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AN UNIFORME ESTIMATE FOR SCALAR CURVATURE EQUATION ON
MANIFOLDS OF DIMENSION 4.

SAMY SKANDER BAHOURA

ABSTRACT. We give an a priori estimate for the solutions of the préstiscalar curvature equa-
tion on manifolds of dimension 4. We have an idea on the supnewf the solutions if we control
their infimum.

1. INTRODUCTION AND RESULT.

In this paper, we are on Riemannian manifold of dimensiof\4, g) (not necessarily com-
pact). Here we denote b, = —V*(V;) the geometric Laplacian.

Let us consider the prescribed scalar curvature equatiftmuimdimension:

Agu+ Ryu=Vu? u>0 (E)
whereR, is a scalar curvature ¢f\/, g) andV the prescribed scalar curvature.

We assume:

0<a<V(r)<band [[VV|[peom) < A (O).
In this paper, we want to prove an uniform estimate for thetgmhs of the equtiotE) with
minimal conditions on the prescribed scalar curvature gguaConditions like(C') are minimal.

Note that the equatiof?) was studied whed/ = ( is a open set oR*, see for example,
[B], [C-L] and when$2 = S, the unit sphere of dimension 4 by Li, see [L].

If we supposel € C%(f2), Chen and Lin gave aup x inf inequality for the solutions of
the equation(E). In [L], on the fourth unit sphere, Li study the same equatioth the same
conditions onV, he obtains the boundedness of the energy and an upper bauthe: foroduct
sup x inf. He use the simple blow-up analysis (for the definition ofygdrblow up points see
for exemple [L]).

In [B], we can see (on a bounded domainks) that we have an uniform estimate for the
solutions of the equatiof¥) if we control the infimum of those functions, with only Lipstdian
assumption on the prescribed scalar curvatire

Here we extend the result of [B], to general manifolds of disien 4.

Note, if we assum& = 1, Li and Zhang (see [L-Z 1]), have provedwap x inf inequality for
the solutions of £/) on any Riemannian manifold of dimension 4.

If we supposel compact, the existence result for this equation wher= 1 was proved
by T. Aubin (non conformally flat case and> 6 ) and R. Schoen ( conformally flat case and
n = 3,4,5). The previous equation with = 1 is calledthe Yamabe equation.

Note that, in diemsiona = 3 andn > 5, we have many results about prescribed scalar
curvature equation, see for example [B], [C-L], [L], [L-Z &hd [L-Zh].

For example ( wherd/ is compact), in [L-Zh], Li and Zhu have proved the compacsnafs
the solutions of the Yamabe equation with the positive massrem. They also describe the
blow-up points of the solutions ( only simple blow-up po)atk [D], [L-Z 2] and [M], Druet,

Li, Zhang and Marques have obtained the same result for thergiions 4, 5, 6 and 7.
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About the compactness of the solutions of the Yamabe equatie can find in [L-Z 2] some
conditions on the Weyl tensor to have this result. In [Au 2]ATibin have proved recently, the
compactness of the soltuions of the Yamabe problem withitngtr@assumptions.

Note that here we have no assumption on energy. There is neanits if we suppose the
energy bounded. In our work, we use, in particular, the mgydtane method. This strong
method was developped by Gidas-Ni-Nirenberg, see [G-NFNis method was used by many
author to obtain uniform estimates, in dimension 2, seeXan®le [B-L-S], in diemsnion greater
than 3, see for example, [B], [ C-L], [L-Z 1] and [ L-Z 2].

We have:

Theorem. For all a,b,m > 0, A > 0with A — 0 and all compact K of M, thereisa positive
constant ¢ = ¢(a, b, m, A, K, M, g) such that:

supu < ¢ if infu > m,
K M

for all solution v of (E) relatively to V' with the conditions (C).

2. PROOF OF THE THEOREM.

Letxq be a point ofA/. We want to prove an uniform estimate aroutyd

Let (u;); be a sequence of solutions of:

Au; + Ryu; = Viu®, u; >0,
whereV; is such that:

0<a<Vi(x) <b and |[VV||pe ) < Ai with A; — 0.
We argue by contradiction, we assume thatstiye is not bounded.

