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Abstract: We study a stochastic complex Ginzburg-Landau (CGL) equation
driven by a smooth noise in space and we establish exponential convergence of
the Markov transition semi-group toward a unique invariant probability measure.
Since Doob Theorem does not seem not to be useful in our situation, a coupling
method is used. In order to make this method easier to understand, we first focus
on two simple examples which contain most of the arguments and the essential
difficulties.

Résumé: Nous considérons I’équation de Ginzburg-Landau Complexe bruitée par
un bruit blanc en temps et régulier par rapport aux variables spatiales et nous
établissons le caractere exponentiellement mélangeant du semi-groupe de Markov
vers une unique mesure de probabilité invariante. Comme le Théoreme de Doob
semble ne pas pouvoir étre appliquer, nous utilisons une méthode dite de couplage.
Pour une meilleur compréhension, nous focaliserons d’abord notre attention sur
deux exemples qui bien que tres simples contiennent 1’essentiel des difficultés.
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INTRODUCTION

Originally introduced to describe a phase transition in superconductivity [E],
the Complex Ginzburg-Landau (CGL) equation also models the propagation of
dispersive non-linear waves in various areas of physics such as hydrodynamics [@],
R1], optics, plasma physics, chemical reaction [[L1]...

When working in non-homogenous or random media, a noise is often introduced
and the stochastic CGL equation may be more representative than the deterministic
one.

The CGL equation arises in the same areas of physics as the non-linear Schrodinger
(NLS) equation. In fact, the CGL equation is obtained by adding two viscous terms
to the NLS equation. The inviscid limits of the deterministic and stochastic CGL
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equation to the NLS equation are established in [E] and [@], respectively. The
stochastic NLS equation is studied in [f] and [d].

Ergodicity of the stochastic CGL equation is established in [El] when the noise is
invertible and in @] for the one-dimensionnal cubic case when the noise is diagonal,
does not depend on the solution and is smooth in space.

Our aim in this article is to study ergodicity for stochastic CGL equation under
very general assumptions.

Let us recall that the stochastic CGL equation has the form

% —(e+D)AuU+ (+ M) [u]* v = b(u)dd—vtv,
u(t,z) = 0, forx e dD, t>0
u(0,2) = wup(x), for x € D.

The unknown u is a complex valued process depending on & € D, D C R? a
bounded domain, and ¢ > 0.

We want to consider noises which may be degenerate and our work is in the
spirit of [f, [[dl, [d], 1), 14}, [19), [Ld}, (L and [p3). Many ideas of this article
are taken from these works. However, we develop several generalisations.

The main idea is to compensate the degeneracy of the noise on some subspaces by
dissipativity arguments, the so-called Foias-Prodi estimates. A coupling method is
developped in a sufficiently general framework to be applied and prove exponential
convergence to equilibrium.

To describe the ideas, it is convenient to introduce (ex)ren~ the eigenbasis of the
operator —A with Dirichlet boundary conditions (if periodic boundary conditions
were considered, it would be the Fourier basis) and Py the eigenprojector on the
first N modes.

The main assumption of the papers cited above as well as in this work is that
the noise is non-degenerate on the space spanned by (ex)i1<x<n for N sufficiently
large. In [L], [Ld] and [RJ], the noise is also additive, i.e. b(u) does not depend on
u. The method developped in [E] allows to treat more general noises and, in [B], b
is allowed to depend on Pyu. However, in this latter work, the author restricts his
attention to the case when the high modes are not perturbed by noise. It is claimed
that the method can be generalized to treat a noise which hits all components. Such
a generalisation is contained in [@] in the purely additive case.

Here we develop also such a generalization and treat a noise which may hit all
modes but depends only on Pyu. We have chosen to use ideas both from [E] and
from [E], [@] We hope that this makes our proof easier to understand. Moreover,
we get rid of the assumption that b is diagonal in the basis (e )ren-

Also, if we work in the space L?(D), it is not difficult to get a Lyapunov structure
and Foias-Prodi estimates. Thus, with an additive noise or with a noise as in [,
our results would be a rather easy applications of these methods.

However, this works only for small values of o, namely o < %. It is well known

that the CGL equations are also well-posed for o € [%, ﬁ) (o€ [%,oo) for

d € {1,2}) provided we work with H!(D)-valued solutions and the nonlinearity is
defocusing (A = 1). We also develop the coupling method in that context and show
that it is possible to find a convenient Lyapunov structure and derive Foias-Prodi
estimates. Thus we prove exponential convergence to equilibrium for the noises
described above in all the cases when it is known that there exists a unique global
solution and an invariant measure.
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Moreover, using the smoothing effect of CGL and an interpolation argument, we
are able to prove exponential convergence in the Wasserstein norm in H?(D) for
any s < 2. This give convergence to equilibrium for less regular funtionnal.

In order to make the understanding of the method easier, we start with two
simple examples which motivate and introduce all arguments in a simpler context.
The first example is particulary simple. It introduces the idea of coupling and the
use of Girsanov transform to construct a coupling. The second example is similar
to the one considered in [@] However, it contains further difficulties and more
details are given. We have tried to isolate every key argument. This is also the
opportunity to state a very general result giving conditions implying exponential
mixing (Theorem E) It is a strong generalization of Theorem 3.1 of ]

Then, in section 2 we deal with CGL equations. We state and prove the general
ergodicity result described above

1. PRELIMINARY RESULTS

The proof of our result is obtained by the combination of two main ideas: the
coupling and the Foias-Prodi estimate. The first subsection is a simple example
devoted to understand the use of the notion of coupling. The second subsection
is a two dimensional example devoted to understand how we use the two main
ideas. The third subsection is the statement of an abstract result which is both
fundamental and technical. The other subsections are devoted to the proof of
this abstract result. The understanding of the proof of the abstract result is not
necessary to the understanding of the rest of the article. On the contrary the three
first subsections contain the main ideas of this article.

1.1. A simple example.

In this subsection we introduce the notion of coupling and we motivate it on a
simple example.

Let II the one-dimensionnal torus. We consider the following example. We
denote by X (., o) the unique solution in II of

dX dW
(1) )=

where f : II — R is a Lipschitz function and W is a one-dimensionnal brownian
motion. It is easy to prove that X is a Markovian process. We denote by (P;); its
Markovian transition semigroup.

We recall the definition of |||

X(Oa :CO) = Zo,

the total variation of a finite real measure p:

var’

1tllyar = sup {[u(D)] | T € BN},

where we denote by B(II) the set of the Borelian subsets of II. It is well known
that |||, is the dual norm of |.| . We prove that there exists a unique invariant
measure v and that for any probability measure u

1Prb = vy < ce™ .

var
Using a completeness argument and the markovian property of X, we obtain that

it is sufficient to prove that for any ¢ : I — R borelian bounded and for any
(t,z1,72) € RT x II?, we have

BU(X(00) ~ BUX )] < cloloe™
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Clearly it is sufficient to find (X;(t), X2(t)) such that for any (i,¢) € {1,2} x RT,
we have D(X;(t)) = D(X (¢, x;)), where D means distribution, and

(1.2) B (X1 (1)) — Bt (Xa(t))] < et e

Now we introduce the notion of coupling. Let (u1,u2) be two distributions on
a same space (F,&). Let (Q,F,P) be a probability space and let (Z1, Z3) be two
random variables (2, F) — (F,&). We say that (Z1, Z3) is a coupling of (p1, o) if
Remark 1.1. Although the marginal laws of (Z1, Z2) are imposed, we have a lot of
freedom when choosing the law of the couple (Z1,Z3). For instance, let us consider
(W1, W3) a two-dimensional brownian motion. Let i be the Wiener measure on R,
which means that p = D(Wy) = D(Wa). Then (W1, Wa), (W1, W3) = (W, W)
and (W{', W4 = (W1, —W1) are three couplings of (u, ). These three couplings

have very different laws. In the one hand, W1 and Wo are independent and Wy #
+Ws a.s. and in the other hand W{ = W} and W{' = —W'.

In order to establish ([.J), we remark that it is sufficient to build (X, X2) a
coupling of (D (X (-,x1)),D (X(-,22))) on RT such that for any ¢ > 0
(1.3) P (X1 (t) # Xa(t)) < ce Pt
By induction, it suffices to construct a coupling on a fixed interval [0,T]. Indeed,
we first set

X;(0) =2, i=1,2.

Then we build a probability space (', F/,P') and a measurable function (u’, ¢, 21, 22) —
Zi(t, x1, v2) such that for any (21, z2), (Zi(-, 21, %2))i=1,2 is a coupling of (X (-, ;) )i=1,2
on [0,T7.

The induction argument is then as follows. Assuming that we have built (X7, X»)
on [0,nT], we take (Z1, Z2) as above independant of (X1, X2) on [0,nT] and set

X;(nT +t) = Z;i(t, X1(nT), Xo(nT)), forte (0,T].

The Markov property of X implies that (X7, X5) is a coupling of (D(X (-, 21)), D(X (-, 22)))
on [0,(n+ 1)T].

The coupling (Z1, Z3) on [0, T] constructed below satisfies the following proper-
ties

(1.4) P(Zl(T,xl,l’g) :ZQ(T,.Tl,.Tg)) > po > 0, if x1 75.1'2,
(15) P(Zl(.,:cl,:cg):ZQ(.,:cl,xg)) = 1, if xr1 = I2.
Invoking ([L.§), we obtain that
P (X1 (nT) # Xo(nT)|X1((n — 1)T) = X2((n — 1)T)) = 0.
Thus it follows
P(X1(nT) # Xa2(nT)) < P(Xi((n—1)T)# Xao((n —1)T)) X
P (X1(nT) # Xo(nT)[X1((n — 1)T) # Xa((n —1)T)).
We easily get from ([L.4) and ([L.5)
P(X1(t) # Xa(t), for some t >nT) < (1—po)",

which implies ([L.3) and allows us to conclude.
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Before building (Z3, Z») such that ([L4) and ([.5) hold, we need to define some
notions. Let u, p; and po be three probability measures on a space (F,E&) such
that 1 and pg are absolutely continuous with respect to p. We set

dlp —pa| = ‘%’*— &z,
d(pr Ape) = (%& 2)dp,
d(p — p2)*™ = ( f)erH-

These definitions do not depend on the choice of u. Moreover we have

(1.6) 1 = pzllye, = % Iy — pa] (B) = (p1 — po) ™ (E) = %[E

The following Lemma is the key of our proof.

d,u1 dug

du du

Lemma 1.2. Let (u1, u2) be two probability measures on (E,E). Then
||/j/1 - l’l’2H’Ul],7‘ = mlnIP’(Zl 7é Z2)

The minimum is taken over the coupling (Z1,Z2) of (u1, p2). Such a coupling exists
and is called a mazximal coupling and has the following property:

P(Zy =2Z5,Z1 €T) = (u1 A p2)(T') for any T € E.

The proof of Lemma E is given in the Appendix. We consider W’ a Wiener
process. If 1 = x9 = x, we choose the trivial coupling (Z;(.,z,x))i=1,2 on [0,T].
In other words, we set Z1(.,z,x) = Za(.,z,x) = X'(.,z) on [0, T] where X'(.,x) is
the solution of ([L.]]) associated with W’. Thus ([L.§) is clear.

