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THE INVARIANT OF TURAEV-VIRO FROM GROUP
CATEGORY

JEROME PETIT

ABsTrRACT. A Group category is a spherical category whose simple objects
are invertible. The invariant of Turaev-Viro with this particular category is
in fact the invariant of Dijkgraaf-Witten whose the group and the 3-cocycle is
given by the simple objects and the associativity constraint of the category.
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INTRODUCTION

In 1992 M. Wakui [15] reformulated the invariant of Dijkgraaf-Witten [4] and

he proved the topological invariance in a rigorous way. The invariance is based
upon the triangulation and the Pachner moves. Once given a finite group and a
3-cocycle the Dijkgraaf~-Witten invariant is defined combinatorially. Moreover in
this paper he built a topological quantum field theory (TQFT) from this invariant.
The same year V. Turaev and O. Viro [12] built an invariant of 3 manifold thanks
to 6-j symbol to prove the topological invariance they showed a relative version
of a theorem of Alexander [1] on equivalence of triangulation. This invariant was
reformulated in a categorical languages [11] and the TQFT was built. In the same
spirit of [11] J.W. Barret and B.W. Westburry [2] have built a 3-manifold invariant
using spherical categories. In this construction the topological invariance puts back
down the triangulation and the Pachner moves. Independently I. Gelfand and D.
Kazhdan [6] have built a 3-manifold using spherical categories and in 1993 D.N.
Yetter has studied an untwisted version of the invariant of Dijkgraaf-Witten in [16]
the Turaev-Viro style in . In fact these constructions are reformulations of the
Turaev-Viro invariant. In the rest of the paper we will call such kind of invariant
the invariant of Turaev-Viro and it will be denoted : T’V where C is the category
used to build the invariant.
The main goal of this paper is to give a relation between this two approaches based
on triangulation. That’s why we utilize a "special" spherical category. Roughly
speaking, it is a spherical category such that every simple object is invertible and
has a dimension equal to one. The dimension is given by the spherical structure.
In [10], F. Quinn called this category : "Group category". In [7] invertible objects
are called simples currents and the tensor category whose every simple objects are
invertible is denoted Pointed category. The authors have denoted Picard category
of C the full tensor category of C whose objects are direct sum of invertible objects
of C. Thus if there is a finite number of simple object and if every object is finite
direct sum of simple object then a pointed category is equal to its Picard category.
In this paper we will use the terminology of F. Quinn [10]. L. Crane and D.N.
Yetter have studied group cocycle to describe monoidal category with duals in [3].
Here is an outline of the paper. In Section 1 we recall the definition of the Dijkgraaf-
Invariant [15]. In Section 2 we give the definition and we recall some facts on the
Group category. In Section 3 we give the definition of the Turaev-Viro invariant
of 3-manifold. In Section 4, we compute the Turaev-Viro invariant in the case of
Group-category with other conditions and we show the main theorem (4.2) . In
section 5 we give a topological interpretation of the admissible colorings. In Section
6 we give the construction the TQFT which arises from this invariant. We end the
paper by discussing a few examples.

1. THE INVARIANT OF DIJKGRAAF-WITTEN

Throughout this paper k will be a commutative field such that car(k) = 0 and
k=k.
We use the description of [15]. Let G be a finite group, this group will be always
a multiplicative group. Moreover k is a representation of G with the trivial action.
Then we can define Z3(G, k*) the set of 3-cocycle of G with coefficients in k* and
we fix o € Z3(G, k*). Let T be a n-simplex with n > 1, a color of T is the following
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data :
(1.1) v : {oriented edges of T } — G,

which satisfies the conditions :

(i) for any oriented edge e : v(€) = vy(e)~!, where € is the oriented edge with
the opposite orientation.

(ii) For any oriented 2-simplex (012) of T we have :

7(01)7(12)7(20) = 1.
We denote Col(T) the set of all colors of T, if T is a triangulation of a n-manifold
M, with n > 2, we denote Col(M,T) the set of all colors of M given by T. When
there is no ambiguity on the choice of a triangulation, we denote Col(M) the set of
colors of M. If M is a manifold with boundary : OM, then M is endowed with a
triangulation which comes from the triangulation of M. If 7 is a color of M then
the set of all colors of M which extend 7, is denoted Col(M, 7). We give an order to
the set of vertices of a triangulation of M, then each 3-simplex has an orientation
given by the ascending order. Then for v € Col(M) and for the 3-simplex (0123)
we put :
a(A,y) = a((01),~(12),7(20)),

with o € Z3(G, k*).

Theorem 1.1 (Wakui (92)[15]). Let G be a finite group, we fix a 3-cocycle o €
Z3(G,k*). Let M be a compact oriented triangulated 3-manifold, T is a trian-
gulation of M. We denote the number of vertices of T by ng and T° the set of

3-simplex in T. All the 3-simplex are oriented by a numbering of the vertices.
Given T € Col(OM), we define the Digkgraaf- Witten invariant by :

Zu(m) =G > ] e,
yECol(M,7) AeT3

where
1 ifA and M have the same orientation,
EA = .
-1 otherwise.

Then Z (1) does not depend on the choice of triangulation of M and the choice of
order of vertices in M whenever we fix a triangulation of OM and T.

Thanks to the independence of the choice of numbering, we can consider a num-
bering of the triangulation such that the 3-simplex have the same orientation of M.
Then the invariant is :

Zumy=lal™ > ] e,

~yeCol(M,r) A€T3

where all 3-simplex A have the same orientation of M.

Remark 1.2. If we consider M without boundary, then Zy(0) is a 3-manifold
mvariant and we denote it : Zyy.

2. GROUP CATEGORY

In this section, we review some basics facts on Group category.
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2.1. Definition. Let C be a monoidal category, by a scalar object [14] of C we shall
mean an object of C such that : End(X) = k. If C is abelian and k is algebraically
closed then an object is scalar iff it is an simple object. We denote the set of
isomorphism classes of scalar objects of C by Ac.

