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Abstract. Consider the Newton equation in the relativistic case (that is the Newton-
Einstein equation)

p=F(x), F(z) = =VV(x),

T . dp P d_$7 re CI(R,Rd), (%)

P:\/ﬁJJ:E, dt
— &

where V € C*(R%,R), |02V (z)| < Byj(1 + [a])~ (@D

for |j| < 2 and some o > 1. We give estimates and asymptotics for scattering solutions
and scattering data for the equation (x) for the case of small angle scattering. We show
that at high energies the velocity valued component of the scattering operator uniquely
determines the X-ray transform PF. Applying results on inversion of the X-ray transform
P we obtain that for d > 2 the velocity valued component of the scattering operator at high
energies uniquely determines F. In addition we show that our high energy asymptotics
found for the configuration valued component of the scattering operator doesn’t determine
uniquely F. The results of the present work were obtained in the process of generalizing
some results of Novikov [No] to the relativistic case.

1. Introduction

Consider the Newton equation in the relativistic case (that is the Newton-Einstein
equation)

p=F(x), F(z) = =VV(z),

p \/E?p dt,x dt’xeC(, )7
c2
(1.2) where V € C*(R,R), |02V (z)| < By;(1 + |z])~(@FlaD

for |j| < 2 and some o > 1 (here j is the multiindex j € (NU {0})?, |j| = 22:1 Jn and

f3)j| are positive real constants). The equation (1.1) is an equation for x = x(¢) and is the
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equation of motion in R? of a relativistic particle of mass m = 1 and charge e = 1 in an
external electric field described by the scalar potential V' (see [E] and, for example, Section
17 of [LL2]). In this equation x is the position of the particle, p is its impulse, F' is the
force acting on the particle, t is the time and c is the speed of light.

For the equation (1.1) the energy

P2

E=c%/1+ + V(z(t))
is an integral of motion. We denote by B, the euclidean open ball whose radius is ¢ and
whose centre is 0.

Yajima [Y] studied in dimension 3 (without loss of generality for the case of dimension
d > 2) the direct scattering of relativistic particle in an external electromagnetic field
described by four vector (V(x), A(z)) where the scalar potential V' and the vector potential
A are both rapidly decreasing. We recall the results of Yajima [Y] in our case.

Under the conditions (1.2), the following is valid (see [Y]): for any (v_,z_) € B, X
RY, v_ # 0, the equation (1.1) has a unique solution z € C? (R,Rd) such that

(1.3) z(t) =v_t+oz_ +y_(t),

where y_(t) — 0, y_(t) — 0, as t — —oo; in addition for almost any (v_,z_) € B, X
RY, v #£0,

(1.4) z(t) = vyt + x4 + y4 (1),

where U4 7& 0, |U+| <6 Vg = CL(U_,Q?_), LTy = b(”U_,.’B_), y-l—(t) — 0, y-l—(t) — 0, ast —
+00.
The map S : B. x R? — B, x R? given by the formulas

(1.5) vyg =alv_,z_), oy =bv_,x_)

is called the scattering map for the equation (1.1); in addition, a(v_,z_), b(v_,z_) are
called the scattering data for the equation (1.1).

By D(S) we denote the domain of definition of S; by R(S) we denote the range of S
(by definition, if (v_,z_) € D(S), then v_ # 0 and a(v—,z_) # 0).

Under the conditions (1.2), the map S has the following simple properties (see [Y]):
for any (v,z) € B. x R%, (v, z) € D(S) if and only if (—v,z) € R(S); D(S) is an open set
of B, xR% and Mes((B, x RY)\D(S)) = 0 for the Lebesgue measure on B, x R? induced by
the Lebesgue measure on R? x R?; the map S : D(S) — R(S) is continuous and preserves

the element of volume, a(v_,z_)% = v%.

If V(z) =0, then a(v_,z_) = v_, blv_,z_) = x_, (v_,z_) € Be x R%, v_ # 0.
Therefore for a(v_,z_), b(v_,z_) we will use the following representation

a(v_,z_) =v_ + as.(v_,z_)

(1.6) bv_,x_) =x_ + bse(v_,2_)

(v_,z_) € D(S).

2



We will use the fact that, under the conditions (1.2), the map S is uniquely determined
by its restriction to M(S) = D(S) N M, where

M={(v_,z_) € B, x RYv_ #0,v_z_ =0}
Consider
TS ={(0,2)]0 € S* ', z € RY 9z = 0},

where S is the unit sphere in R%.
Consider the X-ray transform P which maps each function f with the properties

f e C®RY,R™), |f(z)| = O(z|P), as |z| — oo, for some 3 > 1

into a function Pf € C(TS* ', R™), where Pf is defined by

+oo
Pf(@,x):/ f(t6+ z)dt, (0,z) e TS* .

— 00

Concerning the theory of the X-ray transform, the reader is referred to [R], [GGG], [Na]
and [No].
Let

1 " 220‘+6(1—|—3B/c)d2\/85(rv/\/§+1 — )3
14— rla=1)(ry/V2 =) (1 +r,/v2)21

HEE

(17&) M(Q d7 B? Q, Ty, Ty, T) =

and let z = z(c, d, B, a, Tz, T), 21 = 21(c,d, B1, 0,72, 7) and 2o = 22(c, d, f1, a, ;) be defined
as the roots of the following equations

(1.7b) ple,d, B a, 2z, r) =1, z €]V2r, ¢,

21 20t43,/d

1.7¢ _
o STV R T NCEE

=0, z €]V2r, ¢,

2 861V d
2 aa DtV

C

(1.7d)

=0, 29 €]0,¢],

where r,, r, and r are some nonnegative numbers such that 0 < r < 1, r < ¢/ \/5,
V2r < 1y < ¢, and where 3 = max (1, 32).

The main results of the present work consist in the small angle scattering asymptotics
and estimates for the scattering data as. and bs. (and scattering solutions) for the equation
(1.1) and in application of these asymptotics and estimates to inverse scattering for the
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equation (1.1) at high energies. Our main results include, in particular, Theorem 1.1 and
Proposition 1.1 given below.

Theorem 1.1. Let the conditions (1.2) be valid, 3 = max(3y,3), (0,x) € TS* !,
and let r be a positive constant such that 0 <r < 1,r < c/\/§ Then

(1.8a) PF(6,z) = lim ————ay.(sf, z),

s<c 11—

and, in addition,

(1.8)

2 3292a+5 9241 — )2
F(0,x) — ;asc(se x)| < &5 s(s/vV2 4 )

- | T 1 s ala — )(s/VE - )AL+ [a] /vZ)2e

fors <c, s> z(c,d,B,a,|z),r), s> z1(c,d, b1, o0, |z, 7);
(1.9a)

+oo  prtoo 2
/ / F(s0+x)dsdr — / / F(s0+x)dsdr+PV(0,r)0 = lim 871)56(89,1‘).

s<c 1_3_

and, in addition,

bsc 9 400 p+oo
(s x)_ P 9x0+2/ / u9—|—xdud7‘——/m/ F(uf + x)dudr
1_ S

c2

> dPVd(By + 32102)3, 23048 (2 1 — )3
(1.9b) <\/1-2 |e ( )02 (s )

2 + 3 s2 6 lz| \2aq—2
A7 - 3ale - 125 - 0+ By

fOT s<¢ s> Z(Ca d7 Ba a, |$|,’I“), s> maX(Zl(Ca d7 ﬁlaa/a |CL’|,T>, ZQ(CJ d7 ﬁlaa/a |CE|)> and some
constant C = C(c,d, Bo, b1, @, |x|) which can be given explicitly.

Consider the vector-function w of (6, z) arising in the left-hand side of (1.9a) :

+oo  p4o00
w(V,0,x) / / F(s0 4 z)dsdr — / / F(sO + z)dsdr
0 T

+ PV(0,2)0, (0,2) e TS,

Proposition 1.1. The vector w as a function of potential V satisfying the conditions
(1.2) and of (0,x) € TS* ! has the following simple properties:

1. under the conditions (1.2), for any potential V' the vector w(V, 0, x) is orthogonal to

0,

2. there exists a potential V which satisfies the conditions (1.2) and for which w(V, 0, )
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isn’t null for all (0, z) € TS,
3. for any spherical symmetric potential V' satisfying the conditions (1.2) we have

w(V,0,x) =0 for all (0,z) € TS .

