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Abstract

It is known that a random walk on Z¢ among i.i.d. uniformly ellip-
tic random bond conductances verifies a central limit theorem. It is also
known that approximations of the covariance matrix can be obtained by
considering periodic environments. Here we estimate the speed of con-
vergence of this homogenization result. We obtain similar estimates for
finite volume approximations of the effective conductance and of the low-
est Dirichlet eigenvalue. A lower bound is also given for the variance of
the Green function of a random walk in a random non-negative potential.
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1 Introduction

Consider a reversible random walk on Z%, d > 1, with probability transitions
given by independent bond conductances, see (1). It is known from the work of
Sidoravicius and Sznitman [22] that if the conductances are uniformly elliptic
then a functional central limit theorem holds. Let Dy be the diffusion matrix.

A survey of various approximations and bounds for Dy can be found in [13,
chap. 5-7] and [14, chap. 6-7] for this model and for related ones. As Owhadi
[19] showed for the jump process in a stationary random environment, Dy can
be approximated by the diffusion matrix of random walks in environments with
bond conductances that are N-periodic.

Bourgeat and Piatnitski [5], using results from Yurinskij [27], showed that,
for a similar model, under a mixing condition, the diffusion matrices converge to
the homogenized matrix Dy faster than C N~ where C' is a constant and « is a
positive exponent which depends on the dimension and the ellipticity constant.

The goal of this paper, is to obtain tail estimates for the fluctuations about
the mean of the finite volume periodic approximations and to improve the esti-
mates given in Caputo and Ioffe [6, (1.3)].



In order to do so we apply a martingale method developed by Kesten in [16]
for first passage percolation models. This method also applies to other models
where there is homogenization and when some regularity results are available.
In all three situations that will be considered, the quantities involved are similar
to first-passage times in that they can be expressed as solutions of a variational
problem. It is this aspect that will be exploited.

In the second situation, tail estimates are given for the effective conduc-
tances of a cube. The estimates are interesting for dimensions d > 3. Fontes
and Mathieu [11] considered random walks on Z¢ with non-uniformly elliptic
conductances. In particular, they obtained estimates on the decay of the mean
return probability. Under similar conditions, we can prove estimates of the effec-
tive conductance of a cube. A lower bound on the variance for some distributions
of the conductances was given by Wehr [25].

In the third situation, tail estimates are obtained for the spectral gap of a
random walk on cubes in Z¢, d > 3, with Dirichlet boundary conditions.

Kesten’s martingale method was also used by Zerner [28] to study a random
walk in a non-negative random potential. By this method, Zerner obtained
upper bounds on the variance of the Green function. We end this paper with a
short calculation leading to a lower bound.

Here are some notations that will be used throughout this article. OnR%, d >
1, the /;-distance, the Euclidean distance and the £,,-distance will respectively
be denoted by | - |1, | - | and | - |- 7 € R? will be considered as a column vector
and its transpose will be denoted by 7’ so that n? = tr(nn’). We say that two
vertices of z,y € Z¢ are neighbours, and we will write x ~ y, if |z —y| = 1. For
u:Z — R et ||ulloo = supyeza [u(z)|oo. For m < n €N, [m,n] = [m,n] NN.
With this notation, for an integer N > 1, Qn will be the cube in Z% defined by
Qn = [1,N]¢, Qy = [0, N + 1]¢ and its boundary is 0Qny = Q \ Q-

2 The stationary environment

Let a(z,y,w), ,y € Z, x ~ y be a sequence of random variables on a probabil-
ity space (2, F, IP) such that a(z,y,w) = a(y,z,w) for all x ~ y. The random
variable a(x,y,w) can be interpreted as the electric or thermic conductance of
the edge joining = and y.

We will assume that this sequence is stationary. That is, there is a group of
measure preserving transformations (7,;z € Z%) acting on (2, F, IP) such that
forall z ~ y and z € Z%, a(z + 2,y + z,w) = a(z,y, Tow). The expectation with
respect to IP will be denoted by IE or by (-).

Let £¢ be the set of edges in Z%. In an environment w, the conductance of
an edge e € L? with endpoints z ~ y will be denoted by a(z,y,w) or by a(e,w).

For most results, we will also assume that the conductances are uniformly
elliptic: there is a constant x > 1, called the ellipticity constant, such that for
all 2,y € Z%, x ~ 5y, and IP-a.s.,

k< a(z,y,w) < K.