Definition 2.1. A finitely semisimple monoidal category is a monoidal category
(C,®,1,a,l,r) such that :

(a) C is an abelian k-category and ® is a bifunctor k-linear,
(b) every object of C is a finite direct sum of scalar objects of C,
(¢) fAc < oo and I is a scalar object,

(d) C is sovereign!

If C is a finitely semisimple monoidal category, then every object X of C admits
a right duality : (X, XV, ex,hx) and a left duality : (XV, X, ex,nx), we can take
the same object because C is sovereign. By definition of duality :
ex : XXV =1
ex: XVeX o1
nx I - X®XY
hx: I — XY ®X.

and we have the following equalities :

(ex ®idx)(idx ® hx) = idx
(idx ® ex)(nx @idx) = idx

(idxv ® ex)(hx ®@idxv) =idxv

(ex ®idxv)(idxv ®nx) = idxv.

The left quantum trace of an endomorphism f € Endc(X) is defined by :
tri(f) =ex(f ®idxv)nx,

the right quantum trace of an endomorphism f € End¢(X) is defined by :
trr(f) = ex(idxv ® f)hx.

for any endomorphisms f, g in C we have :

tri(f ® g) =tri(f)tri(g),
tre(f @ g) = tro(f)tr,(g),
tr?“(f) = trl(fv)a

the multiplication is given by the multiplication of k = End(I).

Definition 2.2. A spherical category is a finitely semisimple monoidal category
such that, for all endomorphism f in C we have : tri(f) = tr.(f).

¢ admits a right and a left duality which are isomorphic as monoidal functor.
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In a spherical category we denote the left trace by ¢r and so we have tr = tr; = tr,.
The quantum dimension of an object X in a spherical category C is defined by :
dim(X) = tr(idx),
so we have dim(X) = dim(XV).
Definition 2.3.
(i) An object X of a monoidal category C is called invertible iff there exists an
object Y such that X @ Y = I, where I is the tensor unit of C.
(ii) A monoidal category is called pointed iff every scalar object is invertible.
(iii) The Group category Pic(C) of the monoidal category C is the full monoidal
subcategory of C whose objects are direct sums of invertible objects of C.
(iv) A Group category is a pointed spherical category.
(v) A O-category is a braided, pointed finitely semisimple monoidal category.

2.1.1. Ezample of Group category. G is a finite group, we denote k[G] the category
whose objects are G-graded finite dimensional k-vector spaces®? and whose mor-
phisms are k-linear morphism that preserves the grading. If V and W are objects
of k[G] the monoidal structure of k[G] is given by :

VeW)y= > VieW.
h, k
hk=g
the associativity is the identity and the isomorphism classes of scalar objects are in
bijection with G : g < ¢, where §, is defined in the following way :

ko ifg=h,
e

otherwise.

and every scalar object is invertible, thus k[G] is a Group category. Kk[G] is a
f-category iff G is an abelian group.

2.2. Some results on Group category. Whenever C is a Group category, it
follows from the definition of a Group category and the quantum dimension that
for all X € Ac : dim(X)? = 1. The Grothendieck ring of C is isomorphic to the
group algebra of the finite group Ac, it is denoted Ko(C) = Z[Ac].

Proposition 2.4. If C is a Group category then :

(i) all invertible objects are in Ac,

(il) (A¢,®,1) is a finite group.
Proof (i) : If X is invertible in C then there exists an object Y in C such that :
X ®Y =21, thus we have :
Y w(X)ZeY =1,
ANV
where puz(X) = dimy(Home (X, Z)) and so we have :
Yo wz(Xpz(ZeY)Z =1,
Z/,ZEAC

2we can define a similar category, using G-graded free A-modules, with A a commutative ring



6 JEROME PETIT

since I is a scalar object

S wz Xz (Z oY) =
AV

{ 1 ifZ =1,

0 otherwise.

Moreover Home(X,Y) is finite for all objects in C and so pz(X) € N < k, thus
there is only one Zy € A¢ such that pz,(X) # 0 and moreover pz,(X) = 1 so
X = Zy € A¢c. We can notice that if Y is the inverse of X then X ® Y = I and so
Yy = XV, O

Proof (ii) : If X is scalar then by definition of a Group category X is invert-
ible and so there is Y an object of C such that X ® Y = I we have seen that
Y = XV € A¢. In a finitely scalar monoidal category we have : XV @ X =1® Z
where Z is an object of C, thus we have :

XVeXxVel
2 XVe(XoXY)
2 (XVeX)oXY
2XVPpZRXY
If X is scalar then XV is scalar thus Z ® XV = 0 and XV # 0. So it follows that

Z =0and XV ® X = [, then XV is the left and right inverse of X. If X and YV
are scalar objects then X ® Y is an object of C and :

Ende(X®@Y) = Home(X, X ®Y ®Y") 2 Ende(X) = k,
then X ® Y is a scalar object thus (Ac, ®,I) is a finite group. O

Theorem 2.5 ([5], section 7.5). Suppose G is a finite group, then : Group cate-
gories with underlying group G correspond to H3(G, k*).

In fact H3(G, k*) classifies all the associativity constraint(up to monoidal equiv-
alences). The group G gives the set of isomorphic classes of scalar objects and an
element o € H3(G, k*) gives the associativity constraint of the Group category. If
we take a,a’ € Z3(G,k*) such that [a] = [o@'] € H3(G, k*) then we obtain two
Group categories denoted by C(G,a) and C(G, ') such that : C(G,a) =% C(G, )
(monoidal equivalence).

2.3. 6j-symbol. We fix D a finitely monoidal category then for all object X in
D we have : X = X1 6@ ... X,, with X; € Ap then for all 1 > 5 > n there are
morphisms i; € Homp(X;, X) and p; € Homp(X, X;) such that pji; = idx; and
Zj ijpj = idx.