From (1.8a) and inversion formulas for the X-ray transform for d > 2 (see [R], [GGG],
[Nal, [No]) it follows that as. determines uniquely F' at high energies. Moreover for d > 2
methods of reconstruction of f from Pf (see [R], [GGG], [Na], [No]) permit to reconstruct F’
from the velocity valued component a of the scattering map at high energies. The formula
(1.9a) and the item 3 of Proposition 1.1 show that the first term of the asymptotics of
bs. doesn’t determine uniquely the potential V' or the force F'. The item 2 of Proposition
1.1 ensures us that the asymptotics which was found for b,. is nontrivial. Note that F.
Nicoleau paid our attention to the fact that, in addition of the item 3 of Proposition
1.1, w(V,0,z),(0,z) € TS™ !, uniquely determines V satisfying (1.2) modulo spherical
symmetric potentials.

Inverse scattering for the classical multidimensional Newton equation was first studied
by Novikov [No] (the existence of the scattering states, asymptotic completness and scat-
tering map for the classical Newton equation was studied by Simon [S]). Novikov proved
two formulas which link scattering data at high energies to the X-ray transform of F and V.
These formulas are generalized to the relativistic case by the formulas (1.8a) and (1.9a) of
Theorem 1.1. Then applying results on inversion of the X-ray transform, Novikov obtains
that at high energies the velocity valued component of the scattering data determines
uniquely the X-ray transform of F' whereas the configuration valued component of the
scattering operator determines uniquely the X-ray transform of V. Note that in the rela-
tivistic case (due to the formula (1.9a) and Proposition 1.1) the asymptotics of bs. doesn’t
determine uniquely F'. We follow Novikov’s framework [No] to obtain our results. Note
also that for the classical multidimensional Newton equation in a bounded open strictly
convex domain an inverse boundary value problem at high energies was first studied in
[GN].

Further our paper is organized as follows. In Section 2 we transform the differen-
tial equation (1.1) with initial conditions (1.3) in an integral equation which takes the
form y_ = A, 5 (y—). Then we study A, , on a suitable space and we give estimates
and contraction estimates about A, , (Lemmas 2.1, 2.2, 2.3). In Section 3 we give
estimates and asymptotics for the deflection y_(¢) from (1.3) and for scattering data
asc(v—,x_),bse(v_,z_) from (1.6) (Theorem 3.1 and Theorem 3.2). From these esti-
mates and asymptotics the formulas (1.8a) and (1.9a) will follow when the parameters
¢,Bm, «, d, v, x_ are fixed and |v_| increases (where f;, a, d are constants from
(1.2), B = max(Bo, 51, B2); o— = v—/|v—|). In these cases sup, g |0(t)| decreases, where
0(t) denotes the angle between the vectors @(t) = v— + ¢_(t) and v_, and we deal with
small angle scattering. Note that, under the conditions of Theorem 3.1, without additional
assumptions, there is the estimate sup, g [0(t)| < 17 and we deal with rather small angle
scattering (concerning the term “small angle scattering” see [No] and Section 20 of [LL1]).
Theorem 1.1 follows from Theorem 3.1 and Theorem 3.2. Section 4, Section 5 and Section
6 are devoted to Proofs of our Theorems and Lemmas.



2. A contraction map

Let us transform the differential equation (1.1) in an integral equation. Consider the
function g : R? — B, defined by

g(x) =

where z € R, One can see that g has, in particular, the following simple properties :
(2.1) l9(z) = 9(y)| < Vd|z —y|, for z,y € R,

g is an infinitely smooth diffeomorphism between R? and B., and its inverse is given by

v(x):L, x € Be.
1 l=I?

c2

Now, if x satisfies the differential equation (1.1) and the initial conditions (1.3), then
x satisfies the integral equation

(2.2) x(t):v_t—l—x_—l—/ gl v(vo)+ /F(x(s))ds —ov_ | dr,

where F(z) = -VV(z), v_ € B:\{0}.
For y_(t) this equation takes the form
(2'3> - t) - Av_,m_ (y_)(t),
¢
where A, 5 ( f g(y(v-) + f Flo_s+x_+ f(s))ds) —v_| dr, v_ € B.\{0}.
From (2.2 ), (2.1) (applied on “z”= y(v_) + [7__ F(z(s))ds and “y’= v(v_))
and y_(t) € C(R Rd), y—(t) — 0, as t — —o0, it follows, in particular, that

(24)  y-(t) € CHR,RY) and |y ()] = O(|t| ™), ly—(t)| = O(|t|~**"), as t — o0,

where v_ € B.\{0} and z_ are fixed.
Consider the complete metric space

Mr, ={f € C'(] = 00, TL,RY)| || f|l7 < r},
2.5 . .
2 where || f{|7 = max < sup |f(£)], sup [f(2) - tf(t)|>

t€]—o0,T] t€]—o0,T]|
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(where for T = 400 we understand | — oo, T as | — 0o, +00[). From (2.4) it follows that,
at fixed T' < +o0,

(2.6) y_(t) € My, for some r depending on y_(t) and 7.

Lemma 2.1. Under the conditions (1.2), the following is valid: if f € Mp,, 0 <r <
1 r<e/VE, o] < e o] > z1(e,d, By |z |, ), vz =0, then

[Av_ o (F)llT <pr(e,d, b, e [o-], x|, 7)
(2.72) — 1 201143 (ju_| /vV2 +1 —7)
' VI+[o-P/(A( —o-P)) (@ = D(lv-|/V2 = )2 (1 + |o-|/V2 = (jv-| /2 = r)T)>!

forT <0,

[Av_ o ()T <ple,d, By, e, v |, [z—],7)
1 20‘+2dﬁ1(|v_|/\/§+ 1 —7")

2.7b =
27 VI+ /A2 =0 ) (@ =D (jo-]|/vV2 = )2 (1 +|z_|/v2)2!
for T < 4o00;

if fi,fa € Mr,, 0<7 <1, 7<c/V2 |v_|<e, |v_|>2(c,d B, |z_|,7), v_z_ =
0, then
(2'83) |’Av7,$7 (f2) - Ay,,gg, (fl)”T < )‘T(Q d, 527057 ‘U—‘7 |.CC_|,7‘)Hf2 - fl”Tv

1
VT P/ =T P)(a—1)
20 24\/dBo (Jo—|/V2 + 1 —1)?
(lo—|/vV2 = )31 + |z—|/V2 = (Jv_|/V2 — r)T)o 1

)\T(C7 d7 627 «, ‘U—‘7 |$_‘7 T)

X

forT <0,

(28b) ”Av,,:c, (f2) - Av,,x, (fl)”T S )\<67 d7 517527057 ‘U—‘7 |$—|7T)Hf2 - fl”T7

1
VI P/A(E o))
L 20 36102 /c)d*Vd(jv_|/V2+1—7)*
(@ = 1)(jo_|/v2 = )1 + |z—|/v/2)2 1

)‘<C7 d7 517527057 ‘U—‘7 |.’13_|,7’)

for T < 4o00.
Note that
d _ _
max <:0T(C7 7517047 |U |7 ‘x |7r>7/\T(C, d, 627047 |U_|, |.’L’_|,T>)
T
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(2.9a) <pr(e,d, B,Oz, lv_|, |z—],7)
1
VT P A(E — o))
§ 20424/df(|v_| /V2 + 1 — )2
r(a— 1) (Jo-|/V2 = )31+ [a—|/vV2 — (jv_| /2 — r)T)o-

for T S 07

d |,z
max <p(c7 7ﬁ17a/7r|v |,|.T |,T),>\(C;daﬁ17ﬁ27aa |U_|,|.’L’_|,T>)
(29b) SH(Q d7 B,Oj, |U—|’ |,’L‘_|,T>

1
TV P o)
y 2206(1 4 35/0)d2VaAB(|v_|/VE+ 1 — 1)
rla—1)(Jv_|/vV2 — )41 + |z_|/V2)e1
for T < 400, where 3 = max(f1,5), 0 < r < 1, 7 < ¢/V2, |v_| < ¢ Jv_| >

z1(c,d, B, a, |lz—|,7), v_xz_ =0.
From Lemma 2.1 and the estimates (2.9) we obtain the following result.

Corollary 2.1. Under the conditions (1.2),0 <r <1,r <c/V2, |v_| <¢, |v_| >
z1(c,d, By, a, |z_|,r), v_z_ =0, the following result is valid:

if pur(c,d, B, a, lv_|,|z_|,r) <1, then A,_,_ is a contraction map in M, for T < 0;

if ple,d, B, o, [v_|,|z_|,7) < 1, then A, o is a contraction map in My, forT < 4o0.

