in the closed strip 0 < Imz < 3. We shall write weq(AT?(B)) = Fa,p(z) for such z.
If wis a (7, 3)-KMS state one expects that

w* — lim nor!=w,
t—=+oo

for all states n € N,,. This property of return to equilibrium is a manifestation of the zeroth law of
thermodynamics. It has been established for N-level systems coupled to free reservoirs under fairly
general assumptions (see [JP6, BFS, DJ, FM])

Non-equilibrium statistical mechanics deals with the case where w is not a KMS state (or more
precisely not normal w.r.t. any KMS state of (O, 7,w)). The non-equilibrium steady states (NESS) of
(O, 1,w) are defined as the weak- limit points of the net

1 T
—/ wO’TSdS|T>O ,
T Jo

as T' T oo. The set of NESS, denoted by X, is non-empty and 3 C Z. For information about structural
properties of NESS we refer the reader to [Rul, Ru2, Ru3, JP3, JP4, AJPP1].
In typical applications to open systems one expects that ¥ consists of a single NESS w and that

w* — lim not!=wy,
t——+o0

holds for all € N,,. Such strong approach to the NESS is a difficult ergodic problem and has been
rigorously established only for a few models.
Throughout the paper we will use the shorthands

1 ! 7 s iu
£(A, B,t) = B/o ds/o duweq (7 (A)T(B)), (1.2)
and
£(A,B) = tggloo £(A, B,t),
(1.3)



The Green-Kubo formula for the spin-fermion system 4

whenever the limits exists.
We shall freely use the well-known properties of KMS-states discussed in classical references [BR1,
BR2]. In particular, we will need the following result:

Theorem 1.1 Assume that w is a (1, 8)-KMS state such that for all A,B € O,

‘ llim w(ATH(B)) = w(A)w(B).
t|—oo

Then:

(1) For all A,B € O,

t
lim w([4,7°(B)])ds = 0.
t—+4oc0 ¢
(2) Assume in addition that (O, T,w) is time-reversal invariant and that A,B € O are two self-adjoint
observables which are both even or odd under ©. Then

Jim [E(A,B,t)— / t w(AT“”(B))ds] ~0.

t—-+oo ¢

The first part of this theorem is a classical result (see Theorem 5.4.12 in [BR2]). The second part is
proven in [JOP1, JOP2].
In the sequel B(H) denotes the C*-algebra of all bounded operators on a Hilbert space H.

1.2 Abstract Green-Kubo formula

In this subsection we review the abstract derivation of the Green-Kubo formula given in [JOP1, JOP2].
In view of the specific models we will study in this paper, we consider the abstract setup where a "small”
(finite dimensional) quantum system S is coupled to finitely many reservoirs Rq,...,Ry. For a more
general framework we refer the reader to Section 5 in [JOP2].

The system S is described by the finite dimensional Hilbert space Hs and the Hamiltonian Hg. Its
algebra of observables is Os = B(Hs) and its dynamics is

TE(A) = etfls Ao~ 1HHs,

A convenient reference state of the system S is

L (),

ws(4) = dimHs '

but none of our results depends on this specific choice.

The reservoir R is described by the quantum dynamical system (O;, 7;, w;). We assume that reservoir
is in thermal equilibrium at inverse temperature 3;, i.e., that w; is a (7, 3;)-KMS state on O;. The
complete reservoir system R = > j R; is described by the quantum dynamical system (Oxr,Tr,wr)
where

Or = ®JM:10j, TR = ®§\i17j7 WR = ®j]\/ile.

Since we are interested in the non-equilibrium statistical mechanics, we shall always assume that M > 2.

Notation. In the sequel, whenever the meaning is clear within the context, we will write A for the
operators A® I, I ® A.
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In absence of coupling the joint system S+R is described by the quantum dynamical system (O, 79, w),
where
0 =0s5® 0x, TO =Ts Q TR, w=ws X wR.

We denote by d; the generator of 7; and by

M
b =i[Hs, -]+ _6;,

Jj=1

the generator of 7.
Let V € O be a self-adjoint perturbation describing the coupling between S and R and let 7 be the
C*-dynamics generated by

52504-1“/, ]

The coupled joint system S + R is described by the quantum dynamical system (O, 7, w).

Let (eq > 0 be a given reference (equilibrium) inverse temperature. Since we are interested in linear
response theory, without loss of generality we may restrict the inverse temperatures 3; of the reservoirs
to an interval (Beq — €, feq + €), Where 0 < € < [eq is a small number. For our purposes the size of € is
not relevant. Our first assumption is:

(G1) The reference states of R; are parametrized by §; € (Beq — €, feq + €) and wj is the unique (75, B;)-
KMS state on O;.

We introduce the thermodynamical forces
Xj = Bea = Bj;

and set X = (X1,...,Xp). The vector X uniquely describes the initial state of the system (note that
the value X = 0 corresponds to the equilibrium case where all §; are the same and equal to [Feq).
The restriction §; € (feq — €, Feq + €) is equivalent to |X| < €, where |X|; = max|X;|. We set
I ={X e RM||X|; <€}, D. = {X € CM||X|;+ < €}. We shall explicitly indicate the dependence of
the reference states on X by denoting wx;, = wj, wrx =wx, @ Qwx,,, and

wgg) =wWs QWRX-

We denote by Nx the set of all wgg)—normal states on O.
We now describe a particular state in Nx which will play a central role in our study of linear response

theory. Consider the C*-dynamics ag?) generated by

0 =371~ X;/Beq)d;.

J

The state wg?) is the unique (O'g?), Beq)-KMS state on O. Let ox be the C*-dynamics on O generated by

X.
Ox =0 +ilHs +V, -] =5 L4,
i e

g

The Araki perturbation theory [Ar, BR2, DJP] yields that there exists a unique (0 x, feq)-KMS state on

O. We denote this state by wyx. The states wx and wg?) are mutually normal. Note that wx_g is the
unique (7, feq)-KMS state on O. We denote this state by weq and assume:
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(G2) For all A,B € O,
lim weq(Tt(A)B) = Weq(A)weq(B).

[t]—o0

In the next assumption we postulate the existence of NESS w.r.t. the reference state wy

(G3) For all X € I, there exists a state wys on O such that for all A € O,

lim wy(7%(4)) = wxi(A).

t——+o0

As we have already remarked in Subsection 1.1, under normal conditions one expects that the
NESS is independent of the choice of reference state in Ny, i.e., that for all n € Nx and A € O,
limy— 400 (71 (A)) = wx4(A). We however do not need such an assumption in our derivation of the
abstract Green-Kubo formula.

Our next assumption deals with time-reversal invariance.

(G4) There exists a time-reversal © of (O,7g) such that ©(V) =V and © o 7} = Tj_t 0 O for all j.
To define heat fluxes observables we need
(G5) For all j, V € Dom (d;).
The observable describing the heat flux out of R; is
®; =9;(V).

It is not difficult to show (see [JP4]) that
M
> wxi (@) =0,
j=1

which is the first law of thermodynamics (conservation of energy). The entropy production of the NESS
wx+ is defined by

M
Ep(wx+) = ZijX-l-((I’j)a
j=1

and
Ep(wx4) >0,

see [Ru2, JP2]. The heat flux observables are odd under time-reversal, i.e., if (G4) holds, then
O(®,) = —2;. (1.4)

An observable A € O is called centered if wx(A) = 0 for all X € I.. We denote by C the set of
all centered observables. If (G1) and (G4) hold, then it is not difficult to show that the state wx is
time-reversal invariant (see Lemma 3.1 in [JOP1]). This fact and (1.4) imply wx(®;) = —wx(®;), and
so ®; €C.