For ;1 # x5, the idea is borrowed from E] We consider (21(.,551,902),
Zs(., 21, ®2)) the maximal coupling of (D(X (-, z1) + T%(:CQ — 1)), D(X(.,22))) on
[0,T] and we set Z1 (¢, z1,22) = El(t,xl,xg) %( —x1). Then it is easy to see
T

that (Z;(.,z1,22))i=1,2 is a coupling of (D(X(.,z;))i=1,2 on [O T] and we have

(17) P (Zl(T,l‘l,.Tg) = ZQ(T,.Z‘l, $2)) Z P (Zvl(., 1, wg) = ZQ(., 1, xg)) .
We need the following result which is lemma D.1 of

Lemma 1.3. Let p; and ps be two probability measures on a space (E,E). Let A
be an event of E. Assume that pui' = pu1 (AN ) is equivalent to py = pa(AN ).
Then for anyp >1 and C' > 1

AN PF1 P\ =T
/ (dﬂ—z) dus < C < oo implies (1 A pa) (A) > (1 — l) (M) )
A

dps p pC
Using ([.4) and Lemma [.q and [.3 with E = C([0,T]; 1), we obtain that

0 Pt = amn = (1) (o f (2 a0)

where (i1, p2) = (D(X (-, 21) + L= (22 — 21)), D(X (., 22))) on [0, 7.
-\ p+1 ~
We use a Girsanov formula to estimate fE (%ﬁ—;) dps. Setting X (t) = X (¢, 21)+

%(zg — x1), we obtain that fi; is the distribution of X under the probability P
88



Ergodicity for the stochastic Complex Ginzburg—Landau equations

and that X is the unique solution of

‘il—f _ %(xz — o)+ AR+ ij (22 — 21)) = Z—VZ, X(0) = 2.
We set W/(t) = W(t) + [ d(s)dt, where
(19) d(t) = gl —w) + FX(0) ~ FR(0)+ (s — ).
Then X is a solution of
(1.10) % + f(X)= dd—mj, X(0) =z,

We are working on the torus and f is continuous, therefore d is uniformly bounded:

A(0)] < 217

Hence, the Novikov condition is satisfied and the Girsanov formula can be applied.
Then we set

dP' = exp (/Ot d(s)dW (s) — %/Ot \d(s)|? dt) dP

We deduce from the Girsanov formula that P’ is a probability measure under which
W’ is a brownian motion and X is a solution of ([1.1(), then the law of X under P’
is 2. Moreover

dil p+1
(111) J () i < (o (3 1RT) )

which allows us to conclude this example. Indeed, by applying ([.7), (L.d) and

(ELT) we get (E9).

1.2. A representative two-dimensionnal example.

The example we consider now is a two dimensional system which mimics the
decomposition of a stochastic partial differential equation according to low and
high modes of the solution. This example allows the introduction of the main ideas
in a simplified context, the system has the form

dX +2Xdt+ f(X,Y)dt = o(X)dg,
(1.12) dY +2Ydt + g(X,Y)dt = on(X)dn,
X(0) =20, Y(0)=yo.
We set v = (X,Y) and W = (8,n). We use the following assumptions
i) f, g, oy and o}, are bounded and Lipschitz,
(1.13) ii) There exists Ky > 0 such that,
fleye+gle,y)y > —(af + |yI* + Ko),  (2,y) € R,

Condition i) ensures existence and uniqueness of a solution to ([.13) once the initial

data up = (xo,yo) is given. It is also classical that weak existence and uniqueness

holds. We denote by X (-,ug), Y(-,up), u(-,up) the solution where uy = (xo,yo)
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and v = (X,Y). Moreover, it is easy to see that, by ii), there exists an invariant
measure V.

Contrary to section 1.1, we want to allow degenerate noises. More precisely, we
want to treat the case when the noise on the second equation may vanish. This
possible degeneracy is compensated by a dissipativity assumption. We use the
following assumptions.

(1.14) i)  There exists og > 0 such that, o;(z) > 09, = € R.

i) Jg(z.y1) —g(@,y2)| < |lyi —v2|, (z,y1,92) € R

By the dissipativity method (see [{f] section 11.5), ii) implies exponential conver-
gence to equilibrium for the second equation if X is fixed. Whilst the coupling
argument explained in section 1.1 can be used to treat the first equation when Y is
fixed. Note however that we need a more sophisticated coupling here. Indeed, the
simple coupling explained above seems to be usefull only for additive noise.

Here, we explain how these two arguments may be coupled to treat system ()
The essential tool which allows to treat system (|L.13) is the so-called Foias-Prodi
estimate which reflects the dissipativity property of the second equation. It is a
simple consequence of ([L.14))ii)

Proposition 1.4. Let (u;, W;)i=1.2 be two weak solutions of ([L.14) such that
Xi(s) = Xa(s), m(s) =mna2(s), s€0,¢],
then
i (t) = uz(t)] < [u1(0) — uz(0) e~

Since the noise on the second equation might be degenerate, there is no hope to
use Girsanov formula on the full system. We can use it to modify the drift of the
first equation only and it is not possible to derive a strong estimate as ([L.3).

Recall that in section 1.1, we have built the coupling (X7, X2) of (D(X (-, 3)), D(X (-, 2)))
by induction on [0, kT by using a coupling (Z;(+, 28, 22))i=1.2 of (D(X (-, x})))i=1.2
on [0, T] which satisfies ([.5). Then if (X, X3) were coupled at time kT, (X1, X5)
would be coupled on [kT, 00) with probability one. Thus to conclude, it was suffi-
cient to establish ([L.4).

In this section, since we couple (X7, X3), but not (Y7, Ys), then there is no hope
that a couple (X1, X2) coupled at time kT remains coupled at time (k 4+ 1)T with
probability one.

However, coupling the X’s and using Foias-Prodi estimates, we obtain a coupling
(u1,u2) of (D(u(-,ud)), D(u(-,u3))) on RT such that

(1.15) P (|u1(t) —ua(t)] > ce_ﬁt) < ce_ﬁt(l + |u(1)‘2 + ‘u§|2)

This estimate does not imply the decay of the total variation of P} 5u(1) - Pr 51%,
but the decay of this quantity in the Wasserstein distance ||} ips which is the dual
norm of the lipschitz and bounded functions. Indeed, for v lipschitz and bounded,
we clearly have

B (u(t, up)) — Ev(u(t, ud))| [Exp(ur(t)) — B (ua(t))],

29| oo P (Jua (t) — ua(t)] > ce™) + ||, ce™,
90
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and then by ([.17)
(1.16) B (u(t, ub)) — Bap(u(t, ub))] < |, e 0+ [ud]” + [ud]).

The idea of the proof is the following. We couple (D(X (-, uj),n))i=1,2. Then using
the Foias-Prodi estimate, we control Y7 — Y5 which is equivalent to control uq — us.
By controlling w1 — us, we control the probability to remain coupled.

Remark 1.5. In the general case f, g are not globally lipschitz and bounded and
a cut-off has to be used. This further difficulty will be treated in the context of the
CGL equation below.

It is convenient to introduce the following functions:
lo(k) = min {l S {0, . k}lpl,k} ,

where min ¢ = oo and

Xi(t) = Xa(t), m(t) =mn(t), VtelT kT],
(Prk)
lu;(IT)| < d*, i=1,2.

The first requirement in (P} ;) states that the two solutions of the first equation
are coupled on [IT, kT). Notice that Proposition [L.4 gives

(1.17)  lo(k) =1 implies |ui(t) — up(t)| < 2d*e~ 1) for any t € [IT, kT).

From now on we say that (X7, X5) are coupled at kT if lg(k) < k, in other words
if 1o(k) # oo.
We set
do = 4(d*)%.
We prove the two following properties.
For any dy > 0

I po(do) >0, (pi)i>1, To(do) > 0 such that for any ! < k,
(1.18) P(lo(k+1) =1lo(k) =1) > px—y, for any T > To(do),

1_pi§eiiT 2213

)

and, for any (Rg,dp) sufficiently large,

(1.19) 3T*(Rp) > 0 and p_1 > 0 such that for any T > T*(Ry)

P(lop(k+1)=k+1|lo(k) =00, Hr < Ro) > p_1,

where

Hi = |ur (RT)” + [uz (KT)|*.
(m) states that the probability that two solutions decouples at kT is very small,
(L.19) states that, inside a ball, the probability that two solutions get coupled at
(k + 1)T is uniformly bounded below.

In the particular case where o;(x) does not depend on « and where Ky = 0, one
can apply a similar proof as in section 1.1 to establish a result closely related to
(1), (L.19). This technic has been developped in [[iff]. But it does not seem to
work in the general case.
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Consequently, we use some tools developped in [B] to establish (), (IL.19).
Note that in ([[.19), we use only starting points in a ball of radius Rg. This is
due to the fact that to prove (), we need to estimate some terms which cannot
be controlled on R? but only inside a ball. This further difficulty is due to the
fact that contrary to the simple example of section 1.1, we work on an unbounded
phase space and is overcomed thanks to another ingredient which is the so-called
Lyapunov structure. It allows the control of the probability to enter the ball of
radius Ry. In our example, it is an easy consequence of ()11) More precisely,
we use the property that for any solution u(-, ug)

E |u(t, uo)|?

IN

e |U0|2 + %7
E (|U(T/aUO)|4 1T’<oo) < K’ (|UO|4 +14+E (T/17.1<OO)) ,

for any stopping times 7’.
The following Proposition is a consequence of Theorem given in a more
general setting below.

(1.20)

Proposition 1.6. If there exists a coupling of D(u(-,ub), W) such that (|L.1§),
(IL1d) are satisfied, then (IL13) is true. Thus there exists a unique invariant measure
v of (P)t. Moreover there exist C' and « such that

1Pt = ey < Cm (14 [l dntw).

To obtain ([.1§) and ([.19), we introduce three more ingredients. First in order
to build a coupling ((uy, Wh), (u2, W2)) such that ((X1,m1), (X2,72)) is a maximal
coupling, we use the following results contained in [@], although not explicitly
stated. Its proof is postponed to the appendix.

Proposition 1.7. Let E and F be two polish spaces, fo: E — F be a measurable
map and (p1, p2) be two probability measures on E. We set

Vi:fgluia i=1,2.
Then there exist a coupling (V1,Vz2) of (u1, p2) such that (fo(Vh), fo(Vz2)) is a max-

imal coupling of (v1,v2).

We also remark that given (X, n) on [0, T], there exists a unique solution Y (-, ug)
of
dY 4+ 2Ydt + g(X,Y)dt = op(X)dn, Y (0,up) = yo-
We set
V(- u0) = ®(X, m, u0) ().
It is easy to see that Y is adapted to the filtration associated to n and X.
Proposition @ implies that for any given (X, n)

(1.21) |P(X, 1, ug) () — ®(X,n,ug) ()| < e |ug — uf.

Then we rewrite the equation for X as follows

(1.22) dX +2Xdt + f(X, ®(X,n,u0))dt = o1(X)dp,

The Girsanov formula can then be used on ([.23) as in section 1.1.
92



Ergodicity for the stochastic Complex Ginzburg—Landau equations

We finally remark that by induction, it suffices to construct a probability space
(Q0, Fo, Py) and two measurable couples of functions (wo, ud, ud) — (Vi(-, ud, ud))i=1.2
and (V/ (-, u$,ud))i=1,2 and such that, for any (u, ud), (Vi(-, up, ud))i=1.2 and (V/ (-, ud,ud))i=1.2
are two couplings of (D(u(-,u$), W))i=12 on [0,T]. Indeed, we first set
u;(0) = uh, W;(0)=0, i=1,2.

Assuming that we have built (u;, W;)i=12 on [0, kT], then we take (V;); and (V}/);
as above independant of (u;, W;);=1,2 on [0, kT] and set

VIt un (KT), ua(KT))  if lo(k) = oo,

for any t € [0,7].

Proof of ([L1J).
To build (V;(-,ud,ud))i=12, we apply Proposition to E = C((0,T);R?)?,
F=C((0,T);R)?,

folu,W)=(X,n), whereu= ( ‘;5 ), W = < g >,
n
and to
i :D(u(vué)vw), on [OﬂT]
Remark that if we set v; = fju;, we obtain
v; = D(X(~,u8),7}), on [0, 7.
We write
(Zzagl):fo(v;)a 22152
Then (V; (-, ud, ud))i=1,2 is a coupling of (u1, p2) such that ((Z;, &) (-, ud, ud))iz1.2
is a maximal coupling of (v1, v2).
We first use a Girsanov formula to estimate I,,, where

p+1
- ()
F dl/1

Then, using Lemma [[.3, we establish ([[.1§).