Taking into account (2.6) and using Lemma 2.1, Corollary 2.1 and the lemma about
the contraction maps we will study the solution y_(¢) of the equation (2.3) in Mrp,,.
We will use also the following results.

Lemma 2.2. Under the conditions (1.2), f € My, 0 <r <1, r <c/V2, [v_| <e¢,
lv_| > z1(e,d, 1, a, |z_|,7), v_xz_ =0, the following is valid:

|Av—,w— (f)(t)| Sg—(g da 617 «, |U—|7 |x—|7 T, t)
1
2.10 =
(210 VIt [o-2/(4(c = [v-]?))
% d512a+1
alo-|/vV2 =) +|a—|/V2 = (jo-|/V2 =)t}
[Av_ o (f)B)] <E-(c,d, By, o, [v_], ||, 7, 1)
1
2.11 =
240 VI [2/(4(2 — [v-?))
" dﬁ120‘+1
(@ —=Da(jo-|/V2=r)2(1+ |o-|/v2 = (Jv-|/v2 = r)t)et
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fort <T, T <0
(2'12) Av,,xf (f)(t) = kv,,:cf (f)t + lv,,:cf (f) + Hv,,xf (f)(t)7

where

+oo
(2.13a) ko & (f)=g(y(v=) + /_ Flo_s+x_+ f(s))ds) —v_,

213w (= [ [oow+ [ st s s o] i

— 0

+/O+Oo {g(v(v—)Jr/T F(o_s+a— + f(s))ds)

— o0

+o00
—g(y(v_) + /_ Flo_s+x_+ f(s)) ds)} dr,

(2'143) |kv7,$7 (f)‘ SQC_(C, d, b1, a, ‘U—|7 ‘.’B_|, T, 0)7
(2.14b) Ly 2 (f)] <2¢_(c,d, B1,a,|v_|, |x_]|,7,0),

(2.15) [Hy o (NO)] <Cslend, By e, o], |z, )

1
Voo PIAG@ oo P)adfu-|/v2 = 1)
dﬁl2a+1

X

(+ o V2 + (ol /VE = r)t)
(216)  [Hoo o (D] <E4(e,d, B, o o], )
1
VI oo P — ToPala — D(je-l/VZ = 1)
dpy20t!
(+ ol V2 + (ool [V =)t

X

forT =400, t > 0.

Lemma 2.3. Let the conditions (1.2) be valid, y_(t) € My, be a solution of (2.3),
T=+00, 0<r <1, r<c/V2 |v_|<c |lv_| > zi(c,d, B, |z_|,7), v_z_ =0, then
|kv_,x_ (y—) - kv_,m_ (0>| S{{;(C, d, ﬁlv 627 «, |U—|7 |£L’_|,’I“)

Va2 (o /VE+ 1)
alfv—|/V2 =121+ |z—|/V2)"
< p(c, d, b1, a, |U—|7 |CL’_|,T>

VI+ -2/ = [v-[?)

(2.17a)

+oo
—/ F(zx_ 4+wv_s)ds| <e,(c,d, B, B2, , |v_|,|z_|,7)

koo (y-)
/1 _ |U*2|2



dB22° 3 (1 + |v_|/V2 —1)p(e,d, Br, o, [u_], |z_],T)
(2170) o[- |/VE — (L + Jr_|/V2)° /
o (o) — Lo o (O)] <ep(erd, B Bt [o_ . [a—|, 1)
(2.17¢) :dQ\/C_i(ﬁz +36102/¢) 2% (Jo_ | /V2 +1 = 1)?
a(a— D(Jo_|/VE — A1+ |o_|/vD)o T
ple.d,Bryaulo_l, [o_L,7)
TP aE o)

Proofs of Lemmas 2.1, 2.2, 2.3 are given in Section 5.

3. Small angle scattering

Under the conditions (1.2), for any (v_,z_) € B,xR%, v_ # 0, the equation (1.1) has
a unique solution = € C?(R,R?) with the initial conditions (1.3). Consider the function
y—(t) from (1.3). This function describes deflection from free motion.

Using Corollary 2.1 the lemma about contraction maps, and Lemmas 2.2 and 2.3 we
obtain the following result.

Theorem 3.1. Let the conditions (1.2) be valid, p(c,d, B, a, lo_|, |xz—],r) < 1, B =
max(B1,32), 0 < r <1, r <c/V2, [v_| <ec [v_| > zi(c,d, Br, o, |z_|,7), voz_ =0 .
Then the deflection y_(t) has the following properties:

(3.1) y— € My, T = +o0;
(3.2) 9 ()] <¢—(c,d, 1, a, Jo—|, |z—], 7, 2),
ly— ()] < (ed, Bu, o [o_,Je_|,rt) for ¢<0:
y—(t) =asc(v_,z_)t + bse(v_,x_) + h(v_,xz_,t),
where
o)+ [T Fu_s +a_)ds
asc(v_,x_) — —v_
\/ [y (v )—|—f F(v_s+xz_)ds|?
1+ —
(35&) S&?;(C,d,ﬁl,ﬁg,a,‘"U_‘,|CC_‘,7“),

35b)  |Zeelb?) —/+OOF(v_s+x_)ds

v_|?2 _
e ~

(3.5¢) |bse(v_,z_) — 1y 5 (0)| <ep(e,d, B, P2, o, [v_|, |z_]|,7),

<ea(c,d, B, B2, @, [v—|, |z—], )
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(3.6a) |asc(v—, z_)| <2¢_(e, d, B1, v, [v_|, [x_], 7,0),
(3.6b) |bsc(v—, x)| <2§_(c,d, B1, @, [v—|,|z-|,7,0),
(3.7) |h(v_,m_,t)| <(+(c,d, pr,a, |v_|,|x_]|,r t),
(3.8) lh(v_,z_, )| <&t (e, d, Br, o lv_], x|, t)

/

fort >0, wherel, 5 (0) (resp. €, €qa, €b, C—, (4, E— and &) is defined in (2.13b) (resp.
(2.17a), (2.17b), (2.17¢), (2.10), (2.15), (2.11) and (2.16)).

We will use the following observations.
(DLet 0<r<1,r<c/VvV2 0<u

1 _ 20+43,/d S2 20t43,/d
1- 51 a(s1/vV2 —r)(u/V2+ 1)~ 1_ 5 als2/vV2—r)(u/V2+1)°

C C

[V ()

for v2r < s9 < 51 < c.
(I1) Let 0 <7 < 1,7 <c/V2, u€lV2rc,

u 20+43,Vd u B 2043, /d
1—10‘—; a(u/V2—r)(s1/V2+1)" - w2 au/V2=r)(s2/V2+1)°

for 0 < s9 < s7. -
(IIT) Let 0 < r < 1, r < ¢/V/2, = some real nonnegative number, 3 = max(3, 32) and
V2r < s < c then

ple,d, B, a, s, |z|,r) <1 s> z(c,d, B, a,|z], 7).

Observations (I) and (II) imply that z(c,d, B1, @, s2,7) > 21(c, d, B1, a, s1,7) for V2r <
So < 81 < ¢ when ¢, (1, «, d, r are fixed.

Theorem 3.1 gives, in particular, estimates for the scattering process and asymptotics
for the velocity valued component of the scattering map when ¢, 31, (2, «, d, v_, x_ are
fixed (where 0_ = v_/|v_|) and |v_| increases or, e.g., ¢, (1, (2, «, d, v_, T_ are fixed
and |z_| increases. In these cases sup, . |0(t)| decreases, where 6(t) denotes the angle
between the vectors &(t) = v— + ¢_(t) and v_, and we deal with small angle scattering.
Note that already under the conditions of Theorem 3.1, without additional assumptions,
there is the estimate sup, g [0(¢)] < 17 and we deal with a rather small angle scattering.
Theorem 3.1 with (3.5¢) will give the asymptotics of the configuration valued component
b(v_,z_) of the scattering map if we can study the asymptotics of [, , (0). This is the
subject of Theorem 3.2.

Theorem 3.2. Let ¢, d, fo, p1, o, |z| be fized. Then there exists a constant
Ccadﬁo,ﬁ1,a,|gg| such that

22O Lpvoms v [ o agdutr— L [ [ po s
—_— Y — —& UV, T)U —= u X )auaTtT — —= uv X )auaT
TR T A ° P ) oo

c2
Gl

(3.9) SCC,d,/BO,/Bl,Q,LT‘ 1 - 02
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for any v € B, |v| > z3(c, d, b1, o, |x]), v = 0, and where © = v/|v]|.

