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Stabilisation Exponentielle Instationnaire
des Systémes Non-holonomes Sous Forme
Canonique dite “Power Form”

Résumé : Les systemes sous forme canonique dite power form ont été ré-
cemment utilisés pour modéliser les équations de systemes mécaniques non-
holonomes. Dans [14, 15], McCloskey et Murray ont eu I'idée d’utiliser les
propriétés des systemes homogenes pour synthétiser des commandes par re-
tour d’état continues, périodiques par rapport au temps, capables de stabi-
liser asymptotiquement et exponentiellement l'origine pour cette classe de
systemes. Motivée par ce travail, la présente étude décrit une extension, per-
mettant d’obtenir des retours d’état homogenes, d’'une méthode de synthese
précédemment proposée par Samson. L’approche ici considérée a 1’avantage
de conduire a des démonstrations de stabilité simples et directes. Les résultats
associés a la propriété d’homogénéité qui permettent d’établir la stabilisation
exponentielle dans le cas de systemes instationnaires sont également fournis.

Mots-clé : systemes non-holonomes, forme “chainée” et “power form”,
retours d’état instationnaires, systemes homogenes
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1 Introduction

Recent studies on mobile robot control have been using so-called chained form
and equivalent power form systems to model the kinematic equations of va-
rious nonholonomic wheeled vehicles, see [17, 33, 30, 14, 15, 26] for example.
It is now well known that nonholonomic systems, although controllable, are
not point-stabilizable by means of continuous feedback u(z) where z is the
state [3, 20, 22, 1]. This has motivated the study of alternative solutions, such
as piecewise continuous feedback, as first proposed by Bloch and McClam-
roch [2] in 1989 for a knife edge, and smooth time-varying feedback, as first
proposed by Samson [21] in 1990 in the case of a three-dimensional unicycle-
type vehicle. The idea of smooth time-varying feedback u(z,t), although
little exploited before [21], may in fact be traced back, for one-dimensional
systems, to the work of Sontag and Sussmann [28] in 1980, and a comple-
mentary contribution by Sontag [29] in 1989. Various developments have
followed, for example [5, 4, 31], in the case of piecewise continuous feedback,
and [18, 24, 32, 8, 25, 14], in the case of time-varying feedback. The potentia-
lities of time-varying feedback, as a general stabilization technique, has also
been explored by Coron [6, 7] who established that almost all controllable
systems are stabilizable by continuous time-periodic feedback.

As noted in [21, 23], and subsequently in several other references, the
convergence provided by smooth time-periodic feedback is only polynomial
and not exponential, by contrast with some discontinuous feedbacks [31].
In [14, 15] McCloskey and Murray proposed to use, for nonholonomic sys-
tems in power form, continuous but non-lipschitz time-periodic control laws
which make the closed-loop vector field homogeneous. In this case, local sta-
bilisation is equivalent to global stabilization and exponential convergence.
However, the stability analysis proposed in [14, 15] is not entirely conclusive,
despite demonstrative simulation results. Also, the construction of adequate
control laws for n-dimensional systems does not seem to be systematic. In
[26], the stability proof for a class of exponentially stabilizing continuous
time-varying feedbacks is simpler, but is only given for three-dimensional
systems. The contribution of the present paper is, on one hand, to propose
a systematic way of deriving, for n-dimensional systems in power form, a fa-
mily of homogeneous continuous time-varying feedback laws, the stabilizing
properties of which are easily proved, and, on the other hand, to establish
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properly the homogeity-related results needed for time-varying exponential

stabilization.