Lemma 2.6. We fiz a,b,c,d,e, f € Ap then the following application

U : Hom(a,e ®d) ®; Hom(e,b ® ¢ — Hom(a, (b® ¢) ® d)
v w i (w®idg)v
induces an isomorphism between Homp(a,(b® ¢) ® d) and

D.cpr Homp(a,e ® d) ®p Homp(e,b® c). In the same vein we have :
Homp(a,b® (c@d)) =P cp Homp(a,b® f) @ Homp(f,c®d)
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Proof : By definition of D we have : b ® ¢ = @eenp tte(b ® ¢)e with
te(b® ¢) = dimg(Hom(e,b® ¢)). Then for all f € Homp(a,(b® c) ® d) we have :

[ =idyge ®idgf
= Z(iepe ® de)f

e€A

=Y (ic @idg)(pe ®ida)f,
e€EA
and so ¥ is surjective. Moreover the vector spaces are finite dimensional and they
have the same dimension thus we get the isomorphism. The second isomorphism is
obtained in the same way. (I
a, the associativity constraint of D, induces a natural isomorphism :

(XRY)eZ=2X® (Y ®Z),forall X,Y,Z € ob(D). Then we have the following
commutative square :

@D.cr Homp(a,e ® d) @, Homp(e,b® ¢) — D p Homp(a,b® f) @ Homp(f,c®d)

ul lu

Homp(a,(b®c) ®d) Homp(a,b® (c®d))

o~

the previous commutative square induces two linear applications :

{ Z 2 Jcc } : Homp(a,e ® d) @ Homp(e, b ® ¢) = Homp(a,b® f) @ Homp(f,c®d)

{ Z Z JCC } : Homp(a,b® f) @ Homp(f,c®d) — Homp(a,e ® d) @ Homp(e,b® c),

these are the 6j-symbol of D.
We define a bilinear form in the following way : for all objects X, Y,

wxy : Homp(X,Y)® Homp(Y, X) — k
f®g—try(fg).

By definition D doesn’t admit negligible morphism so w | is a non-degenerate

}, for all (a,b,c,de, f) € Ap,

a b ¢

d e f

bilinear form and it defines an adjoint of {
this adjoint is denoted by :

Aa,b,e,de, f) € (Homp(e®d, a)@Homp(bRc, e)@Homp(a,b® f)@Homp(f, c®d))*.
2.4. 6j-symbol from Group category. If C is a Group category then for all X,Y
scalar objects X ® Y is a scalar object. Thus if X,Y, Z are scalar objects then :

E ,if XeY=Z

(2.1) Hom(Z,X®Y) = { 0 otherwise
In the case of Group category the isomorphisms (lemma 2.6) become :
Lemma 2.7. For all scalar objects (a,b,c,d,e, f) we have :

(2.2) Home(a,e ® d) @ Home(e,b® ¢) =2 Home(a, (b® ¢) ® d)
(2.3) Home(a,b® f) @, Home(f,c®d) =2 Home(a,b® (¢ ® d))
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(i){g Z Jcc}#Oiﬁe%b(@c,a%(b@c)@dandf%c@d
(ii){g Z ;} L0iffe=boe,a=bo(cod) and f = cod

Proof :  The assertions (i), (ii) and the isomorphisms (2.2), (2.3) come from
b c

e f } only
depends on b, ¢,d. For all scalar objects b, c,d we put a(b,c,d) = { Z Z ]cc }
We can define o in A¢. Ac¢ is a group and for g € A¢ we denote X, a representation
of this isomorphism class, and so for all g,h € A¢ we have : X; ® X =2 Xg5. By
(2.1) we know that Home(Xgn, Xy ® X},) is a one dimensional vector space. For
all g, h € A¢ we put ¢(g, h) a basis of Home(Xgn, Xg ® X3).

We put g, h,k € A¢c and we denote Xy, Xp,, Xy, their representations. By construc-
tion (X, X, Xy) is an isomorphism of one dimensional vector spaces thus in the
basis ¢ we have :

(24) a(X!]? Xhﬂ Xk)(¢(gha k) & d)(gv h)) = a(ga h7 k)(¢(ga hk) & d)(h’ﬂ k))v

with @ : A¢ X A¢ x A¢ — k*. With the same notations the commutative square
which defines « induces the following equality :

a(ga h, k)(ldxg ® ¢(h’ k))¢(g’ hk) = a(Xg’ Xh, Xh)(¢(g’ h)® Zka)(¢(gha k)).
Thus @ determine the following isomorphism :
HomC(XghIm (Xg ®Xp) @ Xp) & Homc(Xghk,Xg ® (Xn ® Xk))
v a(Xg, Xn, Xn)v,

(2.1). OThus in the case of the Group category the 6j-symbol Z

a is the associativity constraint of C, thus a satisfies the Maclane’s pentagon : with
Xg, Xn, Xg, X; scalar objects

(Xg® (Xn® X)) ®X;

a(g,h,i)®id a(g,hi,j)

(Xg® Xn) ® X;) ® X Xy ® ((Xn ® Xi) @ X)
a(gh,i,j) id®a(h,i,j)
(Xg ® Xn) @ (Xi ® Xj) s Xy @ (X0 @ (X; ® X))
If we apply the last equality in the basis ¢ we have :
a(g, h, kl)a(gh, k,1) = a(h, k,)a(g, hk,Da(g, h, k).

Proposition 2.8. If C is a Group category then the Gj-symbol is determined by a
3-cocycle on Z3(Ac, k*) and a basis of Hom(X gn, Xy @ Xp).

The relation of a with the identity constraint (r,1) induces that :
I(h)a(g,1,h) =r(g), for all g,h € Ac thus r(g) = a(g,1,1) and (g9) = @(1,1,h)" L.
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We can change @ such that @ is normalized® without changed the cohomologous
class of @. In term of basis ¢, it is a change of basis.