The proof of Theorem 3.2 is given in Section 6. Using this proof one can compute
Cczd,ﬂo,ﬁha,\ﬂ eXpllCltly

4. Preliminaries for the main proofs

4.1 Inequalities for F'.
Lemma 4.1. Under the conditions (1.2), the following estimates are valid:

=

d
(4.1) P@I= L5 V@R | <+ ) for 2 B
(4.2) |F(z) = F(y)| <fad sup (1+ |ez + (1= e)yl)" e —yl, for z, y € R7.
e€[0,1]
Lemma 4.1 follows directly from the formula F(z) = —VV(x) and the conditions
(1.2).

4.2 Infinitely smooth function g : R* — B,.
Lemma 4.2. The following estimates hold:

1

(4.4) l9(2) — 9(y) \<¢E sup | —yl, for x, y € RY,
c€[0,1] \/1 leot(Lehyl?

3vd 1 J
4.5 Vygj(z) = Vg;(y)| < sup = |z —yl|, for z, y € R?.
(49)  9ay(o) = V)| S5 s e

where g = (g1, -, ga)-
Lemma 4.2 follows from straighforward calculations.
Remark 4.1. Using the growth properties of g(p) with respect to |p| and following

Novikov’s framework [No|, we will easily generalize some of the results of [No] to the
relativistic case. Note that W — 0 when p € RY, |p| — +oc.

4.3 Some estimates of integrals.
We will use the following estimates. For a >0, b >0, 8 > 1,

t

s 1
(4.6) /(a+b|s\) s~ P <0,
t
B 2
(4.7) / (a+bls|) ™" ds SW, for t > 0.

12



Fora >0, b>0, 6> 2,

1
(4.8) //a+b|s\ BdsdT—( R bt>ﬁ_2,fort§0,

1
-8B
(4.9) //a+bs deT<(ﬁ—2)(ﬁ—1)b2 5=3> fort > 0.
Fora>1,b>0, 6> 2,
/ b+1
_|_
4.1 bs|) P (1 ds < for t <
@) [l ) ds S g e <0,
/ b+ 1
_ +
(4.11) /(a+b|s|) P14+ |s]) ds SQ(ﬂ—Q)bQCL'G_Q, for t > 0.
Fora>1, b>0, > 3,
b+1
4.12 A1 < for t > 0.
(4.12) //(a+bs) ( +8)d$dT—(@_3)(5_2)5%6—3’ ort>0

For the proof of (4.6)-(4.12), see [No].

4.4 About z1(c,d, B1, o, |z—|, 7).
Let ¢, d, By, a,z—], 0 <r <1, 1r< c/\/i be fixed. We consider the one-dimensional
infinitely smooth function ¢ :]v/2r, c[— R defined by

S B 2a+461\/a
1_= a(s/VZ-r)(lk-|/VE+ 1)

o(s) =

o is an increasing function (its derivative is a positive function) and as a consequence
z1(c,d, B, a, |z—|,r) is well defined in Introduction and the observation (I) of Section 3
holds.

4.5 About Mr,, 0 <r <1, r< c/V2.

Lemma 4.3. Let f, f1, fo € My, v_ € B\{0}, v_z_ =0, |[v_| > v/2r, then

(4.13) efi+(1—e)fe € Mp,, for 0 <e<1,

(414) 20+ - +vos+ [(8)) = L+ e |/V2+ (0| /VE=r)ls]), Jor s < T,

13



(4.15

)
¢ BV d2et?
R B Ty e
< 1
1+

(4.16)

, for t €] — 00, 400,
2) —B

foru,t €] —o00,T], w € [—oo,u], B >0, =1 < e1,e0 < 1, f1, fo € My, and if |v_| >
z1(c,d, By, |z—|,7r), [v_| < ¢, where 7y is defined by

u

fy(v_)-i—»sl/ F(v_s+x_+f1(s))ds+52/ Flo_s+xz_ + fa(s))ds

—c0 w

|U—|2 -8
Tt fe o)

IN

v
V) = —,
1) = s e
forv e B..

Proof of Lemma 4.3. For the proof of (4.14) see [No]. Inequality (4.1) with (4.14) and
(4.7) proves (4.15). (4.13) follows from the definition of My ,. Inequality (4.15) gives in
particular for u,t €] — 00, T|, w € [—oo,u], >0, —1 <e1,e0 <1, fi1, fo € My,

u

lv(vo) + 51/ Flo_s+z_ + fi1(s))ds + 62/ Fv_s+x_ + fa(s))ds]|

_ > 7 (0_)| - fivd
N N IS RN ESTE
vl Byt
VT2 sl V2= (e V3 + 1)
clu_|

2 e,
2y/c? — |v_|?

if o_| > 21(c,d, By, fo_|,7), Jo_| < e

which implies (4.16).

5. Proofs of Lemmas 2.1, 2.2, 2.3
Proof of Lemma 2.1. The property
(5.1) Ay o (f)eCY]—o00,T],RY) for f € My, (0<r <1, r<|v_|/V2)

follows from (1.2), (2.1) (applied on “z”=~v(v_) 4+ [T F(v_s +x_ + f(s))ds and “y"=
v(v_)) and the definition of 4, . (f).
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Now we always suppose that 0 < r < 1, r < ¢/V2, [v_| > z(c,d, B, a,|z_|,r),
lv_| < ¢, v_x_ = 0. Consider

(5.2)

Ao (D)= | !g(v(vH / F(v8+x+f(8))d8)v] dr

— 00 — 00

. for f € Mrp,.

A (DO =90 + [ Floms+ o+ f()ds) —v-.

— 00

First we shall prove some estimates about £ A4, . (f).

Note that g(vy(v_)) = v_. From (5.2), (4.4) (applied on “z”= ~y(v_) + f Fv_s+
x_ ~+ f(s))ds and “y”=y(v_)), (4.1), (4.14) and (4.16) it follows that

d d 2a—|—1 t
g e-e- Nl < . | / (L2 |/V2+ (-] /v2=r)|s])) " ds.
\/1+4<c2 o

Our next purpose is to prove estimates (5.5) and (5.9) given below.
From (5.3) and (4.8) and (4.6) it follows that

(5.3) |

ap2
(5.4a) |Ay_2_(f)(B)] < TS (=l v2q s ] (o] vyt
VI+ gmete - DO 20+ - -y
(5.4b) |tiA 03, 20+1
! \/1+4<62|U el -2+ BE = (B - o

for t <T, t <0. From (5.4) it follows that

d

[Ao_a_ (F)(#) =t Av_a (F)(2)]
dﬂ120‘+1

(5.5)

- Vl + ey (o = Do |/V2 = 1)2(1+ -] /V2 = (jv_|/V2 = r)t)e!
fort <T, t <O0.
For t <T, t > 0, note that

Ao (DO—LA, . (N

dt

= Av_2_(f)(0) +/ !g(v(v) + / Fo_s+z_ + f(s))ds)

0

— o0

—g(v(v-) + / Flo_s+z_ + f(s))ds)} dr.

— o0

15



For A,_._(f)(0) we use the estimate (5.4a), i.e.
(5.7)

|Av_,m_ (f)(0)| < d612a+1
VI+ (0_ 2/ = [o_P))ala — 1)(jo_|/vV2 — r)2(1 + |z_|/v/2)o—?