2 Chained forms, power forms and mobile

robots

It is now well known [32, 30, 26] that, by an adequate (local) change of
coordinates, the kinematic equations of various nonholonomic wheeled mobile
robots, such as unicycle-type and car-like vehicles with or without trailers,

can be written in the normal (or canonical) form of a chained system. A

two-input system with a single chain has the form:

T1
T2
T3

Tp-1
Tn,

This equation may also be written:

Uq
T3 Uy
TqUq

I3 Uq

Tn Uy
Uy

N

&t = uwfi(z) + uafo(z)

with the vector fields f; and f;:

9, 0

ho= g+ wsgs D

0
+ o3— + a5 + ... F T 5 fo =

0 9,

a:cn—l

Under the following global change of coordinates:
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Y1 = 1
Y2 = Ty
Ys = _$n—1+$1$n
o (4)
yi = Yico  (—1)'@iTajyoq
yn = Yoimg H(—1)iwizay )

it is simple to verify that the previous chained system is itself equivalent
to the following form, called power form, introduced in [32]:

N

’3)1 = U
’3)2 = Uy
Ys = Yl
_ o (5)
Yi = Goo¥ U2
Yn = (nig)!y?_zl@ )
1.e.
v = uifily) + uafay) (6)
with:
fi = ﬁ fy, = iii (7)
Yoo T T Z (- 2) oy

In [18], a systematic method, based on Lyapunov and Lasalle techniques,
is given to design smooth time-periodic stabilizing control laws for control-
lable systems without drift meeting a certain Lie Bracket condition [18, As-
sumption 1], which is here satisfied because the rank of
{f1, f2, [f1, f2l, ad21f2, el ad?l_Qfg} is equal to n. In the case where one can
find system coordinates for which f; is a coordinate vector field, the me-
thod yields analytic expressions of the control laws. Hence, it is natural to
look for coordinates (yi,...,y,) for which f; = %. This gives the change of
coordinates (4) which transforms the chain form into the power form.
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In [32], another set of stabilizing time-periodic control laws for systems
in power form, with a stability analysis relying upon Center Manifold tech-
niques, is considered. This already illustrates the fact that there are multiple
ways of designing and analysing stabilizing time-varying feedbacks.

In the present paper, we propose a systematic way of designing stabilizing
continuous time-varying feedbacks, with the properties of homogeneity and
exponential convergence being obtained as a particular case. Based on Lya-
punov analysis complemented by Lasalle’s invariance principle, the method
takes up the techniques used by Samson in several of his articles and yields
simple control expressions.

3 Homogeneity and exponential stabilization

In this section, after recalling briefly the main definitions concerning homoge-
neity, we extend a result from [11] to time-varying vector fields, this extension
being simplified by arguments taken from [19].

Define, for A > 0, the dilation operator ¢, by:

Y1,y yn) = ANy, Ay, (8)

with r; > 0, the “weight” associated with the jth coordinate.

Being bound to deal with functions depending not only on the state va-
riables (y1,...,y,) but also on the time index ¢, we may affect to time a
homogeneity weight ro = 0 and define the “extended” dilation:

Oy, yn) = (LA Y, A 2yg, A ) (9)

Recall that a function A from IR x IR" to IR is said to be homogeneous of
degree 7 with respect to the family of dilations 6, if

ROt y1y-eyn)) = ARy, .o yn) - (10)

and a time-varying vector field is said to be homogeneous of degree o with
respect to the family of dilations ¢, if and only if its ith coordinate is a
homogeneous function of degree r; + o, i.e.

f2(5/\(tayla7yn)) = )‘TH—J fl(tuyhayn) ) (11)
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where fi stands for the ¢th component of the vector field f. Note that since
the dilation does not act on ¢ the homogeneity of a time-varying function
(resp. vector field) is equivalent to the homogeneity of the corresponding
time-invariant functions (resp. vector fields) obtained by fixing time, for any
value of time.

Suppose that f is a homogeneous vector field with degree o and & is a
homogeneous function of degree 7, with respect to the same dilation, then:

hf is a homogeneous vector field of degree 7 + o,

9% is a homogeneous function of degree 7, (12)

L¢h is a homogeneous function of degree 7 4 o.
with respect to the considered dilation. (Recall that Lsh(t,y) = Z—Z(t, y)f(t,y)
is the Lie derivative of h along f).

