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Abstract. In this article we present an application of a method of adraf Hamiltonian systems to the chaotic velocity
diffusion of a cold electron beam interacting with electatis waves. We numerically show the efficiency and robusstrod
the additional small control term in restoring kinetic codrece of the injected electron beam.

INTRODUCTION drance to the development of efficient methods of con-
trol. Conventional approaches aim at targeting individual

The consequences of chaotic dynamics can be harmful itrajectories. However, when a microscopic description of
several contexts. During the last decade or so, much at physical system is required, targeting of individual mi-
tention has been paid to the problem of chaos controlcroscopic trajectories is hopeless.
Controlling chaos means that one aims at reducing or The strategy we developed is based on a small but
suppressing chaos by mean of a small perturbation seuitable modification of the original Hamiltonian system
that the original structure of the system under investigasuch that the controlled one has a more regular dynamics.
tion is kept practically unaltered, while its behavior canIn this article this strategy is illustrated through a par-
be substantially altered. In particular, in many physicalticular example: how to restore kinetic coherence of a
devices there are undesirable effects due to transport pheeld electron beam interacting with electrostatic waves.
nomena that can be attributed to a chaotic dynamics. Fdidere chaos deteriorates the velocity "'monochromaticity”
example, chaos in beams of particle accelerators leadsf the injected beam and one has to find a strategy of
to a weakening of the beam luminosify} [}, 2]. Similar control such that this effect is reduced or suppressed.
problems are encountered in free electron Ias@rﬂ [3, 4]. The Hamiltonian which models the dynamics of
In magnetically confined fusion plasmas, the so calleccharged test particles moving in electrostatic waves is
anomalous transport, which has its microscopic origin
in a chaotic transport of charged particles, represents a
challenge to the attainment of high performance in fusion
devices [|5]. The theoretical description of the physics of
these devices (beam accelerators, free electron lasers, fwhere p is the test charged particle momentum and
sion devices) is based on Hamiltonian models, thus thé,, «w, and¢, are respectively the amplitudes, wave num-
above mentioned possibility of harmful consequences obers, frequencies and phases of the electrostatic waves.
chaos is related with Hamiltonian chaos. One way to conGenerically, foN > 2, the dynamics of the particles gov-
trol transport would be that of reducing or suppressingerned by this equation is a mixture of regular and chaotic
chaos. There exist numerous attempts to cope with thibehaviours mainly depending on the amplitude of the
problem []. However, these efforts have mainly been fo-waves. A Poincaré section of the dynamics (a strobo-
cused on dissipative systems. For Hamiltonian systemsscopic plot of selected trajectories) is depicted on fig. 1
the absence of phase space attractors has been a hior two waves N = 2). A large zone of chaotic behaviour
occurs in between the primary resonances (nested regular
structures). If one considers a beam of initially monoki-
1 Unité Mixte de Recherche (UMR 6207) du CNRS, et des univéssit  netic particles, this zone is associated with a large spread
Aix-Marseille |, Aix-Marseille 1l et du Sud Toulon-Var. Laiatoire of the velocities after some time (left hand side panel of
affilié & la FRUMAM (FR 2291). Fig.[l) since the particles are moving in the chaotic sea
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FIGURE 1. Poincaré surface of section and (normalized) probabilistridution functionsF(p) of the_velocity for the
Hamiltonian given by Eq.ﬂl) without control term (left pdnand with the control term given by EqD12) (right panel).
The depicted numerical results are obtained in the case @fetectrostatic waves usin@z,ky,wi,¢1) = (0.0451,0,0) and
(&2, k2, w2, $2) = (0.045 1,1,0). Reprinted from Ref[[11].

created by the overlap of the two resonan(ﬂas [7]. Hereonsider Hamiltonian systems of the form
the problem of control is to find a control terfingiven

q
f(xt) = z Nn €O KnX — Qnt + @), (2) that after a suitable expansion can be rewritten as
n=1
that is the right set of additional controlling waves, such H(A,0) = w-A+ev(8) +W(A,0), 3)

that the controlled Hamiltonian . )
where (A, 8) € R- x Tt are action-angle variables for

Hce(p, X, t) =H(p,x,t) + f(xt), Ho in a phase space of dimensioh.Zlhe last term of