It is an important fact that the heat flux observables are centered irrespectively of the time-reversal
assumption. The following result was proven in [JOP2].

Proposition 1.2 If (G1) and (G5) hold, then ®; € C for all j.
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The key result in the abstract derivation of the Green-Kubo formula is the following finite time linear
response formula proven in [JOP1, JOP2]. Recall that £(A, B,t), £(4, B), L(A, B), are defined by (1.2)
and (1.3). Set

O, = (ﬂjj\ilDom (6;)) NC.

Theorem 1.3 Suppose that Assumptions (G1) and (G5) hold and let A € O.. Then for allt € R the
function
X = wx(1'(4)),

is differentiable at X =0 and
Ox;wx (TH(A))] y_y = £(A, @5, 1).

In Section 2 we shall give a new proof of Theorem 1.3 which is different then the original argument
in [JOP1, JOP2] and which will play an important role in future developments [JOPR].

To derive the Green-Kubo formula from Theorem 1.3 we need the concept of regular observable. An
observable A is called regular if the limit and derivative in the expressions

Jim 9x,0x (7 (A)|
can be interchanged. More precisely:
Definition 1.4 Suppose that (G1) and (G3) hold. Let A € O be an observable such that the function
X s wx(r'(A)),
is differentiable at X = 0 for allt. We call such an observable reqular if the function
X — wx(A),
is also differentiable at X = 0 and for all j,

tlfﬂo Ox,wx (T'(A))| x_o = Ox,wx+(A)| x -

In study of concrete models one of the key steps is verification that physically relevant observables
like heat fluxes are regular. Our justification of this step will be based on the following general result.

Proposition 1.5 Suppose that Assumptions (G1) and (G3) hold. Let A € O be an observable such that
for some € > 0 and all t > 0 the functions

X s wx (r'(A)), (15)
have an analytic extension to D. satisfying

sup  |wx (t(A))] < oco.
X€ED.,t>0

Then for all X € D, the limit
h(X)= lim wx(r'(4)),
t—-+oo
exists and is an analytic function on D.. Moreover, as t — +oo, all derivatives of the functions (1.5)
converge uniformly on compact subsets of D, to the corresponding derivatives of h(X).
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Proof. This result follows from the multivariable Vitali theorem. We sketch the proof for the reader
convenience.
Set hy(X) = wx(7'(A)). For 0 < p < € we denote

T,={X € CM||X;|=pforall j}.
The Cauchy integral formula for polydisk yields that for X € D,

B 1 ht(gla""gM)
he(X) = (2mi)M /er (61— X1) (v — Xr)

dé; - - déas. (1.6)

It follows that the family of functions {h};>¢ is equicontinuous on D,/ for any p’ < p. Hence, by the
Arzela-Ascoli theorem, for any p’ < p the set {h;};>0 is precompact in the Banach space C(D,) of all
continuous functions on bp/ equipped with the sup norm. The Cauchy integral formula (1.6), where now
X € D, and the integral is over T, yields that any limit in C(D,) of the net {h:} as t — +oc is an
analytic function in D,. Assumption (G3) implies that any two limit functions coincide for X real, and
hence they are identical. This yields the first part of the theorem. The convergence of partial derivatives
of h(X) is an immediate consequence of the Cauchy integral formula. O

The next two theorems are an immediate consequence of Theorem 1.3.

Theorem 1.6 Suppose that Assumptions (G1), (G3) and (G5) hold.
(1) Let A € O, be a regular observable. Then

aX]'WX—&-(A)|X:0 = 2’("47@]) (17)

(2) If in addition (G2) and (G4) hold and A € N;Dom (6;) is a regular self-adjoint observable such that
O(A) = —A, then
aX_ij+(A)|X:0 = ‘C(Aa (I)]) (18)

Relation (1.7) is the Green-Kubo formula without the time reversal assumption. Relation (1.8), which
follows from (1.7) and Part (2) of Theorem 1.1, is the Green-Kubo formula in the standard form.
Specializing Theorem 1.6 to the heat-flux observables we derive

Theorem 1.7 Suppose that Assumptions (G1), (G3) and (G5) hold and that ®y, € N;Dom (6;). Then:
(1) The kinetic transport coefficients

Ly = 8XJWX+<(I)’V)‘X:0’

satisfy
Ly = £(Pr, ;).

(2) If in addition (G2) and (G4) hold, then
Ly; = L(Dy, ®,), (1.9)

and
Ly = Lj. (1.10)

The Onsager reciprocity relations (1.10) follow from (1.9) and Part (1) of Theorem 1.1.
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1.3 Spin-fermion model

The spin-fermion model is an example of abstract S + R model which describes a two level quantum
system (spin 1/2) coupled to M free Fermi gas reservoirs. This model—a paradigm of open quantum
system—has been much studied and we shall be brief in its description. The reader not familiar with the
model may consult [JP3] or any of the references [Da, BR1, BR2, LeSp, JP4] for additional information.

The small system S is described by the Hilbert space Hs = C? and the Hamiltonian Hs = o, (we
denote the usual Pauli matrices by o4, 0,,0;).

The reservoir R; is a free Fermi gas in thermal equilibrium at inverse temperature 3;. It is described
by the quantum dynamical system (Oj,7;,w;), where O; = CAR(h;) is the CAR algebra over a single
fermion Hilbert space b;, the C*-dynamics T; is the group of Bogoliubov *-automorphisms generated by
a single particle Hamiltonian h; and wj; is the unique (75, 5;)-KMS state on O;. The assumption (G1) is
automatically satisfied.

Let

Vi =0z ®pj(a;), (1.11)

where «; € h; is a given vector (sometimes called “form-factor”), and
1 *
pjlay) = E(“j(ag‘) +aj(ay)) € Oy,

is the field operator associated to a;. The interaction of S with R; is described by AV; where A € R is
the coupling constant. The complete interaction between & and R is described by

M
Vi=A> Vi
j=1

In the sequel we shall explicitly indicate the A\-dependence by writing 6, =, 7\ = 7, wax = wx, etc.

The spin-fermion system is time-reversal invariant. Indeed, for all j there exists a complex conjugation
¢; on h; which commutes with h; and satisfies c;a; = ;. The map ©,(a(f;)) = a(c; f;) uniquely extends
to an involutive anti-linear *-automorphism of O; such that ©; o 7} = Tj_t 00;. Let ©s be the standard
complex conjugation on Og. Obviously, Os(c,) = 0., Os(0,) = 04, and in particular Ogoth = TS_toG)S.
Let © = Os ® 01 ® -+ ® Oy Then O(V;) =V for all j, and O o 7§ = 7, 0O for all A € R. Hence,
Assumption (G4) holds.

Concerning Assumptions (G2) and (G3), we need to recall several results concerning non-equilibrium
thermodynamics of S + R established in [JP3]. We first list technical conditions needed for these results.

(A1) b; = L*(R4,ds; $;) for some auxiliary Hilbert space $; and h; is the operator of multiplication
by S € R+.

Let I(6) = {z € C|[Im 2| < 6} and let H?(5) be the usual Hardy class of analytic functions f : I(§) —
$j-

(A2) For some § > 0, & > fBoq, and all j, e™"*a;(|s|) € HZ(6).
(A3) For all j, |l;(2)]|s, > 0.