Consider now the vector fields f; and f, associated with the system in
power form (5) and given by (7). It is easy to verify that f; is homogeneous
of degree —ry; with respect to any considered dilation, and that the vector
field f; is only homogeneous with respect to dilations such that:

r; = ro4(j—2)r for j >2 (13)
The degree of homogeneity of f; is then —ry. Therefore:

(14)

f1 1s a homogeneous vector field of degree —ry,
f2 1s a homogeneous vector field of degree —rs.

with respect to the family of dilations satisfying (13). In the sequel, only such
dilations will be considered, with ry and ry kept as degrees of freedom which
do not need to be specified at this stage. Note however that only the ratio
= really matters since, by a change of variable on A, it is clear that r; can
be normalized and set equal to one without any loss of generality.

Suppose that the system inputs u; and wuy are assigned to be some func-
tions of y and ¢, periodic with respect to time, then the vector field associated
with the closed-loop system is the time-varying vector field u; fi + wuyfs, and

the closed-loop equation is the ordinary differential equation

gy o= wty)fily) + walty)f(ly) - (15)

The following proposition (the second part of it actually) is an extension
to time-varying systems of a result stated in [11] (lemma 2.1).
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Proposition 1 Suppose that u1(t,y) and uy(t,y) are continuous with respect
to y and infinitely differentiable with respect to t, periodic with period T > 0,
and that

(t,z) — ui(t,y) is homogeneous of degree r4 } (16)

(t,z) — uz(t,y) is homogeneous of degree rs,

then the closed-loop vector field is homogeneous of degree zero. Furthermore,
if the origin is locally asymptotically stable for (15), then it is globally ex-
ponentially stable with respect to the dilation in the sense that there exists
K > 0 and a > 0 such that, along any solution y(t) of the closed-loop system:

p(y(t)) < Ke p(y(0)) (17)

where p is the homogeneous norm given by:

ply) = (Z ijlﬁ) (18)
j=1
with p > 0.

Note that the exponential rate of convergence of the solutions to zero,
given by a, does not depend on the value attributed to p, while the constant
K may depend on p.

Proof : The fact that the closed-loop vector field is homogeneous of degree
zero is an obvious consequence of (16), (14) and (12). Then, according to
the Proposition 4 of the Appendix, which is a slight generalization of [19,
Theorem 2], local stabilization of the origin implies the existence of a positive
Lyapunov function V(¢,y), homogeneous of degree one, of class C*° except
at y = 0, continuous everywhere (from Proposition 4, the function is only of
class C? everywhere due to its degree of homogeneity chosen equal to one),
and such that:

87

EaCUR

(ur(t,9) fi(y) +ua(t,9) filt,y) < 0 Vo #0
(19)

Now, since V may be viewed as % + Ly, f,4up 1,V and since Lu1f1+u2]f2 is

v(t y) =

a homogeneous vector field of degree zero, one deduces from (12) that V is
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a homogeneous time-varying periodic function with the same degree as V.
It is thus of degree one. From there, it is not difficult to establish that there
are two positive numbers K; and K3 such that:

K V(ty) < ~Vity) < KV(Ly) Yy#0 (20)

Indeed, the function — % is well defined and strictly positive away
from y = 0, and it is homogéneous of degree zero. Therefore, it takes the
same value at (¢,y) and at 6,(¢,y) for all A > 0 so that one may restrict
his attention to y € S;?—l, where Sg_l is the unit sphere associated with the
“homogeneous norm” p defined by (18). Moreover, time-periodicity allows
one to consider that time lives on the compact set S' = IR/T Z, instead of

IR. On the compact set S! x S;L_l, the smooth and strictly positive function

— % reaches its minimum, denoted as K7, and its maximum, denoted as Kj;
both numbers being strictly positive.

By using the same arguments, one shows that there are positive numbers
K5 and K4 such that

Ksp(y) < Vit,y) < Kipy) Vy#0 (21)

Now, from (20): v < — K, V, and thus: V(¢,y(t)) < V(0,y(0)) e F1t,
along any system’s solution. From (21), one then obtains:
p(y(t)) < Es =Kt jp(4(0)), which is the relation (17) with K = K4/ K3 and

K

a = —[(1 [ |

4 A class of time-varying stabilizing control
laws for systems in power form

We describe in this section a way of designing time-varying stabilizing feed-
backs. Depending on the choice of some design parameters, one obtains
control laws which are either smooth, or homogeneous and only continuous,
with exponential convergence of the closed-loop system’s solutions to zero in
the latter case.