. - : the expansion can be written as
given by the original one plus the control term, is more P

regular tharH. In general, adding a generic perturbation W(A, 8) = ew1(8)-A+wy(A, 8),

adds more resonances and hence more chaos. Neverthe-

less this problem has some obvious solutions with addiwherew, is quadratic in the actions, i.e,(0,0) = 0
tional waves having amplitudes of the same order as thanddaw-(0, 8) = 0. We assume thab is a non-resonant
initial ones. For energetic purposes, the additional wavegector of RL, i.e. there is no non-zero € ZL such that
must have amplitudes which are much smaller than they -k = 0. Moreover we assume without restrictions that
initial ones (max|nn| < max, [&n[). This means finding [, v(8)d-6 = 0.

a specifically designed small control term that is a slight We consider a region neak = 0. The controlled
modification of the system but which drastically changesHamiltonian we construct is given by

the dynamical behaviour from chaotic to regular. In par-

ticular one aims at building barriers to transport that pre-  He(A,8) = w-A+ev(0) +w(A,0) +£f(8).  (4)

vent large scale chaos to occur in the system. _ )
The control term depends only on angle variables and its

expression is given by
LOCAL CONTROL METHOD AND £(8) = —&2w(—erdgv, B), (5)
CONTROL TERM
wheredgV denotes the first derivatives wfwith respect
In this section we briefly sketch the local control methodto 8 : dgv = ¥t ikvk€*® and where the linear oper-
that was extensively discussed in Reﬁ. |]]8 9]. Let usatorl is a pseudo-inverse ab- dg, i.e. its action on a



functionv(8) = Sy we @ is We define

Vi HO =E+ wp,
rv(@) = gk, (6) B
i (o) 1@ K V(X,t) = &1 cogkix— it + ¢1) + &2 cogkox — wrt + P2),
We prove (see Ref|][9]) thad; has an invariant torus wW(p,x,t) = p? /2,

located atA = —el dgv. For Hamiltonian systems with ) _

two degrees of freedom, such an invariant torus acts aBovidedw # wi/ki and @ # wy/k,. In this case the

a barrier to diffusion. For the construction of the control €ONtrol termis given by

term, we notice that we do not require that the quadratic 1 )

pgrt ofw is small in order to have a control term of order f(x,t) = —é(raxV) 5

& wheredy is the partial derivative with respectxand the
action of " follows from Eq. []5). Therefore the control

Control term for a two wave model term is equal to

cogkix— wit + 1)
WKy — wy

1
We consider the following Hamiltonian with two trav- fxt) = ) etk

eling waves: ak E+ o) 2
cog(koXx —
. + et TR (a0)
H(pxt) = = +ecoskx—wt+¢1) 2”2
t&coskox— st + o), 6 Adding the exact control tern] (10) to the Hamilto-

nian E)), an invariant KAM torus with frequenay is
where the wavenumbers are chosen according to a giveigcreated. This barrier prevents the electron beam to dif-
dispersion relatiork; = K(w;) and k, = K(w,). The  fuse in phase space and the electron kinetic coherence is
numerical results we will show in the following have restored. In Fig||2 (right panel) the recreation of barmer i
been obtained usinge;, ki, wr, ¢1) = (£,1,0,0) and  phase space can be observed on the probability distribu-
(&2,ka, wp, 92) = (£,1,1,0). Similar results are expected tion function of the momenta of a trajectory of Hamilto-
for other values of&n, kn, wh, ¢n)- nian (7) plus the control ternj (L0) fore [0,800r1] (with
Figure[2 (left panel) depicts the probability distribu- initial condition chosen as in the uncontrolled case, e.g.
tion function of the momenta of a trajectory of Hamil- for (p~ 0.35,x=0)). In fact for all the values of the am-
tonian () fort e [0,800m (with initial condition cho-  plitudee of the perturbation, the kinetic coherence of the
sen in the chaotic sea, e.g. fop ~ 0.35x = 0)) as a initial electron beam is preserved.
function of the amplitude of the perturbation. It shows  The local control ensures that the barrier persists for
that aftere. ~ 0.028 there is no longer any barrier in all the magnitudes of the perturbation and also gives us
phase space. We notice that the valuespfor which  explicitly the equation of the recreated KAM torus, that
the last invariant torus is broken is approximately equalis

to & ~ 0.02759 [10]. _
The first step% order to compute the local control Po(x,t) = w—Slklcos(kgk Ot + ¢)
term which recreates a barrier in phase space is to map 1= 01
this Hamiltonian with one and a half degrees of freedom —&ko costhox — wit + ¢2) . (11)
into an autonomous Hamiltonian with two degrees of whko — @y
freedom by ConSidering thatmod 2T is an additional The control term @0) has four Fourier modeS'
angle variable. We denoté its conjugate action. The (2k1, —2an), (2ko,—20), ((k1 + ko), —(wy + @p))
autonomous Hamiltonian is and ((ky — k2),—(wy — a,)). If we considerw close
P to (an/ki + wy/kz)/2, the main Fourier mode of the
H = E+5 +ecodkix—wnt+¢1) control term is
+&cogkoX — wot + ¢2). (8) f, — £16kiko

