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ABSTRACT. In this article we consider the Boussinesq system supple-
mented with some dissipation terms. These equations model the prop-
agation of a waterwave in shallow water. We prove the existence of a
global smooth attractor for the corresponding dynamical system.

1. INTRODUCTION

This article is concerned with the long time behavior of the solutions to a
damped-forced Boussinesq system that read

{ N+ Uz + (NU)e — Nea = 0, (1)
Ut — Utgy — Ugy + Ny + U = f

Here we have an incompressible fluid on a channel. u(¢, x) is the horizontal
velocity at the top of the fluid, n is the fluctuation of the height of the fluid
with respect to the rest position that is z = n(¢,z) = 0, assuming that the
bottom of the channel is at z = —1. Observe that in our model we have to
ensure that n(t,z) > —1 V¢, x.

Here f(x) is an external force that does not depend on time and the
damping terms are respectively —uz,, —7.,. In the conservative case, that
read

{ N + Ug + (nu)x = 0, (2)

Up — Utgg + Mg + Uzt = 0

this system has been introduced by Boussinesq in 1877 to model the fluctua-
tion of a waterwave in shallow water. Other well-known asymptotic models
are Korteweg-de Vries equations and Benjamin-Bona-Mahony equation, also
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known as the regularized long wave equation. For these asymptotical models
we would like to refer to [5,19] and to the references therein.

In this article we are interested in the dissipative case. In the case where
f =0, the solutions converge to the equilibrium and the issue is to find out
the rate of convergence. Following the pioneering work of Amick, Bona and
Schonbek [4], this issue has been addressed in the case where z € R”, D > 2
using the famous Schonbek splitting method [16]. Here we plan to study the
dynamical system provided by (f) into the framework of infinite dimensional
dynamical system [11,15,17]. Our main result states as follows
Theorem 1.1. The dynamical system provided by (1) features a compact
global attractor into a suitable energy space. Moreover this compact global
attractor has finite fractal and Hausdorff dimension.

This result compares with previous results obtained for dissipative KdV
equations [7-10] or dissipative BBM equations [2,18]. This article is orga-
nized as follows; in the next section we introduce the mathematical frame-
work that we have chosen to study this dynamical system. In a third section
we address the initial value problem for the evolution equation. In a fourth
section we prove the existence of a smooth finite dimensional attractor.

2. MATHEMATICAL FRAMEWORK

2.1. Initial data. For the sake of convenience, we are interested in consid-
ering periodic boundary conditions. We now consider functions for = € [0, 1]
that are 1-periodic. We also assume that fol f(x)dr =0 and f € L?(0,1).
Introducing w(t,xz) = 1 + n(t,x), we rather use the following system

Up — Utgy — Ugg + Wy +uzu = f for (z,t) € (0,1) x Ry, (3)
we + (Wu)y — Wey = 0 for (z,t) € (0,1) xRy.

The natural space for the velocity u(t,x) is then

H;er ={ve H;er/ /01 v(x)dx = 0}. (4)

We then assume that ug € H;er.
We now proceed to the assumptions on wp(z).
The first physical assumption is that
inf wy(z) > 0. (5)

This assumption ensures that the top of the fluid does not hit the bottom
of the channel. The second assumption is that

[wo=1. (6)

that describes that wgy fluctuates around 1 the height at rest of the fluid,
and that the fluids has constant volume.
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The third assumption is related to the very definition of the entropy for
convection equation, see [16].

Introducing Q(y) = yIny—y+1 that is convex and non negative, we assume
that

/01 Q(wo(x))dx < +00. (7)

Remark 2.1. Assume that f = 0 here and that we are given reqular enough
solution (u,w) to (2) such that w > 0 Vz,t . Multiplying (2) by (u,1+Ilnw)
and summing the two resulting equations, we thus obtain

drl 1 12
Eb]uﬁ{l —i—/o wlnw} +’u$‘%2+/0 ﬁ:O; (8)

then, using fol w=1

1 rt 1
tim [5 [ @4+ [ Q)
t—oo L2 Jp 0
and the fluid converges to the equilibrium (u,w) = (0,1).
2.2. Functional Analysis. We set