Given an environment w € 2, let (X,,;n > 0) be the reversible random walk
on Z¢ with transition probabilities given by

p(z,y,w) = a(@,y,w)/a(z,w), x~y, (1)
where a(z,w) = Z a(z,y,w) is a stationary measure. These transition proba-
y~xT

bilities induce a probability P, . on the paths of the random walk starting at
z € 7. The corresponding expectation will be denoted by E, ..

The following proposition can be found under various forms in [4], [14], [17],
[18] among others. It can be shown using Lax-Milgram lemma and Weyl’s
decomposition. The corrector field can also be constructed directly using the
resolvent of the semigroup.

Proposition 1 Let (a(e);e € L%) be a stationary sequence of uniformly elliptic
conductances. Then there is a unique function xo : Z% x Q@ — RY, called the
corrector field of the random walk, which verifies

1. xo(z,-) € (L2(IP))? for all x € 7%,
2. / Xo(z,w)IP(dw) = 0 for all x € Z¢,
Q

3. the cocycle property : for all z,y € Z¢ and IP-a.s.
Xo(z +y,w) = Xxo(z,w) + xo(y, Tow).
4. the Poisson equation : for all x € Z¢ and IP-a.s.

Ez,w(Xl + XO(XI)) =z + XO(:E)

The last property shows that, IP-a.s., X,, + xo(Xn), n > 0, is a martingale
under Fy . This martingale and the corrector field are carefully investigated
in [22] to prove that, IP-a.s., the reversible random walk starting at the origin
verifies a functional central limit theorem. In particular, it verifies a central
limit theorem with a covariance matrix given by

Dy = {a(0)) ! / S a0, 2)(2 + x0(2))(z + xo(2)) dIP. (2)
A

Note that in a stationary environment Dy might not be a diagonal matrix.

3 The periodic approximation

Given an environment w € () and an integer N > 1, introduce an environment
N-periodic on Z%, d > 1, by setting



where i,9 € [0, N]¢, & ~ ¢ and & = 2, = y mod N coordinatewise.

Then consider the reversible random walk on Z¢ with transition probabilities
given by

pN(xay’“O ::dN(x Yy, w )/dN($ w) r~Yy

where an(z,w) = 3, ., an(2,y,w). These induce a probability P, .. on the
paths starting at z € 74, The corresponding expectation will be denoted by
EZ7 N,w- We will also use the Laplacian H N,w which is defined on the set of
functions u : Z¢ — R by Hy ou(z) = u(z) — Ey nou(X1).

3.1 Periodic corrector fields

As it was done for stationary environments, it is important to construct a peri-
odic corrector field xy : Z¢ x Q — RY for the random walk (X,;n > 0) in the
periodic environment so that IP-a.s.

is a martingale with respect to P07 Nw-
Therefore, IP-a.s., xy must verify the equations F, y(X1 + xn(X1)) =
x + xn(z) for all z € Z4, or equivalently,

HN)'(N(JU) = dN(:z:), for all z € Z¢, (3)

where dy () = E, x(X1) —x is the drift of the walk. Note that each coordinate
of dy is N-periodic.
The vector space of N-periodic functions on Z¢ can be identified with

Hy ={u:Qyn — R; u(x) = u(y) Vz,y € Qy such that z =y mod N}.

Note that if x = y mod N then = or y € dQy. Each function v : Qy — R
has a unique extension to 9Q y which belongs to HN For u € HN, define Hyu
on 0Qn so that it belongs to Hy. Then Hy : Hy — Hy is a bounded linear
operator.

For two functions u, v : @N — R, define the norm, the scalar product, and
the Dirichlet form respectively by HuHi Z lu(z)|Pan(z), 1 < p < oo,

N TEQN

(u,v) 5 = Z u(z)v(x)an (z) and

TEQN

> an () (u(@) — uly)) (v(z) - v(y))

where the sum is over all ordered pairs {z,y} such that z € Qx and y € [0, N]<.
This expression makes sense for all functions u,v : Z* — R. But if both u, v
are N-periodic, then the Green-Gauss formula holds

EN(u,v) = (u,HNv)N. (4)



Let HY(w) = {u € Hy ; (u,1)5 = 0}. Note that H% depends on the
environment but H ~ does not.

