CONJUGACY OF PIECEWISE C'-HOMEOMORPHISMS OF
CLASS P OF THE CIRCLE

ABDELHAMID ADOUANI AND HABIB MARZOUGUI

ABSTRACT. We give a characterization of piecewise C''-homeomorphism
of class P of the circle with irrational rotation number and finitely
many break points which are piecewise differentiably conjugate to C-
diffeomorphims. The following properties are equivalent:

i) f is conjugate to a C*-diffeomorphism of the circle by a piecewise
C'-homeomorphism of class P.

ii) The number of break points of f™ is bounded by some constant
that doesn’t depend on n.

iii) The product of jumps of f in the break points contained in a
same orbit is equal 1.

iv) f is conjugate to a C*'-diffeomorphism of the circle by a piecewise
quadratic homeomorphism of class P.

This characterization extend Liousse’s Theorem for PL homeomor-
phisms of the circle ([3]).

1. INTRODUCTION

1.1. Preliminaries. Denote by S' = R/Z the circle and 7 : R — S the
canonical projection. Let f be an orientation preserving homeomorphism of
S!. The homeomorphism f admits a lift f : R — R that is an increasing
homeomorphism of R such that mof = for. Conversely, the projection of
such a homeomorphism of R is an orientation preserving homeomorphism
of S1.

Let x € S'. We call:

- orbit of by f the subset Of(z) = {f"(z) : n € Z}

- positive orbit from x by f the subset O}F () ={f™(z): neN}

- negative orbit from z by f the subset O} (z) = {f"(2) : n € —N}

A segment of the orbit Of(d) containing d is a subset of the form {f*(d) :
—k < s <n—k}, noted [f7*(d),..., f*(d)], k, n €N.
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Historically, the dynamic study of circle homeomorphisms was initiated
by H. Poincaré ([4], 1886), he introduced the rotation number of a homeo-
morphism f of S* as

p(f)= lim Jm(giz_a?(modl)

n—s-4o0o

Poincaré shows that this limit exist and does not depends of x and the
lift f of f.

Assuming f is a C"-diffeomorphism (r > 2) and p(f) is irrational, A.
Denjoy ([2]) proved:

Theorem 1.1. (Denjoy)(]2]). Every C"-diffeomorphism f (r > 2) with
irrational rotation number p(f) is topologically conjugate to rotation R,y

This means that there exists an orientation preserving homeomorphism

h of S* such that f =h~ 1o R,y 0 h.

Denjoy noted that this result can be extended (with the same proof) to
a large class of circle homeomorphisms: the class P.

1.2. Class P

Definition 1.2. Let f be a piecewise C! orientation preserving homeomor-
phism of S'. A break point of f is a point of discontinuity of the derivative
Df. The homeomorphism f is called of class P if it is C' except in a
finitely or countably many break points admitting left and right derivatives;
the derivative Df : S — R?% has the following properties :

- there exist two constants 0 < a < b < 400 such that:

a<Df(x) <b,
for all x where D f exists,
a<Dfi(c)<b, and a < Df_(c) <b at the break point c,
- LogDf is a bounded variation on S!

The ratio o¢(c) : = g;ﬁgg is called jump of f in c.

Notice that homeomorphisms of class P form a sub-group of the group of
orientation preserving homeomorphisms of S*.

As examples of homeomorphisms of class P, we mention:

- the C?-diffeomorphisms,

- The PL homeomorphisms (i.e. piecewise linear), these are not C2-
diffeomorphisms. An orientation preserving homeomorphism f of S! is
called a PL homeomorphism if f is differentiable except at finite number of
break points (¢;)1<i<p of S' and such that Df is constant on each |c;, ¢;i1].
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FIGURE 1. General Boshernitzan of last break point 0

The set of PL homeomorphisms is a sub-group of the group of homeo-
morphisms of class P and contains rotations.

Analytic homeomorphisms are not of class P. By J.C. Yoccoz [5], they
satisfy the conclusion of Denjoy theorem but not Denjoy theory.

Definition 1.3. A piecewise C'-homeomorphism B of class P of S with
two break points xg and B(zg) is called a general Boshernitzan of S! of last
break point B(xg). If B(xg) = 0, B is called a standard Boshernitzan of last
break point 0 (see Figure 1).