K = {w(z /w dw-land/ x))dr < oo};  (9)

one may wonder which kind of topology we shall use in K. First of all, we
observe that K is a convex set (this is obvious since the map y — Q(y) is
a convex function). Furthermore, K is related to the following Orlicz space
(see [1]). Introducing
H(y) = (1+y)n(l+y) -y, (10)
that is a convex function, we observe that H and () are related by the
following inequalities.
Lemma 2.2. 3Cy > 0 such that Vy > 0
Qy) —1 < H(y) < Co(Q(y) +1). (11)
Proof: On the one hand, if y € [0,1], then Q(y) <1 -y <1+ H(y). If
y > 1 then
Qly) =yly+1-y<(y+hy+1)-y+1
To establish the reverse inequality, we observe that y Iny ~ (1+y) In(y+1),
then, for large y’s , say y > R, H(y) < 2(ylny —y +1).
For y € [0, R], H(y) is bounded by H(R).Then the proof of the lemma is
completed. [

Therefore w > 0 belongs to K iff fol w =1 and w € Ly, the Orlicz space,
whose norm is defined by

L w
el = infA> 0, [ HE) @) <1} (12)



4 M. ABOUNOUH, A. ATLAS, O. GOUBET

We now endow K with the topology of Ly, that is given by the distance
d(wy, w2) = [Jwy — wal[Ly- (13)
Remark 2.3. K is not a closed subset of Ly, but K = {w > 0; folw =

1 and fol Q(w) < oo} is. Consider wy, in K such that ||w, — wl||r, — 0.
There exists A, — 0 such that

Lo w, —w
0 n
We shall use 1
Hiy) > S(/y+1- 1) (15)

Then, setting v, (x) = A, w,(z) — w(x)],

n

Uw, —w| 1
/0 M ‘/o””

- [vmrionee [Ty

< 4/01 H(vn)+4(/ol(m—1)2)% <4(1+V2).

Then wy, — w in L', and, up to a subsequence extraction w, — w a.e. O

3. THE INITIAL VALUE PROBLEM
3.1. Main Theorem.

Theorem 3.1. Consider the initial data (ug,wq) in H;er x K. Then there
exists a unique solution for ()

(u(t),w(t)) € C(R-f—v H;er) X C(R-H f()
that satisfies moreover \J/w € Lf (Ry; HJ.).

loc

Remark 3.2. In the theorem above, we would like to point out two important
facts:

« If infwo(x) > 0, then, for any t,x > 0, w(t,z) > 0, that is physically
relevant.

x The dissipative Boussinesq system provides a smoothing effect in the w
variable. In fact \/w belongs C(Ry — {0}; H})

Proof of Theorem B.1}

Existence: we first regularize the initial data (uf), w§) to construct smooth
solutions (u*(t), w*(t))in C((0,T], H,,, x H},,) for instance. We then prove
some a priori estimates and finally pass to limit. Since these methods are
classical, we just indicate below how to derive the a priori estimates, refer-
ring the reader to [3], for details. For the sake of simplicity, we drop the

subscript & throughout the proof of the theorem.
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First step: we first prove w(t, x) is positive .
Consider o = inf wg > 0. Introduce

J(t,x) = max(0,« — w(t, x)). (16)

Using the Kato’s inequality ( see [12,13] ) that reads (in the distribution’s
sense)

Wezsgn(w) < (|w])ze, (17)
we thus obtain

Jy+ (1) — Jup < 0. (18)

Then, integrating in x, we have that

1 1
/ J(t,x)dx < / J(0,z)dx =0, (19)
0 0

and w(t,z) > « a.e.
This result is related to parabolic Harnack’s inequalities, see [6].