We consider a couple (u;, W;);—1,2 consisting of two solutions of ([.13) on [0, k7.
From now on, we are only concerned with a trajectory of (u;, W;)i=1,2 such that
lo(k) =1<k. We set

x=X1(kT) = Xo(kT), y; =Yi(kT), i=1,2.

Let (8,€) be a two-dimensionnal brownian motion defined on a probability space
(Q, F,P). We denote by Z the unique solution of

dzZ +2Zdt + f(Z,(Z(-).£(), (@,p1)))dt = o1(Z)dp,
Z(0) = z.

(1.24)

Taking into account ([[.24), we obtain that v; is the distribution of (Z, £) under the
probability P.
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We set 3(t) )+ fo s)dt where
1
(1'25) d(t) = m (f(Z(t)’ (I)(Zaga (xayQ))(t)) - f(Z(t)’ (I)(Zagv (xayl))(t)))
Then Z is a solution of
(1.26) dZ +2Zdt + f(Z,2(Z(-),£(), (z,y2)))dt = o(Z)dp,
Z(0) = .

Since f is bounded and oy is bounded below, then d is uniformly bounded. Hence,
the Novikov condition is satisfied and the Girsanov formula can be applied. Then

we set
dP = exp </0 d(s)dW (s) — %/O |d(s)|2dt> dP

We deduce from the Girsanov formula that P is a probability under which (B ,€) is
a brownian motion and since Z is a solution of ([L.26), then the law of (Z, £) under
P is v9. Moreover

(1.27) I, <Eexp (cp /OT |d(5)|2dt> .

Since f is Lipschitz, then we infer from (.28) and ([L.14)i) that

()] < o5 " £l 1R(Z(),60), (1) (E) = D(Z(),€(). (2, 2))(2)].-

Now we use the Foias-Prodi estimate. Applying (.17) and ([L.21)), it follows from
lo(k) =1 that

|d(t)]” < doog® | £, exp (—2(k — )T) .
Then it follows that

(1.28) I, <exp (cpoo_Qdo |f|2sz eiQ(k*l)T) .

Note that
||l/1 - Z/2H’UG,T = / dVQ \// dVQ — 1.
F

We infer from ([L.2§) that, for T' > Ty(do) = (0g 2¢,do |f|sz ,
—(k=1)T

1 — o, <e

Applying Lemma to the maximal coupling (Z1, Z2)i=1,2 of (v1,v2) gives
(1.29) P((Z1,61) # (Z2,62)) < |1 = v2| g < e~ F70T.
Using ([.23)) and ([[.29), we obtain that on lo(k) =
P ((X1,m) # (X2,7m2) on [KT, (k+ 1)T] | Far) < e DT,
Noticing that
{lo(k +1) =1} = {lo(k) = 1} N {(X1,m) = (X2,m2) on [kT, (k + 1)T]}.
and integrating over lo(k) = [ gives for T > Ty(d) and for k > 1

(1.30) P(lo(k+1) # 1] lo(k) =1) < e” kDT,
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Now, it remains to consider the case k = [, we apply Lemmas B and B to
(Z;,&:)i=1,2 which gives

P((216) = (20 62) = 01 Av) () 2 (1= ) (o1,) 77
Applying () and fixing p > 1, we obtain
(131)  P((Z1.&) = (Z2.€2)) 2 poldo) = (1 - %) e (—epdo £17,)

To conclude, we notice that (|l.3(]) and (|l.31]) imply (I.1§).
Proof of ([L19).

~Assume that we have dy > 0, p > 0, 71 > 0, R; > 4K; and a coupling
(Vi(- ug, ug))i=1,2 of (u1, p2), where

Hi = D(”(a”é)a W)v on [OaTl]v i = 15 27

and such that for any (u,u3) which satisfies |ué}2 + }u%f <R

2
2 ~
(132) P <Z1(T1,ué,ug) = Z2(T1,Ué,’l£%>, Z ’uz(Tlvu(%vu?J)’ < dO) > D,

i=1

where
> 1,2 1,2 1,2 1,2 Zi ~
Vi( ug, ug) = (ui(~,u0,u0),Wi(~,u0,u0)) y Wil ug, ug) = < G, > ,1=1,2.
By applying the Lyapunov structure ([L.2(]), we obtain that for any 8 > T5>(Rg, R1)
R 1 R
(1.33) P (|u(9,uo)|2 > 71) < T for any uo such that |uo|” < 70.

In order to build (V{,Vy) such that ([.L19) happens, we set T*(Ro) = Ty + Ta(Ro)
and for any T' > T*(Ry), we set § =T — T} and we remark that 0 > T5(Rp). Then
we construct the trivial coupling (V71,V?5) on [0,6]. Finally, we consider (V;, V3)
as above independant of (V71,V”3) and we set

V7i(t, ug, ug) if t <6,

Vit =0,V 1(0, ug, ud), V72(0, up, ug))  if t > 0.

Combining ([1.39) and (L.33), we obtain ([.19) with p_; = 5.
To build (V;(-,ud, u2))i—1.2, we apply Proposition L7 to E = C((0,T1); R?)2,
F=R

Vi/(t’ u(lJ’ u?)) =

)

fo (u, W) = X(T1), Whereuz(;(), W:(g),

and to (u1, u2). Remark that if we set v; = f§ui, we obtain
vi = D(X(T1,u)).

Then (‘71(, ud, u3))i=12 is a coupling of (1, pa) such that (Z;(Th, up, ud))i=1.2 is
a maximal coupling of (v1,13).
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Now we notice that if we have (91, 72) two equivalent measures such that v; is
equivalent to 7; for ¢ = 1,2, then by applying two Schwartz inequality, we obtain

that

(1.34) by < () (73 (iasz)

where A = [—d1,d;] and
I = Ja (Z_Z;)pﬂ dva, Ty = 4 (Z_Zi)pdﬁb
L = J, (g—?,;)pdz?g, 2 o=, (g—l’jz)pdﬁQ

Recall that Z; the unique solution of

dZ; +2Z;dt + f(Z;, ®(Zi(-), &), up))dt = 01(Z:)dp;,

(1.35)

We set 3;(t) = Bi(t) + fot d;(s)dt where

1 i
(1.36) di(t) = *mf(Zz(t), D(Zi(+), &), up)(t))
Then Z; is a solution of
(1.37) dZ; + 2Z¢flt = o(Z;)dp;,

Since f is bounded and o is bounded below, then d; is uniformly bounded. Hence,
the Novikov condition is satisfied and the Girsanov formula can be applied. Then

we set
_ T 1 /7
dP; = exp </ d;(s)dW (s) — 5/ |d;(s)]? dt) dPp
0 0

We deduce from the Girsanov formula that P; is a probability under which (Bl, &)
is a brownian motion. We denote by #; the law of Z;(T}) under P;. Moreover

T
(1.38) J; < exp <cp/0 |dz(5)|2 dt) < exp (Cpo'o_2 |f|io) .

It is classical that since o; is bounded below, then 7; has a density g(z}, 2) with
respect to lebesgue measure dz, that ¢ is continuous with respect to the couple
(x}, z), where z{ is the initial value and where z is the target value and that ¢ > 0.
Then, we can bound ¢ and ¢! uniformly on |z)| < Ry and z € A = [~dy,dy],
which allows us to bound fp and then I,,. Actually:

(1.39) I, <C'(p,d1,Th, R1) < o0.
Now we apply Lemmas E and :
(1.40)

1 1 ==L _p_
P(Zu(T1) = Zo(T1), |Z0(T1)| < d) > (1 - ];>p P T ([ dy, da)) 7
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If we fix dy > 4K, then we obtain from the Lyapunov structure () that there
exists Th = T1(R1, d;1) such that

(1.41) vi([—dyi,di]) >

Combining ([1.39), ([L.40) and ([L.41)) gives
(1.42) P(Z1(Th) = Zo(Th), |Z1(Th)| < dy) > C(p,d1,Ti, Ry) > 0.

Note that

gy PO AT = 2T, Tl S di+dy i=1,2) 2

P (Z1(Th) = Zo(Th), |Z1(Th)| < dv) — Yo P (Jui(T1)] > da) -

Using the Lyapunov structure ([L.2(]), we obtain that

Ri+K
(1.44) P (|ui(Th)] > da) € ———
2
Combining () ) and ( an choose do sufficiently high such that,
by setting d* = d; + d2, dO = (2 *) ﬁ =1C(2,d\, T, Ry), ([.32) holds.

1.3. Abstract Result.

We now state and prove an abstract result which allows to reduce the proof of
exponential convergence to equilibrium to the verification of some conditions, as
was done in the previous section.

This result is closely related to the abstract result of [ Our proof has some
similarity with the one in the reference but, in fact, is closer to arguments used in
B3. Our abstract result could be used in articles [, [4], [Ld], L and [Lg to
conclude.

In fact, in [[I] a family (7%, sx) of subprobability are used, whereas in [@], [E]
a family of subsets Q(I, k) are introduced. Here, we use a random integer valued
process lo(k). The three points of view are equivalent, the correspondance is given
by

s =P ({lo(k +1) =1} N, ripr =P ({lo(k+1) = 1}°N-),
and
QL k) ={lo(k) = 1}.

The result has already been applied in section 1.2, the function used below is
H(uo) = [uol®,

in this example. In fact, in most of the application and in particular for the CGL
equation in the first case treated below, H wil be the square of the norm. We are
concerned with v(+, (ug, Wo)) = (u(-,uo), W(-, Wy)), a couple of strongly Markovian
process defined on polish spaces (FE,dg) and (F,dp). We denote by (Pt)icr the
markovian transition semigroup of u, where I = R™ or TN = {kT, k € N}.
We consider for any initial conditions (v}, v) a coupling (v1,v2) of (D(v(-,v8)), D(v(+,v3)))
and a random integer valued process Iy : N — N U {oco} which has the following
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properties
lo(k + 1) =1 implies ly(k) =1, for any | < k,
) lo(k) € {0,1,2, ..., k} U {0},
lo(k) depends only of v1 (g k7 and va|jo k77,
lo(k) = k implies My < do,
where

Hi = H(uy (kT)) + H(uz(kT)), H: E —RT.
We write v; = (u;, W;). From now on we say that (v1,vs) are coupled at kT if
lo(k) <k, in other words if ly(k) # oc.
Now we see four conditions on the coupling. The first condition states that when

(v1,v2) have been coupled for a long time then the probability that (u1,us) are close
is high.

There exist ¢y and ag > 0 such that
(1.46)

P (dp(ui(t),us(t)) > coe™ 0T and lo(k) = 1) < cpe= @011,

for any ¢t € IT, kTN 1.
The following property states that the probability that two solutions decouples
at kT is very small

There exist (pk)ken, ¢1 > 0, a; > 0 such that,
(1.47) P(lo(k+1)=1]|lo(k) =1) > px—i, for any [ <k,
1—pp < crem®* pp >0 for any k € N.

Next condition states that, inside a ball, the probability that two solutions get
coupled at (k + 1)7T is uniformly bounded below.

There exist p_1 > 0, Ry > 0 such that
(1.48)

P(lo(k+1)=k+1|lo(k) =00, Hr < Ro) > p_1.

The last ingredient is the so-called Lyapunov structure. It allows the control of
the probability to enter the ball of radius Ry. It states that there exists v > 1, such
that for any solution vg

EH(v(t,v0)) < em H(vo) + A
(1.49) E(Hw(r,v0) 1rcoo) < K (H(vg) +1+E(7'1r<00))7,
for any stopping times 7’ taking value in {kT, k € N} U {oo}.

The process V' = (v, v2) is said to be lp—Markovian if the laws of V (kT + -) and
of lo(k + ) — k on {lo(k) € {k,o00}} conditionned by Fir only depend on V(kT)
and are equal to the laws of V(-, V(kT)) and lo, respectively.