If we conjugate a standard Boshernitzan By of last break point 0 by a
rotation I;,, the homeomorphism R, o By o R;OI is a general Boshernitzan
of last break point B(zy) and conversely.

The lift By (mod 1) of By on [0, 1] is a general exchange of 2 intervals on
[0,1[. The affine Boshernitzan correspond to affine exchange of 2 intervals
on [0,1].

Notice that Boshernitzan was the first who studied these examples in
order to built examples of "rational” PL homeomorphisms with irrational
rotation numbers (cf. [1]).

Denote by
- C(f) the set of break points of f.
- ms(f) the product of jumps of f in the break points of f :

ws(f) =[] oo

ceC(f)
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Definition 1.4. ([3]) A piecewise C''-homeomorphism f of class P of S*
has the property D if the product of jumps of f in the break points of f
contained in a same orbit is equal 1.

In particular, if f has the property D then m4(f) = 1. Conversely, if
ms(f) = 1 and if all break points of f are contained in a same orbit then f
has the property D. If f is a PL homeomorphism we have always ms(f) = 1
and therefore if all the break points of f are contained in a same orbit then
f satisfies property D.

Proposition 1.5. (Invariance of ms by piecewise C' conjugacy).
Let f, g be two orientation preserving piecewise C- homeomorphisms of
class P of S*. If f and g are piecewise C conjugate then mws(f) = 74(g).

Proof. Let H be the piecewise C'-homeomorphism which conjugate f to g:
Hof = goH. For z € S1, we define 7s(f)(z) = [[ oy(y) the product of
yeOy(x)
jumps of f in the break points contained in the orbit of z. Since
Oy4(H(x)) = H(Oy(x)) then

2€04(H (2)) yeO;(x)
Since o4(H (y)) = %W then
_ o1 W)orw) _ 011(/(w)
ms(g)(H(z)) = [] ZZL0UW — 1 (f)(x) [I 2 _
y€O0y(z) H(Y) yeO; (x) ()
g k x
Or [ oUW _ [y enttren _ e
yeor@) W g onUT@) T ILon(TG)
Hence ms(g)(H(x)) = 75(f)(x) and therefore m,(g) = m5(f). 0

In the sequel, we suppose that homeomorphisms f of class P considered
have only a finite number of break points i.e. C(f) is finite.

Our main result is the following :

Theorem 1.6. Let f be a piecewise C'-homeomorphism of class P of the
circle with irrational rotation number. The following properties are equiva-
lent:

i) f is conjugate to a C'-diffeomorphism of the circle through a piecewise
C'-homeomorphism.

it) The number of break points of f™ is bounded by some constant that
doesn’t depend on n.

i11) f satisfies property D.
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) [ is conjugate to a general Boshernitzan (of last break point B(xg)
such that op(zg) X og[B(xg)] = 1) or a C'-diffeomorphism of the circle
through a PL homeomorphism.

v) f is conjugate to a C-diffeomorphism of the circle through a piecewise
quadratic homeomorphism.

Corollary 1.7. Under the hypothesis of Theorem 1.6, if the number of break
points of f™ is bounded by some constant that doesn’t depend on n then f is
conjugate to a C'-diffeomorphism of the circle through a piecewise quadratic
homeomorphism.

It follows from Theorem 1.6:

Corollary 1.8. ([3]) Let f be a PL homeomorphism of the circle with ir-
rational rotation number «. The following properties are equivalent:

i) f is conjugate to the rotation Ry, through a piecewise C'*-homeomorphism,

ii) The number of break points of f™ is bounded by some constant that
doesn’t depend on n.

iii) f is conjugate to an affine Boshernitzan of last break point O or a
rotation with rotation number o through a PL homeomorphism,

i) f is conjugate to R, through a piecewise C* (analytic) homeomor-
phism.

2. HOMEOMORPHISMS OF CLASS P WITH PROPERTY D

Let n € N. Denote by C(f™) the set of break points of f. We have
O(f") € {f (), k=0,1,...n—1; ce C(f)}.
Let € S, we have :

Df™(x) = Df(z) x Df(f(x)) x ... x DF(f""(x)).
The jump of f™ in x is then :

om(z) =o0p(x) x op(f(x)) X ... X Jf(f"_l(ac)).