Second step: a priori estimate in H;er x K.
We begin with a technical lemma

Lemma 3.3. Consider w > 0 a smooth periodic function such that fol w(z)dr =

1 then . Lo s
/0 Q(w)dxg(/o ), (20)

Proof: since —In is convex, Q(w) < w(w — 1) — w + 1. Then, using once
more fol w=1,

1 1
/ Qw) < / w? — 1. (21)
0 0
On the other hand, for any ¢ smooth periodic function, then
1 1 1 1 1
0 (x) < 2(/ 302)2(/ 7)) +/ o’ (22)
0 0 0
We apply this to ¢ = y/w. Then

/(]1w2§||w||Loo(/01w)§</01%92”)%+1 (23)

this concludes the proof of the lemma [J.
We now proceed to the a priori estimates. We multiply (f) by (u, 1+Inw).
We integrate in x over [0, 1] the resulting equations and then sum to obtain

%[/01 (whw=—w+1) + SllulBn] + [@o)mw

1,w2 1 : 1
[ [t e = [ ru24)
0o w 0 0

Integrating by part, we observe that

/Ol(uw)m Inw + /01 wgyu = 0. (25)
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On the other hand, using Young’s and Poincaré-Wirtinger inequalities, we
obtain

1 1 1
2 2 2 2
— [ rutllue 2 el = (r = 3l — 511113

1 2 1 2
> il = 5 13 (26)
We thus obtain,

dp [t 1 1 1 wg
GL [ @)+ Sltulltn] + Sl + [ 22
We now infer from (R1)) and (RJ) that

/OIQ(w)g(/Ol%g)Jri. (28)

We combine this inequality together with (R4), we integrate with respect to
(thanks to the Gronwall lemma) and thus obtain

1
/ Q) + (@l < 5+ o517+ ([ Qo) + lluollre)
0
(29)
Since H is a convex function, for A > 1 (observe H(0) = 0), and due to
Lemma P.J

/H dm<)\/H dx<—1+sup/Q <1,  (30)

t>0

(27)

for A\ large enough. Then w(t) remains bounded in the Orlicz space Ly.
We then have established an a priori estimate for (u,w) in L®(R4; per) X

L®(Ry; Ly).

Remark 3.4. Actually (27) implies that \/w is a.e. int in HL. Since this
Sobolev space is an algebra and since we can solve the evolution equation
under consideration with initial data w in H}, this implies that for all t > 0
w is in H (smoothing effect). We precise this fact below.

Third step: smoothing effect; v/w belongs to H* for t > 0.
We set v = y/w that solves
2

1
Vi — VUgy — Ye =+ 5%0 + uv, = 0. (31)
v
Multiply (@) by —v., and integrate. We then get

1d o 1 i o1
sallnlBe ol + 5 [ 22 =2 [upvvne + [ uvse,

1
< SlvaelZa + e[l w22+l ozl 2] (32)

Then, since ||v||p2 = 1,

Zlloallze < erllul ol < erllulli (1 [foal[72). (33)
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Due to Gronwall lemma and since u is bounded in H' we then get the H'
bound on v = /w.

Remark 3.5. Actually for T < +oo yJ/w is in L*(0,T; H.) and then w in
LY(0,T; HY).

Fourth step: uniqueness

Consider two trajectories (ug,ws) and (u1,w;) that start from the same
initial data. Due to the previous estimates both (ug,ws) and (u;,w;) remain
bounded in LI(O, T; LY). We set u = ug—ug, w = we —w; that are solutions
to

{ Ut — Utggy — Ugy + Wy + %(u% - u%)a} =0, (34)
Wi — Weg + (ugwa — uwi )z = 0.

Then multiply these equations by (u,w) and integrate the resulting equation
to obtain

d
o Ul Hllwllz2) < CQtmax(flugllze, [wellzee, llurllze, [lwilloe ) ([lull +[wl|z2)-

The results follows promptly. [J

4. THE GLOBAL ATTRACTOR

4.1. Existence of the global attractor. To begin with we state and prove

Proposition 4.1. The semigroup S(t) defined on Héer x K possesses an
absorbing set that is bounded in H x H!

per

Proof: The existence of a bounded absorbing set in H;e,, x K comes from
the estimate (RY) of the previous section. Let ¢y be the entrance time into
this absorbing ball. Going back to (@) and applying the Uniform Gronwall
Lemma (see Lemma III.1.1 in [17]), we thus obtain that for ¢ > 0, for some

numerical constant c,

HI(Vw)a(t +to)l[72 < c(1+6) (1 + |IfI[72)) exple + el fl]Z2). (35)

Therefore \/w is bounded for large times into H'. Since H! is an algebra,
then w is also bounded for large times in H!. O

Theorem 4.2. The semigroup S(t) possesses a global attractor A in H;er X
Ly, that is a compact subset of H?> x H?.