— X
2(wky — ko —
Then, the momenturp is shifted bycw in order to define (ke = 1) (k> — @)

a local control in the regiop ~ 0. The Hamiltonian is cog(ky +ka)x— (wr+ wp)t + d1 + ¢2]. (12)
rewritien as Assumingw = (wy/ky + ap/kp)/2, the control term
H = E+wp+ecodkx—awt+ ) given by Eq. [1R) is

2 281&
+& cogkoX — Gt + 02) +%. 9 fo= ﬁcos{(kﬁrkg)x— (o + @)t + ¢1+ ¢,
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FIGURE 2. Distribution of momenta as a function ot for Hamiltonian [V) (left panel) and for Hamiltoniaﬂ (7) glthe control
term ) (right panel). The numerical results are obtaileedhe following values of the parametefs, ky, wn, ¢1) = (€,1,0,0)
and (&2, kz, ap, ¢2) = (£,1,1,0).

relationk = K(w), i.e., we do not have in generial +
0.55 ko = K(wy + ar) since the dispersion relation is not
linear. Therefore the determination of the frequency and

0.5 .
wavenumber of the control term contains errors. The
0.45 = approximate control term has the form
= ol i‘j"'}_,— —— (o €182k ko »
0.35 = 2 Z(wkl _ wl)(wkz _ @)
03 cos(Ky + kz)x — (w1 + wp + Sw)t + ¢1 + 2.
0.25
We also test the robustness of the local control when
%% 0.02 0.04 0.06 0.08 there is an error on the phase, i.e. we consider an ap-
€ proximate control term of the form
FIGURE 3. Distribution of momentunp as a function of (@) &16k1ko
for Hamiltonian ﬂ?) with the approximate control terrE|(12). f5 = _2(a)k1— ) (ks — @) X

The numerical results are obtained for the same values of the
parameters as in Fif]. 2. cog(ky + ko)X — (wp + o)t + ¢1 + ¢2 + 59].

Figure[} depicts the probability distribution function of

wherev, is the group velocity of the wave defined as the momenta of a trajectory of Hamiltoniaﬁlm @) wi(t(?) the

Vn = @h/Kn. approximate control ternﬁé“” (left panel), or withf,
Figure[3 depicts the probability distribution function (right panel), fort € [0,800m] and with initial condition

of the momenta of a trajectory of Hamiltonig (7) with (P~ 0.35x = 0), as a function of the amplitude of

the approximate control tern (12), foe [0,800m and the perturbation. From these figures we notice that it is

with initial condition (p ~ 0.35,x = 0), as a function importantto adjust precisely the frequency of the control

of the amplitudes of the perturbation. It shows that term, and also choose a set of modes suchkhatk; is

even afters; ~ 0.028 barriers in phase space have beerflose toK (w + wp).

created. The approximate control is efficient &l ~ In summary, we have shown here how our method of

0.07. control works in suppressing chaotic velocity diffusion
induced in a cold electron beam interacting with electro-
static waves. These numerical results have been success-

Robustness of the control: Influence of a fully confirmed by an experimental check performed on
. a Traveling Wave Tubg [11]. According to the fact that if

change of frequency and phase in the the amplitude of the potential is of ordetthen the am-

control term plitude of the control term is of orde?, the control term
is realized with an additional cost of energy that is less

The main problem is that the wavenumtiigr-k, of  than 01% of the initial electrostatic energy of the two
the control term does not satisfy in general the dispersiogyaye system.
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FIGURE 4. Distribution of momentunp as a function o€ for Hamiltonian [}7) with the approximate control terE](lb)wmining
an error ofdw = 0.001 in the frequency (left panel) and an errodgf = 0.2 in the phase (right panel). The numerical results are
obtained for the same values of the parameters as i|Fig. 2.
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