Notice that in the example of the previous section or in the CGL case below, the
process (u;, W;)i=1,2 is lo~Markovian but not Markovian. However, in both cases, if
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we choose dy = Ry, we can modify the coupling such that the couple is Markovian
at discrete times TN = {kT, k € N}. But it does not seem to be possible to modify
the coupling to become Markovian at any times.

Theorem 1.8. Assume that ([L45), ([L46), (L47), (L.4]) and (L49) hold whith
Ry > 4Ky and Ry > do and that V = (v1,v9) is lo—-Markovian. Then there exist
ayg > 0 and ¢g > 0 such that

(1.50) P (dp(ui(t),us(t)) > cze™ ") < ege™ " (14 H(ug) + H(ug)) -

Moreover there exists a unique stationnary probability mesure v of (Pi)ter on E.
It satisfies,

K
(1.51) /H(u)dy(u) < 71
and there exists cq > 0 such that for any p € P(E)
(1.52) Pe b=V iy (my < cae™ (1+/ H(u)dp(u )

Proposition [1.§ is an easy consequence of Theorem [I.§. Actually (|L.47) is clear
and ([46) and ([L.-49) are consequence of ([.17) and ([L.20)) if Ry > do. Finally,
since, for any (Rg,do,T) sufficiently high, there exists a coupling such that ()
and ([.19) hold, we can choose (Ry,do, T') such that all our assumptions are true.

Remark 1.9. Inequality () means that for any f € Lipy(E) and any ug € E

‘Eﬂu(t,uo» | savw

1.4. Proof of Theorem E

Reformulation of the problem

We rewrite our problem in the form on a exponential estimate.

As in the example, it is sufficient to establish ([.50). Then ([.51)) is a simple
consequence of ([L49) and (L.53) follows from ([.16). Assume that t > 8T. We
denote by k the unique integer such that t € (2(k — 1)T, 2kT]. Notice that

< |f|lipb(E) e (1 + H(uo))-

P(dp(ur(t), us(t)) > coe~ @0t~ k=1T))
<P (lp(2k)

Thus applying ([.44), using 2(t — (k — 1)T) > ¢, it follows

>k)+P (dE(ul(t), us(t)) > coe= @0 E=E=DT) and 14(2k) < k:) )

(1.53) P (dp(ur(t), uz(t)) > coexp (—92t)) < P (lo(2k) > k) + coexp (—92t) .
In order to estimate P (Io(2k) > k), we introduce the following notation
lp(00) = limsup .
Taking into account ([.45), we obtain that for [ < oo
{lo(o0) =1} = {lo(k) =1, for any k > I}.
We deduce

(1.54) P (Io(2k) > k) < P (lo(c0) > k).
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Taking into account (), () and using a Chebyshev inequality, it is sufficient
to obtain that there exist ¢5 > 0 and 6 > 0 such that

(1.55) E (exp (6lp(o0))) <5 (1 + H(ug) + H(ug)) )
Then (|L.5() follows with
—min {0 0
Qq =min § =%, o5 ¢

Definition of a sequence of stopping times
Using the Lyapunov structure ([L.49), we prove at the end this subsection that
there exist dp > 0 and cg > 0 such that

(1.56) E (exp (6o7)) < ¢ (1 + H(ug) + H(ug)),
where
T=min{t € TN|H(u1(t)) + H(uz(t)) < Ro}.
We set
6 =min{k e N*|lo(k) > 1}, o=¢6T.
Clearly 6 = 1 if the two solutions do not get coupled at time 0 or 7. Otherwise,

they get coupled at 0 or 7' and remain coupled until o.
Let us assume for the moment that if Hy < Ry, then

E (exp (010) locoo) < €7,
(1.57) (exp (010) 1g<oo) 7

P(o =00) > pso > 0.

The proof is given after the proof of () at the end of this subsection.
Now we build a sequence of stopping times

T0 = 7,
Gp+1 = min{le N*[IT > 7, and [g()T > 1+ T}, opy1 = Opt1 XT
Tk-‘rl - Uk-‘rl + T090k+13

where (60;); is the shift operator. The idea is the following. We wait the time 7
to enter the ball of radius Ry. Then, if we do not start coupling at time 7, we
try to couple at time 7, + T'. If we fail to start coupling at time 7 or 7, + T we
set o, = 7 + T else we set o the time the coupling fails (o) = oo if the coupling
never fails). Then if o}, < 0o, we retry to enter the ball of radius Ry. The fact that
Ry > dy implies that lo(7x) € {7, 00}.

The idea of the lp—Markovian property is the following. Since lo(7x) € {7, 00}
and lo(oy) € {ok, 00}, when these stopping times are finite and since these stop-
ping times are taking value in TN U {co}, then the l[p—Markovian property implies
the strong Markovian property when conditionning with respect to F,, or F,,.
Moreover, we infer from the [p—Markovian property of V' that

Ok+1 =Tk + 000+,
which implies
Th+1 = Tk + pobr,, where p =0 + 700,.

Exponential estimate on p
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Before concluding, we establish that there exist K such that for any V{; such that
Ho < Rp and for any o < % (6o N 61)
(1.58) Ev, (71pco0) < K.

Notice that for any Vg such that Hy < Ry,

Ev, (671pcc) = Evp (677 LococE (€277 1109, <o | Fs)) -
Applying the lop—Markovian property and (), we obtain
E (2279715, <oo|Fo) < c6 (1 + H(ui(0)) + H(u2(0))) Lo<oo,
which implies
Evy (€91 <00) < 6By (€77 Lycon (1 4+ H(u1(0)) + H(ua(0)))) -

An Holder inequality gives

L
7

’ 5 1
B (o) < 08 (Bupe” L) (B (14 H(ua(0) + H(ua(0))) Locoe)
Applying the Lyapunov structure ([L49) and ([.57), we obtain ([L.55).

Conclusion
We remark that

5 5 d2p00
E (6 27k+11m-+1<oo) =E (6 2Tk 1r <o B (e PO, 1p007k<oo|]:'rk.)) .

Applying again the lg-Markov property of V

(1'59) E (662Tk+1 1Tk+1<00) =K (662Tk 1Tk<ooEV('rk-) (662p1p<oo)) .
Tterating ([L.59) by using (JL.58) and (Jl.50]), we obtain
(1.60) Ee®™ 1, coo < ce K™ (1 + H(ug) +H(ud)) .

Using the second inequality of ([L.57) and that 7 < oo, we obtain from the lo—Markov
property that

(1.61) P (ko > n) < (1 —poo)”,
where
ko = inf{k eN | Ok+1 = OO}
Then we obtain that ky < co almost surely and that
ZO(OO> € {TkoﬂTko + 1}

Therefore lp(00) < co almost surely and

52 > Lo
Eexp (;lo@o)) <> Eew U1,

n=1
which implies, by applying a Holder inequality,

oo

Eexp (%lo(oo)) < e Z (Ee®™ 1, <o)

n=1

Applying ([.60) and ([L.61), we obtain
d2 5 [ 1 AN\T 1 oy L
Eexp (510(00)) < cge? (Z (Kp (1 _Poo)p/) ) (1 +H(up) + H(ug)) " -

n=1

|~

B =

(B (ko = )7 .

=

Choosing p such that K» (1 — pso)?” < 1 and setting § = %, we obtain ([L.55)
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Proof of ([.59)

Let N be an integer such that

efagNT S

ol

We fix ¢ € {1,2} and set
By, = {H (u; (jNT)) = 2Ky, for any j <k}, Ck={H(u;(kNT)) >2K:}.
Combining the Markov property of u; and the Lyapunov structure (), we obtain

1 K
(1.62) E (H(ui((k + YNT))|Fnr) < 7Hui(kNT)) + =
Hence, applying a Chebyshev inequality, it follows that
1 1
(1.63) P (Crt1|Fint) < ——H(ui(ENT)) + —.
8K, 4
Integrating ([.63), ([L.63) over By, we obtain that
E (H(u:i((k+1)NT))1 E (H(u;(kNT))1
o (Hes(th 4 OND)s) | [ BN, )
P (Bgy1) P (Bx)
where
1 Ky
A= I 2
1 1
8K: 4

Since the eigenvalues of A are 0 and %, we obtain that

k
P (Bi) < Kil (%) (14 H(up)) -

It follows from Ry > 4K that
k .
P(r > kT) < cexp (_N 1n2) (1+H(ug)).

Hence, taking o < %*, we have established (£56) .

Proof of ()
Now we establish ([L.57). There are two cases. The first case is lo(0) = 0. Then,

applying ([[.47), we obtain that
P (0 =00) > T2 P (Io(k + 1) = 0|lp(k) = 0) > I ypy.
The second case is I(0) = co. Then
P(oc=00)>P(lo(1) = 1) I, P(lo(k+ 1) = 1|lo(k) =1).
Since Hy < Ry, then applying () and )
P(o =o00) > 172 _pk.

Since px > 0 and 1 — pi exponentially decreases, then the product converges and
in the two cases

(1.65) P(o = 00) > poo =32 _1pr > 0.
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Notice that ([1.47) implies
P (o =n) <P(lo(n+1) #n|lo(n) = 0)+P (lo(n+1) # n|lo(n) = 1) < 2cie~ "=V,
which gives the first inequality of ([.5¢) and allows to conclude

2. PROPERTIES OF THE CGL EQUATION

We are concerned with the stochastic Complex Ginzburg-Landau (CGL) equa-
tions with Dirichlet boundary conditions:

W — (e +D)Au+ (n+ M) [ul* v = bu)G + f,
(2.1) u(t,z) = 0, forxzedD,
U(O,ZE) = UO(:E))

where ¢ > 0, 7 > 0, A € {—1,1} and where D is an open bounded set of R? with
sufficiently regular boundary or D = [0,1]?. Also f is the deterministic part of
the forcing term. For simplicity in the redaction, we consider the case f = 0. The
generalisation to a square integrable f is easy. We say that it is the defocusing or
the focusing equation when \ is equal to 1 or —1, respectively.
We set
A=-A, D(A)=H}D)nH*D).
Now we can write problem (2.1) in the form

(2.2) fl—?+(€+i)Au+(n+)\i)|u|20u = b(u)

(2.3) u(0)

where W is a cylindrical Wiener process of L?(D).
The aim of this section is to prove some properties which will be used in Section
3 to build a coupling such that the assumptions of Theorem @ are true.

aw
dt’

ug,

2.1. Notations and main result.

We cousider (e, ftn)nen+ the couples of eigenvalues and eigenvectors of A (Ae,, =
pn) such that (ey), is an Hilbertian basis of L?(D) and such that (u,), is an
increasing sequence. We denote by Py and Qx the orthogonal projection in L?(D)
on the space Sp(er)1<n and on its complementary, respectively.

The first condition is a condition on the smoothness of the noise and a condition
ensuring existence and uniqueness of solutions.

We will sometimes consider the L?(D) sub-critical condition:

H1 We assume that 0 < o < 2 A 3. Moreover ug € L*(D) and b is bounded
Lipschitz

b: L*(D) — Lo(L*(D), H*(D)).

We also consider the H!(D) sub-critical condition when the equation is defocus-
ing.

HY’ If d < 2 we assume that o > 0. If d > 2, we assume that 0 < 0 < ﬁ.
Moreover A =1, ug € H*(D) and b is bounded Lipschitz

b: L*(D) — Lo(L*(D), H*(D)).
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We set, for s < 2,
2
By = sup ()2, L2y, e (D)) -

The second assumption means that b only depends on its low modes.
H2 There exists N1 such that

b(u) = b(Pp,u).

The third condition is a structure condition on b. It is a slight generalisation of
the usual assumption that b(u) is diagonal in the basis (ep ).
H3 There exists N > Ny, such that for any u,

PNb(U)QN = 0, QNb(u)PN =0.
Moreover Pyb(u)Py is invertible on Py H and

sup |(Pnb(u)Py) | < oc.