(A1) and (A2) are regularity assumptions needed for the spectral theory of NESS developed in [JP3].
Assumption (A3) is the "Fermi Golden Rule” condition which ensures that S is effectively coupled to each

reservoir R;.
The following result was proven in [JP3].
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Theorem 1.8 Assume that (A1)-(A3) hold. Then there exist A > 0, € > 0 and states wyxy on O such
that for 0 < |A| <A, X €l.,,neNx, and A€ O,

lim_n(ri(4)) = wax+(4). (1.12)

t——+oo

The states wyx4 are the NESS of the joint system & + R and are the central objects of the non-
equilibrium statistical mechanics of this system. We remark that wyx—o+ is the unique (7, Beq)-KMS
state on O (hence, wxeq = Wax=0+), and in this case Relation (1.12) is the statement of the zeroth law
of thermodynamics. In particular, Theorem 1.8 implies that for 0 < |A\| < A and all A, B € O,

lim wkeq(ATi(B)) = Wieq(A)wWreq(B).

[t|—o0
Note also that (A1)-(A2) imply (G5). The observable describing the heat flux out of R; is
©; = A;(V;) = Aow @ @;(ih;;).
We summarize:

Theorem 1.9 Suppose that Assumptions (A1)-(A3) are satisfied. Then there exists ¢ > 0 and A > 0
such that Assumptions (G1)-(G5) hold for 0 < || < A.

If the thermodynamical forces X; are not all the same, then one expects that the NESS wyx is ther-
modynamically non-trivial and has strictly positive entropy production. This result was also established
in [JP3] (see also [JP4]). If (A1)-(A3) hold and the X;’s are not all the same, then for A non-zero and
small enough, Ep(wyx+) > 0. We will return to this topic in Subsection 1.5.

1.4 Green-Kubo formula for the spin-fermion system

In this subsection we state our main results concerning linear response of wy x4 to the thermodynamical
forces X.

Suppose that (Al) and (A2) hold and let F)j = L*(R,ds; $;). To any f; € h; we associate fJ € 6]' by

_ {fj(s) if s >0, (1.13)

PO s <o
Let ¢ and x be as in (A2) and
Aj=1{f; €bj | e fi(s) € H(8) for some b> (k + feq) /2 }.
Let O be a *-subalgebra of @ generated by
{Qual(f;) | Qe Vs, fi € Aj,j=1,...,M},

where a# stands either for a or a*. Let ~ 3
O.=0nC.

Obviously, O, is a vector subspace of ©. In addition, we have
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Proposition 1.10 Suppose that (A1) and (A2) hold. Then

1) O, € N}, Dom (4;).

2) @j S @C.

3) The algebra O is dense in O and for all A€ O, A— O(A*) € O,.

4) Suppose in addition that (A3) holds. Then there exists A > 0 such that for 0 < |[A\| < A and all
A, BeO,,

(
(
(
(

W)\eq(T)t\(A)B> = O(e_vo\)lt‘)’
where v(A) > 0. In particular, L(A, B) is well-defined for all A, B € O..
Proof. Part (1) is obvious. One easily checks that ih;c; € A; and this yields (2). Let ¢; € by; be given.
Write ¢; = ¢j4 + ¢;—, where ¢j(¢;+) = £¢;+. Then
(e g,y [a>0tC A, {ie™ g [a>0}C A,

and so the linear span of A; is dense in h;. This yields that O is dense in O. Since wyx is time-reversal
invariant (see [JOP1]), wax (A — ©(A*)) = 0. Hence, A — O(A*) € C for all A € O and the second part
of (3) follows. Part (4) was proven in [JP3]. O

The main technical result of this paper is:

Theorem 1.11 Suppose that (A1) and (A2) hold. Then there exist A > 0 and ¢ > 0 such that for
0<|N <A, t>0and A€ O the function

X — wyx (15(4)),
has an analytic extension to D. such that

sup |w>\X(T§(A))| < 00.
XeD,t>0

Combining Theorem 1.11 with Propositions 1.5, 1.10 and Theorems 1.6, 1.7, 1.9, we derive our main
result:

Theorem 1.12 Suppose that Assumptions (A1)-(A3) are satisfied. Then there exists A > 0 and € > 0
such that for 0 < |A| < A the following holds.
(1) For all A € O the map

I > X — wax+(4),

extends to an analytic function on De. R
In the remaining statements we assume that A € O..
(2) For all j,

1 o0 /Geq .
anwa+ (A)|X:O = ﬁ_ /0 dS/O du W)\eq(T)S\(A)T;\u((I)j))'
€q

(3) If in addition A is a self-adjoint observable such that ©(A) = —A, then

1 o0
8XJWAX+(A)‘X:0 = 5/ Waeq (T3 (A4)®;)dt.

(4) The kinetic transport coefficients

Lkj = Ox,wxx+ (k)| y_o» (1.14)
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satisfy
1 oo
Lyij = 5/ wAeq(Tf\(‘l)k)(I)j)dt, (1.15)
and
Lxkj = Lxjk- (1.16)

Our final result is:

Theorem 1.13 Assume that (A1)-(A3) hold. Then there is A > 0 such that the functions A\ — Lxg;
are analytic for |[A\| < A and have power expansions

o0

Lagj = Y ALY, (1.17)
n=2
. )
oreover, for k # j, ) )
a5, 1l (215,

L) = - (1.18)

(cosh fBeq)? >, ||O‘z(2)||)2”m 7
2) 2
and L/ =— Ziﬁéj Ll(cj)'

Remark. Starting with formula (1.15), this theorem can be proven by an explicit computation based on
the spectral theory of the standard Liouvillean. Our proof in Section 4 is somewhat indirect and empha-
sizes the important connection between Lffj) and the weak coupling Green-Kubo formula established in
[LeSp]. This connection is discussed in more detail in Subsection 1.6

1.5 Thermodynamics of the SFM revisited

The results established in this paper could be used to improve existing results concerning the thermo-
dynamics of the SFM. In this subsection we do not assume that € is small and B.q does not play any
particular role. For this reason, in this subsection we replace the subscripts X by 5 = (61,...,8m).
Hence, wg; = wj is the initial state of the reservoir R;, wpz = wg, ® -+ Qwp,,, wz = ws @ Wy is the
reference state of the joint system, NE is the set of all o -normal states on O, etc. For 0 < v < 2 we
denote L, = [y1,72]"
(A2) satisfies kK > 2.
The following results hold:

C RM. In this subsection we will always assume the constant & in Assumption

Theorem 1.14 Let 0 < v < 73 be given and assume that (A1)-(A3) hold. Then there exist A > 0 and
states wyz, on O such that:

(1) For all0 < [\l <A, B€l,,.,, n €Nz, and A€ O,

Jim (3 (4)) = w5, (A). (1.19)

(2) The limit (1.19) is exponentially fast in the following sense: There exist Pyg > 0, a norm dense set
of states /\/’05 - Ng, and a norm-dense x-subalgebra Oy C O such that for n € /\/’05, A€ O, andt >0,

TA — )\* ~ 7, - Aat. .
N(TA(A)) — w3, (A)] < Cagae™ 7 (1.20)
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Moreover, wg € NOE’ ®; € Oy, and

™
pri =5 | 2 Iy @3, | A2+ 00, (L.21)
J

where the remainder is uniform in 3 € Iy -
(3) There exists a neighborhood O.,~, of L, ~, in CM such that for all A € Oy the functions

(A B) = wy5,(4), (1.22)

extend to analytic functions on {\||A| <A} x O4,+,.

Remark. Parts (1) and (2) are proven in [JP3] and are stated here for reference purposes. The new
result is (3)—in [JP3] the analyticity of the functions (1.22) was discussed only w.r.t. A.
We denote by L,,,, the "off-diagonal” part of L,,,,, i.e.,

Fris = Lo \ 181 = .. = Bur).

Theorem 1.15 Let 0 < 1 < 72 be given and assume that (A1)-(A3) hold. Then there exists A > 0
such that for 0 < |A| < A and § € 1,,,, the following holds:

(1) Ep(wyz,) > 0.