V ¢, R > 0 3 u., g solution de(E) telle que:

R* sup wucr>c, (H)
B(zo,R)
Proposition 1:(blow-up analysis)
There is a sequence of pointg;);, y; — zo and two sequences of positive real numbers
uilexp,, (y/[ui(y:)])]

(Li)i, (Li)ir li — 0, Ly — +oo, such that if we set; (y) = o
Ui\Yi

, we have:

0<wvi(y) <G <2, fi — 1.

1

— ——— . uniformly on compact sets of R%.
1+ [y Y Y

vi(y)

liui(y;) — +oo.
Proof of the proposition 1:

We use the hypothes(g7), we take two sequencég > 0, R; — 0 andc¢; — +oo, such that,

R? sup w; > ¢ — 400,
B(zo,R;:)

Let,z; € B(wo, R;), suchthabupg,, g,y ui = ui(z;) ands;(z) = [R; —d(z, z;)|u;(x), z €
B(LEZ', Rz) Then,LEi — Z0-

We have:

i )si(:v) = 5i(yi) > si(x;) = Ryui(x;) > \/c; — +00.
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We set :

uilexpy, (2/[ui(yi))}

li=Ri — d(yi, i), ui(y) = uilexp,, (y)], vi(z) =

u;i(Yi)
Clearly, we havey; — xo. We obtain:
I iyl o e _ s
L= W[Uz(yz)] = 1/ > 7 =c¢;' — +oo.
. 1
If |Z| < L;, theny = expyl[z/[uz(yl)]] S B(yl,ézll) with §; = ()—1/4 andd(y,yi) <
C;

R, — d(yi, wi), thUS,d(y, wi) < R; and,si(y) < Sl(yl) We can Wl'ite,

ui(y)[Ri — d(y, vi)] < wi(yi)li-
But, d(y, yi) < &l;, R; > 1; andRi — d(y, yz) >R, —6;l; > 1, —6;l; = li(l — (Sl), we obtain,

0 < wiz) = ul) o by

wi(ys) — Li(1—0;) —

We set,3; - clearlys; — 1.

1
S 1-4;
The functionv; satisfies the following equation:

Rylexp,, (y)]

[ui(yi)]?
with, Vi(y) = Vilexp,, (y/[ui(y:)])]. Without loss of generality, we can suppdser,) = 8.

*gjk[eXPyi (y)]Ojrvi — Ok {gjk |g|} [eXPyi (y)]0jv; + Vi = ‘71%'3,

We use Ascoli and Ladyzenskaya theorems to obtain the umiéonvergence (on each com-
pact set ofR?) of (v;); to v solution onR* of:

Av =28 v(0)=1, 0<v<1<2,
By the maximum principle, we hawe> 0 onR™. | we use the Caffarelli-Gidas-Spruck result

(see [C-G-S]), we have(y) = W

Polar Geodesic Coordinates

Letu be afunction onV/. We seti(r, 6) = ulexp, (r#)]. We denotgy, ;; the local expression
of the metricg in the exponential chart centeredin

We set,

wi(t,0) = e'u;(e',0) = e'uilexp,, (e'0)] and Vi(t,0) = Vi[exp,, (e'0)].

a(yi7 ta 9) = lOg J(yla et7 9) = 1Og[ d@f(gy“l])]
We can write the Laplacian in the geodesic polar coordinates
N I
—Au = 0t + = 0pt + O [log J (z,7,0)]0, 1 — — Ay
T T
We deduce the two following lemmas:

Lemma 1.
The functionw; is a solution of:

—Opw; — Oadyw; — Agw; + cw; = Vw?,
avec,



c=c(y;,t,0) =1+ 0a + Rye*,
Proof of theLemma 1:
We write:

3
Qtwi = eztarﬂi + Wi, attwi = eBt [&Tﬁi + —tarﬂ1:| =+ w;.
e

Ora = €'0, log J(yi, et, 0), 0radsw; = €3 [0, log JO,i;] + Osaw;.
Le lemma 1 follows.