In this section, we define by ||, [-|,, [[-[| and |[-[|; the norm of L?*(D), L*(D),
HY(D) and H*(D).
The Lyapunov structures are defined by

HL2 = |'|2a

1 2 2042
HT = %HH +2al+2|'|2g+2-

The energies are defined by
t
BE (1) = a0 + = [ u(s)]* ds
T

and
HI (u(t)) + 5 [7 lu(s)5 ds + £ 7 u(s)[17 15 ds
+(n+e) f; In |u(s,x)|26 |Vu(s,3[;)|2 dzds,

When T = 0, we simply write Ey,(t) = E,(t,0).
The first case is the L?-subcritical focusing or defocusing CGL equation with
initial condition in L?(D):
Case 1:
e H1, H2 and H3 hold,
e \c{-1,1}, H=L?*D),
2 2 2
.H:HL :|.|L2(D)’ EUZE£

The second case is the H'-subcritical defocusing CGL equation with initial
condition in H*(D).

Case 2:

e H1’, H2 and H3 hold,

e \=1, H=HYD),

1 2 2042 1
[ ] H:HH :%|"|‘H1(D)+ﬁ|'|L20+2(D), Eu:Ef .
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When it is not precised, the results stated are true in both cases. It is well
known that we have existence and uniqueness of the solutions in both cases and
that the solutions are strongly Markov process. We denote by (P)scr+ the Markov
transition semi-group associated to the solutions of @)

The aim of this article is to establish the following result

Theorem 2.1 (MAIN THEOREM). There exists No(Bz,n,¢,0,D) such that if
N > Ny, then in cases 1 and 2, there exists a unique stationnary probability measure
v of (Pt)ier+ on L?(D). Moreover, v satisfies

(2.4) [ Nl vt < oc,

H
and for any s € [0,2), there exists Cs > 0 and as such that for any p € P(H)
(2.5) P — V|2ipb(H5(D)) < Ceem ! <1 + /H |U|2L2(D) dﬂ(“)) .

Furthermore, if (u, W) is a weak solution of [R.2), (R.3), with ug taking value in
L?(D) then for any f € Lipy,(H*(D))

(2.6 ]Eﬂu(t))— [ i

—a 2
< Cs | flpipy e oy e (1 +E |“0|L2<D>) :

Remark 2.2. In case 1, (R.3) is equivalent to (R.6). But in case 2, the Markovian
transition semi-group make sense only if ug is taking value in H = H'(D) because
strong existence and weak uniqueness may cause problem when ug € L?(D). Hence
(R.H) make sense only if u € P(HY(D)) which means that ug € H*(D).

Remark 2.3. Assume that Bs < oo for s sufficiently high. Let k be a positive
integer such that

k<20+2 ifc¢N, andk €N ifoc e N.

Applying Remark below and adapting the proof of Theorem @, we obtain that
(B-4) can be replaced by

2
(2.7) [ el o) < .
and (E) is true for any s real number such that
s<[20+2], ifc €N, and s e R if 0 € N,

where [-] denote the integer part.
The condition on k and s comes from the lack of derivability of the non-linear

part of the CGL equation. Assume that we replace |u|>” u by g(|ul*)u where

e g is infinitely continuously differientiable,

e g(x) =z for x > xo,

e g is increasing and g(0) = 0.
Hence Theorem 4, (B2) and (R.5) are true for any k and s.
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2.2. Properties of the solutions.
In this subsection, we state some properties proved in the next subsections.
These are used in Section 3 to apply Theorem @ in order to establish Theorem

First, we recall the following result.

Proposition 2.4. In the two previous cases, there exists a mesurable map
@ : C((0,7); PyH) x C((0,T); QuHF (D)) x H — C((0,T); Qu H),
such that for any (u, W) solution of (£.4) and (R.3)
Qnu = D(Pyu, QnW,ug) on [0,T].
Moreover @ is a non-anticipative functions of (Pyu, QnW).
Proposition @ can be proved by applying a fix point argument and by taking

into account that the limit of a sequence of measurable maps is measurable.
We have the so-called Foias-Prodi estimates.

Proposition 2.5 (Foias-Prodi estimate). Let u1 and us be two solutions of the
CGL system (E) associated with Wiener process Wi and Wy respectively. If

(28) PNul(t) = PNUQ(t), QNW1 (t) = QNWQ(t), fOT To S t S T,

where N is a non-negative integer, then

29)  r(O]y < (Tl exp (—5"%@ ~To)+er Y B, <t,To>> ,

where r = uy —ug and Ty <t < T and where ¢ > 0 only depends on ¢, n, o, D.
We deduce immediately a very usefull Corollary.

Corollary 2.6. For any B, there exists N}(B,n,¢,D,0) such that under the as-
sumptions of Proposition @, under the assumption N > N} and under the as-
sumption
E,tTy) <p+Bt—-T), i=1,2
we obtain that
Ir()] g < [r(To)l g exp (=2(t — To) + c1p) -

where c1 is the constant of Proposition @

Then, by proving analogous result to the previous Corollary, we obtain the Drift
estimate which, in Section 3, will ensures the Novikov condition and will allow to
apply the Girsanov Formula.

Lemma 2.7 (Drift estimate). For any B, there exists No” (B,n, &, D,0) such that
for any u1,us solutions of the CGL system (R.2) associated with Wy and Wo and
for any N > Ny”

(2.10) /T '

where T > Ty > 0 and p,C,a > 0, where Ky, c only depend on B, C, «a, €, n, o,
D, N and where we have denoted by T the value
E,, (t)>p+ Bt or Ey,(t) > p+C(1+t*) or
Pnui(t) # Pyus(t) or QnWi(t) # QnWa(?)
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Now we set
No = N)V Ny”.
In order to apply the previous Lemmas and Corollary, we establish the two following
results.

Proposition 2.8 (Exponential estimate for the growth of solution). Assume that
u is a solution of (2.9), (B.d) associated with a Wiener process W. Then, for any
0<Ty<T <00

P sup (Eu(t)— Bt) > H(uo) +p | < e 70r=3T0,
te[To,T]
where B only depends on Bs, o, 1, €.

Proposition 2.9. Assume that u is a solution of (R.9), B:3) associated with a
Wiener process W. For any u?, we define u by

uw= Pnyu-+ 10} (PN’LL, QNW, ug) .
Then, there exists a > 1 such that for any N, there exists Cn,
P | sup (Equ(t) — Cnt®) > Cn (1+H(uo) + H(up)™ +p) | <2777,
tel0,T[
for any 0 < T < oo and any ud.

Let u; and ug2 be two solutions of @) that correspond to deterministic intial
value u} and ug, respectively.

Lemma 2.10 (The Lyapunov structure). There exists o > 0 and Cy, > 0 such that
for any k
EH(ui(0)* < H(ug)Fe + T,
and for any stopping time T
EH(ui(1))f Lrcoo < H(ud)? + Ch (1 + E (1<) -

Using Lemma and Chebyshev’s inequality, we obtain
Lemma 2.11. If Ry > (H(u}) + H(ud)) v Cy, then

1
P (H(ur(?)) + H(uz(t)) 2 4C1) < 5,
providing t > 01(Ro) = éln g—‘f.

Then, in the second case, we control H(u(t)) by |uo|.

Proposition 2.12. It is assumed that u is a solution of (2.9), (B.3) associated with
a Wiener process W. Then, for any T >0

C
EH(u(T)) < A+ BT + = luol?,
where A, B and C only depends on By, o, 1, €.

Now, we claim that in the two cases, we can control the norm of solutions in
Sobolev spaces by the norm in L2.
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Proposition 2.13. Let k be a positive integer less than 2. There exist v, > 1 only
depending on k, o and d and C, > 0 and ¢, > 0 only depending on k, (Bs)s, o, d,
€ and n such that for any T >0 and t >0

2

T+t Tk
1
E (|u<T+t>||i +/ |u<s>|i+lds> < cirs [uol* + Cu(1+T + 1),
T

Hence, applying a Chebyshev inequality, we obtain
Corollary 2.14. Let k be a positive integer less than 2 and § > 0. There exist

v > 0 only depending on k, o and d and Cs > 0 only depending on 6, k, (Bs)s, o,
d, € and n such that for anyt >0
)
P (Jlu@ll, = ) < Cse 3 (Juol* +1)
Remark 2.15. Assume that Bs < oo for s sufficiently high. The proof of Propo-
sition can be adapted to k a positive integer such that
k<2042 ifc¢N, andk eNifoc eN,
and then Corollary is true for such a k.

The condition on k comes from the fact that |-|° is not C*° on 0. As in Remark
.3, if we replace |-|° by a nice function which coincides with |-|° on [xg,00), we
can establish those results for any k.

2.3. Foias-Prodi and Drift estimates.

The proofs in the first case are closely related to the proofs in the second case,
but are simpler. That is the reason why we only give the proof in the second case.

Proof of Proposition @ in the second case.

We denote u; — us by 7.
Step 1. This step is devoted to the proof of

. o o € log
(211) 1= ((+ D) (2™ u2 — Jua|*u < S lrlls +elirl® Zluz haes
We recall the following estimate
20 20 20 20
(2.12) 2?7~ g7 y| < el =yl (2 +y*).

Applying Hélder inequality and then (R.13) gives
2
()
i=1

Let s € (1,2) such that % = 40 + 2. Applying once more Hoélder inequality and
then the Sobolev embedding H* (D) C L4*2(D) gives

1< el [fual® uz = fer 7 er| < vl

2

I < rlly[rlsgio Z |“1 1042 STl lIrll Z |ul 40427

— 2
(8

which yields by the interpolatory inequality |.||, < HH2 and then an

arithmetic-geometric inequality
2— 4042
< |irll 7l SZI Uilgg s < H rlls +ellrl* Y lulig s
i

Step 2. We now establish (@)
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Taking into account (P.§), we see that r satisfies the equation

dr . . o o

(2.13) o T e+ )Ar=(n+ DO (Jual* us = [ur |* uy).
Taking the scalar product of (R.13) by —2Ar, we obtain:

dHTH2 2 . 20 20
(2.14) —g T 2elrllz =20 + D (juz™ uz — [ ), Ar).
Taking into account (R.11)), (R.14) gives :
915 d|r|? 2 2 4042
(2.15) A e < el S alis 2.

Since r € QN H, then un 41 ||7]|* < |72 and it follows from (P.15) that

d|r| 2 2 do+2
(2.16) — Fenvllrl < el ZW tots-

K2

Applying Gromwall Lemma to (R.16), we obtain (.9).

Proof of Lemma P.7 in the second case.
We first state the following Lemma which strengthen Proposition @

Lemma 2.16. Let u; and us be two solutions of the CGL system (@) associated
with W1 and Wy respectively. If

(2.17) Pyui(s) = Pyua(s), QnWi(s) =QnWa(s), for any s € (To,t),

where N is a non-negative integer, then

e
(2.18) [Pl 2 < 7(0)] 2 exp (~ 55t + 1B, (1))

where r = u1 — ug and where ¢1 > 0 only depends on €, n, o, D. Moreover, for any
B, there exists No” (B, n,e,D, o) such that N > Ny” and

(2.19) E, () <p+ Bt
imply
(2.20) P(8)] = < Ir(0)] 2 exp (=2t + 1),

where c1 is the constant of Proposition @

For the first case, this result is Proposition 1.1.6 of [@} For the second case the
proof is the same.
Sketch of the proof of Lemma .16,
The proof of Lemma is similar to the proof of Proposition .5 Indeed it is
sufficient to prove

(221) ==+ 20)(ual e = s wn), 1) < el
to establish Lemma P.1. We prove (B.21) as follows. Remarking that
20 20 20 20 20
lua™ ug — fun ™ ur = [ua™ r +ur (jua[™ — ™),

and

20—1

(s 7 = s ) + a7 Il

< ua| (Jus
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we obtain

20—1
T2

1< = [l 1| +¢ i fusl

U 20 7’2 +c
|u] .

g
Applying arithmetico-geometric inequality to the last term of the previous equality,
we obtain for o > %

 fur fusl* 2| < fusl® |+

a7 Jrf?).
1

We infer (R.21) for o > L from the two previous inequalities.