This is a two-step approach. The first step consists in looking at the n —1
dimensional time-varying system obtained by forgetting the first equation
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in (5) and considering y; as a (given) function of time. Via a Lyapunov-
like analysis, a control us(y1(t),ya, ..., yn) capable of stabilizing the reduced
system when y;(t) is endowed with some properties, is then derived. The
second step consists in determining u; in order to meet these properties and
also ensure the convergence of y; to zero. This approach is basically the one
used in [21], [24], [26].

Let us thus proceed and consider any function Wi(ya,...,y,) such that:

W, is continuously differentiable on IR"™" and of class C* on IR"™' — {0},
W1(0) = 0 and Wi(x) > 0 for « # 0,
PV(x) #0for z #0
Wy is proper.
(22)
(by properit is meant that the preimage of a compact set is compact, i.e. the
set {x /Wi(z) > K} is bounded for all K > 0).
It is clear that W, is non-increasing along the solutions if uy is chosen
such that uy L, W7 < 0, no matter how w; is chosen. This may be achieved,

for example, by taking:
up = —gasign(Ly,Wh) [LpWh|® (23)

with a > 0 and ¢, > 0.

Irrespective of the behavior of y; (considered as a function of time, gover-
ned by uy), this control guarantees boundedness of (ya,. .., y,) and eventually
convergence to zero when y;(t) is suitably chosen. To this purpose, one may
try to determine a continuous feedback u; (which has to be time dependent
since continuous pure-state feedbacks cannot stabilize the complete system)
which keeps y; bounded, makes it converge to zero, and produces a ()
which causes (y2,...,yn) to go to zero. A simple choice, among other possi-
bilities, is:

ur = —giyr + R(Wilya, ... un)) sin% . (24)
with g1 > 0.

Proposition 2 For any function W1 satisfying (22) and any continuous real
function h such that

h is of class C* on ]0,+00), } (25)

h(is)=0 & s=0,
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the control law (24)-(23) globally asymptotically stabilizes the origin for the
system (5).

Proof : First, it is proved that all the system’s solutions are bounded uni-
formly with respect to initial conditions. This in turn implies that the so-
lutions exist over [0,4+00). They are also unique in view of the regularity
conditions imposed upon the functions Wy and h.

The boundedness of the system’s solutions comes from that
Wi(y2(t),...,ya(t)) is nonnegative and nonincreasing. It is thus bounded.
This implies, from (22), that (y2(¢),...,yn(t)) is uniformly bounded, and

since

27t

1. = —giyn + R(Wi(ya(t), ..., ya(t)) sinT (26)

is the equation of a Hurwitz (stable) linear system perturbed by the additive
uniformly bounded term A(W; (y2(t), ..., yn(t))) sin 225, yy (1) is also uniformly
bounded. Moreover Wi(y2(t),...,y.(t)) converges to some limit value, and
Wl(yl(t), .., yn(1)), being uniformly continuous with respect to ¢, tends to
zZero.

We then apply LaSalle’s invariance principle for time-invariant systems
[13, Theorem 2|. This can be done by incorporating time in the system state
vector ({ = 1). In doing so, at least one of the state components (the time
coordinate) is unbounded so that it may seem that Lasalle’s principle does not
apply in this case. This difficulty is presently overcomed in the following way:
since the time-dependence is periodic, it is possible to replace all occurences
of t in the control laws, and thus in the closed-loop vector field, by the “angle”
6 which lives in IR/(27/T)Z and is thus naturally bounded. This is in fact
equivalent to incorporating sin% and cos% in the state vector, instead of
t. Now, by Lasalle’s principle, since all the trajectories (8(t),y1(t), ..., yn(t))
are bounded, and since the function Wi(ya,...,y,) decreases along these
trajectories, all solutions converge to the set consisting of the reunion of the
trajectories for which Wl(yl, ..+, Yn) is identically zero.