Letb (yi,t,0) = J(yi, et,0) > 0. We can write:

1 _ _
———0u(Vbrw;) — Agw; + [e(t) + by ba(t, 0)]w; = Viw,®,
Vb1

1 1
h = _ o 2-
where ba(t,0) = 0y (v/b1) Qmattbl NINEE (Ob1)
We set,
U~)i = \/Ewl
Lemma 2

The functionw; is solution of:

— s + Do (1) + 2V (;). Vg log(v/b1) + (¢ + bfl/zbz — C)W; =

1\ /2
=V, | = b3,
<b1) v

where,cs is a function to be deterined.

Proof of theLemma 2:

We have:
1\ /2
— O — /b1 Agwi + (¢ + by)b; = V; (b—) Wy,
1
But,
Ap(V/brwi) = /b1 Agw; — 2V gw;. Ve\/b1 + w;i Ag(v/by),
and,
Vo(v/brw;) = w;Vo/by + /b1 Vow;,
we can write,
Vow:.Vo/by = Vo(;).Velog(v/b1) — w;|Velog(+/b1)?,
we deduce,
Vi Dgw; = Ng(;) + 2V (). Vg log(y/b1) — catiy,
. 1 .
with co = [WAQ(\/E) + |V log(v/b1)|?]. The lemma 2 is proved.
1

The moving-plane method:

Let¢; be a real number, we assugje< t. We sett®' = 2¢; — t anda’ (t, 0) = w; (5, 6).

Proposition 2:
We have:



Forall 3 > 0, there exists;z > 0 such that:

1
2) —e' <wi(\ +t,0) <cpe', Vt< B, VOES;.
¢
Proof of the Proposition 2:
Like in [B], we havew;()\;, 8) — w;(A; +4,0) > k > 0 for i large,V 6. We can remark that
b1(yi, Ai,0) — 1 andby(y;, i + 4,0) — 1 uniformly in 6, we obtain 1) of the proposition 2.
For 2) we use the previous lemma 2, see also [B].

We set:

Zi = —0u(.) + Dg(..) + 2V (...). Vo log(v/br) + (c+ by by — ¢3)(...)
Remark : In the operatoiZ;, we can remark that:

c+b1_1/2b2 —cy > k' >0, for t << 0,
it is fundamental if we want to apply the Hopf maximum prirleip

Goal:

Like in [B], we have elliptic second order operator. Hersifj, the goal is to use the "moving-
plane” method to have a contradiction. For this, we must have

Zi(@5 — ;) <0, if @F —w; <0,
We write,Ag = Agyv o - We obtain:

Zz(wfl - wz) = (Ag € -

viet™" sy e 83

+2(Vy e — vg,et)(wfi).ve,etgi log(1/b5%) + 2V et (wfi).v&e,,gi llog(1/b5") — log \/b1]+
2V wS (Ve — Vo) logy/bi — [(c+ b7 by — e2)% — (e + b7 by — eo)] @ +

) 1/2 L\ 12
+Vi£i (b£'> (ﬁ)fl)s -V (b—) u?f’ (x % x1)
1 1

Clearly, we have:

Lemma3:
L. . 2t
b1(yi, t,0) =1— ngcczyi(G, 0es + ...,

Ry(€'0) = Ry(yi)+ < VRy(y;)|0 > €' + ...
According to proposition 1 and lemma 3,

Propostion 3:

Zi(@§ —n) < |VE = Vi (05) V2w ) + Vs T

&5
+C|62t_62t %

(V| + V35| + | Riceiy, [0 + ()] + | Ry (o) |5 | +CTu e —e].