To obtain (£:2]) when o < 3, one remark that D is the union of {z||u;(z)| >
lug(z)|} and {z||u1(x)| < |uz(z)|}. Treating the first set is trivial. The treatement
done before works for the second set.

O
Let us set
T 2
I= / Py (Jur (s)*7 wi(s) — [uz(s)|* uz(s))| ds.
To
Applying Lemma with the same Ny”, we obtain
(2.22) [r(t)| < |r(0)]exp (=2t + c1p), for T >t > 0.

Noticing that, since we work in a finite dimensional space, all the norm are equiv-
alent. Hence there exists K such that

T 2
(2.23) 1< KN/ luy ()27 ui(s) — uz(s)]* ua(s) ) ds.
To
It follows from (P.13) and Holder inequality that

2

a7 wr(s) ~ ua(s) F* uas)]| < e

)

<Z |Ui(5)|20> |r(s)]
< ¢ (Z |ui(s) i;‘,) r(s)|?

which yields, by applying an arithmetico-geometric inequality,

(2.24)  |Jur(s)]*7 ua(s) — |ua(s)|*” uQ(s)‘j <c (1 + 2 i) jgii) Ir(s)”.

Combining (2.29), (.23)) and (R.24) and then an integration by parts, we obtain

T 2
I < Ky |7’(0)|2/ exp (—4t + c1p) (1 + Z |u;(s) igig) ds,
To i=1
T 2 t
< Ky |r(0)|2/ exp (—4t+cip) [ 1+ Z/ |u;(s) jgﬁ ds | dt,
To i=1 To
< Kn |r(0)|2 exp (—4t+c1p) (1 +2p+ Bt + C(1 +t%)) dt,

To
< Kn|[r(0)? | exp(=3t+2cip)dt,
To

which allows us to conclude.
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O

2.4. An exponential estimate for the growth of solution.
As in the previous subsection, we only give the proof of Propositions E in the
second case.

We set
5 (I + g5t [u(t)log 15 + e Jy llulo)l3 ds +n [ [u(s)[4g 15 ds
E,t)=S +
(n+e fo fD (1+ x(uVa)) |u(s, z)]| 20 |Vu(s,:c)|2 dzds,
where x(z) = 20Re (££2). Applying Ito’s Formula to H(u) = 3 ||u||2+ﬁ lul501,
we obtam
(2.25) El(t) = H(uo) + My (t) + Ma(t) + I (t) + I2(t),
where we have denoted
t o
fo (u(s))dW (s)), M (t)= f0(|U( )*7 u(s), b(u(s)))dW (s)),
=32 fo |b |c2 (L2(D),H1 (D)) 45, 2(t) = %f izt 19i( U(S))|z:2 L2(py) 45,
where

gi(u)(k) = filw) b)) fi(u)(k) = |u|” x &, fo(u)(k) = V20 [u]” "' Re(a x k).

Holder estimate and Sobolev Embedding give

Z|fz |[:(H1 (D,L2(D))) <c|u|40+2,

which yields
2

2
Z|gi(u)|g2(L2( < C|“|4a+zB
i=1
and thus by an arithmetico-geometric inequality

t
(2.26) L(t) < CBlt‘f'g/ lulyg 15 ds
0
Notice that .
<M;>(t)= |b(u(s)*Au(s)|2ds7
0
which gives
t
(2.27) <My > (t) < Bo/ u(s)]I3 ds.
0
Moreover ,
2
< My > (t) :/ ’b(u(s))* lu(s)[% u(s)| ds.
0
Since ) 5
b(u(s))" [u()*” uls)| < Bo |lu(s) " u(s)| < eBo lulig L3
we obtain
t
(229 <My () < By [ fulifi3ds
0
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Noticing that < My + My >< 2(< My >+ < M,y >), Il(t) < Bit and X(Z) > 0 for
any z € C, it follows from (R.25), (R.26)), (2.27) and (2.2§) that

(2.29) Eu(t) — H(ug) — Bt < M(t) — % <M > (1),

where M = My + Ms, B’ = ¢(By + B1) and vy = Thus

nVve
8By (1+c) "

P(sup (Bu(t) — Bt) > H(uo) + p') < e~ 10 BMO—E M>0) < gm0’
teRt
which allows to conclude by setting p’ = p + 3T° and B’ =B —|—

We do not give the proof of Proposition E because it is easﬂly deduced from the
proof of Proposition @ Actually, Ito Formulas associated to a solution u are also
true if we replace u by @ and b(Pyu)dW by b(Pyu)dW + Py (Jul* u — |u|*” @)dt.
Hence to establish Proposition @, it is sufficient to bound the additionnal term by
using the equivalence of the norms in finite-dimensionnal spaces and by applying
Proposition @ to bound terms containing wu.

2.5. The Lyapunov structure.
Now, we prove Lemma in the second case. Using the computation of the
energy previously done, we obtain that there exixts Cy such that

A (i) + 5 us()l13 dt + = [us (O[3 15 dt < dM + Caat

4o + 2 4o0+2

Applying Ito Formula to H(u;)* and controlling d < M > as above by ||uz(t)|\§ dt

and |u;(t) igig dt, we obtain that there exists ag such that

dH (ui(t)F + aokH (ug)* (||Uz'(t)||§ + Ju;(t) 3213) dt
< kH(ui(t)*1dM + Cydt.

(2.30)

Taking into account that s ||.|* < HH; and that there exist > 0 such that

B |§Zi§ < |15+ ||igi§, we obtain that there exists o > 0 such that
(2.31) dH (us () + akH(u)*dt < kH(ui(8)* " dM + Chdt,

which yields, by integrating and taking the expectation, the second inequality of
Lemma .
Now, applying (), we obtain that

(2.32)  H(ui(t)* < H(ui)re —akt+k/ —ak(t=5)34 (4 ())F =AM (s) + C.

which yields, by taking the expectation, the first inequality of Lemma .

2.6. Control of PrH by |.|> in the second case.
Now, we prove Proposition . Taking the expectation on (P.29), we obtain
that for any 7' >t > 0

EH(u(T)) < EH(u(t)) + B(T —t).
Integrating over [0,T] gives

(2.33) EH (u(T)) < E / H(u(t))dt + BT.
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Applying Ito Formula to |u|2 and taking the expectation, we obtain
2 i 2 ! 2042 A 2
Efu(t)*+2¢ [ Bllu(s)| ds2n [ Eju(e) 3553 ds = fuol*+ [ EIu(6) oy
Applying H1’, we obtain
T
E/ H(u(t))dt < C uo|? + AT,
0

and by
C
EH(u(T)) < A+ BT + luo)” .

2.7. H' and H? estimates.
We first establish that

(2.34) E [[u(T)|* + E/OTE lu(s)15 ds < [luoll* + e1 uo|** + BT,
and that
(2.35) E [[u(T)|? < ¢ (1 + % luo|? + || + T) .
In the second part of the proof, we establish that there exists vy > 0 such that
(2.36) E [[u(t)ll5 + E/OtE lu(s)ll5 ds < lluoll3 + ¢ Juol ™ + Ot +1).
We deduce from Hélder inequality that
2
(2.37) E (IW)II; + €/Ot ||u(s)||§ds) "< eluoll? + O+ 1),
and
(2.39) BT < c (14 7 luol? + 7).

Hence, combining (.33), (£-37) and (R.3§), we obtain

2

T+t Y0
1
(2.39) E <|u(T+t)||§+s/ ||u(s>|§ds> < e Juol* +[uol ™ + C(T+1+1).
T

Applying Holder inequality allows to conclude.

Proof of (£.34) and (P.39)

Note that (R.34) and (R.35) have already been demonstrated in the second case.
Then it remains to establish (2.34) in the first case, when A = —1.

Remark that Ito’s Formula applied to |u|** gives

t
20) B (™ ok [ B ds) < o™+ B
0

Taking the scalar product between (2.9) and 2(—A)u gives
(2.41) d|ul® + 2¢ [Jull3 dt < 2((—Au), b(u)dW) + 2(Au, (7 + i) [u|*” uw)dt + B dt.
We deduce from Schwartz inequality that

. 20 2041
2(Au, (n+ ) [ul™ u) < cllully [ulio1s -
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The Gagliardo-Niremberg inequality gives

1+ % 20 1——
2 A, (g + M) [uf* w) < efully™ ¥ a2

Finally, since od < 2, then we can deduce from a arithmetico-geometric inequality
that

2(Au, (n+ M) [u*w) < e lull; +c
We infer from () that
dull* + & |Jul3 dt < 2((—Awu), b(u )W) + cluf> et “ dt + Bydt,

and then
2 t 2 2 t dot
Ewwmw+s/ﬁmwwm2wsumn+w/HMM@|2adds+Bn
0 0

Applying (), we obtain for a well-chosen £’

t
@42 Efu@ +e [ Elu)lids < (ful? + o™ +7).
0

Using the same argument as in the last subsection gives (R.35).

Proof of (2.30), (2.37) and (.39
Taking the scalar product between (2.9) and 2(—A)%u gives
(2.43)

d ||ull3 + 2¢ |[ull; dt < 2((=Au)?,b(w)dW) — 2((—A)2u, (1 + Ai) [u*” u)dt + Badt.
We deduce from an integration by part and Schwartz inequality that
(2.44) =2((=A)2u, (+ Xi) [u*" w) < e ully [V (ulul*)].

20
v (uluP)| < IVal, Jul3g, .
where %Jr%: % We choose s, p and ¢ such that
1 1 s 1 _ov 1 1
p 2 d  20q 2 d)’

Since o < 25, then s € [0,2). Hence the Sobolev embeddings H*(D) — L*(D)
and H'(D) — L?°9(D) imply

Holder inequality gives

‘Vu |l

2
< Nully g el ™
Then, we deduce from (), an interpolatory inequality that
. 1+% 204+1—
—2((=A)%u, (n+ X) [u*u) < e lulls™® [lul*

An arithmetico-geometric inequality gives

(2.45) =2((=A)%u, (+ X) [u*u) < e Jul3 + cllul”,
with 8 > 0. We infer from (R.49) and () that
(2.46) dull3 + & [Ju]l dt <2((—Au)?,bu)dW) + ¢ |lul|® dt + Badt.

Hence, we deduce () from () Then, applying Holder inequality, we obtain

(B-37). Using the same argument as in the last subsection gives (2-39).
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3. THE CcOUPLING OF CGL

Recall that, as in the last section, we consider the two cases devellopped in
subsection 2.1 and use the properties stated in subsection 2.2. In this section, we
make an other assumption

H4 N > Ny,

where Ny has been defined after Corollary @ and Lemma @

In this section, we apply Theorem @ Then we obtain there exists a unique
invariant probability measure on H and that there exists ¢ > 0 and a > 0

(3.1) P (Jui(t) — uz(t)| g > ce™ ) < ce™ (1 + H(up) + H(ud)) -
Recalling Corollary , we obtain for any d > 0,

5 =3¢ (1,02
(3.2) P (Hui(t)HHZ(D) ze t) < Cse (]uO]LZ(D) + 1)

Combining (B.1), (B.-) and using an interpolatory inequality between L2(D) and
H?(D), we obtain that for any s € [0, 2), there exists as > 0 and C, > 0 such that

2
P (Jlus(8) = ua(®) 5y > e~ ) < Coe™™" (1 + 3 ([l oy + H<u3>)> ,
i=1
which implies

1P¢ 1 = V1 iy < Coe™" (1 + /H (Il + H(w) du(U)) .