Proof: we introduce the splitting (u,w) = (u!,w) + (u?,0),
where u! satisfies

u% _ul}mm _u:}:x—i_wx"i_umu: f
ul(0) =0,
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and 2 is solution to

2 2 2
Uy — Upgy — Ugy = 0
{ u?(0) = up. (37)

We now define the families {57 (¢) }+>0 and {Sa(t) }s>0 of maps in H! x Ly,
where S (t)(ug, wo) = (ul,w) and S1(t)(ug,wp) = (u?,0).

First step : we prove that u' is bounded in H?. For this we multiply (B6)
—ul, and integrate between 0 and 1 to obtain

xT
1d 1112 1 2 1 1 1
5%”2’%HH1 + HuxxHLQ = = fuxx + Wy Ugy, + UUg Uy

due to Young and Cauchy-Schwarz inequalities, then

d
bl lukellze < (112 + lwal 22 + [ucl Fallullf ), (38)

due to Proposition .1, (R9), Gronwall and Poincaré inequalities, we obtain
that u! remains in a bounded set of H? for large times (t > to the entrance
time into the absorbing ball).

On the other hand, it is an exercice to prove that

u?(t) — 0 strongly in H* when t — oo. (39)

Then S (t)(ug,wg) is bounded in H? x H! then compact in H' x Ly and
So(t)(ug, wp) — 0 in H! x Ly uniformly on bounded sets.

Then from Theorem I.1.1 in [T] we have the existence of a global attractor
Ain H' x Ly, that is moreover a bounded set in H? x H'.

We now prove that for a trajectory (u,w) in the global attractor, then w
remains bounded in H?. For that purpose, multiply the second equation in
(B) by ws, and integrate by parts to obtain

d , ) 1 1 1,
%memH[ﬂ + ||wmmm||L2 = 0 Upr WW3g + 2 0 U Wz W3y — 5 0 UgWo,
1
< cffulF[[w]|F + gszmH%%
(40)

Then the results follows promptly. It remains to prove that the global at-
tractor, that is bounded in H? x H?, is in fact a compact subset of this
space. This can be performed by the Energy Equation Method of [14] that
is a suitable adaptation of the famous J. Ball argument. This is standard
and will not be reproduced here; we refer the reader to [3] for details. O

4.2. Dimension of the attractor. In this section we are going to prove
that the global attractor .4 has a finite dimension in & = H! x {w €
L? fol w = 1}. £ is an affine space whose associated vector space is E =
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H' x 2. To begin with, we need a result on the differentiability of the semi-
group S(t) on the global attractor. Consider the non-autonomous linearized
system

Vt — Vtgx — Vzg + hx + (uv)x = 0 (41)
he + (uh +vw)g — hay =0
where (u(t), w(t)) = S(t)(uo, wo), (uo, wo) € &, is a trajectory solution of
(@) and (vo, ho) € E. Actually the linear mapping DS (t)(ug,wo)(vo, ho) =

(v(t),h(t)) is the uniform differential of S(t) as stated below

Theorem 4.3. The non-autonomous PDE ([{4) provides a well posed initial
value problem in E. Moreover for T > 0, (vg,ho) € E, (ug,wo) € A, t <T
there exists a constant C = C(T') such that

|[S(t)(uo-+vo, wo+ho)—S(t)(uo, wo)—DS(t)(ug, wo)(vo, ho)l|e < C(T)||(120a f)bo)||6E
42
where 1 < § < 2.