3. THE INVARIANT OF TURAEV-VIRO

We adopt the approach of [6] rather then [12], but we use a spherical category.
Because if we consider a sovereign category there is a problem in the construction.
The problem occurs at the level of independence of the numbering of the 3-simplex.
Let T be a n-simplex with n > 1, then a Turaev-Viro color of T' (Turaev-Viro point
of view) is the following data : ~ : {oriented edges of T } — A¢ which satisfies the
conditions :

(i) for any oriented edge e : v(g) = y(e)V

the opposite orientation.
The set of all Turaev-Viro color of T is denoted Colry (T). let T be a n-simplex
and we fix a numbering of the vertices of F', every faces of 7" has an orientation
given by the ascending order : (012). For every faces (012) we define the following
vector space : Ve((012),7) = Home(I,v(01) ® v(12) ® v(20)).

, where € is the oriented edge with

Lemma 3.1.
(3.1) Ve((012),7) 2 Ve((201),7) = Ve((120), )
(3.2) Ve((012),7) 2 Ve ((021),7)*
Proof (3.1) : It comes from the sovereign structure of C.
For all X|Y,Z € ob(C) we have :
Home(I,XQ®Y ®Z) «— Home(1,Y  Z® X)
fr(ex ®idygzex)(idxv ® f ®idx)(h,) O

Proof (3.2) : It comes from the fact that the category C doesn’t admit negligible
morphism and so the following bilinear form is non-degenerate :

contr : Ve((012),v) @ Ve ((021),y) — k
fogm flg=tr(f'g)=tr(¢"f) D
Thus the vector space V¢((012),v) is independent of the starting point and if we

change the orientation of the 2-simplex we obtain the dual vector space. Moreover
this dual vector space can be obtain by a change of color in fact :

Ve ((012),7) = Ve((021),7)* = Ve((021),7),
with 4/(02) = ~v(01), v/(21) = v(12), 4/(10) = 7(20). Let T be the triangulation of
a compact oriented surface ¥ and T2 the set of 2-simplex of T, then we define
VC(E’T) = @ ® VC(fa’Y)a
~ECOl(T) fET?

and this space is independent of the choice of a numbering of T.
Let A be a 3-simplex, a numbering of the vertices of A gives an orientation of A,
with this orientation A is denoted (0123). We take v € Col(A) and we put :

(3.3) Ve((132),7) @ Ve((023),7) ® Ve((031),7) @ Ve((012),7) " 227 ¢

vo @ vy ® vz ® v — dim((13)) T A(y(03), 7(01), 7(12),7(23),7(02), v(13)).

3r=1=1
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This application defines, with duality given by w, an element

L((0123),7) € Ve((132),7)* ® Ve((023),7)* @ Ve((031),7)* @ Ve((012),7)*. If T'is
a triangulation of M, which is an oriented and closed 3-manifold, then we denote
T3 the set of oriented 3-simplex of 7" and we define the following element :

® L(o,7).

€T3
But M is a closed 3-manifold so every 2-simplex is a face of exactly two 3-simplex
with opposite orientation. The 3-simplex are oriented such that their orientations
correspond to the orientation of M. We denote f the common face of o7 and o3, so
the elements can be written in the following way : i(al, v) € W Ve(f,v), where
W is the tensor product of the three other faces and L(oa,7) € W' @ Ve (f, ) with
W' the tensor product of the three other faces. The sovereign structure of C defines
a bilinear non-degenerate form on this two vector spaces :

contr : Ve((012),v) ® Ve ((021),y) — &
fog—tr(fig) =tr(g"f),

the equality comes from the fact that I = IV and the semi-simplicity of C implies
the non degeneracy of contr. Since the 3-manifold is closed we can contract every
2-simplex and then

Z(M,~) = contr(®Q,ers L(o,7)) € k.

We fix as in 1, ng the number of vertices of a given triangulation (we don’t call it
no(T') for two reasons, the first is historical [12], [11], [15], [6], [2] and the second
reason comes from the fact that we use ng to describe an object which doesn’t
depend on the triangulation). T, is the triangulation with the orientation given by
the numberings of the vertices such that the orientaton is the orientation of the
manifold M. The invariant of Turaev-Viro is :

(B4) TV = (Y dim(x)?)™ Y ] dim(3()2(M. ),

XeAc ’YGCOZT\/(T) EGTOI

in the rest of the paper Yy, dim(X)? will be denoted by dim(C).

4. THE EQUALITY

The invariant (3.4), we make a sum over the Turaev-Viro coloring of 7" and we
compute L(A,~) for each Turaev-Viro color v and each 3-simplex A. The linear
L(A,~) is computed over vector spaces which are : V(f,~) for each face f of the
3-simplex A. But in a monoidal semisimple category we have the following result
for all scalar objects a, b, c of C :

20 ,a’" —b®c

Home(l,a®b®c) { =0 ,otherwise

If C is Group category then we have the following relation :

>~k ,a¥2b®c
=0 ,otherwise

Homc(I,a®b®c){

Definition 4.1. Let C a Group category an T an n-simplex with n > 1. An
admissible colouring of T is the set of application v from oriented edges of T to Ac
which satisfy :



THE INVARIANT OF TURAEV-VIRO FROM GROUP CATEGORY 11
(i) v(e) =~(e)V, where € is the edge e with the opposite orientation

(ii) for any oriented 2-simplex of T we have :
7(01) ©v(12) @ 7(20) = I

If C is a Group category, then an admissible coloring is nothing else than a color
in a sense of Wakui (1.1). That’s why we denote it Col(T). If v € Colry and
v & Col(T), there is at least one oriented face (012) in T such that : v(01)y(12) #
~v(02). It result that : V(012,7) = 0. In a closed manifold every face is in the
boundary of exactly two 3-simplex with opposite orientation. the value of L(_,~)
on these 3-simplex is equal to 0. Thus in the sum 3 we have Z(T,~) = 0 for every
v & Col(T). That’s why can consider the sum 3 only on the admissible coloring (or
coloring in Wakui sense).