Now it remains to conclude the second case, we consider (u, W) a weak solution
and we apply Proposition

1
E (H(u(T)) + (D)) < FE luolfa(py + C(L+T).
which implies for all cases
Ef(u(?)) - /H fu)dv(u)| < e |f|Lipb(H5(D)) C (1 +E |UO|2L2(D)) )

for any s < 2, for any f € Lipy,(H*(D)).
It follows from this discussion that it suffices to prove that Theorem E can be
applied and that (Ell) holds. Then Theorem @ is proved.

3.1. Preliminaries.
We set |-| = |-|; and

X =Pyu, Y =Qnu, B=PyW, n=0QnW, o;=PnbPNn, on=QnNbQN,

and
fX,Y)

9(X,Y)

(n+X)Py (|X + Y7 (X +7)),
(n+M)Qw (IX + Y7 (X +7)).
Now, taking into account H2 and H3, the system has the form

dX + (e +1)AXdt + f(X,Y)dt o1 (X)dp,
(33) dY + (e + DAY dt + g(X,Y)dt = on(X)dn,

X(0) = o, Y(0)=yo.
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Recall that H3 states that
_ 1
(3.4) There exists op > 0 such that, ’(ol(z)) 1’ < —, forany z € PyH.
oo
Now we can define [,
lo(k) = min {l € {0, ceey k/}|Pl,k} y
where min ¢ = oo and
Xi(t) = Xa(t), m(t) =m(t), Vtel[lT,kT],
(Pr)§ Hi<do, i=1,2,
E,,(t+IT,IT) < Rlyep + Bt + 1;=01li<7Cn(1 + %), Vit € [0,(k—DT],

where B, a, C'y are defined in Propositions E and E, where N will be chosen later
and where

Notice that ([.45) is obvious. Corollary . and H4 gives
(3.5) lo(k) =1 implies |ui(t) — ua(t)| < C(do)e™ ), for any t € [IT, kT,

and we have establish ([l.4¢). Lemma implies the Lyapunov structure ([.49).
From now on we say that (X1, X2) are coupled at kT if lO(kﬁ k, in other words

if Io(k) # co. Now it remains to build a coupling such that (B.6) and (B.7) holds,
where

V doy, 3 poldy) >0, (pi)ien~, To(do) > 0 such that for any I < k,
(3:6) P (lo(k + 1) =1 | lo(k) = 1) > pr—y, for any T > Ty(do),

1—p; <e T, ieN*,
and, for any (R, dy) sufficiently large,

(3.7) 3T*(Rp) > 0 and p_1 > 0 such that for any T > T*(Ry)

P(lo(k+1)=k+1|lo(k) =00, Hr < Ro) > p_1,

These properties imply ([.47) and ([.4§) and Theorem [.§ can be applied.
As in the example of section 1.2, we remark that by induction, it suffices to

construct a probability space (Qg, Fo,Pp) and two measurable couples of func-
tions (wo, ug, ud) — (Vi(-,ud, ud))iz1,2 and (V;(-,u},ud))i=1,2 and such that, for any
(ud,ud), (Vi(-,ub, ud))iz1,2 and (V/ (-, ud, ud))i=1.2 are two couplings of (D(u(-, u§), W))i=1.2
on [0,7]. Indeed, we first set

ui(0) =ub, Wi;(0)=0, i=1,2.
Assuming that we have built (u;, W;)i;=1,2 on [0, kT], then we take (V;); and (V/);
as above independant of (u;, W;);=1,2 on [0,kT] and set

(38) (T + 0 WikT + 1) = 4 aEDwkT) - iflo(k) < k.
VY (t,ur (KT, ua(KT))  if lo(k) = o0,

for any t € [0,T].
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3.2. Proof of (B.6).

The essential difference between this proof and the proof of () in the example
in section 1.2 is that a cut-off is used to control the energy.

To build (V; (-, ud, u?))i=1,2, we apply Proposition [L.7 to

d

B = C((0,7); H) x C((0,7); H-4~1(D)),
F = C((0,7); Py H) x C((0,T); QuH~271(D)),
Jo(u, W) = (X, n),
wi = D(u(-,ub), W), on [0,T].
Remark that if we set v; = fju;, we obtain
v; = D(X (-, up),n), on[0,T].
We set

(Zz,éz)*fo( ), ’i:l 2.

Then (V; (-, up, ug))i=1,2 is a coupling of (111, f12) such that ((Zi, &)(-, ug, ug))i=1,2
is a maximal coupling of (v1,1v2).
We first use a Girsanov formula to estimate I,,, where

1, = fAkl (g—l’f) rH dva,
Ay = {(Z9 | =T},
Ty = inf{t€[0,T]| Eq,(t + kT,IT) > Rlpey + B(t+ (k — )T
+1lim2 1= Cn (1 +t%), i € {1,2}},
where

i; = u; on [0,kT), ;(kT+-) =2+ ®(Z,¢&ub) on [0,T].
Then, using Lemma @, we establish @)
We consider a couple of (u;, W;)i=1,2, two solutions of (B.3) on [0,kT] and a
trajectory of (u;, W;);=1,2 such that lo(k) =I. We set

x=X1(kT) = Xo(kT), y; =Yi(kT), i=1,2.

Let W = (8, £) a cylindrical Wiener process defined on a probability space (92, F,P).
We denote by Z the unique solution of the truncated equation

dZ + (e +1)AZdt + Li<r, (2, D(Z,&, (2, 91)))dl = 00(Z)dP,
Z(0) = z.

(3.9)

We denote by )\1 the distribution of (Z, ) under the probability P.
We set ﬁ )+ fo s)dt where

d(t) = Li<r,, (Uz(Z(t)))_1 (f(Z (1), ®(Z,€, (2,y2)) (1) = fF(Z(t), ®(Z, €, (x,91))(1))) -

Then Z is a solution of
dZ + (5 + I)AZdt + 1t§'rk.ylf(Za @(nga (ZL', y2)))dt = O—Z(Z)dgv
Z(0) = .

(3.10)
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The drift estimate in Lemma E ensures that
T
(3.11) / d(t)]? dt < cdoog ? exp (—3(k — )T + Rlgp—y) .
0

Hence the Novikov condition is satisfied and the Girsanov formula can be applied.

Then we set
~ T 1 [T
dP = exp </ d(s)dW (s) — 5/ |d(s)|2dt> dP
0 0

We deduce from the Girsanov formula that P is a probability under which (3,5)

is a cylindrical Wiener process and we denote by A2 the law of (Z,£) under P.
Moreover, remarking that

(312) /\i(Ak,l n ) = Vi(Ak,l n '), 1=1,2,
we obtain
T
(3.13) I, < I, <Eexp <cp/ |d(s)|2dt> )
0
where

dho \ P
I = o2 d\
P /F (dkl) z

Then it follows from () that
(3.14) I, < I <exp (cpo_ondOefB(kfl)TJrcﬁlkzl) '

d\ d)\
A1 = X2l yor = —2—1 dXs < / =2 d)\g—l.
var dAl

We infer from () that, for T > Tg(do) =2In (cpoo do),

Notice that

1
H)‘l )‘QHuar — 672(k7l)T‘
Using (B.19), we obtain for k > I

N |

2 2
) 1 )
190 = V2llugy < 101 = Aollugy + D vi(AL) < e 2E0T 3 70i(AL).

i=1 i=1
where
i = {(z, £) ‘EZW(ZE%)(t,lT) < B(t+ (k—1)T) for any t € [0,T] }
Applying Lemma E to the maximal coupling (Z1, Zs);=12 of (v1,v2) gives for
k>1
1 2 _
(3.15) P((Z1,&) # (22,&2)) < |1 — vall,, < 5e e 2T LN " wi(AL)-

i=1
Using (B.§) and (B.15), we obtain that on I(k) =
P ((X1,m) # (X2,72) on [KT, (k + )T] | Fir) < 5e 2" 4 2P(By x| Fir),

N[ —

where

By = {E., (t,IT) < B(t —IT), for any t € [kT, (k+ 1)T], i = 1,2} .
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Noticing that for k& > [
{lo(k+1) =1} ={lo(k) = 1} N {(X1,m) = (X2,m2) on [KT, (k + 1)T]} N By
and integrating over lo(k) =1 gives for T' > T} (dp) and for k > |
P ok +1) # 1 1o(k) = 1) < 2o 2507 4 3P(By4 | Io(k) = 1),
and then
P ok +1) # 1, To(k) = 1 1o(1) = 1) < 5e~257 4 3B(Bye|Io(1) = 1),

The exponential estimate for growth of the solution (Proposition @) gives that for
T sufficiently high

(3.16) P(lo(k+1) #1, lo(k) =1]1o(l) =1) < exp(—2(k — )T).

Now, it remains to consider the case k = [, we apply Lemmas E and E to
(Zi,&)i=1,2 which gives

2

P ((Z0,60) = (Zo,€2), AZ) > (11 A ) (Aug) > (1 - %) (pI,)” P (Ag ).

Choosing N sufficiently high and applying the exponential for growth of the solution
(Propositions @ and E), we obtain

1
1241 (Al,l) Z 5)
and then applying ) and fixing p > 1,

P((Z1,&1) = (Z2,&), Aii) > po(do) > 0.

That gives
(3.17) P(lo(l+1)=1]lo(l) =1) > po(dp) > 0.
Since
k—1
P (lo(k) # Ulo() =1) <D P lo(n+1) #1, lo(n) =1|1o(1) = 1),
n=l

then, by applying () and (), we obtain

> exp(—2T)
=N<1- E - <1-— R el
P(lo(k) #1lo(l) =1) <1 —po+ nzlexp( 2nT)<1—po+ T exp(—2T)’
which implies that for T' > Ty (do)
Po
(3.18) P (lo(k) = lo()) = 1) > 22

2 )

Combining (B-16), (B.17) and (B.1), we establish (B.§) for T sufficiently high.
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3.3. Proof of (B.7).

As in the example of Section 1.2, The Lyapunov structure gives that it is sufficient
to find dg > 0, p > 0, Ry > 4K; and a coupling (Vi (-, up, u?))i=12 of (i1, p2), where

pi = D(u(-,up), W), on[0,1], i=1,2,
and such that

2
(319) P (zla,ua,ua) — Tl ubd), S (a1, ) < do) > 5
=1
where
Vl(aug)au%) = (ui("uéaug)aWi('aué’ug))a Ui('auil)ﬂﬂ) = ( gZ ) , =12

Now we fix R; > 4K; and consider a cimetery value A (some people prefer
calling it a heaven value). To build (V;(-,u},u3))i=1.2, we apply Proposition [.7 to

E =C((0,1); H) x C((0,1); H=% (D)),
F = (PyH x C((0,1;QuH~571(D))) U{A},
Jo(u, W) = X(1)1a(X, n) + Alae(X, ),
and to 11; where
A = {(X,n)|r=1},
r = inf {t € 10,1] | Ex a(xmu)(t) > R+ Bt + 1 _5Cn(1+1%), i € {1,2}}.

We set v; = foui. Then (Vi(-,ud,u?))i=12 is a coupling of (i1, us) such that
(Zi(1,u$,ud))i=1,2 is a maximal coupling of (v1,vz).
Now, we define
fl (’UHW) = (X777) and f2 (X777) :X(l)lA(X777)+A1AC(Xan)a
and we set 0; = f{p; for i = 1,2. Now we consider (f1,0;) such that 6;(AN-) is
equivalent to 0;(A N -) for i = 1,2 and such that (1,02) = (f561, f302) are two
equivalent measures. Then by applying two Schwartz inequalities, we obtain that

1
(3.20) I, < (J21p+2)% (pr)i (f4p+2) °,
where
o= Jp (), = () ab,
L = [u (g—g;)pdaz, J? I (g_gi)”dég,
Let us consider Z; the unique solution of
oy | Gt DAL L f(Z A £ )t = ou(Z)ds,
Zi(()) = .T6

Taking into account (B.9), we denote by ; the distribution of (Z;,¢;) under the
probability P and we obtain
(3.22) 0:;(AN-)=XN(AN-).
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We set G;(t) = Bi(t) + fo s)dt where
(3.23) di(t) = —1th(0’1(Zi(t)))_lf(Z’(ﬁ), D(Zi(-),&(), up)(t))-
Then Z; is a solution of

(3.24) (e+1) 1(Zi)dp

Zi(0) = xb.