We estimate the second term on the right-hand side of (5.6) in the following way: from
(4.4), (4.16), (4.1), (4.14) and (4.9), it follows that

/ {g<w<v>+ [ Fos 4o+ )i - g0 + [ F(v8+x+f(8))d8)} r

0

— 00 — 00

t T
< vd / / Fo_s+x_ + f(s))ds
\/1+4<c2w\«|)|> :
dﬁl2a+1

<
TV (-2 (4 = o-))ala = 1(lv-]/V2 = )2 (1 + || /v2)*~?
for 0 <t¢ < T. From (5.6), (5.7) and (5.8) it follows that

dr

(5.8)

d

‘Avf,xf (f)(t) - taAv,,xf (f)(t)‘

dﬂ12a+2

(5.9) <
¢1+W P sala—D)(ju-|/vVZ —r)2(1+ |o_| /v/2)-!

for 0 < ¢t < T. Using (5.3) and (4.6) and using (5.5) we obtain (2.7a). Using (5.3) and
(4.7) and using (5.9) we obtain (2.7b).
Our next purpose is to prove estimate (5.14) given below. Consider % (A4, . (f2)(t)—
e (@) for fi, fo€ My, (0<7r <1, 7r<c/V2 v | <cuvz =0, |jv]|>
z1(c,d, B, a, |z—|,7)). First

d d
CA e (PO~ A ()
6.10)  =go(e)+ [ Floosta+ fa(s)ds) ~gr(o-) + [ Flosta+ fis)ds)
for t <T. From (5.10), (4.4) and (4.16) it follows that
(e (2)0) — Ao ()0
Vi
5.11 Flo_s+x_ 5 V_S+T_ 1 ds,
B S /| ot fo(s) — Floms+ oo+ 1(9)
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d

|%Av_

for t <T. From (4.13), (4.14) and (4.2), it follows that

[F(v_s + 2+ fals)) = F(os + 2 + fi(s))]

(5.12) < B2V (1+ o |/VZ + (|o_|/VZ = 1)[s]) )| fo(s) = fu(s)], for s <T.
Moreover
(5.13) |f2(s) = fi(s)] < (X + [sD[f2 = fillp, for s <T.

Thus, from (5.11), (5.12) and (5.13) it follows that

o (B0~ S A0 (F)O)

dVdB22°2| f — fillr ¢ (42
5.14 < 14+ |z_|/V2 v_|/V2 = )|s)) @t (1 1 |s|)ds.
19 <l B [ (e V4 (o VB =l )

Our next purpose is to prove estimates (5.17) and (5.31) given below. From (5.14)
and (4.10) and (4.6) it follows that

|Av_,w_ (fQ)(t) - Av_,w_ (f1>(t>|
dVdB2° P (lo_|/V2+1 = 7)|lfo = fillr

VI i mala — )(jo-|/V2 — )31+ 2- |V~ (jo_|/VE ~ r)t)e?

(5.15) <

for t <T, ¢t <0. From (5.14) and (4.10) it also follows that

15 A e (F)(0) ~ S A ()0

d\fﬁ 2072 (lu_|/V2+ 1= 7)|fa = fillr

(5.16)
w AT allo- |V = )3+ e | /VE — (Jo-| /VE ~ r)t)et

for t <T, t <0. Hence from (5.15) and (5.16) it follows that

|Av,x(fQ)(t)_Av,:c<f1)<t)_t;llt< ooz (f2) () = Av_ o (f1)(1))]

dVdBa2° T2 (lo_|/V2+ 1 =7)|| f2 = fillr

(5.17) <
\/1+4(cz ey (@ = Do |/V2 =P+ 2| /V2 = (Jo-| /V2 = 1))

fort <T,t <O0.
For 0 <t < T, using (5.6) we obtain

Ao e (RO = Ao (D)~ 15 A o ()0~ A o (F1)(0)
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(5.18)
< |Av_,x_ (f2>(0> - Av_,w_ (f1>(0>|

t

/

0

T t

g(r(v) + / Flos +_ + fa(s))ds) — gly(v_) + / Flos +— + fo(s))ds)

— 0 — 0

_|_

—g(y(v_) + / Fo_s+xz_+ fi(s))ds) + g(v(v-) + / Fo_s+x_+ fl(s))ds)] dr|.

— 0 — 0

From (5.15) it follows that
(5.19)

Ay o (£2)(0) = Ay o dv/d ﬁﬂ“““v /V2+1—7)|f2 = fillr

O T etimota - (B - i+ 25l

In order to estimate the second term of the right-hand side of (5.18), we will estimate

/ {gm(vw / Flo_s+ 2 + fo(s))ds) — g;(v(v_) + / Flo_s+a_ + fals))ds)

0

— o0 — 00

(5.20)

gi(v(v) + / Flo_s+ 2+ fi(s))ds) + g;(v(v_) + / F(vs+x+f1<s>>ds>} dr

— 00 — 00

forl1<j<dand0<t<T.
Let 1<j<dand 0<t<T, 0 <7 <t Note that

T t

g;(v(v_) + / Flo_s+ 2 + fo(s))ds) — g;(v(v_) + / Flo_s+ o+ fo(s))ds)

— 00 — 00

- <gj<v<v>+ / Flo_s + 2 + fo(s))ds) — g;(v(v_) + / F(v8+:v+f1(8)>d8>)

(5.21) = Aj (1) + A% (1)

where
(5.22a) A;t(T) = /:(F(U_s +x_+ fa(s)) — F(v_s+x_ + fi(s)))ds
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*[fm%(wv>+]ﬁwﬂsm:+b@»w+e]Fws+x+ﬁw»@)w,

o t

(5.22b) A?’t(7'> = /tT Fv_s+x_+ f1(s))ds
y.

—Vg;(y(vo) + / Fo_s+xz_ + fi(s))ds + €/F(U_8 +z_+ f1(s))ds)] de.

S i

t T

Vos(r0) & [ Flosam+ fa(o)ds+e [ Floos+a + f()ds

— o0

Using (5.22a), (4.3), (4.2), (4.16), (4.14) and (5.13), we obtain
(5 23)

a+2 t
= / (L+ [z-/V2+ (lo-|/V2 = r)s) " T (L4 s)ds|| f2 = fil 7.

< —/
\/1+4<c2 v T%)

Thus from (4.12) it follows that
(5.24)

/ |A T)|dr < < dB22°F 2 (Ju_|/V2+1—7)
L %:y—;lilz)a(o‘ — D (Jo_|/vV2 = )31 + |z_|/V/2)>—

Using (5.22b), (4.5) and (4.16), we obtain

|.f2 = fillr-
1

3Vd
c(1+ (Jo-]2/(4(c% = [v-]?))))

/_ (Fvo_s+x_ + fa(s)) — F(v_s+x_ + f1(s)))ds

ée].

A2,0)] < [ 1F(-s+ o+ f(s)lds

(5.25) » /1
0

+f[7Fws+x_+ﬁ@»—FwJ+w_+ﬁw»mS

We shall use

[ (F(o_st 2+ fa(s) = F(o_s + 2 + fo(s)))ds

v [[(Flost oot o) = Floms +am + u(s))ds
(5.26) < 2/_ |(F(v_s+x_ + fa(s)) — Flv_s + x_ + f1(s)))|ds,
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for all 0 < e <1 (we remind that 7 < t).
From (5.25) and (5.26) it follows that

82,01 < [ 1F(ms 4+ A(s)lds

6vd !
(5.27) X — [(F(v_s+2_ + fa(s)) — Flv_s +x_ + fi(s)))|ds.
e(l+ 7 >>/

[v_

Using (4.2), (4.14), (5.13) and (4.11) we obtain

/_ Flo_sta_ + fo(s) — F(o_s +z_ + fi(s))|ds

dB22°3(lo_|/V2+ 1 —7)
T aju—|/V2 =121+ |z—|/V2)>

Using (4.1), (4.14) and (4.9) we obtain

(5.28) If2 = fillr

\/a512o¢—|—1
ala—1)(Ju_|/vV2 = )21 + |z_|/V/2)>1

(5.29) /0 / |F(v_s+z_ + fi(s))|dsdT <

From (5.27), (5.28) and (5.29) it follows that

t ) 3
/o A5 OlT < e BIatE — ol )
d? 3132223 (lu_| /V2 + 1 —7)
(@ —)(lo_|/V2 -1+ [ |/v2)P ]

From (5.18), (5.19), (5.21), (5.24) and (5.30), it follows that

(5.30)

If2 = fillr-

A e ()0 = Av o (0~ 105 Ao (F)(0) = S Ao (RO

dVdBa2° (- |/V2 +1 1)
_\/1 + ([o-2/(4(c2 = [o-?)))a(a = 1)(Jo-|/vV2 = r)3(1 + |z-|/V2)*~?
3 dB,2¢+3
e/ (L+ (Jv_2/(4( = o)) e(lv-|/V2 = 1) (1 + |z-|/V2)*
X |If1 = fallz

Using (5.14) and (4.10) and (5.17) we obtain (2.8a). Using (5.14) and (4.11) and (5.31)
we obtain (2.8b).
Lemma 2.1 is proved.