Theorem 4.2. Let C a Group category such that for all X € Ac we have :
dim(X) = 1.

If G is the underlying group of C and if o € Z3(G, k*) is the associativity constraint
of C then for all closed and oriented 3-manifold M :

DWG,&(M) - TVC(M)

Proof : C is Group category The condition dim(X) =1, for all X € A¢ implies
: dim(C) = #A¢ and so :

TVe(M) = (#Ae)™ > Z(T,),
yEColry (T)

it remains to compute Z(T,~) for an admissible coloring.

Lemma 4.3. IfC is a Group category such that for all X € A¢ dim(X) =1 then :

Z(Ty) = ] et(01),7(12),4(23)),

(0123)eT3

with T a triangulation of a closed and oriented 3-manifold and v an admissible
coloring of T'.

Proof : If T is a triangulation of a closed and oriented 3-manifold and ~ is a
coloring of T" then :

Z(Ta ’Y) = Contr(®(0123)€T3IN’((0123)"7) €k.

Moreover if dim(X) = 1 for all X € Ac , by definition of L (3.3) we have
L((0123),7) = A(v(03),v(01),v(12),7(23),7(13),7(02)). C is a Group category
then V' ((012),~) = Hom(v(02),7(01) ® v(12)) = k. We fix ®(v(01),~(12)) a basis
of this vector space. If we consider (021), the same face with the opposite orien-
tation, then we have, thanks to the contraction : V((012),v)* = V((021),~) and
so we can take the dual basis, it induces a basis ®'(v(02),~v(21)) of Hom¢(7(02) ®
7(21),~(01)) = V(021,7)

{Z Z ch}(‘b(b‘@cad)@@(bw))=a(b,c,d)<1>(b,c®d)®<1>(c,d),
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and the duality given by the non-degenerate bilinear form w gives a basis of Hom(e®
d,a) which is the dual of Hom(a,e ® d) :

w: Hom(e®d,a) ® Hom(a,e ® d) — k
f@®(e,d) — tr(fO(e, d))
and so ®'(e,d) = ®(e,d)"!. Thus we have :

L((0123),7) = A(7(03),7(01),7(12), 7(23), 7(13),7(02))
a(7(01),7(12),7(23))2(7(01) ® 7(12),7(23)) "' ® ®(7(01),(12)) ™"
D(v(01),7(12) ® 4(23)) © ®(7(12),7(23))

[6] asserts that L(0123,7) doesn’t depend on the choice of the numbering which
preserve the orientation of (0123) * so we can choose any numbering (0123) which
preserve the orientation of the 3-simplex. The contraction on V' ((012),~) induces a
contraction on Hom(y(01)®+(12),~(02)) given by the isomorphism : V((012), ) =
Hom(y(01) ® (12),7(02)) :
contr : Hom(v(01) ® v(12),7(02)) ® Hom((02),7(01) ® v(12)) — k
feg—tr(fg)

If we consider two 3-simplexes (0123) and (0214) with the same orientation, they
have a common face. We change the numbering of (0214) without changing the
orientation : (4012) (the cycle (042) has an even signature).

L((0123),7) = A(7(03),7(01),7(12), 7(23), 7(13),7(02))
= o(7(01),7(12),7(23))2(v(01) ® 7(12),7(23)) " @ ®(7(01),~(12)) ™"
D(v(01),7(12) ® 4(23)) © B(7(12),7(23))
L((4012 ) A4 ) 7(40),7(01),7(12),7(02), 7(41))
= a(7(40),7(01),7(12))((40) ® 7(01),7(12)) " ® S(7(40),7(01)) ™
)

g
®‘1>(( ) ~7(01) ® ( ) ® ®(v(01),~(12))

contr(®(v(01),7(12)) " @ ®(y(01),4(12)) = dim(y(01) ® y(12)) = 1
Z(T,7y) = IL(o123)ers @(v(01),7(12),7(23)). O

5. TOPOLOGICAL INTERPRETATION OF ADMISSIBLE COLORING

In this section, we will give a topological interpretation of the admissible coloring
of a triangulation.

5.1. The fundamental groupoid of T. Let T be a n-simplex, we denote II; (T')
the following category :
Ob(I14(T)) = T°
Arrows of II;(T) are the oriented edges of 7' and the 0O-simplex modulo
the relation of 2-simplex, that is if (012) is an oriented 2-simplex then

(01).(12) = (02).

in [6] the authors asserts this result for a sovereign category, but there is a problem with this
condition. If we use spherical category the result is true.
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The composition is given by the concatenation of the edge, and the inverse of an
edge is the same edge with the opposite orientation. The identity is given by the
0-simplex himself. We can define the pointed fundamental groupoid II; (7, z) in
the same way. There is only one object which is x and the set of arrows are loops
in x and a loop is a concatenation of edges.

Remark 5.1. If T is the triangulation of a connected manifold M, then there is
an equivalence of category between I11(T') and the pointed category I1; (T, x) where
x is 0-simplex of T. Moreover the set of arrows of I11 (T, xz) is 11, (M, x).

If G is a group then the groupoid obtained thanks to G will be denoted G.
If C is a Group category we can define the following application :

U : Col(T) — Fun(II1(T), Ac)
v By,
the functor F, is defined in the following way : for all z € T° we have F,(z) = *,

which is the object of G. And F,(01) = ~(01). ~ respects the 2-simplex condition,
thus F, is well defined.

Lemma 5.2. U is bijective.