Definition 2.1. Let ¢ € C(f). A mazimal connection of ¢ is a segment
M = [f7P(c), ..., fi(c)] of the orbit O¢(c) which contains all the break points
of f contained on Of(c) and such that f~P(c) (resp. f9(c)) is the first (resp.
last) break point of f on Of(c).

Hence, the negative orbit Oy (f7P(c))(resp. positive orbit O;{( fi(c)))
from f7P(c)(resp. from f?(c)) doesn’t contain any break point of f.

The following properties are trivial:
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- Two break points of f are on the same maximal connection, if and only
if, they are on the same orbit.
- Two distinct maximal connections are disjoints.

There is a finite number of maximal connections ; denoted by

My = [fN(e1), .. e, oy My = [f NP (cp), ..., ¢p] Where ¢y, ..., cp € C(f).
So, we have the decomposition :
C(f) =1I¥, C; where C; = C(f) N M;, i =1,...,p.

This is equivalent to say that: for every ¢ = 1, ..., p, the product of jumps

of f in the break points of C; is equal 1 (i.e. ] o¢(d) =1). We have also
deC;
[ of(d) = [I of(d). So, f satisfies the property D means that
deC; deM;

I[ of(d) =1.

deC;

Proposition 2.2. Let f be a homeomorphism of class P of the circle with
irrational rotation number «. Then f has property D if and only if the
number of break points of f™ is bounded by some constant Ny that doesn’t
depend on n.

Proof. Suppose that the number of break points of f™ is bounded by a
constant Nyg. Let d € C(f) and M = [f7P(d),..., fi(d)] be the maximal
connection of d. Lets show that [[ o¢(d) =1

oeM
Let n € N fixed. We have :
C(f™) c{f™Me):ceC(f), 0<k<n},

and

o [fTHd)] = of[fTH@)] X oo x o [fH ()]
We let :
Jn i ={0<k<n:omal[fFd)] =1}
By hypothesis :
card{0 <k <n; afnﬂ[f*k(d)] # 1} < No.
Then
card(J,) > n+1— Ny.

For n such that n > Ny + p, we have card(J,) > p+ 1 > card(J) where
J={0<k<p :0mu[f"(d)] = 1}. Therefore, J est strictly contained in
Jn. Let K, := J, — J and let k,, be the minimum of K,,. Since

n—ky,+ 1> card(K,) and card(K,) > n — (Nog+ p) then

p+1<k,<p+ Nog+1forn>p+ Npy.

As

o[ fTE ()] = of[FP()] X oo x o [f7H(d)]
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then

o [f ()] x o[ fPHA)] X o X af[f(A)] = o pnia [f(d)]
for every n > p + g + Ny. It follows,

o lf ()] x o [fPHd)] x o x op[fU(d)] = ] or(6)

oeM

Conversely, suppose that for every d € C(f), the product of jumps of f
in the break points of the maximal connection of d is equal 1. Lets show
that the number of break points of f” is bounded.

Let n € N. The point of discontinuity of D f" are among
%), k=0,1,..,.n+N;—1,i=1,....p
The jump of f™ in these points are :

O'fn[ffk(ci)] = O'f[fik(ci)] X ... X af(ci) X ... X Uf[fnfkil(ci)].

If k > N; and n—k—1 > 0 then the segment of orbit [f =% (c;), ..., f**71(¢;)]
contains the maximal connection of ¢;. Hence, o [f~*(c;)] = 1. So, a
necessary condition for f7*(¢;) to be a discontinuity point of Df™ is that
0<k< N;orn—1< k <n+N;+1. Therefore, the number of discontinuity
points of D f™ which are contained in the orbit of ¢; is less then 21V;.

We conclude that the number of discontinuity points of D f™ is bounded
by 2(N1+...+Np). ]

To a piecewise C''-homeomorphism f of class P of S' that satisfies prop-
erty D, we associate the real :

Ni—1

f)= H o (f(e))

i=1 k=

[e=]

where N = max (Nj).
1<i<p

Remark. If f is a homeomorphism that satisfies the property D, then

7ms(f) = 1 but one can have 7(f) # 1 as can be shown by the following
example:

If B is a standard Boshernitzan of last break point 0 and which satisfies the
property D, we have : 74(B) =1 and 7n(B) = 0p2(0) = 0p(0) x o5(B(0)).