Consider such a trajectory (6(¢),y1(t),...,yn(t)). Since W is ug L, W1,
and s is given by (23), uy is identically zero on this trajectory. Therefore, in
view of the system’s equations (5), y2(t),...,yn(t) are constant. Wy is also
constant on the considered trajectory, since Wi = 0. Let ¢ denote its value.
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By integration of (26), y1(t) is given by
27t

y(t) = ACOS(% +¢) + Be ot (27)

where the constant A, B, and ¢ depend on h(c) and y1(0), and A is equal to

zero if and only if h(c) = 0, i.e. if and only if W} is itself equal to zero. Now,
Wi =0 is equivalent to Ly, W; =0, i.e.

=0, (28)

which, from (27), implies

i—2
n (Acos(% 4+ ) + Be 9! ’ OW.
Z ( - (J _2)' ) ayzl(y%“wyn) = 0 (29)
- J

i=2

where all the coefficient y R T
If A= B =0, the relations (26)-(27) 1mply that y; and h(Wl) are equal

to zero and, from (25), that W7 = 0. Hence, from (22), y; =0, (j = 2,...,n).
If either A or B is nonzero, the functions

gi(t): t— (A cos(&E + ) + Be_g“t)]_2 are linearly independent so that

an in (29) must all be equal to zero. From (22),
J

the constant coefficients
this again implies y; = 0, (J =2,...,n) and W; =0.

Hence, all solutions for which Ly, W, is identically zero are contained in
the set defined by yo, = 0,...,y, = 0. From LaSalle’s invariance principle, this
implies that all trajectories converge to this set. Therefore, for any trajectory,
yi(t) (7 =2,...,n) and Wy(?) tend to zero, and so does h(W(t)). In view of
(26), this in turn implies that y;(¢) tends to zero. |

This stabilization result is true for any W and h meeting the assumptions
(22) and (25) respectively.

In particular, if & is differentiable everywhere and « is chosen larger than
one (or a = 1 with W; being twice differentiable everywhere), then the
obtained time-varying controls are differentiable everywhere.
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Another possibility, motivated by Proposition 1, consists in choosing the
functions W, and h so that:

Wi is homogeneous of degree ¢ > ry + (R — 2)rq ,
h(s) = gols|"/7h(s) with go # 0, (30)
)

o =

q—T
In this case, one easily verifies that the control laws u; and u; considered
previously are homogeneous of degree r; and ry respectively, so that Proposi-
tion 1 applies. Note that h, and thus u;, cannot be differentiable everywhere
due to the ratio r;/¢ which is smaller than one in this case. The result is
summarized in the following proposition:

Proposition 3 If h and W1 satisfy (22) and (30), then the control law given
by (24)-(23) makes the origin globally exponentially stable with respect to the
considered family of dilations 6y, in the sense of the inequality (17).

To illustrate this result, one may, for example, choose:

n

Wile, i) = Doaily,
71=2
witha; >0 (7 =2,...,n) and ¢ > ro + (n — 2)ry.
W is then homogeneous of degree ¢ and continuously differentiable. One
also has in this case:

PRy (31)

n

. o
LWy, = Y sl Csign(y;)ly;

#_1
- - ra+(j—2)r1 32
2 G- 9nG- (32)

Explicit expressions for u; and uy are then obtained from (24) and (23).

We have simulated this solution for a four-dimensional (n = 4) system in
power form representing the kinematics of a car-like vehicle. This simulation
thus illustrates the possibility of exponentially stabilizing such a vehicle about
a desired configuration by means of a continuous time-varying feedback. We
chose:

T1:T2:1, q:6a (33)
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which yields:

Wily) = ay§ + aslys|’ + aay]
Ly Wily) = 6azy; + 3assign(ys)yzyr + asyayi

and the controls:

uy = —gi1y1 + g0y Wily) (34)
uy = —gasign(Ly, Wiy /Lf2 Wiy
In the simulation, the gains are:
ag = 0.5 go = 0.4
az = 10* g = 3 (35)
ag = 1.5 x10° g2 = 0.1