All the properties of the solutions of a Poisson equation that will be needed
are gathered in the following proposition.

Proposition 2 Let (a(e);e € £4), d > 1, be a stationary sequence of uniformly
elliptic conductances. Then IP-a.s.,

1. Hy : H?V — HJOV is a bounded invertible linear operator .
2. For f € Hy, Hyu = f possesses a solution u € Hy if and only if f € H?V
3. Let f € HY.
(a) The infimum ;ilof [En(u,u)—2(u, f)] is attained by the solutionu € HY
of the equationNHNu =f.
(b) The infimum ~ = i/I\lAfE'N(u,u) where M = {u € HY ; (f,u)y =1}
is attained by the solution u € H?v of the equation Hyu =~f.

4. If f € HJOV then the unique solution u € H?V of Hyu = f is
U :/ e*tHNfdt, r € QN.
0

5. There is a constant C = C(d, k) < 0o such that for all N > 1 and f € HY,
u € HY;, the solution of Hyu = f, verifies the reqularity estimates,

lullc <CON?|[fllx  and lullo < CON?*(log N)||f]loc-

Proof. For all u € H?V, Hyu e HJOV by the Green-Gauss formula (4).

HN : H?V — H?V is invertible since if HNu = 0 then u is constant by the
maximum principle.

The variational principle 3b holds for the Poisson equation on a smooth
compact Riemannian manifold with f € C®, see [12, proposition 2.6 due to
Druet]. The same arguments can be used.

Suppose that f is not identically 0. Then M is a closed convex set which is
not empty since || f||5af € M. Therefore the infimum, ~, is attained for some
up € Mandy >0 since up is not constant. Then using a theorem by Lagrange,
there are two constants a, # € R such that for all z € Qu,

2 (uo(w) — uo(y))an (z,y) — af(z)an(x) — Ban(z) =0

y~T
and QHNuO(x) — af(x) — B = 0. Therefore, for all ¢ € Huy,

26N (uo, ) = af, )5 + B(L @) g



For ¢ =1, one finds that 8 = 0 while for ¢ = ug, one finds that o = 2. Hence

(Huo, ) = 7(f. )y for all p € Hy.
The variational principle 3a can be proven similarly.

To prove the last two properties, the estimate of the speed of convergence
to equilibrium of a Markov chain on a finite state space given in terms of the
spectral gap is needed. See for instance [21, Section 2.1].

Let KN(t, x,y), t >0 and 2,y € Qn, be the heat kernel of e~tHN  Then for
allt > 0and 2,y € Qn, Kn(t,z,y) > 0 and ZKN(t,:c,y) = 1. In particular,

y
for all f € HN and t > 0,

le™ % flloe < | lloo- (5)

Denote the volume of the torus ), the invariant probability for the random
walk on @ and the smallest non zero eigenvalue of Hy on Hy respectively by

an(Qn) = > an(w), #n(z) = an(z)/an(Qy) and Ay

TEQN

Then for all ¢t > 0 and z,y € Qu,
|Kn(t,z,y) — 7in(y)] < mexp (— thy). (6)

Therefore, for all £ > 0 and f € HJOV,

et fla0 = sup | 3 (K (t,2,y) = v (1) f ()] < sexp(=tAw)IIf 15 (7)

Y

By the Riesz-Thorin interpolation theorem, from (5) and (7), we obtain that
le™ flloe < VR exp(—tAn /2)|| flls, 5 (8)

This will be completed by the following lower bound on Ay. There exists
a constant Cy; > 0 which depends only on the dimension and on the ellipticity
constant k such that IP a.s. and for all N > 1,

NQ).\N > (. (9)

This follows from the Courant-Fischer min-max principle [21, p. 319] by
comparison with the eigenvalues of the simple symmetric random walk which
corresponds to the case where the conductance of every edge is 1. For Neumann
boundary conditions the expressions are not as explicit but for Dirichlet and pe-
riodic boundary conditions on @y, the eigenvalues can be calculated explicitely
much as in [23]. We find that for each ¢ € [0, N[?, there is an eigenvalue for the
periodic boundary conditions on Qx, A¢e(@Qn), that verifies

7T2

NliinooNQ)\g(QN)ZF 2(5-,2)2 as N — oo.

|z|=1



The representation formula given in 4 follows from the spectral estimates (6)
and (9). See [20] for another recent application of 4.