(5.31) X |2+

20



Proof of Lemma 2.2. The estimates (2.10) and (2.11) follow immediately from (5.3)
and (4.6) and (5.4a). From (4.1), (4.14) and (4.7) it follows that

—+o00

/ Fo_s+z_+ f(s))ds

— 0

converges absolutely for any f € Mrp,.. Moreover, using (4.4), (4.16) and then (4.1), (4.14)
and (4.8) we obtain for u > 0

—+o0
/u

T —+o0

g0(0)+ [ Flos+ao+ f(s)ds) = gr(o-) + [ Flos+a_+ £(s))ds)

— 00 —00

d 2a+1 +oo p+o00
<4 / / (L4 e |/VZ+ (lo_|/VE - r)s) @D dsdr
\/1+ G

dB12°T (1 + |z_|/vV2 + (Ju_|/V2 — r)u) (e~ 1).
\/1+4<czlv e ala = D (- |/ V2 —1)?

dr

(5.32) <

As a consequence we can write

Av_a_(f)(t) =t

~+o00
g(v(v-) + /F(Us+x+f(s))ds)v}

— 00

+/ g(v(v)+/F(vs+x+f(s))d8)v] dr

—0o0 L — 00

+oo [ T 400

0 L —00 —00

+oco [ T 400

(5.33) — / g(y(v-) + /F(U_S +ax_+ f(s))ds) — g(y(v_) + /F(U_S +x_ + f(s))ds)

t L —00 —00

and (2.12) and (2.13) follow, where

00 +oo
How (D0 = | {g<w<v>+ [ Fos+ o+ 1)y

t — 00

(5.34) —g(y(vo) + / Flous+x_+ f(s))ds)] dr.

— 00

21

+/ g(y(v_) + /F(U_s—l-x_—I-f(s))ds)—g('y(v_)-i- /F(v_s—l-x_-i—f(s))ds)

dr

dr



The formulas (5.34) and (5.32) prove (2.16). Using (5.34), (4.4), (4.16), (4.1), (4.14) and
(4.6), we obtain (2.15).

Using (2.13a), (4.4), (4.16), (4.1), (4.14) and (4.7) we obtain (2.14a).

We write

+oo T
oo (F) =Av_a (F)O) + / [g(v(v)Jr / Flo_s + o+ f(s))ds)

+OOO —00
(5.35) —g(y(vo) + / Fluo_s+z_ + f(s))ds)} dr.

Using (5.35), (5.7) and (5.32), we obtain (2.14b).
Thus Lemma 2.2 is proved.

Proof of Lemma 2.3. Using (2.3) and (2.7b) we obtain
ly— = Ollr = |ly-[lr < ple, d, Br, e, o], |z—|,7), T = +oc.

Using (2.13a), (5.10) with (5.14) and (4.11) (T' = +o0 and t — 400), we obtain (2.17a).
From (5.35) it follows that

(5.36) o ) Lo (O] < A o (4)(0) — Ay . (0)(0)]
¥ ggaoo{ / [g<v<v_> [ Fstaty ()i <o)+ [ Flost e 4y (s)ds)

—g(y(v-) + /_T Fo_s+xz_)ds)+ g(y(v=) + /_ F(v_s +z_)ds)
+oo ¢
- (9(7(“—) + /_ Flo_s+x_+y_(s))ds) — g(y(v_) + /_

Flo_s+z_ + y_(s))ds))

t

+ (st + [ R ea) g0 +

— 0o

Flo-s-+a-)as)) | ar}

Using (4.4), (4.16), (4.1), (4.14) and (4.6) we obtain

t

+oo
t 'gmv_) [Pt 1)) ~grto)+ [ Flomst a4 f9)ds

— 00

(5.37) — 0ast— +o0

for f € My ,.
From (5.36) and (5.37) it follows that

(5.38) oo (y=) = lo_ o (0)] < [Au_ 2 (y-)(0) = Au_o_(0)(0)]
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+ tEeroo {/Ot [9(’7(1)_) + /_; Flu_s+a_+y_(s))ds) — g(v(v-) + /_too Flv_s+x_+y_(s))ds)
a6+ [ Fms s s+ [ ; Flos + x_ms)} d}‘ |

Using (5.19), (5.20), (5.21), (5.24), (5.30), ||ly—||lr < p(e,d, b1, o, |v—|, |z—|,7), T = 400,
and (5.38) we obtain (2.17c).
We shall prove (2.17b). First

+o0
639 etk () =900+ [ Fosta by (9)ds)
Using the integral of motion E, we have |v_| = |[v_ +k,_ »_(y—)| and applying v to (5.39)
we obtain
ko o (y-) e
5.40 ’ = F(v_s+z_ +y_(s))ds.
(5.40) e el A y-(5)

From (5.40), (5.12), (5.13) and (4.11) and ||y—|r < p(e, d, B, o, |v—|, |x—]|,7), T = 400,
we obtain (2.17b)
Lemma 2.3 is proved.

6. Proofs of Theorems 3.2 and Proposition 1.1

Let (0,2) € TS Y @, d, ¢, B1, B be fixed.
We shall use

3 BV

(6-12) NG R ENGIE

1 u
- / F(x+ 70)dr

S

— 00

for s €]0, c[ and u €] — 00, 0]; replacing 6 by —6 in (6.1a), we obtain

3 BV
= oV + 2]/ V2)"

1 [t
- / F(x +710)dr

(6.1b) ;

for s €]0,c[ and u € [0, +o00].
We prove (6.1a). As Oz = 0, the following formula is valid:

(6.2) @+ wh| > |z]/vV2 + w]/V2,

for any w € R. Then estimate (6.1a) follows from (4.1), (6.2) and (4.6).
Before proving Theorem 3.2, we need introduce three Lemmas and prove them.
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Lemma 6.1. There exists integrable §c 4,8, ,a,|2| ] — 00, 0] — [0, +00[ such that

V(x4 ub)y/1— 2%
l ~
P-1- S| < e popalal (W)L = 57/%),

(6.3) |[(1+01(c,0,2,5,u))

foru €] —00,0] and s < ¢, s > z3(c,d, b1, v, |x|), and where

—2V(z + ub)y/1 — ‘z—i (& — %)

)dT

3
(64> 51(0,9,$,S,U> = 2 > —Z,
foru €] —00,0] and s < ¢, s > z3(c,d, B, o, |x|).
Proof of Lemma 6.1.
Let s €]0,¢[,s > z2(c, d, 1, o, |z|) and u €] — 00, 0].
From (6.1a) and the definition of z5(c, d, 1, o, |z|) (see (1.7d)) it follows that
(6.5) / + 70)dr i
: (x+7 ——
\/1—82/02 2\/1—32/02
Expanding the square of the norm we obtain:
(6.6)
’ 2 oV (x +ub) |1 [¥ 2
s
= — - F 0)d
‘ *2/62 / F(x +70)dr 1- 52/ /71_52/024‘8/_00 (x + 70)dr
Using (6.5) and (6.6), we obtain
2
1+ L |—L 41 L F(z+70)dr 52
C /1 52 62 ]_ + ﬁ
01(c,0,x,8,u) = / —1ZM—1
1+ c2—32 1+ c2—32
(6.7) > —3/4.

Moreover, from the definition of 6;(c,0,x,s,u), (1.2), (6.1a) and the hypothesis s >
zo(c,d, B, a,|z]), s < ¢, it follows that

161(c, 0,2, 5,u)| <\/1— s2/c2 [502(1 + \w|/\c/2§ —u/V/2)7°

n V1—z(ed By, o, [2))2/cpEd2(1 + |al /2 — u/V2)~?

(6.8) z9(c,d, B, o, |z|)?c?a?

Using Taylor expansion of the map | — 1, 40o[— R, § — (1 4+6) /2 at 6 = 0, we
obtain that
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1 V(zx + ub) 1—‘2—2 1—g2/c2 | [u 2
(1 +51(C,9,.’B,S,U))_5 —1- 2 : - _%Céc / F<x+7-9)d7—
1
(6.9) + 2/ (1 —w)(1 4+ wdi(c,,x, s,u))_5/2dw 61(c,0,x,s,u)2
0

We estimate the first term of the right-hand side of (6.9) with the help of (6.1a).We
estimate the second term of the right-hand side of (6.9) with the help of (6.7) and (6.8).
Using also the inequality s > z5(c, d, 81, o, |z|), we finally obtain

2

Ve +ud)\/1 - 3%

C

1 ~
(1 + 61<C7 07x? 8? u)) 2 = 1 - CQ S gC,d,ﬁo,ﬁl,a,|x|<U)

where

3}
229(c, d Br, o, z))2a2(1 + |z]/V2 — u/V/2)2

£ 477220 1+ Jal [V — u/VB)

gc,d,ﬂo,ﬂl,a,Lﬂ (u> -

pVI= ST TR+ - a3

22(67 d7 517 a, |.’13D2062

Lemma 6.1 is proved.