If B(0) # B~1(0), then o5(B(0)) = 1 and (B) = o5(0) # 1.

If B(0) = B~1(0), then m(B) = 05(0)og(B~1(0)) = 05(0)or(B(0)) = 1.
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Proposition 2.3. Let f be a piecewise C'-homeomorphism of class P of
the circle. If f satisfies property D then :

i) if 7(f) = 1 then f is conjugate to a C'-diffeomorphism of the circle
through a PL homeomorphism.

it) if 7(f) # 1 then f is conjugate to a general Boshernitzan B (of last
break point B(xg) such that ws(B) = op(xg) X op[B(xo)] =1 and
w(B) = w(f)) through a PL homeomorphism.

Proof. Case i) n(f) = 1.
Let H be the PL homeomorphism with the following properties: :

i) H(0) =0,
i) f%(c;), i=1,...,p; k=0,..., N; — 1 are the break points of H,
iii) the jumps of H are given by : o (f~*(¢;)) = afN+1(f_k(c,~)) where

N = max N;.
1<i<p

Such homeomorphism exist since
N;—1
on(f M) ==(f) =1

P

1'1;[1 k=0
Take G = H o f o H-'. A priori, the break points of G are :
- the break points of H~! :

H(f %), k=0,..,Ni—1, i =1,...,p,
- the image by H of break points of f :
H(f ™), k=0,..,N;, i=1,...,p,

- the image by H o f~! of break points of H :

Ho f7Y(f ) = H(f %(¢;)) with k=1,...,N;.

Therefore the possible break points of G are among :

H(f™"(¢i))ik=0,.., Niy i =1,...,p.

Compute the jumps of G in these points:

gy o)) X ()
o6lH ()] = )

e If k=1,..N; — 1, we have by definition :
ou(f ) = o (f(e)
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and since N > k then :

0
opna(f HUf (f* " (ci)) H or(f = H or(f*(ci))
s=—k s=—k
Hence :
0
oulf(f e =oulf* el = [ or(f(c).
s=—k+1

Then : og[H(f*(c;))] = 1.
o If £ =0, we obtain :
oH(f " (e)] = oc[H(e;)] = UH[f(;i](j)af(Ci)
We have og[H(c;)] = 1 since op(c;) = o¢(c;) and op[f(c;)] = 1 (since
f(¢;) is not a break point of H.)

o If k = N;, we have :
ko Ny = CEE TN ()] X o (f N ()
ocH(f ()] = ocH(f (i) = UH(f_Ni(Cz‘))

We have o (fVi(c;)) =1 (since f~i(c;) is not a break point of H).
Also,

0
aulf(f N (e))xop(f M) = [ op(f*(e)xop(fNi(e) Hfff (e)) =1
s=—N;+1
since .
oulf(f i) = oulf NV = [ o)
s=—N;+1

It follows that : og[H(fNi(¢;))] = 1.
We conclude that G has no break point, G is then a C'-diffeomorphism.
Case ii) 7(f) # 1.

We choose a point ¢ such that :
c# fTMe), e# fle), e # N M) i=1,0p, k=0, N,
To obtain the PL homeomorphism H that satisfies properties i), ii), and

iii), we need to add a break point ¢ to H such that: op(c) = ﬁ

The break points of H are :
F5e), i=1,...p, k=0,...,N; — 1), and ¢
and the jumps in these points are :
1
—k —k
oa(f"(¢;)) =1 (f(c)), oglc) = —.
(f"(ei)) = opnr (f7"(ei)), om(c) )
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We let G = H o f o H-!. The possible break points of G are among:
H(e), Ho f~4(e), H(F ™))y k=0, Niy i = 1,1

e the jump of G in H(c) :

(o) - EI @] X 05l

o (c)
We have : of(c) =1 since ¢ # f%(¢;), i =1,...,p, k=0,..., N;.
We have also o [f(c)] = 1 since f(c) is not a break point of H ; indeed :
o) #e
- f(e) # f7*(e)), k =0,..., N; — 1 (otherwise, ¢ = f~*(c;), s = 1,..., Nj,
which is impossible by hypothesis.).
It follows that: og[H(c)] = ﬁ # 1. H(c) is then a break point of G.