Since the energy is bounded and o; is bounded below, then d is uniformly bounded.
Hence, the Novikov condition is satisfied and the Girsanov formula can be applied.

Then we set
- T 1 [T
dP; = exp </ d;(s8)dW (s) — 5/ |d(3)|2 dt) dP
0 0

We deduce from the Girsanov formula that P is a probability under which (6 §)isa
cylindrical Wiener process. We denote by 6; the law of (Z;, &) under P;. Moreover

using (B.22), we obtain
T
(3.25) JL Vv J2 < Eexp <cp/ |d(s)[? dt) < C(p,N, Ry).
0

We set 7; = fQ*HAZ for i = 1,2. It is classical that ; has a density g(z),z) with
respect to lebesgue measure dz, that ¢ is continuous for the couple (zf,z), where
x{ is the initial value and where z is the target value and that ¢ > 0. Then, we can
bound ¢ and ¢! uniformly on H(z}) < R; and on z € B’ = {H(z) < C} provided
C =C(N). It allows us to bound fp and then I,,. Actually, di > d;(R) implies

(3.26) AC B,

where
B={(Z,&|H(Z1) + ¢(Z,&up)(1) < di,i=1,2}.
Hence it follows that for d; > dl( )

(3.27) I, <C'(p,N,Ry) < o0
Now we apply Lemma E and :
329 P@G0) =20, (A0EP) 2 (1-1) (1) T i)

We deduce from Propositions and P.4 and from C(R) — oo when X — oo that
N sufficiently high gives

(3.29) n(B') > %
Combining (B-26), (B.27), (B:29) and (B-29) gives for d; > d;(R)
(3.30) P (Z1(1) = Z»(1), B*) > p=p(p,R, R1) > 0.

Taking into account the definition of ¢ and choosing dy = 2dy, it follows that (B.19)
holds.
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APPENDIX A. PROOF OF LEMMA

Let (Y;); be a coupling of (i;);. Let I' be a measurable set. There exists (T';);
such that

F:UFi, mFi:@ (p2 —p1) " (T2) =0, (u1—p2)" (1) =0.

It follows from a Ab=a — (a — b)™ and (u1 — p2)T (1) = 0 that

(i1 A p2)(T1) = pa(T1) = (1 — p2)H(T1) = i (T1) = P(Y1 € Ty).

Symetricly, we obtain (1 A pg2)(T'2) = P(Ys € Ty).
Thus, it follows from I = | J, I'; and (), T'; = 0 that
2
(i1 A p)(T) =P(Y1 €T1) + P(Y2 €Tp) > Y PV =Yp, Y1 €T).

i=1
Since I' = (J, Iy and (), I'; = 0 , then

(A1) (1 Ap2)(T) =2 P(Yr =Y, Y7 €1).
Then it follows from ||y — p2l|,,,. = 1 — (111 A p2)(E) that

1 — p2ll o, < P(Y1 # Ya).

We have equality only if (A.1)) appears for I' = E, which is true only if (A.1)
appears for any I'. For any measure p on (E, &), we denote by p the measure on
(E,€) ® (E, ) define by

#(A) = n({a € E|(a,a) € A}).
If 1 = po, we set P = py. Else we set

(A.2) P=puy Apg+ (1 — p2)T @ (puo — )™

H:LLQ - Ml”var
Noticing that a = a A b+ (a — b)™ and using ||p1 — pi2l,0r = (1 — p2)(E), we

obtain that P(. X E) = pu3 A pa + (1 — p2)™ = g1 and P(E X .) = pe. Thus if we
denote by (Y;); the projectors, we obtain that (Y;); is a coupling of (u;);. Moreover,

P(Y1 =Y2,Y1 € A) = (11 A p2)(A).

So it is the desired maximal coupling
O

Remark A.1. Moreover, in all this article, we admit that the mazimal coupling
(Yi(ub))i could be chosen such that (Y;(ud,ud)); depend measurably on the initials
conditions (u});. The idea is the following. Since we only work in mnice spaces,
we can consider that we are working on the real line. It can be seen that the
laws we use depend measurably on (u}); and then the law define by (A.3) will
do it too. Then its repartition function F(u[l),ug) is measurable too and finally the
pseudo-inverse of the repartition function F(;i,ug) 1s measurable with respect to

(ud,ud). We consider ([0, 1], Bjo,1}, A), where X is the Lebesgue measure and we set
Yi(ud,ud,w) = F(;(}wu%)(w). Then (Y;); is measurable with respect to (ud,u3,w) and
for every (ub,u?), it is a coupling of (ui(ub))i. For a proof see [I4).
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APPENDIX B. PROOF OF PROPOSITION

We set
Q=E? F=BE?),
and V; the i*" projector on Q:
‘/i(vlaUQ):’Uia i=1,2.

Let (Uy,Us) be a coupling of (1, p2).
In order to establish Proposition m, we build a probability measure @ on (£2, F)
such that

a) Q(xE)=m, QEXx:)=ups,

B QUfo(V1) = fo(V2)) = (11 Are) (E).

Then (V7,V4) seen as a couple of random variables defined on (Q, F,Q) is a
coupling of (u1, u2) such that (f(V1), f(V2)) is a maximal coupling of (v1, va).
Recall that

(BQ) v, = v1 ANvg + ((—1)i(V1 —V2))+, 1= 1,2,

and that since E, F' are polish spaces, then there exists a version of P(U; € A| fo(U;) = )
which is measurable for any A € B(F) and which is probability measure for any
x € F. Moreover

(B.1)

(B.3) i(A) = /F P(Us € A| fo(Us) = 2)ws(dz), i=1,2,
Combining (B.9) and (B.J), we obtain
(B.4) pi= g, i=1,2,
where
/Lf(A) = IFP(Ul S AlfO(UZ) :.T) (1/1 /\VQ) (dl‘), 1=1,2,
Hi(A) = [pPU € Al fo(U) =) (1)1 =) (da), i=1,2.

Remark that
pispg >0, i=1,2,
(B.5) pi (B) = (1 Awa) (E),
pi (E) = v = vl g -
Taking into account (B.4) and (B.5), we can write problem (B.1)) in the form
Find r, s two positive measures on (€, F) such that
i) s(-xE)=upi, s(Ex-)=ps,
i) r(xE)=pf, r(Ex) =,
iii)  s(fo(V1) # fo(V2)) = 0.
Once (B.6) is true, we can set

(B.6)

Q=r+s.
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Then (B.1))a) is an obvious consequence of (B.4). Furthermore, since r > 0, then
(B-9)iii), )i) and (B.9) gives
Q(fo(V1) = fo(V2)) = s(fo(V1) = fo(V2)) = s(Q2) = pi (E) = (11 Avz) (E).
Now we build r by setting
- 1
2z

Notice that > 0 and ([B.6)ii) are obvious consequence of ([B.3).
Now we build s by setting

T T
r My X o

s(A x B) = /FIP’(U1 € Al fo(Uh) = ) x P(Us € B| fo(Us) = 2) (1 A 1) (d).
Notice that (B.§)i) and (B.g)iii) are obvious.

REFERENCES

[1] M. Barton-Smith, Invariant measure for the stochastic Ginzburg Landau equation, NoDEA
Nonlinear Differential Equations Appl. 11 | no. 1, 29-52, 2004.

[2] P. Bebouche, A. Jiingel, Inviscid limits of the Compler Ginzburg—Landau Equation, Commun.
Math. Phys. 214, 201-226, 2000.

[3] J. Bricmont, A. Kupiainen and R. Lefevere, Ezponential mizing for the 2D stochastic Navier-
Stokes dynamics, Commun. Math. Phys. 230, No.1, 87-132, 2002.

[4] G. Da Prato and J. Zabczyk, Stochastic equations in infinite dimensions, Encyclopedia of
Mathematics and its Applications, Cambridge University Press, 1992.

[5] A. de Bouard, A. Debussche, A stochastic non-linear Schrédinger equation with multiplicative
noise, Commun. Math. Phys. 205, 161-181, 1999.

[6] A.de Bouard, A. Debussche, The stochastic non-linear Schrédinger equation in H', Stochastic
Analysis and applications 21, No. 1, 197-126, 2003.

[7] W. E, J.C. Mattingly, Y. G. Sinai, Gibbsian dynamics and ergodicity for the stochastically
forced Navier-Stokes equation, Commun. Math. Phys. 224, 83-106, 2001.

[8] F. Flandoli and B. Maslowski, Ergodicity of the 2-D Navier—Stokes equation under random
perturbations, Commun. Math. Phys. 171, 119-141, 1995.

[9] V. Ginzburg, L. Landau, On the theorie of superconductivity, Zh. Eksp. Fiz. 20, 1064(1950)
English transl. in: Men of Physics: L.D. Landau. Vol. 1. Ter Haar (ed.). New York: Pergam-
mon Press. 1965. pp. 546-568

[10] M. Hairer, Ezponential Mizing Properties of Stochastic PDEs Through Asymptotic Coupling,
Proba. Theory Related Fields,124, 3 :345-380, 2002.

[11] G. Huber, P. Alstrom, Universal Decay of vortex density in two dimensions, Physica A 195,
448-456, 1993.

[12] S. Kuksin, On ezxponential convergence to a stationnary mesure for nonlinear PDEs, The
M. I. Viishik Moscow PDE seminar, Amer. Math. Soc. Trans. (2), vol 206, Amer. Math. Soc.,
2002.

[13] S. Kuksin, A. Shirikyan, Stochastic dissipative PDE’s and Gibbs measures, Commun. Math.
Phys. 213, 291-330, 2000.

[14] S. Kuksin, A. Shirikyan, A coupling approach to randomly forced randomly forced PDE’s I,
Commun. Math. Phys. 221, 351-366, 2001.

[15] S. Kuksin, A. Piatnitski, A. Shirikyan, A coupling approach to randomly forced randomly
forced PDE’s II, Commun. Math. Phys. 230, No.1, 81-85, 2002.

[16] S. Kuksin, A. Shirikyan, Coupling approach to white-forced nonlinear PDEs, J. Math. Pures
Appl. 1 (2002) pp. 567-602.

[17] S. Kuksin, A. Shirikyan, Randomly forced CGL equation: Stationnary measure and the in-
viscid limiat, J. Phys. A 87, no. 12, 3805—-38222004.

[18] J. Mattingly, Ezponential convergence for the stochastically forced Navier-Stokes equations
and other partially dissipative dynamics, Commun. Math. Phys. 230, 421-462, 2002.

[19] J. Mattingly, On recent progress for the stochastic Navier-Stokes equations, In Journées
”Equations aux Dérivées Partielles”, pages Exp. No XI, 52. Univ Nantes, Nantes, 2003.

124



Ergodicity for the stochastic Complex Ginzburg—Landau equations

[20] A. Newel, J. Whitehead, Finite bandwidth, finite amplitude convection, J. Fluid Mech. 38,
279-303, 1969.

[21] A. Newel, J. Whitehead, Review of the finite bandwidth concept, H. Leipholz. editor. Pro-
ceedings of the Internat. Union of Theor. and Appl. Math.. Berlin: Springer. 1971, pp 284-289.

[22] C. Odasso, Propriétés ergodiques de [’équation de Ginzburg-Landau complexe bruitée,
Mémoire de DEA, 2003.

[23] A. Shirikyan, Ezponential mizing for 2D Navier-Stokes equation pertubed by an unbounded
notse, J. Math. Fluid Mech. 6, no. 2, 169-193, 2004.

125