(2) There are no Tx-invariant states in NE'

Remark 1. Statements (1) and (2) are equivalent. Indeed, the exponentially fast approach to NESS
(Part (2) of Theorem 1.14) and Theorem 1.1 in [JP3] yield that (2) implies (1). On the other hand, if 7 is
a normal Ty-invariant state in A, 5 then, by Part (1) of Theorem 1.14, n = w, G- This fact and Theorem
1.3 in [JP5] yield that Ep(w, 3, ) = 0, and so (2) implies (1).

Remark 2. Theorem 1.15 was proven in [JP3] under the additional assumption that for some ¢ > 0,

Z |ﬁl — 5J| > 4.
0,J

The constant A was dependent on 6.
Remark 3. A result related to Part (2) of Theorem 1.15 was recently established in [MMS].
The proofs of Theorems 1.14 and 1.15 are given in Section 5.

1.6 Some generalizations

All our results easily extend to more general models where S is an N-level atom described by the Hilbert
space Hs = CV and the Hamiltonian Hs. Each V; is a finite sum of terms of the form

Qik @ 0j(jp1) - @j(ajrm,,) +he,
where nj, > 1, Q1 € Os = M(CY) and o kn € bj satisfy:
(A0) If k # L or n # m, then (o gn, e ,,) =0 for all t € R.

We shall call this model the general spin-fermion model (abbreviated GSFM). The GSFM may not
be time-reversal invariant. Assume that (A1) holds. Let ¢; be a distinguished complex conjugation on
h; and let & n(s) be defined by (1.13).
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(A4) For some § > 0, & > Boq, and all j,k,n, e **@; . n(s) € H; ().

The general "Fermi Golden Rule” non-degeneracy condition is formulated as follows. Assumptions
(A0), (A1) and (A4) ensure that for all X there exists a linear map Kx : Os — Ogs such that for all

A, B e Og,

2 2 1
lim wo)(AT t/A Tt/)\ (B)):NTr

t——+oo

(AetEx(B)). (1.23)

As usual, we write Koq = Kx—o. This relation (the quantum Markovian semigroup approximation of
the dynamics of an open quantum system in the van Hove weak coupling limit) is a celebrated result of
Davies [Da] who has proven it under very general technical conditions (see also [De, JP3, JP4]). The
result of Davies was the starting point of numerous studies of thermodynamics of open quantum systems
in weak coupling limit (see [LeSp, AJPPI] for references and additional information). We will return to
this point at the end of this subsection.

We recall that the generator K x has the form

M

Kx = ZKXN
=1

where K, is the generator obtained by considering the weak coupling limit of the system S +R; w.r.t.
the initial state ws ® wx,. By construction, the spectrum of K, is contained in {z|Rez < 0} and
0 € 0(Kx;). Assumption (A3) is replaced with

(A5) For all j and |X;| <€, 0(Kx;)NiR = {0} and 0 is a simple eigenvalue of K.

In the literature one can find various algebraic characterizations of (A5) (see [Sp, De] for references and
additional information).

If Assumptions (Al), (A4) and (A5) hold, then Theorem 1.8 holds for the GSFM. The heat fluxes
are again defined by ®; = A\d;(V;), and if not all X,’s are the same, the entropy production of wyx is
strictly positive for small A (see [JP3, JP4]).

Our next assumption concerns time-reversal invariance.

(A6) The complex conjugations c¢; commute with h; and satisfy c¢;a; k. = o k. for all 4, k, n. Moreover,
the matrices Hs and @), are real w.r.t. the usual complex conjugation on B(Hs).

This assumption ensures that there exists an involutive, anti-linear s-automorphism (time- reversal) ©
of O such that for all j, O(V;) = V;, Oor! =700, and Qo7 = 75 *0@. In particular, o7 = 7,700
for all A € R.

Theorem 1.9 holds for the GSFM under the Assumptions (A0), (A1), (A4), (A5), (A6). The definition
of O and O, and Proposition 1.10 holds under the Assumptions (A0), (A1), (A4) (obviously, in the second
part of Part (3) we also need (A6)). Theorem 1.11 holds under the Assumption (A0), (A1), (A4). Finally,
Parts (1) and (2) of Theorem 1.12 hold for the GSFM under the Assumptions (A0), (A1), (A4), (A5).
Parts (3) and (4) require in addition the time reversal assumption (A6).

Before discussing the generalization of Theorem 1.13 we recall a few basic definitions and results of
the weak coupling (sometimes also called Fermi Golden Rule or FGR) thermodynamics of open quantum
systems. Assumption (A5) ensures that there exists a density matrix wsx+ on Hs such that for any
initial density matrix p on Hs and A € Og,

lim Tr(pe'™X(A4)) = Tr(wsx+A) = wsx(A).

t——+oo
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The density matrix wsx is the weak coupling NESS of the open quantum system S + i Rj Clearly,
wSX:O+ — e_ﬂeqHS /Tr(e_ﬁeqHS)’

and we will write wsx—o+ = wseq. Weak coupling heat flux observables are defined by 6]- x = Kx; (Hs)
and we denote Ejeq = Ej x=0. The weak coupling entropy production is

M
Ep = Z Xjwsx+(Pjx).
j=1

One always has Ep > 0. Lebowitz and Spohn [LeSp] have shown that if (A4) holds then Ep > 0 whenever
X are not all equal. In the same paper they have also proven the Green-Kubo formula for weak coupling
heat fluxes: If (A5) holds, then the functions X — wsx4(®Prx) are differentiable at X = 0 and

o0
Lij = 0x,wsx+(Prx)| g :/ Wseq (€ (Preq) P jeq )t (1.24)
0

These results are very robust and can be derived under very mild technical conditions. If in addition
(A6) holds, then fk.j = fjk, that is, the weak coupling Onsager reciprocity relations hold.

One naturally expects that the weak coupling thermodynamics is the first non-trivial contribution (in
A) to the microscopic thermodynamics. Indeed, it was proven in [JP3, JP4] that if (A0), (A4) and (A5)
hold, then for A € Os and A small enough,

wiax+(A) = wsx4(A4) + O(N),
wix+(P5) = NMwsx4(B)x) + O(N?), (1.25)
Ep(w,\x+) = >\2E_p + O()\g)

In the next theorem we relate Lyy; and fkj and complete the link between the microscopic and the weak
coupling thermodynamics for this class of models.

Theorem 1.16 Assume that (A0), (A1), (A4) and (A5) hold. Then there is A > 0 such that the
functions X — Lyy; are analytic for |\| < A and have power expansions

Lakj = >_ ALy
n=2
Moreover,

L) =Ty,

Remark 1. Tt follows immediately from this result, the Green-Kubo formula and Relation (1.24) that

) B 1 s} Beq - S _ _
i A2 [t [ duwnea(r @0 ()t = [ sl @) By,
- eq JO 0 0

If in addition (A6) holds, then we also get

. o1 [ o0 _ _
lim A 25/ w,\eq(Tf\(q)k)@j)dt:/ wgeq(etKeq(<I>keq)<I>jeq)dt,
0

A—0 o
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i.e. the rescaled microscopic flux-flux correlation functions converge to the corresponding weak coupling
correlation functions.

Remark 2. The relation between the microscopic and the weak coupling thermodynamics is discussed
in detail in the lecture notes [AJPP1] in the context of an exactly solvable quasi-free model.

The proofs of the results described in this subsection are only notationally different from the proofs
of Theorems 1.12 and 1.13 and details can be found in the forthcoming review article [JP7].