Recall that the state components z; and z, of the equivalent
four-dimensional chained system may physically be interpreted as the car-
tesian coordinates of the vehicle’s point located at mid-distance of the rear
wheels (see [30], or in a more general framework [26], for example). In view
of the change of coordinates (4), these cartesian coordinates are thus given
by y1 and y4 — y1y3 + %y%yg respectively. The vehicle’s orientation angle € is
given by arctan(zs) (= arctan(—ys + y1y2)), uq is the velocity of the front

steering wheel angle, and the vehicle’s translational velocity v is equal to
ug

. glg‘ig. 1 shows the vehicle’s cartesian motion, from the initial configuration
(x =0,y =1, 8 =0) to the goal configuration (z =y =6 = 0).

Fig. 2 shows the convergence of the vehicle’s coordinates to zero.

Fig. 3 shows the control inputs u; and wuy versus time.

Finally, Fig. 4 shows the linear decreasing of Log(p(y)) which illustrates
the exponential convergence of p(y) to zero.

APPENDIX

(Existence of homogeneous Lyapunov functions for asymptotically stable
homogeneous time-varying systems)
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The purpose of this appendix is to extend to homogeneous periodic time-
varying systems a theorem by Rosier [19, theorem 2], itself a generalization of
a theorem by Hahn [9], stating that a continuous homogeneous time-invariant
vector field with a unique globally asymptotically stable equilibrium admits
a homogeneous Lyapunov function. This result is the core of the exponen-
tial convergence property associated with asymptotically stable homogeneous
vector fields of degree zero (see the proof of Proposition 1).

Proposition 4 Suppose that x = 0 s an asymptotically stable equilibrium
of
& = F(t,z), (36)
with F € C°(IR x IR",IR") being T-periodic (F(t + T,z) = F(t,z)) and
homogeneous of degree T with respect to the dilation 6y defined in (8).
Then, for any a > 0, and any integer p such that p <

a function V(t,z) which satisfies:

1. VeCr(Rx R, R)NC®(R x R" — {0}, R)

o]

T there exists
J

2.V is T-periodic : V(t+T,z) = V(t,z)

3. V is homogeneous of degree o with respect to the dilation 6 :

V(s\(t,z)) = \NV(t,z) (37)

4. V(t,0) =0 for allt, V(t,z) > 0 for  # 0 and V is proper with respect
to x (for all K, the set of x’s such that V(t,z) < K for at least one t
is bounded).

5. V(te) = D(t,x) + Ty 2o fult,z) < 0 Va #0.

Sketch of proof : The only difference with [19, theorem 2] is the periodic
time-dependence of both F' and V. We may go along the same lines as in
[19]:

- Using homogeneity and periodicity, local stability of & = F(¢,z) implies
“strong stability” on IR™ (similar to [19, proposition 1]).

- The next step consists in using a theorem from [10] in order to exhibit a
smooth non homogeneous Lyapunov function. Actually, the case of periodic
time-dependence is considered in [10, theorem 7]. The function V (¢, z) so
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obtained has all the properties of the function V/(¢, z) described in Proposition
4, except for homogeneity and that it is C* everywhere.

- One may then proceed with the construction of a homogeneous function V'
from the non-homogeneous function V', as done in [19, proposition 2]. This
construction is the following. Let a € C*(IR, IR) be a nondecreasing function
on IR, constant and equal to 0 on (—oo, 1], and constant and equal to 1 on

[2,+00). V is then defined by:

teo ] .
T - eV (Oulte))dp a0 (38)
0 ife=0

One easily verifies that V is time-periodic with the same period as V and
that it is homogeneous with degree o (by a change of integration variable).
The subsequent arguments given by Rosier to prove his theorem remain valid
when V is time-periodic. The fact that V(¢,z) is usually not differentiable
more than p times at * = 0, with p < ﬁ{”}, basically comes from that the

function s — s%/” (a > 0, r > 0, a/r not in INV), which is homogeneous of
degree a with respect to the dilation 6,(s) = A”s, is only of class C? with
q<afr. |
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