Proof : If F, = Fy then for all oriented edges e we have : y(e) = 0(e) and so
vy=20.
If F € Fun(I1;(T), Ac) then for all oriented edge e we have F'(e) € A¢ and F(e) =
F(e)V. Thus we can define a coloring of T : v(e) = F(e). We have to check the 2-
simplex condition. If (012) is a 2-simplex then : F((02)) = F((01).(12)) = F((01)) ® F((12)),
thus v € Col(T) and ¥(y) = F, and for object F,, = F and for all arrow e :
F,(e) = v(e) = F(e) thus ¥ is bijective. O

5.2. The gauge action. We note Ago the set of application from the 0-simplex of
T to Ac. We can define an action of AZ’ on Col(T) in the following way :
AL’ x Col(T) — Col(T)
(6,7) =,

such that for all oriented edge (01) : 4°(01) = §(0) ® v(01) ® §(1)V. By a straight-
forward computation we show that it is an action.
We define the following equivalence relation on Col(T) :

(y ~7') < (36 € AL such that 4° =+'),

we can construct the following application :

(5.1) o. Colll)  Fun(IL(T). Ac)

(5.2) V] = ()]
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This application is well defined because if ¥/ = 4° then : 8(z) = é(z)" : F,(x) — Fy/(z)
is an in isomorphism in the groupoid A¢. For all oriented edge (01) we have :
B1)F,(01) = v(01) ® 6(1)"
=6(0)" ®6(0) ®v(01) ® 6(1)"
=4(0)"~°(01)
— F,s (01)B(0).
Thus 3 is a natural isomorphism between F, and Fs.
Proposition 5.3. O is a bijection.

Proof : W is surjective thus it follows that © is surjective.
Let v and 4/ two admissible colorings of T, if ©(y) = ©(y') then there is a natural
isomorphism between F’, and F,/,. We note 3 this isomorphism, for all 0-simplex x
we have : 3(z) € Ac and ((z) : Fy(z) = Fy(x). So € Ago and for all oriented
edges (zy) we have the following commutative square :

~(zy)
Fy(z) —= F,(y)

lﬁ(w) lﬁ(y)

Ey@y —=Fyy)
' (zy)

thus /7 = ~. O
6. CONSTRUCTION OF TQFT

6.1. Triangulate TQFT. We recall some definitions on TQFT and some results
of [9]. We denote Cob the category of 1+2 cobordism : Ob(Cob) is the set of
oriented and closed surface, the morphism of Cob are the class of oriented compact
3-manifold, i.e : the classes of diffeomorphisms preserving the boundary. The
disjoint union and @ give a strict monoidal structure to Cob.

Definition 6.1. A is a commutative ring with unit, a TQFT is a monoidal and
A-linear functor from Cob to A-mod.

In [9], there is a way of obtaining a TQFT from a functor which is not monoidal.

Definition 6.2. Let C a monoidal category, a monoidal, non unitary functor F' is
the data

(F,®2,P0) : C — D. (F, P9, Pq) verify all the axioms of a monoidal functor ex-
pected the following : there is at least one X € Ob(C) such that : F(idx) # idpx)

Proposition 6.3 ([9]). Let (F,®2,Pg) : C — D a monoidal non unitary functor,
with D a monoidal, A-linear and abelian category, then there is a monoidal functor
F : C— D such as : for all X € Ob(C) F(X) is an sub object of F(X).

6.2. Construction of Turaev-Viro. We recall the construction of Turaev-Viro
[12] and we apply the result of [9].

First step

For every object (X,T) we assign finite vector space :

VET) = P @ V() =kCol(T)],

ceCol(T) feT?
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it is the vector space spanned by the admissible coloration of T'.
For every 3-manifold M whose boundary is (=%, T) [[(¥/,7”) and for every admis-
sible coloring c¢,¢’ of T and T" : TVys(c,c’) € k. Thus we can define :

(6.1) V(M) : V(E,T) — V(T

c— Z TVa(e,c)d
c’eCol(T")

By construction :

V(M)V(N)(c) = Y TVx(c,c1)TVar(er, c2)e
= (ﬁAC)M(aN*) Z TVaron (e, c2)co

(6.2) = (#Ac)™ NV (M o N)(c).

There are at least three ways of erasing the anomaly. Here are the normaliza-
tion, with M a 3-manifold whose the boundary is OM = M_][M; and ¢ €
Col(M-), ¢ € Col(My) .

(6.3) TV,(M)(c,c') = A;"MI)TV (M) (e, )
(6.4) TV, (M)(c,d) = AZ"MITV (M) (e, ')

—no(M_)=ng (M)
2

(6.5) TVin(M)(c, ) = Ag TV (M)(c,c)

Lemma 6.4.
(i) TV;, TV, and TV,, are invariants of 3-manifold with boundary.
(ii) TV;, TV, and TV,, define the same monoidal non unitary functor (up to
monoidal equivalence).

Proof (i) : The theorem of Pachner define invariant of 3-manifold whose the
boundary is fix, thus the triangulation of the boundary remains unchanged. That’s
why we obtain an invariant of 3 -manifold with boundary.

Proof (ii) : Let V; (resp. V,, Vi) the non unitary functor defines from the
invariant TV; (resp. TV,, TV,,). The natural transformation :

B Vo(X,T) = k[Col(T)] — Vi(2,T) = k[Col(T)]
cr— (ﬂAc)"U((E’T))c

is an isomorphism. It remains to show that 3 is monoidal. Since V, and V; are
strict we the following square :

V,(2,T) @ (5, ")) — 2D T)

|

Vo(X1,T1) @ Vo (24, TY)

Vi((3,T) @ (3, 1"))

l_

ﬁ(sz)®ﬁ(E T ) ‘/1(27 T) ® ‘/,L'(E/, T/)
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and for all ¢ € Col(T [ T") = Col(T) ® Col(T"),

BE,T) @ (Z,T7))(c) = (fAc)"o (D HET)
= (ﬁAC)no((ZvT))Jrno((Z/,T’))c

= (M) TN+ T 0y @ ¢y
with ¢ = ¢; ® c. And for ¢ € Col(T), ¢ € Col(T"), we have :
B T)) @ B, T (e ® ) = (tAe) (T (tAe)™ T .