o

e The jump of G in Ho f~1(c) :

on(c) x of[f~H ()]
oulf~1(c)]

og[H o f~Ye)] =

We have : oy[f~1(c)] = 1 since :

- [He) #e

- f7He) # f7*(es)) since :

Otherwise, ¢ = f'=%(¢;), k =0,..,N; — 1. For k = 1,...,N; — 1, this is
impossible by hypothesis. For k = 0, ¢ = f(¢;) is also impossible since by
hypothesis, ¢ # fN*Y(f*(¢;)), i = 1,...,p, k = 0,..., N;, in particular for
k= N;, c# f(c;). It follows that og[H o f~1(c)] = o (c) # 1. So,

H o f~1(c) is a break point of G.

e the jump of G in H o f~%(¢;) : by the compute above, we have og[H o
fFe)=1,i=1,..,p.

Therefore, G has exactly two break points :

xo = H o f~Y(c) and G(z¢) = H(c) with og(zg) x 0g[G(x9)] = 1. The
homeomorphism G is then a Boshernitzan of S! of last break point H(c).
Let’s show that 7(B) = n(f) :

We have

7(B) = op(H(€) = oegor (H(e)) = LIS = 4 = n(f). D

™

Corollary 2.4. Let f be a piecewise C'-homeomorphism of class P of the
circle. If the break points of f are on the same orbit with

7s(f) = 7(f) = 1 then f is conjugate to a C'-diffeomorphism of the circle
through a PL homeomorphism.

Proof. This follows from the fact that if all the break points of f are on the
same orbit and ms(f) = 1 then f has the property D and so, we conclude
by proposition 2.3, i). O
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3. THE CONJUGACY LEMMAS

Lemma 3.1. For every b € S, for every § €]0,1], there exist a piecewise
quadratic orientation preserving homeomorphism Hyy of S with only one
break point b such that: op;,,(b) = .

Proof. If 6 €]0, 1] we put

Fis(e) = (1

One can check that Hs(0) = 0, Hs(1) = 1 and that Hj is an increasing

homeomorphism of [0, 1] with (DHj)(0) = % and (DHj)_(1) =

Let ¢ € [0, 1] such that p(¢) = b and consider the map :

26
)x(x + m), S [O, 1[

2
1+6°

Hsi(x) = Hs(x —t) +t, if x € [t, t +1[.

ﬁg,t is extended to an increasing homeomorphism, denoted also by ﬁ(;,t on
R and defined by :
Hsi(x) = Hse(x — k), iffce[t+kt+k+1], ke Z.

Then H;; is an increasing homeomorphism of R which satisfies :

- fNL;,t(a: + ].) = ﬁg’t(l') + ]., ~

-t +k, k € Z are the break points of Hy,

—Uﬁ&t(t—l—k):(s. )

As a consequence, Hs; induces by projection the piecewise quadratic

homeomorphism Hs; of S 1 with only one break point b such that
op(b) =94. O

Lemma 3.2. Let f be a piecewise C'-homeomorphism of class P of S
with irrational rotation number and having p + 1 break points xo,x1, ..., Tp
(p > 1) contained in a same orbit. Then there exists a piecewise quadratic
homeomorphism H with one break point x1 such that for F = Ho fo H™!
we have :

a) if there exist ig € {0, 1,...,p} such that f(x;,) = x1 then :

a'l) C(F) = {yl = H(:L‘l)v = 0727"'7p} ZfO'f(ZL‘l) X Uf($io) 7£ L.
a'g) C(F) = {yl = H(:I:l)’ 1= 072""7p>i 7£ ZO} ZfO'f(l’l) X O-f(l‘io) =1

b) if for every i =0,1,...,p, f(z;) # x1 then
C(F)={yi=H(x;), i=0,2,....p} U{Hof ' (x1)}. Moreover, if
x1 = fF(xg), k> 2 then yy = FF1(yp).
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Proof. By Lemma 3.1, let H be the piecewise quadratic homeomorphism
with one break point z; such that oy (21) = of(z1). Take F = Ho foH L.
The eventually break points of F' are:

H(I‘z), i = 0717'--7107 Hof_l(xl)'

e The jumps of F in these points are:

onlf(xi)] x of(zi)

or{H(z)] = PR

Case a-1): there exist ig € {0,1,...,p} such that f(x;,) = 1 with
of(x1) X op(wig) # 1.
In this case, f(z;) # 1 for i # ig and H o f~1(x1) = H(x;,). Hence

o op[H(x;)] = op(x;) # 1, for i ¢ {1, i} :
indeed, o (x;) = 1 since z; is not a break point of H, and o |[f(z;)] =1

since f(z;) # x1.

eop[H(z)]=1:

indeed, op[H ()] = ZHEIXCIE) g [£(20)] = 1 since f(21) £ 21 (21
is not a periodic point) and % =

o op[H(xiy))| = of(x1) X 0p(x4) # 1t

indeed, op[H(x;,)] = %;SW’ om(xi,) = 1 since x;, # x; and

on(z1) = of(21).

One conclude that F' has p break points:
Yi = H(l’l), 1= 0, 2, ey P

contained in the orbit of yg.

Case a-2): there exist i € {0,1,...,p} such that f(x;,) = 1 with
of(xr) X op(xs) = 1.
In this case, we have as in the case a-1), op[H (x;)] = of(x;) # 1, for
/) 75 1, io, O'F[H(Jrl)] =1 and O'F[H(l'io)] = of(xl) X af(:cio) =1.
One conclude that F' has p — 1 break points:
yi = H(x;), 0 <i<p,i#1,ig

contained in the orbit of yg.

Case b): for every i =0,1,....,p, f(x;) # 1.

e we have op[H (x;)] = of(x;) # 1:
indeed, o (x;) = 1 since z; is not a break point of H, and oy |[f(z;)] =1

since f(z;) # x1.
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eop[H(x1)]=1:
indeed, op[H (z1)] = w, om|f(x1)] =1 since f(x1) # z1 and

(1) Tt
zle) g,
o op[Ho f~Ha1)] =om(x1) #1: y
indeed, op[H o [~} (21)] = P 2D gy (£-1(31)) = 1 since

f(z1) # z1 and o4(f~1(21)) = 1 since f~1(z1) # x4, i = 0,1, ..., p.
Therefore F' has p + 1 break points:
y1=Ho f Y (xy), yi = H(zy), i =0,2,...,p,
Moreover, if 1 = f*(z0)(k > 2) then y; = F¥1(yy) since
y1=Ho [~ (1) = Ho f*(wo) = F* ' (H(wo)) = F* ' (y0).

Corollary 3.3. Let B be a general Boshernitzan of last break point
x1 = B(xzg) and with irrational rotation number. Then:

i) if o(xz0) x op(z1) = 1 then B is conjugate to a C'-diffeomorphism
through a piecewise quadratic homeomorphism with one break point x;.

ii) if op(xo) X op(x1) # 1 then B is conjugate to a homeomorphism of
class P with a unique break point through a piecewise quadratic homeomor-
phism with one break point x1.

Proof. This follows from Lemma 3.2, case a) for p = 1. (|

4. PROOF OF THEOREM 1.6 AND COROLLARY 1.8

Proof of Theorem 1.6.

i) = 4i). If H is the piecewise C'-homeomorphism which conjugate f
to a diffecomorphism F: f = H 'oFo H then f"=H 'oF"oH. As H
and H~! have the same number [ of break points then f™ has at most 21
break points for every n € Z.

1) = 1i11) is the proposition 2.2.

i41) = 1v) is the proposition 2.3.

iv) = v) follows from proposition 2.3 and corollary 3.3, i).

v) == 1) is obvious.

Proof of Corollary 1.8. The implications i) = i) and i) = iii) are
consequence of Theorem 1.6. The implication iv) = 4) is clear. The impli-
cation i7i) = iv) follows from the fact that if B is the affine Boshernitzan
of last break point 0 with slopes (A, \') then the piecewise analytic homeo-
morphism A with one break point defined by its restriction to [0, 1] of its lift
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Ayz_

(denoted also by h) h(z) := (*27711 conjugate B to the rotation R, where
)\/

LogA

o= LogA\—Log\"*
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