The first regularity result follows from the representation formula (4) and
(8) : for f € HY,,

|wusA wﬂmﬂuwgé Vrem M2 £ cds < ON?| £l 5

The second one follows from (5) and (7) : for f € HY and t > 0,
t B H [ee) _ H e_t)'\N
fulloe < [ e Flads 4 [ e flocds < 1+ S 1171 5
0 t AN
d d 2
Use || fl; x <2deN%||f|o and 1ett:FN log N. O
’ 1

For a function v : Q, — RY, define Hyu in Qn by applying it coordinate-
wise.

Let g : Z% — Z? be the function defined by g(z) = z.

Corollary 1 Let (a(e);e € L), d > 1, be a stationary sequence of uniformly
elliptic conductances. Then for all N > 1, there is a unique function Xn :
Qn x Q — R such that IP-a.s., in each coordinate, it is in HY (w) and

HNXN = —HNg, on QN (10)
Moreover, there is a constant C = C(d, k) such that

[Xnlloc < CN?log N. (11)

Proof. Note that for each coordinate of —Hyg belongs to HJOV :
Indeed Hyg is N-periodic and

> Hyglaan(x) = D> an(@)pn(@,y)(9(z) — 9(y))

TEQN T y~T
= > ) an(z,y)(@—y) =0.
T y~T
Then use proposition 2 for the function f = —Hyg. The regularity estimate
(11) follows from property 5 since || f|loo < 1. O

The next step is to express the covariance matrix of the walk in a periodic
environment in terms of xn. By (3), M,, = X,,+x~(X,), n > 0 is a martingale
with uniformly bounded increments : Z,, = M,, — M,,_;.



Let h(x) = E, n(Z1Z}). Since h € Hy, by the ergodic theorem for a Markov

chain on Qn, Py, N a.s.,

n

1, 1 ,
- ZE07N(ZJ»Z§ | X;21) = - Zh(Xj_l) — Zﬂ'N(ac)h(x) as n — oo.
1 1 Qn

Then by the martingale central limit theorem (see [10, (7.4) chap. 7)),
—=M,, converges to a Gaussian law. Hence —= X, also converges to a Gaussian
n n

with the same covariance matrix which is given by

Dy =Y #n(x)h(z) (12)
QN

= an(Qn)" Y an(@,y)(on(y) — o (@) (on (y) — v (@)

xr~y

where vy (2) =z + xn ().

For uniformly elliptic, stationary and ergodic conductances, Owhadi [19,
theorem 4.1] showed that for the jump process Dy, the effective diffusion matrix
in the periodic environment, converges to the homogenized effective diffusion
matrix Dy . And since the jump process and the random walk on Z¢ have the
same diffusion matrix, the convergence theorem holds: IP-a.s. as N — oo,

It is shown in [19] using the continuity of Weyl’s decomposition and in [5] for
a diffusion with random coeflicients. They are both illustrations of the principle
of periodic localization [14, p. 155]. At the end of this section, a terse proof by
homogenization is given.

To write DN in terms of the Dirichlet form on HN, we will .extend the
definition of £x to R%valued functions so that the expression of Dy given in
(12) becomes

Dy = an(Qn) *En (0N, 9n)

where Uy = g+ xN- o
For two functions u,v : Q — R%, define

(wo)y = Y ul@v(@)an(@),

TEQN

and  En(u,v) = Y an(ey)(u(z) —uly))(v(z) —v(y)

where the sum is over all ordered pairs {z,y} such that z € Qx and y € [0, N]<.



Coordinatewise, the periodic corrector fields are the solutions of variational

problems. Indeed, from the variational formula in 3a of proposition 2, we have
that IP a.-s. and for all N > 1,

inf{trfj}v(g +u , gtujuc (H?V)d}
trEn(g, 9) + inf{trEn(u,u) — 2tr(f,u);u € (HY)?}

= tI‘(ch(’l.}N,’l'}N)

where g(z) = z and f = —Hyg as in corollary 1.
In particular, since

trEn (X, Xv) < 2trEn (i, in) + 2trEn(g, 9) < 4trEn(g, 9),
there is a constant C' = C(d, k) < oo such that P-a.s. and for all N > 1,
tr Ex (X, Xv) < CNY. (14)

The second variational principle, 3b of proposition 2, could be used to obtain
a lower bound on trEx(xn, XN)-

3.2 Further regularity results

In the following proposition, we improve the estimate given in (11) for dimen-
sions 2 < d < 4.