Thus the square commutes.
We prove in the way the monoidal isomorphism between V,, and V,,, the isomor-
phism is given by :

K(S,T)) : V(S,T) = V(S,T)
_no(7T)

c— (fAc)” 2

OIn [15] and [11], the authors used T'V;,, here we will T'V; because in
this case we don’t have to compute the square of Dim(C). We replace TV by T'V;
in the definition of (6.1), and we still denote it by V.

Proposition 6.5 ([11], [15]). V is a monoidal non unitary functor from Coby; to
the category of finite dimensional vector spaces.

We fix V(X x I, T) the linear application given by the identity on (X, T) in Coby,.;.
[15] and [11], or in a general framework [9], the TQFT is the following functor :
VCob — k — vect
2 V(E) = im(V(S x 1,T))
M e Hom(%,Y) — V(M) = V(M)|im(v(=x1,T))
The functor is well defined because for all triangulations T and T” of ¥ we have :

im(V(E x I,T)) 2 im(V(Z x I,T")). The isomorphism is given by ¥ x I with T'
the triangulation of ¥ x {0} and 7" the triangulation ¥ x {1}.

7. EXAMPLES

7.1. a=1. If « =1 then C is a strict Group category and C is equivalent to k[G].
Thanks to the gauge action (5.2) and the isomorphism (5.1), we have for all closed,

oriented and connected 3-manifold M :
Col(T) #Fun(l'h(T7 x),Ac)

~ 150

TViiq)(M) = #G™"#Col(T) = #

the groupoid has only one object and so a functor is only defined by the applications
from the II; (M, x) to A¢ and an isomorphism between two functors implies that
the applications are conjugate. So we have :

Vi) (M) =  Hom(IL (M), Ac)

conj
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7.2. G = Zy,. If G is the cyclic group of order n then we have : H?(G,k*) = Zy,
and « given by (A.2) is a 3-cocycle.
A triangulation of S' x S! x S! is given in [4] :

7
7

There are six 3-simplex. And so the invariant is the following :

1 al(g, h, k)a(h, k, g)a(k, g, h)
T 1 1 1y _ 1
VanalS X ST x5T) = ) alg. k. ha(h,g, k)alk. h.g)

9,0, k€L,
lg,h]=[g,k]=[h,k]=1

_ l Z a(gah7k>a(hvkag)a(kvgvh)
n bz, gk a(h, g, k)a(k, b, g)
For every finite group G and for every 3-cocycle o € Z3(G, k*), we can define :
h,k)a(h, k k,g,h
Bg.h k) = a(g, h, k)a(h, k, g)a(k, g, )’
alg, k,h)a(h, g, k)a(k, h,g)
it verifies some properties :

Lemma 7.1.

(i) For every finite group G and for every g,h,k € G, there is an action of Ss
over 3 by permutating the terms and if o € Ss : 0.3(g, h, k) = B(g, h, k)<(?),
€ is the signature.

(ii) if G is abelian and « is A.1 then for all g,h,k € G : B(g,h, k) =1,

Proof (i) : It is straightforward from the definition of 8, we give only the
calculation for the permutation (12) and for the cycle (123) :

_alh,g,k)alg, k,h)a(k, h, g)
BU9.%) = S0 . g)alg, b kyak, g, b)
1

a(g,hk)a(h,k,g)a(k,g,h)
a(h,g,k)a(g,k,h)a(k,h,g)

I
=
s
=
=
L

B(h, k,g) = ’Z)O‘(g’ h k)

,9)lg, k, h)
Proof (ii) : O
Thus for G = Z,, and for « defined by (A.2), we have :

1
TV; bx st x sty == E =n?.
Zna(ST X ST x SY) - l=n
9,h, k€L,
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In the same way, we can compute TVz, (2, x S1), where %, is the closed surface
of genus g, using the following triangulation of ¥ :

The edges with the same labels are identified, we have 1 on the edges inside the
polygon by commutativity of the group Z, and the condition (i¢) of the admissible
coloration. We denote T, the previous triangulation of ¥, : Col(T,) = k[Z29].
Thus ¢ = (a1,b1,...,aq,bg) € Zy, X ... X Zy, is a coloring of T, We can define a
triangulation of ¥, x S* :

To avoid problems of reading this triangulation, some edges are not coloring. We
can recover the corresponding coloring thanks to the condition (i¢) of coloring.
So by definition of the invariant : TVz, o = %Z'yeCol(Té) HAGTQS a(A,v). The
previous triangulation can be divided into prisms :
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Then we have to decompose this prism into 3-simplex. Below we give such a
decomposition :

If we assigns a coloring + to this prism we can compute the term «(A,~) of the
prism and by construction we will have the invariant TV (X, x I).

(a, b, ¢) is a coloring of the prism, the scalar assigns to the prism is then : %

In the triangulation of ¥, x S for a given coloring, we have prism such that the
coloring is : (a,a™!,c), where a,c € Z, and so there are at least two edges whose
the associated coloring is equal to I. The value of the scalar associated to the prism
equip with a coloration (a,a™1,c) is given by the following lemma :

Lemma 7.2. If G is a finite group and vy is a coloring of a 3-simplex (oriented)A
such that the coloring of one edge (at least) is 1 then for every normalized 3-cocycle
in the group cohomology H3(G,k*), a(A,v) =1

Proof : If we fix v and A we have the following figure :

/
0 ——F2
a\ 1//(171
The numbering of the vertices gives an orientation of A, for an orientation given
by the numbering 0 < 1 < 2 < 3 A will be noted : (0123). In this case we
have : a(a,a™t,c) = 1. Tt follows the definition of H?(G,k*) which isomorphic

to : H3(BG,k*). If we change the orientation (presevering or not) we will have :

a(a,a™t,c) (preserving the orientation) or a(a,a™!,¢)~! [15]. OThus the
invariant is equal to :
1
TVz, o(Zy x SY) = - > Blai,bi,e) X ... x Blag, by, e)