Theorems 1.14 and 1.15 also hold for the GSFM under the Assumptions (A0), (A1), (A4) with k > s,
and (A5) for all 3 € I,~,- The only parts that need to be modified are Relations (1.20) and (1.21). In
general, the constant C4 , 5 is replaced by a polynomial in ¢. The leading term in the expansion (1.21) is
equal to the absolute value of the real part of the non-zero eigenvalue of K i closest to iR and in general

depends on /. For additional discussion of these points we refer the reader to [JP7].

2 Abstract Green-Kubo formula

In this section we give a new proof of Theorem 1.3 and hence a new derivation of the abstract Green-Kubo
formula.

To motivate the argument, we shall first prove Theorem 1.3 in the case where the reservoirs R;
are finite dimensional. The interested reader should compare this argument with the finite dimensional
computation given in the introduction of [JOP1].

2.1 Finite dimensional case

We shall identify the finite dimensional states with associated density matrices and write w(A) = Tr(Aw).
Suppose that R; is described by the finite dimensional Hilbert space H; and the Hamiltonian Hj.
Hence, O; = B(H,;),

T;(A) — eitHjAe_itHj7

and w; = e Pl |7 7 where Z; is the normalization constant. The complete reservoir system is described
by the Hilbert space Hgx = ®;H; and the Hamiltonian Hr = ) ;H;. Finally, the interacting joint
system S + R is described by the Hilbert space H = Hs ® Hr and the Hamiltonian H = Hs + Hr + V.

We set
M

X
HX:H—ZBJHJ».
j=1"¢d

Clearly, O = B(H) and
Tt (A) = el A7 1H
ol (A) = eltHx pe~1Hx
wx = e_ﬁe‘lHX/ZX.
Note also that

. d
Q; =i[H;, V] = *ETt(Hj)h:U

The next four steps complete the proof of Theorem 1.3 in the finite dimensional case.

Step 1. The relation 77"(Hx) = Hx — 3_;(X;/Beq) fg 77%(®;)ds yields that

Wy o7t = ZLe—aeq(Hx—z,-(xj/ﬂeofgr**"(@j)ds)_ (2.26)
X
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Step 2. Step 1 and the Duhamel formula (see, for example, [BR2], pages 94-95) yield

wx (T'(A)) = wx (A) 1—Z‘Xj/0 wx (775(®;))ds

X; Beq
t2.3 dS duwx (Ao (17°(®;))) + O(IX ).
eq
Step 3. If A is centered, then wx(A4) =0 and wx—o(7"(A)) = wx—o(A) = 0. Hence, Step 2 yields
t t X fea 2
ox(r () —wxaa(r'(4) = 3 32 a5 [ awexaokr@m rouxp), 2
eq

Step 4. Since ox—¢ = 7 (recall also that weq = wx=0),

t Beq ) t Beq .
lim ds duwx (Ao (77%(2;))) :/ ds du weq (T2 (A)T(D4))).
X=0Jo 0 0 0
and (2.27) yields
Beq
O, wx (T(A))] g = /@/dwm (A)r(@,)).
ﬁeq

2.2 Proof of Theorem 1.3

Throughout this subsection we suppose that (G1) and (G5) hold. Under these assumptions each of the
Steps 1-4 can be extended to the abstract system S + R.
We start with the Step 4. The following result was established in [JOP1] (Lemmas 3.3 and 3.4).

Lemma 2.1 (1) The group T preserves N;Dom (4;).
(2) For all A€ O,

)I(iino wx (A) = weq(A).

(3) For all A€ O and t € R,
)I(imo ol (A) =74 (A).

We shall also need:

Lemma 2.2 For all A,B€ O and 0 < u < feq,
)1(1m0 wx (Ad'¥(B)) = weq(AT™(B)).

Proof. For j =1,2,... let

[J —tzt
JX_ / ’

By the properties of analytic approximations (see Section 2.5.3 in [BR1]),

lim ||B = Byx|| =0, (2.28)
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and

(B;x) = \/g/Re—j“—i“)Qog((B)dt. (2.29)

We write Bj = Bjx=o. Relation (2.29) and Lemma 2.1 yield that
lim o%(Bjx) =7"(B),
| . (2.30)
I wx (A(Byx) = weql AT (B)))
Since wx is a (0x, Beq)-KMS state, the bound (1.1) implies that for all X,
lwx (AoX (B)) — wx (AoX (Bjx))| < [IAll B - Bix],
and so for all 7,

lwx (AoX (B)) — wea(AT™(B))|| < |AI(IB - Bjxll + 1B — B;l)

+ Jwx (A0 (Bjx)) — weq (AT (B;))].
Relations (2.30) imply that for all j,

limsup fox (A7¥ (B)) — weq(AT"(B))| < 2/ A] B - By].

and (2.28) yields the statement. O

Lemma 2.2 and the bound 4
[wx (Ao (772(2))I < [[Alll[@5]],

yield the extension of the Step 4 to the abstract system S + R.

Proposition 2.3

5eq ﬁeq
lim ds/ duwy (Aci(r7%( / ds/ At weq (75 (A) T (D5)).

X—0

We now turn to the Step 1. Let I'; be the unitary cocycle such that
T'(A) =Ty (AT,

explicitly

tl tn—1
I'i=1+ Z / dt; / dig - - / dtnTé" (V) L. 7—51 (‘/)7

n>1

see Proposition 5.4.1 in [BR2].

Lemma 2.4 T'; € N;Dom (J;) and

§;(T)T; = i/ot 75(®;)ds. (2.31)
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Proof. Since V' € Dom (J,), one easily shows that I'; € Dom (J;) and that

5j(rt):Zi"/0 dtl/oldt2-~/0n71 dtnzk}gjn(V)---Tgk(éj(V))---Ttl(V).

n>1

This formula yields that the function R 5 ¢+ §;(T";) € O is continuously differentiable and that

d6;(T) dr,
ALV S il 2.32
dt %@ (2:32)
To prove relations (2.31), we recall that
dr . dary "
d—tt = ilerg(V), 3 = ()
The first relation and (2.32) yield
dé; (T
]d(t 6,0t (@) + Tert (@)
Hence,
dé; (T . . *
D)y — i, (R (VI + i (@)
ary .
= 5T S+ ir(®)),
and (2.31) follows. O
Set
X[ .
Pxp=—Y_ 3 775(®;)ds. (2.33)
5 Pea Jo

Let t be fixed and let ox; be the C*-dynamics generated by
dxt = 0x +1i[Pxy, -],
ie o%, = e®xt_ The next proposition is the extension of the Step 1 to the abstract system S + R.
Proposition 2.5 wx o 7" is a (0x¢, Beq)-KMS state on O.
Proof. Let A € N;Dom (J;). Relation I';T'; = 1 and Part (1) of Lemma 2.1 yield
05(T'(A)) = 6; (T4 (A)LT)

= 0; (L)' (A) + 7'(9;(A)) + Terg (A)3; (7).

and
Ly76(A)6; (7)) = =7 (A)5;(T)T; .