Proof: to prove that the initial value problem is well-posed is standard
and then omitted. Consider the solutions (uj(t),w1(t)) = S(t)(ug,wo),

(u2(t), wa(t)) = S(t)(uo+vo, wo+ho) and (v(t), h(t)) = (Ds(t)(uoawo))(vo,ho)-
Then (p,q) = (ug,ws2) — (u1,w1) — (v, h) satisfies the system

{pt_pt:m:_pmm+Qx+(%’Uz‘f'vp‘f'ulp‘F%pQ)m =0 (43)
G — Qux + (pq + ph + vq + hv + qui + w1p), =0

We shall use in the sequel that folp = folq = 0 and then [|p||;1 and
|[pz]|r2 define equivalent norms. Multiply () by (p,q) and integrate to
obtain (due to straightforward computations)

1d
2dt

1
—/qmp+5/(p+v)2pm+/u1ppm+/(pq+ph+vq+vh+w1p+qm)qx

[lal32 + 1Pl ] + llgzl32 + llpoll3a =

< lellas + 1Al z2) el [llgol = + 11pel 2] +
(Ut lhllan + el + ol + [1Allz2) [l ge B + 1pl 3] + [1pl] 2] B2].

We thus obtain, using the bounds on the attractor and the local in time

bounds on (v, h)

%[Il(p, DIE] < KD, @)l[E + Ka(D)]|(vo, ko)l + Ka(D)]|(: 0)[ -
(44)
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Consider a given interval of time [0,7]. Set €2 = Ko(T)||(vo, ho)||% that
is small. Then ¢(t) = exp(—tK1(T))||(p, q)||%(t) satisfies the ODE

¢ < K¢+, (45)
supplemented with ¢(0) = 0. Then E(t) < 2¢ if ¢ is small enough. [J

We now give the main result of this section

Theorem 4.4. The fractal and Hausdorf dimension in £ of the attractor A
are finite .

Proof: set £ = (u,w), 8 = (v, h). Now we study the operators DS(t)¢y that
contracts the m-dimensional volumes in £. Let 3, ..., 45 in E. We study
the following quantities

G = 18" (1) Ao A B} = deticijam (B0, (1) , (46)

where 3(t) = (DS(t)&)35. The Gram determinant G, represents the vol-
ume of m-dimensional polyhedron defined by the vectors 81 (t), ..., ™ (t). We
will show that for sufficiently large m this determinant decays exponentially
as t — oo.

We consider 3(t) = (DS(t)&0) 5o solution of (), we multiply by 8 = (v, h)

and integrate to obtain
1d ) ) ) 1 1 1 1
——|1811% + lvell72 + ||hzl|f2 = / uhha;—i—/ vwhx—i—/ uvvgg—i—/ huy.
2dt 0 0 0 0

(47)

Recall that (u,w) is a trajectory that belongs to the global attractor. Intro-
duce M = ¢(1+||f|[32) that is the H' bound for w in the attractor (see (B9
)). We do not want to use estimates that involve H? norms of u as (Bg).
We bound the fourth term in the r.h.s of () by 1||h||3. + |[v][2.. The
third term can be bounded as follows

1 1
|AUWH§?MMMWHWMWE

3/2 12 1
clful ol 77 ol 2* < Fllwol(Re + M2 ] 3.

We now proceed to the first term as follows

1 1
|| uhhol < Sllulln 1Al <
0 2
3/4 5/4 _ 1
ellul 1Al IlAe 175" < ZI1AellZe + eM™2| Al

For the second term, we have
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1 1
|/ vwha| < I3 + llwl Ballol B <

Hh 172 + 3 HUJCHLQ + clw]|72vlZ-
To go further, we need a new estimate on w that reads
Lemma 4.5. For any (u,w) in A, then ||[w(t)||p2 < (1 + M?).

Proof: for a given trajectory in the attractor multiply the second equation
by w and integrate to obtain
2
dt
here we have used that folw = 1. We then infer from ({§) that, using
Poincaré-Wirtinger inequality,

1
[ 0= 12 = ol 1 < (49

1
wliZ2 + 2llws 72 = 2/0 wwwy < [Jwgl[Fs + |[ullfoel[wllpoe;  (48)

that p
1
Sl B+ glwl3s < o1+ M), (50)

Then the classical Gronwall lemma leads to the result. [J
We then have

S S BIE + 1181 = e (1 + MBI ) (51)

We introduce the Gram determinant

Gn(t) = deticiz<m (A(B' (1), B (1))