(a1,b1,...,a4,bg,6)EZLy

1
= - Z 1

(a1,b1,...,a4,bg,6)EZLy
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7.3. G = S3. In the Annex B, we give a way of building 3-cocycle, and this con-
struction leads to the 3-cocycle given in [15] and [8] for Z,. And for S3 we have
o(z,y,2) = exp(ZZtr(s(z))(tr(s(y)s(2)s(yz)1))). We denote Z(z) = {g € Ss |
grg~t = z} the center of z we have :

1 alg, h,k)a(h, k, g)a(k, g, h)
TVs. o (St 1 1
VssalS x 57 x 57) alg, k. ha(h,g, F)alk, h.g)

g,h,kE€S3,[g,h]=[g,k]=[h,k]=1

1
=5l >tz + Y (12(h)°)
h€eSs h#1
1
- 1
5 2
9,h,k€Ss,[g,h]=[g,k]=[h,k]=1
~ #Col(Ty)
153
Hom(II; (S x St x 81),S3)
conyj

=1
In fact, for every 3-cocycle o € Z3(S3, k*) and thanks to (7.1) :

_alg,g9,k)alg, k,g)a(k, g, 9)

Blg,9.k) = o(g,k, g)alg, g, k)a(k, g, 9)
-1
_alg,h,h)a(h, h, g)a(h, g, h)

Alg, b, h) = a(g, h, h)a(h, g, h)a(h, h, g)

B(g,h,g) =

Moreover if « is normalized then S becomes normalized. Thus for every a €
Z3(G k) -

> B(g, h, k)

g,h,k€Ss,[g,h]=[g,k]=[h,k]=1

= XYY senk

9gE€S3 heZ(g) ke Z(g)NZ(h)

:%(Z 7 B R K+ (42(9)?)

heS3 keZ(h) g#1

=

TVs,(S' x St x §') =

_ %(Z 12(h) + > (82(9)))

heS3 g#1
_ T11‘107’71(1_[1(51 x ST x Sl),S3)
N conj

7.4. Examples of TQFTs.
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74.1. o« =1. Let ¥ a closed and connected surface and T a triangulation of X, for
all ¢ € Col(T):

VEXLT) ()= Y TV'((S,T)x Deed
c’eCol(T)

Thus : V(5) = HCUDL o HomIL(2).Ac)

conj

74.2. G = Zy,, and « is given by (1). The vector space V(X) doesn’t depend on
the choice of the triangulation. Thus we can consider the following triangulation :

where (a1,b1, ..., a4,by) is an admissible coloring. Thus for the cylinder ¥, x I we
have the following triangulation :

where (a1, by, ..., ag, by) is an admissible coloring of the inward surface, (a7, by, ..., ay, b))

is an admissible coloring of the outward surface and e is a gauge. In this case we
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have :

VZnya(Eg x I, T)(C) = Z TVz(Eg X I)c,c’cl
c’eCol(T)

= E n"nd

=C

Thus V() = k[Col(T)] = k[AY]

APPENDIX A. SOME COMPUTATION OF H3(g, k*)
Let G a finite group and G’ a subgroup such that :
GG - {1
and s is a section of p. Let A an abelian group and G acts trivially on A, then for
every application : < > : G’ x G’ — A which verify :

(i) <xyz>=<x72>+<yz>
(i) <x,yz>=<x,y>+<x,2>
we can define the following application :
a:GxGExG—A
(A1) (z,y,2) = alz,y, z) =< s(z), 5(y)s(2)s(yz) " >
Proposition A.1. If < ker(p), ker(p) >= 0 then o € Z3(G, A).
Proof : For all x,y,z,t € G we have :
0(a)(z,y,2,t) = aly, 2,t) — alzy, 2, 1) + a(z, yz,t) — a(z,y, 2t) + a(z,y, 2)
=< s(y), s(2)s(t)s(zt) 7 > — < s(zy), s(2)s(t)s(zt) ™! > 4+ < s(x), s(yz)s(t)s(yzt)
— < s(), s(y)s(2t)s(yzt) T > + < s(x), s(y)s(2)s(yz) !
) )t s(2)s(t)s(2t) 7 > + < s(w),8(2) > + < s( ), s(t) > — < s(z), s(zt) >
=< s(y),s(2)s(t)s(zt) ' > + < s(x), s(2)s(t)s(zt)
)

A.1. Example.

A1.1. G =17Z,. If we consider the following application :

1. — Loy,

T—T
s 1 Z, — which assigns for all T € Z,, its representative element in {0,....,n — 1} is
a section of p. We define :

< >UIx7—C
27
(z,y) — e:cp(FS(x)S(y)),
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< > verifies (¢) and (i) and if € ker(p) then s(z) = 0 thus if z and y are
elements of ker(p) then < x,y >= 0. It defines a 3-cocycle :

(A2) (.4, 2) = eap( g s(@)(5(y) + 5() — s(y + 2)),

we recover the 3-cocycle defines in [15].

Al12. G=5,.
p: B, — S,
G— 0
and the section s which assigns for all permutation in S,, an elementary braid

< >:B,xB,—C
9;
(0,7) = exp(—tr()tr(y)
with tr(z) = f(positive crossing of x) — f(negative crossing of x).

Lemma A.2. (1) If x € ker(p) then tr(x) is an even number.

(2) tr(zy) = tr(z) + tr(y).

Proof : We recall that ker(p) = P, the pure braids group. The first assertion
is then a consequence of the presentation of P, due to Markov (see [13]).
The last assertion is a consequence of the braid relations which preserve the number
of signed crossings.
Thus < > defines a 3-cocycle « on S,,. O
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