Hence,

5;(7"(A)) = 7'(8;(4)) = [8;(T)TT, " (A)].
This identity and Lemma 2.4 yield

T(8;(7"(4))) — 6;(4) :i/O [77%(®;), Alds. (2.34)
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Since N;Dom (§;) is dense in O, (2.34) implies that for all u € R,
oot ot = 0%, (2.35)
Finally, since wx is a (ox, eq)-KMS state, (2.35) yields that wx o 7% is a (0x¢, Beq)-KMS state. O
We now turn to the extension of the Step 2. Recall that | X| = max |X}|

Proposition 2.6 Let A € O andt be fized. Then there is a constant C' such that if
X |4 < 1/(40 ) 19510, (2.36)
J

then

wx (TH(A)) — wx (A) 1-2)9/0 wx (17%(®;))ds

Beq
+ZX ds/ duwx (Acit(775(®,)))| < C|X|2.

eq

Proof. Proposition 2.5 and Araki’s theory of perturbation of KMS states (Theorem 5.44 Part (3) in
[BR2]) yield that if ||Px|| < 1/28eq, then
Beq

wX(Tt(A)) =wyx(4) — ; ds [WX(AO';?(PXt)) — WX(A)wx(PXt)] + R,

where the remainder R can be estimated as

oo

|R|| < Z2ﬂeq )™ || Pxel ™ || All (2.37)

The obvious estimate

([ Pxell <

e

Z 1 X5111251,
J

combined with (2.36) and (2.37) implies
IR < 8IAIl(2Beqlt] D 1951)%1X 13,
J
and the statement follows. O
As in the finite dimensional Part 3, the definition of a centered observable and Proposition 2.6 imply

Proposition 2.7 Let A € O be a centered observable and let t be given. Then

X Beq

wx (1'(4)) —wx=o(T"(4)) = ' B Jo s duwx (Ao¥ (17°(®;))) + O( X ),

as X — 0.

Propositions 2.3 and 2.7 yield Theorem 1.3.
Remark. The density matrix (2.26) or the corresponding infinite dimensional expression (2.33) are the
starting point of Zubarev construction of NESS. In some sense, they provide a way to map thermody-
namical perturbations into mechanical ones.
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3 Proof of Theorem 1.11

The proof of Theorem 1.11 is based on techniques and estimates of [JP1, JP3]. We recall the ingredients
we need. Throughout this section we assume that (A1)-(A3) hold. The GNS-representation of the algebra

O associated to the product state wg?) can be explicitly computed [AW]. We will describe it in the glued
form of [JP3]. Denote by ey the eigenvectors of o, associated to the eigenvalues 1. Set Hs = C? @ C?
and define a unit vector in Hs by

1
Ds=—(e_Qe_+eLQey).

V2

Let s : Os — B(Hs) be given by
7T3(A) =A®I.

The triple (Hs, s, s) is the GNS representation of Og associated to ws. We set
Ls=Hs®I1—-1® Hg.

Let F; be the anti-symmetric Fock space over laj =L? (R,ds; $;) and Q; the vacuum vector in F;.
We denote by a;, a; the annihilation and creation operators and by N; the number operator on Fj. Let
L; = dI'(s) be the second quantization of the operator of multiplication by s on Ej. To any f; € h; we
associate f; € h; by (1.13). For X € RM we set

Fcto) = (058 11) ™ ),

Finally, we define a map m,x : O; — B(F;) by
. 1 - -
mix (o) = @(ix) = 5 (@) + @5 (i)

The map 7;x uniquely extends to a representation of O; on the Hilbert space F;.
We set
Hr = ®j1vil]:j7 TRX = ®§\4:17zj, Qr = ®§w:19j-

The triple (Hg, mrx, Qr) is the GNS representation of the algebra O associated to the state wg x. Let
H=Hs ® Hr, T =T TRX, Q=0s®Og.

The triple (H, 7x, ) is the GNS-representation of the algebra O associated to the state wg?). Note that
‘H and €2 do not depend on X.

The spectral theory of NESS is based on a particular non-selfadjoint operator acting on H, the adjoint
of the so-called C-Liouvillean. This operator is defined as follows. Let Lr = > ;L and

Lo=Ls+ Lr.
Let
Vix =7mx(Vj) = 0, ® I @ $j(&;x),
Wix =1®0:® %(—I)Nj (d;(e(xj_ﬁ“‘)sde) - @j(de)) ’
and

VX:z:VjX7 WX:ZWjX'
J J
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The adjoint of the C-Liouvillean associated to the triple (O, T,\,wg?)) is

Lox = Lo+ MVx + Wx).

This operator is closed on Dom (L) and generates a quasi-bounded strongly continuous group e***x on
‘H. The operator L, x is characterized by the following two properties:

(i) For any A € O and any t € R, mx(7{(A)) = etErx 7y (A)e Erx,

(11) L5xQ2=0.
Thus, for A, B € O we have

W (TL(A)B) = (nx (A*")Q, e "X 1 (B)Q), (3.38)
and hence the function

zZ wg?)(Tf\(A)B) eZdt = i(1x (A")Q, (z — Lax) '7x(B)Q),
0

is analytic in the upper half-plane. The basic strategy of [JP3] is to show that for appropriate A, B this

function has a meromorphic continuation to a larger half-plane and that the behavior of ¢ — wﬁ?) (1 (A)B)

ast — oo is controlled by the poles of this continuation (the resonances) via the inverse Laplace transform.
Let p; = i0, be the generator of the group of translations on b;, P; = dI'(p;) its second quantization.
Let U;(0) = e 7197 =T'(e~1%i), § € R, be the second quantization of this group and

Vx(0) =Y Uj(O)V;xUj(—0) = > 02 @1 @ ¢;(e "7 d;x),

Wx(0) = Z U;(0)WixU;(=0) = ZI ®0:® %(—I)Nj (@i(e_wp"@j)c) — (e (G(X"_B“‘)deX))) :

Lemma 3.1 There exist € > 0 and &' > 0 such that the maps
(X,0) = Vx(0),  (X,0)— Wx(0),
extend to analytic operator-valued functions on D, x 1(8") satisfying

sup  ([[Vx(O)] + [Wx (0)]]) < oc. (3.39)
XeD.,0€1(5")

In particular, one has

sup Heiw*x | < oo. (3.40)
XeD,,|t|<1

Proof. The proof of the first part of this result is the same as the proof of Lemma 4.1 and Proposition
4.4 (iii) in [JP1]. The only additional fact needed is that for some € > 0 and p > 0 the function

RxR3(z,8) — w(x,s) = (e +1)"1/2,
has an analytic continuation to the region O = {z : |z — foq| < €} x I(p) such that

sup |w(z,0)| < .
(2,0)e0

Since Ly is self-adjoint, the bound (3.40) is a simple consequence of (3.39). O
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Let N =3, N;. For X € D, and 0 € I(0") we set
50(6) =Ly + 6N,

Lax(0) = Lo(0) + A(Vx () + Wx(9)).

The family of operators Lyx(0), X € D, 6 € I(¢'), is a complex deformation of the family of operators
Lyx, X € 1. Note that Lox (0) = Lo(0) is a normal operator which does not depend on X. The spectrum
of Ly(#) consists of two simple eigenvalues £2, a doubly degenerate eigenvalue 0 and a sequence of lines
{z +inIm6 |z € R,n > 1}. The next lemma is a consequence of Lemma 3.1 and regular perturbation
theory and is deduced in the same way as the corresponding results in [JP1, JP3].

Proposition 3.2 There exist A >0, € > 0 and 0 < p < 6" such that for |A\| < A, —p <Im6 < —3p/4
and X € D, the spectrum of Lxx(0) is contained in the set

{z|Imz > —p/8} U{z|Imz < —p/2}.

The spectrum inside the half-plane {z |Im z > —p/8} is discrete and, for X\ # 0, consists of four simple
eigenvalues E;jxx which do not depend on 6 and are bounded analytic functions of (A, X) € {A[|A] <
A} x D.. Moreover, Egxx = 0 and InEjzx < 0 for j = 1,2,3, X € D, and 0 < |\ < A. The
corresponding eigenprojections Pjxx (6) are bounded analytic functions of the variables (X, X, 0).