Lemma 6.2. Let 3 > 0, s €]0,c[,s > 22(c,d, b1, «, |z|). Then there exists a positive
real number kg c 4.8, a,|z| Such that

1—3s2/c?
<1+ 22/
sc

Proof of Lemma 6.2. We define

+oo 2\
/ F(x+ 70)dr ) —1| < (1 —5%/¢*)kp c.a.81,0 /2]

o 2
/ F(x+10)dr| > 0.

o0

1—s%/c?
s2c?

(6.10) do(c,0,z,8) =

Using (6.1) and s > z3(c, d, (1, &, |x|), we obtain

4328
2z9(c,d, By, a, |z])2a2(1 + |CE|/\/§)QO‘
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Using the Taylor expansion of the map ] — 1, +o0o[— R, § — (14 6)7% at 8 = 0 and using
(6.10), we obtain

1
(6.12) (1+da2(c,0,2,5)) P —1=—PB6(c, 0, x, s)/ (1 +wda(c,0,z,5)~ P dw.
0

From (6.10), (6.11) and (6.12) it follows that
[(1+ 6a(c,0,2,5)) 7 — 1| <Bda(c,0,2,5) < (1 —5*/)kp.cdpo e

where )
o gdszs
B,c,d,B1,0,| x| CQZQ(C, d, 31, a, \x|)2a2(1 + ‘x|/\/§)2a

Lemma 6.2 is proved.

We always suppose that (6,2) € TS*™!, «, d, ¢, 31, (2 are fixed. Let s €]0,¢[, s >
zo(c,d, B, a,|z|), u € [0,4+00[. we define

(6.13) A(c,0,z,5,u) = (1+t(c,0,x, s, u))_% :
where
2
1+ 5 =L _+ 1" F(z+70)dr
€1 \/1—52/c2 §J—=00
6.1 t(c,0,z,s,u) = —1.
( 4) (707 )9y ) / 2
1+ci2 \/%W-F%szF(xﬁ-TQ)dT

Expanding square of the norms in the numerator and denominator of the fraction of the
right-hand side of (6.14), we obtain that

=2V (x 4+ uh)\/1 — s2/c? + 1_‘2#

(1 L (mst/er)

400 2
[T F(x+ TQ)dT‘

t(c,0,z,s,u) =

s2¢c2

+o00 2
S Fx+ TQ)dT’ ) c?
(6.15) D
72(1_82 [e7) f+oo F(z + 70)dr. fj—;o F(x + 70)dr
B 2 /.2 00 2
<1 4 (=s2/c%) fj—oo F(.’ﬁ—l—Te)dT’ ) c?

s2c2

Lemma 6.3. There exists he g5, 8,0, : [0, +00[— [0,+00[ an integrable function
such that for s €]0,c[, s > z2(c,d, 1, a,|z]), u € [0, +o0],

T 2/c2
Ale,0,z,s,u)— 1 — V(x—I—uQ)is/c

> < (1= 5%/ he,a,p0,61 0,0 (1)-
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Proof of Lemma 6.3. We first look for a lower bound for ¢(c, 0, x, s, u). The following
estimate is valid

N +1/u +70)dr| > /+Oo +760)dr
- (x+ 70)dr (z+7
(6.16) V1—=382/c2 5/ \/1—82/02
1 [T
From (6.1) it follows that
s6 1 oo S 251\/&
6.17 7%——/ F(z 4+ m0)dr| > — )
(6.17) ‘\/1—82/62 5 J oo ( ) VI=s2/c2  a(s/V2)(1+ |z|/v2)°

Using first (6.1b) and then s > z3(¢, d, 81, «, |x|) and (6.17) we obtain

1/quooF(x—i—TG) prvd

5 ~(3/V2)a(l + |z]/v2)
1 26,V
6 1—82/02 a(s/V2)(1+|z|/v2)"
1 [t
6.18 — |t - F 0)d
(6.18) _6 %1_82/02-1-5/_00 (z +76)dr
From (6.16) and (6.18) it follows that
5 oo
(6.19) F(x+10)dr| > = / F(x + m0)dr
V1 —82/62 / 6 \/1—82/62 !
Using (6.14) and (6.19) we obtain
2 11
(6.20) t(c,0,z,s,u) > £ -1= ~35"

Now we look for an upper bound for t(c,0,z,s,u). The right-hand side of (6.15)
consists of a substraction of two fractions whose denominator is greater than ¢? and this
implies

2/.2 +o0 2
t(c,0,2,5,u)| <c 2|2V (x +ub)/1 — s2/c2 + # / F(x +70)dr
S u
21 — 2/.2 +o0 +o0o
(6.21) —% / Fla +76)dr. / F(z +70)dr
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IA

Thus, using (1.2), (6.1), (4.7) and the fact s > 25(c, d, 1, a, |z|), we obtain

It(c, 0, z, 5,u)| < 2\/1 — 52/c2 [250(1 + |z /V2 4 u/V2) e
V1= 2(c,d, b, a,|z])2/c? dpi2
Z2(67d7ﬁ17a7|x|)2 a2(1+‘$|/\/§+u/\/§)2a

+\/1—22(c,d,ﬁl,a, |x])?/c? dp28
e d froaclal) a2(1+[al/V2+ w2 (1 + |2l /V2)* |

(6.22)

Using (6.13), (6.20), the Taylor expansion of the map | — 1, 400[— R, § — (1 + )" /2 at
9 =0 and (6.15), we obtain

0)\/1— 52/c2
A(c,@,x,s,u)—l—v(x—i_u) /e

c2

V(x4 uf)\/1 — s?/c?

c2

1 3 [
it(c, 0,z,s,u)+ - / (1 —w)(1+ wt(c,0,z,s, u))_gdwt(c, 0,x,s,u) —
0

4
2) -1

V(z+uf)\/1—s2/c2 1 (1_1_1;2/02
+ 20D (P 4 70)[dr. [ |F(z 4 76)|dr

+oo
/ F(x+ 70)dr

— o0

c? c?s?

1—s2/c?

1 52
2 <1 + (1—522/02)

5 2
" x + 70)dr

s2c2

+o0 2 2
[ F(x+70)dr| )c

3,25

2(22y-3 2
8(36) t(c707x7s7u) *

(6.23)  +

We use Lemma 6.2, conditions (1.2) and the fact that s > z3(c, d, 81, o, |z|) to estimate the
first term of the right-hand side of the inequality (6.23). In order to estimate the second
term of the right-hand side of the inequality (6.23), we use the fact that the denominator
is greater than 2, and we also use (6.1), (4.7), the fact that s > 25(c,d, 1, , |z]). We
estimate the third term of the right-hand side of the inequality with (6.22). Thus we obtain

1 _s2/c2
A(c,&,x,s,u)—l—v<x+ue)\/ s2/c

c2

< (1- sQ/CQ)hcyd,go,ﬁl,a,m(U)7

where

he,d 80,61 0,2 (1) =
1 —
6—2(1 + |z /V2 4+ u/V?2) {50k1,c,d,ﬁ1,a,|w\ V1= z(c,d, B, o, |z])2/ 2
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Bid i B
(e, d, Br, o, 2])? ((1+121/V2 + u/V2) ™ + 41 + |o]/v2) )

+i(§)__ [ﬁo(1+|x|/\/_+u/\/_) /2

dBiv/1 — z2(c,d, Bi, o, |x])? /2
22(07 d7 ﬁlv «, |x|>2052(]. + |x|/\/§+ u/\/é)a/Q

X ((1 + |2 /V2 4+ u/V2) T+ 41+ |x\/¢§)—a)r} .

Lemma 6.3 is proved.

_|_

Proof of Theorem 3.2.
Let (0,x) € TS o, d, ¢, Bi, Bo, s €]0,¢[, s > z3(c,d, B1, o, |x|) be fixed. We shall
study the asymptotics of /59 ,(0) which is defined by formula (2.13b).
First we look for the asymptotics of
0 T

/ 9(7(39)+/F(us9+x)du)—39 dr.