Proof of the proposition 3:

In polar geodesic coordinates (and the Gauss lemma):
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g =dt* +1r°G5do"de? et \/|7*| = oF(0)\/[det(g,ij)],
wherea” is the volume element of the unit sphere for the operi/det
We can write (with the lemma 3):

001 (t)] + |4¢b1 (t)] + [Owealt)| < Ce™,

and,
|(99jb1| + |(99].79kb1| + 3t79jb1| + |3t79j79kb1| < Ce2t,
But,
891 t 9 \/lg €t 9 agj
Ay = Agyv b = )
et (e 0]
Then,
N0 VT [0 VEF96) ]| e
Ai'_ ~% )_BZ+D1
V13" V19%|
where,
~olpi i ~plpi L.
By =[5 (e",0) = 5" (",0)] Do i
and,

s

D, = |208”" OV 0) _ onlg"” (VT O | e
' VIgF (et ) 1551 (et, '

Clearly, we can choosg > 0 such that:

|8T§fj(ac,r,9)| + |8T89m§fj(x,r, )] < Cr, x € B(zo,e1) r € [0,€1], 0 € U,
finally,

2t€i
Ai S Ck|€2t 2t

Itis easy to see that:

Vo5 | + |V2(a5)

"’gi 51
ﬁ)fl wil

We take,C' = max{C;,1 < i < ¢} and we uséx x x1). The proposition 3 is proved.

We have,

(i t,0) = 14 0a + Rye*, (o)

ba(t,0) = Dy (\/b1) =

1 1 2
Q—maﬁbl — W(atbl) ) (052)

¢ = [%AW@ FVolog(VoN[,  (as)

We do a conformal change of the metric such that:
Ricciy, = Rg(xo) =0, 1/det(Gzy,56) = 1+ O(r®), s > 4,
it is given by T. Aubin [Au 1], (see also Lee et Parker, [L,P]).

Without loss of generality, we can assume:

g=9, Rs(y;) — 0 and Ricciy, — 0.
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We assume that < \; + 2 = —logu;(y;) + 2.

We work on[\,t;] x Sz with t; = logv/I; — —oo, I; as in the proposition 1. Farlarge
log VI; >> i + 2.

The functionsy; tend to radially symetric function, the,, wiA — 0if 1+ — +o0 and,

o, wl (1,0) ORI HEDIIOAIHED] (G 1) (el AAI+O-0lg)
- - [OXTFO 0]y, [e A A)TOD 4] < i,

K2

whereC; does not depend onand tend to 0. We have also,

|Ogw)} (L, 0)| + |9 gw (t,0)] < Ciw)(t,0), C; — 0.
and,

|09t} (t,0)| + 0,007 (t,0)| < Ciw}(t,6), C; — 0.
C; does not depend oh

Now, we set:

Like in [B], we have,
Lemma4:
There isv < 0 such that for\ < v :

wz/\(t79) - wz(tae) <0, v (tve) € P‘vtz] X SB-
Let¢; be the following real number,

& = sup{\ <\ +2,@0 (t,0) — @;(t,0) <0, ¥ (£,0) € [&, t:] x Sz}.
Like in [B], we use the previous lemma to show:

@t —w; < 0= Zi(wt —w;) <O0.

If we use(a1), (a2) and(as), we have,

Zi(@$ —w;) < 2Ai(e'—e ) (@5 P 1V (05 ) V205 )P — @3] +o(1)e (el —et ) ro(1)as (e —e).
We can write,

2t — 2% = (e — etgi)(et + tgl) < 2ef(ef — etgi).
Thus,

Z;(0f —m;) < ded;(e'—et ) (@5 )2 Vi (05 ) V205 )P~ @] +o(1)e* (el —et ) ro(1)etf (ef—et).
But,

0 <@t <2 ;> %et and ©% — ; < %(etﬁi B,
and,
m2e2t
(@5 )3 = (W —;) (05" ) 2+ i +2] < (5 —ay) (W57 )2+ (5 —ady) (W5 ) el
then,
= & £in2 m3 am2 t ~€ $&i t
Zij(w; —w;) < |(0;*)[— — dedi] + | T o(1)] + [T —o(1)]e'w;* | (e e) <0

| fwe use the Hopf maximum principle, we obtain (like in [B]):
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max w; (ti,0) < 52182 w; (26 — 1),

we can write (by using the proposition 2):

Liui(y;) <,
Contradiction.
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