With regard to the results of [JP1, JP3], the only part of Proposition 3.2 that requires a comment
are the relations Egyy = 0 and Im F;3x < 0 for j = 1,2,3, which hold for X € D, and 0 < |A] < A.
Regular perturbation theory and an explicit Fermi Golden Rule computation yield that the eigenvalues
Ejxx, j = 2,3, which are respectively near £2, satisfy

22 e (s)|12
E2,\X——2+2Z< il (2 ”ﬁ —PV/ % ﬁjd + MRy (N, X),

J

A2 [l Jj )Hg
Eg,\X:2+?Z( iml|a; (2)[15, +PV/72Jd + X R3(\, X),

J

where PV stands for Cauchy’s principal value and the functions R;(A, X), j = 2,3, are bounded and
analytic for X € D, and |A\| < A. Clearly, by choosing A small enough, we have that Im F;yx < 0 for
j=2,3, X € D, and 0 < || < A. The eigenvalues FE; x, j = 0,1, which are near 0, are the eigenvalues
of a 2 x 2-matrix Xy x which has the form

Sax = A28 (X) + MR(N, X),
where the matrix-valued function R(\, X) is analytic and bounded for X € D, and |A\] < A and

1 eﬁj —e —B;
— —IWZ ||aj H.ﬁ7 QCObhﬁ |:_eﬁj e BJ :| 5] = ﬁeq - XJ' (3.41)

The eigenvalues of X5(X) are 0 and —im ), [y (2)”%],, and we conclude that for A small enough the
eigenvalues Egyx and Fj)x are analytic functions, that Fgyx # Fiax for A # 0, and that Im Ejyx <0
for X € D., 0 < |\ < A. By construction of the C-Liouvillean, Egxx = 0 for X real. Hence, by
analyticity, Eoxx = 0 for X € D, and |A\| < A.

The next technical result we need is:
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Proposition 3.3 There exist A > 0, € > 0, and p > 0 such that for all || < A, all 6 in the strip
—p<Imb < —3u/4 and all U € H, the functions defined by

F+(Z)=;gg I(z = Lxx(0)) "], F—(Z)ZXSHB 1z = Lax (0)) ],

€ €

satisfy
16
[ 1Pt £ Pde < 2T P, (3.42)
R H
and
‘ l‘im Fy(x+1in) =0. (3.43)

for all |n| < p/4.

Proof. We only deal with F(z), the other case is similar. We start with A, €, and p as in Proposition
3.2 and set
Qu=R+in/4)U (R —iu/4)U{z € C[|[Rez| = 2+ p/4, [Im 2| < p/4}.

Since Lo(#) is normal and dist(Q,,,0(Lo(0))) > p/4 for Im@ < —3p/4, the spectral theorem yields that
4

sup Iz = Lo(0) 7 < —. (3.44)
2€Q,,Im0<—3u/4 2
The estimate T2
[ e ina = o) epar < L (3.45)
R
holds for all ¥ € H, and the dominated convergence theorem yields
lim I(z — Lo(0))" 0| = 0. (3.46)

|z] —o00,2€Q,

We further impose that A and p satisfy

sup |V (6) + Wx (O)]] < 2t
X€D.,—u<Im <0

The resolvent identity yields
(z— Lax(0)"t =Gz, )\ X,0)(z — Lo(0) 1,

where .
G = G0, X,0) = (I = Az — £0(6)) " (Vi (6) + W (0))
The estimate (3.44) yields
sup |G| <2,

where the supremum is taken over z € Q,,|A\| < A, X € D, and 6 in the strip —p < Im6 < —3u/4.
Hence, for z € Q,,,

sup [[(z = Lax(0)) "' < 2|[(= = Lo(8)) ¥,

XeD.

and (3.45), (3.46) yield (3.42), (3.43). O

Assumption (A2) ensures that there is € > 0 such that the operators

M
1
ViX,u) =) o, ®1® 2 (a;(efu(lf)(j/ﬁ“‘*)sdj)() + ﬁj(e“(lij/ﬁ“q)sdjx)) ’
=1

V2
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acting on H are well-defined continuous functions of (X, u) € I, x [0, Beq] satisfying

wwp Vi)l < oo
(X,u) €L X[0,eq)
If we set
Gix =1+ Z(—ﬁeq)"/ (AV(X, Begtn) + mx (Hs)) -+ (AV(X, Beqt1) + mx (Hs))dt1 -+ - dtp,
0<tn<---<t1<1

n>1
then the Araki perturbation theory [Ar, BR2, DJP] yields that the reference state wyx can be written as

(2, mx (A)Grx Q)

e (O NA)

(3.47)

Consider the unitary group .
UB)=e 02 h,

on H.

Proposition 3.4 There exist € > 0 and p > 0 such that:
(1) The function
I. x R> (X,0) — U(0)G\x € H,

extends to a bounded analytic H-valued function in the region D, x I(n) for all A € R. We denote this
analytic extension by Qxxe-
(2) For all A € O the function

I xRS (X,0) — U@)rx(A)Q € K,

extend to bounded analytic H-valued functions in the region D, x I(u). We denote this analytic extensions
by Yaxe-

Proof. We sketch the proof of (1). The proof of (2) is similar and simpler.
For (X,u,0) € I X [0, Beq] X R we set

Va(X,u) = UO)V (X, u)U(0)"
M
_ L (o mi00) w1 X /Bea)s 5 Y 4 G (01095 (1= X, /Bea)s
_jz_;ax®f®\/§(aj(e ie j G x)+a;(e " Pie aJX)).

Since U(0)Q = Q, we can write U(0)GxxQ = Gaxo2 where Gyxg is obtained by replacing V (X, u) by
Vo(X,u) in the definition of Gyx. It is easy to see for any € > 0, u > 0 and p > 0 the entire analytic
function g(u, z, s) = e*(1=2/Pea)s gatisfies

g(u7 Z7 8)
cosh(ls)

sup
[ul <(14p)Beq;| 2| <€, [Im s|<p

< 00,

where I = (14 p)(e+ feq)- Let k > Beq be as in Assumption (A2). Choose p and € such that [ < k. Since
by (A2) one has cosh(rs)a;x € H3(0), it follows that Vp(X,u) has a bounded analytic extension to the
set

{(X,1,0)| X € Doy € C, Ju| < (1+ p)feq, [100] < }.

This yields the statement. O
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Proof of Theorem 1.11. We choose A > 0, € > 0, and pu > 0 sufficiently small so that the statements
in Propositions 3.2, 3.3 and 3.4 hold. Combining (3.38) and (3.47) we can write
(7TX (A*)Q, e itLax QAXQ)

WAX (Ti(A)) = (Q g)\XQ)

(3.48)
Since for X € I,
(2,G,xQ) = ||e*5eq(zj(1*Xj/5eq)ﬁj+7fx(/\VJrHS))/QQHQ >0,

by Proposition 3.4 (and by possibly taking e smaller), the function X +— (Q, G x{2) extends to an analytic
function in the region D, such that
Xlélgs |(Q,g)\xQ)‘ > 0.

Thus, it suffices to consider the numerator in (3.48). For Im z > 0 we set
Dx(2) = i(nx (A")Q, (z — Lax) 'Gax Q).
For |A] < A, X €I, and —p < Im6 < —3p/4 one has
Dx(2) = 1(V¥ 4. x5, (2 = Lax(0)) ' Qx0),

which, by Proposition 3.2, has a meromorphic extension to the half-plane {Imz > —u/2}. For o > 0
denote by I', the boundary of the rectangle with vertices £« +iu/4. For large enough « one has

dz
2l

Ix(t) :é eiitZDX( )

a4

IZ a-x7 Pinx (0)2xg)e ™ Fx.