— o0 — o0

By changes of variables, we obtain

0 T
/ g(y(s0) + / F(usf + z)du) — s | dr =
0 #—1—%}F(u0+m)du
V1-s2/c? 57
(6.24) / =~ 0| dr.
B \ll+02\/135w+ fFuQ-i—x)d

Expanding the square of the norm in the denominator of the fraction under the integral
n (6.24), the denominator becomes

o\ —1/2
L4e / (ub + (14 61(c, 0, 2, 5,u)) >
c U x = c,0,x,s,u)) 2
V1-— 52/02 !
(6.25) x (1—s2/c?)3,
where 97 is defined by formula (6.4). We define
0 T
A (0,z,5)=|(1— 32/02)_% / g(v(s0) + / F(usf + z)du) — s | dr
0

(6.26) —c 2 / V(10 + z)dr0 — s~ / / F(ub + z)dudr| .
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From (6.26), (6.24) and (6.25), it follows that

0 1
Moo < [ |1 dile0.m,5u)7

— o0

—1—c 2V (10 + 2)\/1 — 82/629’

T

1 —2
X<\/1—82/02+8 —
o[ o myi—ae (
(6.27) —\/%w — ¢ 2V (10 + 2)0 — 572 /T F(uf 4 z)du

We estimate the first integral of the right-hand side of (6.27) by the use of Lemma 6.1.

Therefore expanding the first product under the second integral of the form f_ooo of the
right-hand side of (6.27), we obtain

1(0,2,5) <v/1 2/02/ [gcd,ﬁo,ﬁl, Jz) <1+S V1 2/02/ F(ub + x) |du)

‘ V(0 + z) } o

s2c?
We define |V]o = Sup, |V (y)|. Using (6.28), (1.2), (6.1a), (4.8) and the fact that
s > z(e,d, B1, a, |x|), we obtain

| F(uf + m)|du> dr

sy I 9)

dr.

(6.28)

/_Oo F(uf + z)du

s [ [y Ve d B T sV ) [
e ( w(ed Broasfol)? a1+ fal/v2)e /_mgc’d’ﬁoﬂl’“’x'“)“
G2t ed B e Pata — (T + |x\/ﬁ>a—1] '

Now we look for the asymptotics of

400 T +o00
/ g(v(s0) + / F(usf + z)du) — g(v(s0) + / F(usf + z)du) | dr.

By changes of variables, we obtain

+o00 T +oo

/ g(v(sh) + / F(usf + x)du) — g(v(s0) + / F(usf + z)du) | dr

0 —00 —00

30



+oo
J + % [ F(ub+z)du

0 J 1+c2
\/1—s2/c?
(6.30) - dr.

Jl-ﬁ—cQ 0 1 fFu@—I—m)d

\/1—s2/c?
First we study the denominator of the first fraction under the integral of (6.30). From
(6.14) and (6.13) it follows that

\/%W-l-%_{oﬁ—’(u@—kx)du

=

14c¢2 / (uf + )
\/7%2
6.31 =|1+c2 / (ub + Alc,0,x,s,7).
(6.31) c m (ub + x)d (c,0,x,5,7T)
We define
400 o0 +oo
As(c,0,z,8) =|(1 — 32/02)_% / g(v(s0) + / F(usf + z)du) — g(v(s0) + / F(usf + x)du) | dr
0 T —00

“+00 +o0 400
(6.32) —c? / V(70 + 2)dr6 + 5> / / F(ub 4 z)dudr| .
0 0 T

From (6.30), (6.31) and (6.32) it follows that
(6.33) Ao(c,0,2,5) < Aa1(c,0,x,8) + Ao o(c, 0,2, 5),

where

=

[

> 1 1
2/.2\—1
Ao 1(c,0,z,s) _/0 (1—s7/c%) 2/02 / (uf + x)
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1
+—= [F(ub+z)du ||dr,

1
2 [ 2 82
e 2,2
Ao o(c, 0,2, s :/ 1—s%/c*)" 2 | 1+ / (uf + z)d
2,2( ) 0 ( / ) \/W

X <1+V(79—|—x) . 1_82/62> ( o —|—i F(u@-l—x)du)

(6.34a) x| A(¢,0,z,8,7)— 1=V (70 + x)

Nf=

-
—

N

c? V1—s2/c2 s
9 1 Virbta), 1 [
T+
Let us estimate Ag (¢, 6, x, s).
From Lemma 6.3 and (6.34a) it follows that
.
1
A2,1(c797x78)§\/1—82/c2 1+c_2 \/72/62 / u9+x

T +o0
(6.35) 1 / F(uf + )| du x/o Bt oo (7

1
V1—s2/c? * s2

In addition, expanding the square of the norm, we obtain

=

1
\/ﬁ / (ud + x)d =y/1—s2/c?
c
1_22 | 2\
(6.362) X 1+_82L02/C /F(u@-l—x)du
(6.36b) <1 —s2/c2.

Using (6.35), (6.36), (4.1), (6.2), (4.7) and the fact that s > 25(c,d, 51, a, |z|), we obtain

— 52 /c2 ﬁl\/_\/l—ZQ C d, (1, ,|x|)2/022\/§
A2,1(C,0,x,8)§m< (e, d, B, o, 2] 2a(1 +|$‘/\/§)O‘ )

—+o0
(6.37) X /0 hc,d,ﬁo,ﬁl,a,|w\(7)d7-
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Let us estimate As 2(c, 6, z, s).
From (6.34b) and (6.36a) it follows that

1
2\ T2
+o00 1 — 2 /.2
A2,2(0707$78) S/(; 1+%2/C /F(u@—l—x)du -1
+o00 T
1 0 1 —s%2/c?
X | == /F(uQ—i—x)du—l—V(T 2—|—m)9+ 282 /e V(TO—l—x)/F(u9+x)du dr
S C s“cC

(6.38) +/+OO VI=S/E oy / F(uf + z)du) dr.
0

52¢c2
— o0

Thus using Lemma 6.2, conditions (1.2), (4.1), (6.2), (4.6), (4.7) and the fact that s >
z9(c,d, By, o, |z]), it follows that

kl/?cdﬁla‘$|\/1_Z2(07d7ﬁ17a7|m|)2/02 \/a612
A 9 1 — s2/¢2 Lot it
22(C ’ S> \/T [ (O-/—]-)(]-+ |«T|/\/§>a_1 22<C7 d7517a7‘x|)2a

AoV | VGobaY/T— 2. d By o |x|>2/c2>
c? za(c,d, Br, o, |z])2ca(l + |z|/v2)e
VB4 ]
z(c,d, b1, a, |z))?calo — 1) (1 + |z] /v/2)20-1 |

From (2.13b), (6.26), (6.29), (6.32), (6.34), (6.35) and (6.39) it follows that there exists
Cc,d,ﬂo,ﬁl’a"q;| such that

lsp(0) 1 oo +°°

<Ai(c,0,x,s)+ Ag(c, 0, x, s)
(640> SCC,d:BO:B17a7‘$| \% 1 - 82/02'

The estimate (3.9) follows from (6.40).
Theorem 3.2 is proved.

(6.39) +

Proof of Proposition 1.1. The item 1 follows immediately from

%V(te + 1) =VV(th+ )0, for all (0,z) € TS™ !, t e R.

Proof of the item 2. Take
X1

V@) = T apye

for & = (z1,...,2q) € R%, 3> 1.
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and take (0, x) € TS* L. By a straightforward calculation and using z = 0, we obtain

+o0o ptoo
(/ / F(s0 4 z)dsdr — / / F(s0 + z)dsdt + PV (6, x)@) * @

) +oo  ptoo S
= — 4036 dsd
B 1|$‘ /0 /T (1+52+ |$‘2)6+1 sar

# 0 if and only if x # 0 and 67 # 0,

where x denotes the scalar product.

Proof of the item 3. Let V be a spherical symmetric potential (i.e. V takes the
form m(|z|)) that satisfies the conditions (1.2) (e.g. V(z) = (1 + |z[*)™# where 3 > 3).
Then m € C1(]0, +oo[,R) and VV (z) = m/(|z|) & - Let (0,x) € TS™* and let #+ be an
orthogonal vector to 6. A straighforward calculation gives

1
F(s6 + 2)0% = m'(v/52 7 o) 20—
/82 + |22

for any s € R. Hence

+oo pt+00
(6.41) (/ / F(s0 4 z)dsdr — / / F(s0 + z)dsdr + PV (6, x)@) *0+ =0.

The item 3 follows from the item 1 and formula (6.41).
Proposition 1.1 is proved.
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