E’
NI IE
where A(a,b) = w, and that represents the m-dimensional vol-
ume. Then we can proceed as in [7,17] to establish that
dG Ui ||B||22 71
— 2 +mGy, < c(1+M*® in —LX )G, (52
g T mGm < c(14M5) (; ACRR dimA=tvednzo  |10]% m- (52)

Since the eigenvalues of the Laplace periodic operator are 4wk’ each of
multiplicity 2, then

m/2

||ﬁ||szH 1
~9 2 2 k . 53
Zl Ac]Rm dzmA lUEA U7£0 ||B||E " Z " ( )

m

Therefore for m > ¢(1+ M?8) the m-dimensional volume G, decays and the
attractor has finite dimension. [

AKNOWLEDGEMENT



12 M. ABOUNOUH, A. ATLAS, O. GOUBET

This work was performed under the research program ”Dissipation et
Asymptotique” supported by CNRS (France) and CNRST (Marocco). The
third author would like to thank L. Dupaigne for pointing out to him the
reference [6]. Thanks also to E. Zahrouni for helpful remarks.



(1
2]

3
4]

(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]

(19]

BOUSSINESQ SYSTEM 13

REFERENCES

R. A. Adams, Sobolev spaces, Academic Press, New York, 1975.

N. Akroune, Comportement asymptotique de certaines équations faiblement amorties,
Phd (2000).

A. Atlas, PhD. Thesis, Université de Picardie Jules Verne, 2006.

C. J. Amick, J. L. Bona, and M. E. Schonbek, Decay of solutions of some nonlinear
wave equations, J. Differential Equations, 81 (1989), pp. 1-49

M. Chen, J. Bona, JC. Saut Boussinesq equations and other systems for small-
amplitude long waves in nonlinear dispersive media. I: Derivation and linear theory,
J. Nonlinear Sci. 12 (2002), no. 4, 283-318.

L. C. Evans Partial differential equations, Graduate Studies in Mathematics, 19.
American Mathematical Society, Providence, RI, 1998.

J-M. Ghidaglia, Weakly damped forced Korteweg-de Vries equations behave as a
finite dimensional dynamical system in the long time, J. Diff. Eq., 74, pp 369-390,
(1988).

J-M. Ghidaglia, A note on the strong convergence towards attractors for damped
forced KdV equations, J. Diff. Eq. 110, 356-359, (1994).

O. Goubet, Asymptotic smoothing effect for weakly damped forced Korteweg-de Vries
equations, Discrete Contin. Dynam. Systems 6 (2000), no. 3, 625—644.

O. Goubet, R. Rosa Asymptotic smoothing and the global attractor of a weakly
damped KdV equation on the real line , J. Differential Equations 185 (2002), no. 1,
25-53.

J. Hale, Asymptotic behavior of Dissipative Systems, Math. surveys and Monographs,
vol 25, AMS, Providence, 1988.

T. Kato, Schrédinger operators with singular potentials, Israel J. Math. 13 (1972),
135-148.

O. Kavian, Introduction a la théorie des points critiques et applications aux problémes
elliptiques, Mathématiques et Applications vol. 13, Springer, Paris, 1993.

I. Moise, R. Rosa and X. Wang, Attractors for non-compact semigroups via energy
equations, Nonlinearity 11, (1998), no. 5, 1369-1393.

G. Raugel, Global attractors in partial differential equations. Handbook of dynamical
systems, Vol. 2, 885-982, North-Holland, Amsterdam, 2002.

M. E. Schonbek, Existence of solutions for the Boussinesq system of equations, J.
Diff. Eq. 42, no. 3, 325-352, (1981).

R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics,
Springer-Verlag, Second Edition, 1997.

B. Wang, strong attractors for the BBM equation, Appl. Math. Letters, vol 10, n 2,
pp 23-28, 1997.

G. B. Whitham, Linear and nonlinear waves, Wiley, New York, 1999, reprint of the
1974 original, a Wiley-Interscience Publication.

FE-mail address: abounouh@fstg-marrakech.ma,abdelghafour.atlas@u-picardie.fr,
and olivier.goubet@u-picardie.fr