Denote by S, the part of the above contour 1ntegral corresponding to the two vertical sides of T',. It
follows from the dominated convergence theorem and Proposition 3.3 that lim, .., S, = 0. Since by
Proposition 3.3 the function = +— Dx(z +iu/4) is in L?(R,dx) it follows from the Plancherel theorem
that there exists a sequence «,, such that

Qn

o d .
hTIln e—lt(:E-‘rl,u/ll)DX(x 4 1/1'/4)§ _ (ﬂ_X(A*)S'Le—lt['AXg)\XQ)’

for Lebesgue almost all ¢ > 0. Integration by parts and (3.43) yield that for ¢ > 0

QAn

o d o
lim e @I/ Dy (x — ip/4)2£ = / e =i/ Dl (z 1u/4)
™ — 00

n

2771t

—Qn

where D’ (z) denotes the derivative of Dx(z) with respect to z. Combining these facts we obtain the
identity

3
(mx (@;)%, ¢ TG Q) = Z A*XO> J/\X(H)Qxxe)e_itE“x
j=0
] (3.49)
e/ —it . 9
ot / e z(\I/A*Xév (x —ipn/4 — Lax(0)) “Qrxe)dx,

which holds for Lebesgue for almost all t > 0. By Proposition 3.3 the integrand on the right hand side of
(3.49) is in L}(R,dz). Hence, both side of this identity are continuous functions of ¢ and (3.49) holds for
all t > 0. By Propositions 3.2 and 3.4 both terms on the right hand side of (3.49) have analytic extensions
to X € D, which are bounded uniformly in X and ¢ > 1. The bound (3.40) and Proposition 3.4 yield
that
sup |(‘I’A*X0,efiwkx Qxx0)| < oo,
XeD,,te0,1]
and the result follows. O
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4 Proof of Theorem 1.13

In Part (1) of Theorem 1.12 we have established that for given A and A € O, the function X > wy x4 (A)
is analytic near zero. In fact, a stronger result holds.

Theorem 4.1 Assume that (A1)-(A3) hold and let A € O. Then there is A > 0 and € > 0 such that
the maps
()\, X) — wa+(A),

extend to analytic functions on {\||\| < A} x D..

Proof. By the construction of the NESS wjy x4,
wix+(A4) = (2, Poxx (O)U (0)mx (A)92),

where —p < Im 6 < —3u/4 and Poax(0) and p are as in Proposition 3.2. The analyticity of Pyxx(6) and
Part (2) of Proposition 3.4 yield the statement. O

Theorem 4.1 yields that the function A — Ly; is analytic near zero. To compute the leading term in
its power expansion we argue as follows.

By the relation (1.25) established in [JP3, JP4],
wax+(Pr) = Nwsx 4 (Prx) + O(N),

where the remainder is uniform in X. Hence, (1.17) holds and

L,(c] Ox,wsx+(Pux)|y_o-

Let D C Os be the set of observables which are diagonal in the eigenbasis {e,e_} of Hs. The generators
Kx and Ky, preserve D. The vector space D is naturally identified with C2. After this identification,
Kx =i¥3(X)*, where ¥5(X) is given by (3.41), and

Kx, =

I -
F 2 cosh (3,

B R

These relations between the generators Kx, Kx, and the Fermi Golden Rule for the resonances of the
C-Liouvillean are quite general—for the proofs and additional information we refer the reader to [DJ1].
Hence,
mllox@)5, [ e

cosh Gy, {—eﬂ’“] '
The density matrix describing wsx+ (which we denote by the same letter) is also diagonal in the basis

{e4,e_} and the vector in C? associated to its diagonal elements is the eigenvector of ¥5(X) corresponding
to the eigenvalue 0. Hence,

— 1
By = Kx, [_1] S

[yl

) - 2 cosh (3;
s = | 2@l @[, |°
' 2 cosh (3;

and we get

2 sinh(ﬁi — ﬁk)
Di coshp;

s @0 = (Sl ) B Yo (150)
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It follows that for j # k,

7 Now@IE, e )1F,

cosh Beq)? >, [|i(2)]

Since Y, wsx+(Prx) = 0 we can conclude that Lﬁ-) == ks L,(é).

Finally, we remark that the formula (4.50) yields that

Bp=3 (Z o (2)

Clearly, Ep > 0 whenever B;’s are not all equal.

Lﬁfj) = Ox,wsx+(Pux)|x_ = (

2
9

-t ar(D1Z e (2)]2
ﬁ) Sl

cosh B cosh 3;

5J

5 Proofs of Theorems 1.14 and 1.15.

In this section we use the notational conventions of Subsection 1.5.

Proof of Theorem 1.14. The only part that requires a proof is (3). We only sketch the argument.
Let By = (Bro,-- -, Bmo) be a given point and O, = {5 € CM| 13— ol < €}. Arguing as in the proof of
Lemma 3.1 one shows that there exists € > 0 and 6’ > 0 such that such that the maps

(5,0) = V5(0),  (5,0) = W50),

extend to analytic operator-valued functions on O, x I(d") satisfying

s (IO + 1W50)]) < oo

BEO,0€I(4)
This implies that Proposition 3.2 holds with D, replaced with O, (of course, the index X is also replaced
by ﬁ) Note that A depends on the e. Complementing the construction in [JP3] with arguments used in
the proof of Proposition 3.4 one easily shows that there exists a norm-dense x-algebra Oy of O such that:
(a) Op does not depend on the choice of fy;
(b) CI)J‘ S (90;
(c) for all A € Qg the functions

(B,0) — U(0)m5(A)Q € H,

extend to bounded analytic H-valued functions in the region O, x I(1). The representation
w/\g+(A) = (Q,PO/\E(H)U(Q)FE(A)Q),

where —p < Im 6 < —3u/4 and P,

statement: For any given ﬁo € L, 4, there exists A and € such that the function

()‘7 5_') = WA§+(A)a

extends to an analytic functions on {A||A| < A} x O, for all A € Oy. This fact and the compactness of
1,,~, yield the statement. O

»5(0) and p are as in the analog of Proposition 3.2, yields the following

Proof of Theorem 1.15. By Remark 1 after Theorem 1.15, it suffices to establish Part (1). By Remark
2, it suffices to show that there exists § > 0 and A > 0 such that for 0 < || < A

Ep(w,5,) > 0,
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for § € I, satisfying 0 < 25 18— Bl <6
Let EO = (Bo,- .., 0o) be a given point on the diagonal of I,,~,. We set

Os ={FeCM| 18— Bol < 6},
J

-,

and I = Os NRM. One can choose A and § such that (A, 3) — Ep(w,3,) is an analytic function on
{|A\] < A} x O5. We set
YBZ (ﬂ? _ﬂla"'vﬂM _61)

Setting 81 = feq one deduces from the formula (4.51) and the Taylor series for Ep(w,5,) (use that
Ep(w,5,) and 9g,Ep(w,7,) vanish when all 3; are equal) that there exists (M — 1) x (M — 1)-matrix
valued functions A(5) and B(), 3) such that:
(a) A(B) is analytic for H € Oy and strictly positive for 5 real;
(b) B(A, 3) is analytic and bounded on {|A| < A} x O;
()

Ep(w,7,) = A (Y5, A(B)Y3) + X (Y3, B\, B)Y7).

By choosing A small enough we can ensure that for all 3 € Iy and [A] < A,

(Y5, A(B)Yz) > [A(Y B(A, 8))Y3)]-

This yields that Ep(w,z,) > 0 for 0 < [A[ < A and € I satisfying Y # 0. This local result combined
with an obvious compactness argument yields the statement. O
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