Proposition 3 Let (a(e);e € £4), d > 2, be a stationary sequence of uniformly
elliptic conductances. Then there is a constant C = C(d, k) < 00, such that for
all N >1

. CN?/? ford>3
< 2
Pewlloe < { CN(log N)"/?  ford=2 (15)
Proof. For n € R?, let zg and 21 be two vertices of Z? such that
n-xn(z0) = minn-xy(x) and 7n-xn(z1) = maxn- xn(x).
reZ reZ
Since yn is N-periodic, we can assume that |z0 — 21|00 > N.
Let zg = xg,%1,...,Tn_1,T, = 2z1 be a path from 2y to 21 such that 1 <n <
dN.
For i = 0 or 1, let @;(y) 21 =20l )" d
ori=0orl,letw;(y) = ———7-—" an
Y 1+ |y*'zi|oo
d 1
Pi={y€Z%|y — ziloo < §|Z1 — 20|00 }-

For C, a given set of finite paths in Z¢, let w(y) = card{y € C;y € v}.



Then by [3, lemma 2, p.26], there is a constant C' < co, which depends only
on the dimension d, and there is a set of paths C from zg to z; such that

cardC = |z — 2|4 !
and such that for all y € Z,
w(y) < Cw(y) if y € P; and w(y) = 0 otherwise. (16)
For each path of C, zg = xg, 1 ..., Zn_1,%, = 21 and for all z € Z<,
XN (@)oo < [0 Xn(21) = 1 X (20) o0 < oo Y X (5) = Xv (@5-1) oo
j=1

Since this holds for all paths in C, it also holds for the arithmetic average
over the paths of C. Therefore,

@)l < — 2 S uhn(y)
21 = 2050 pip,

where hy(y) = Z XN (¥) = XN (2)|oo-

zry
By (14) and (16), |21 — 20|57 > w(y)hn (y)
yeP1
< Clzn — zo|(1,;d Z w1 (y)hn (y)
yeP
1/2 1/2
C _
< a1 Z w3 (y) Z i (y)
yEP1 yEP1
<

_ 1/2
C NN\ 2D de1 . 1/2
Va1 (/1 <7> r“"dr (trEN(XN,XN))
N 1/2
< CN%/2 </ rl_ddr>
1

where the constant C' now depends on x and d.
And similarly for the sum over Py. a

In the next section the L>°-estimates (11) and (15), will be combined with
the following Holder regularity result shown in [9, prop. 6.2] by J. Moser’s
iteration method for reversible random walks on infinite connected locally finite
graphs with uniformly elliptic conductances :

10



Let (a(e);e € L), d > 1, be a (non-random) sequence of uniformly elliptic
conductances. Then there are constants o > 0 and C < oo, which depend
only on the dimension and on the ellipticity constant, such that if for N > 1,
u: Qon — R wverifies Hoyu =0 in Qan, then for all 2,y € Qn,

fu(z) — u(y)| <c(%) s . an

3.3 A proof of (13) by homogenization

This is analogous to the homogenization results of [14, chapters 7 - 9]. An
appropriate framework for random walks is described in [2, section 10]. The
convergence of the diffusion matrices in periodic environments is another illus-
tration of these ideas.

The diffusion matrix is related to the matrix A defined in [2, section 5] by
homogenization. In fact, Dy = 2(a(0)) "' Ag. To see this, it suffices to note that
for n € RY, the function f7: Q — R? defined by

J=n-x0(2), 1<i<d
where {z;;1 < i < d} is the canonical basis of R%, is a solution of the auxiliary
problem [2, equation (15)].
By (9) and (14), IP-a.s.

: 1 s L
IXn % < C/'\— trEn(Xn, Xwv) < CN2.
N

We have the following estimates in terms of the norm ||u||2L2(QN) = Z Ju(z)|?
: There is a constant C' < oo such that for all N > 1, e
||9H%2(QN) < Nd+2, H@NH%Z(QN) < CN%?  and tl"gN(i)N,f)N) < CNd,
where v = XN + 9-
For ¢ € C(Q) or ¢ € C®(R?), let Hn : Qn — R be the function defined by
¢n(x) = p(z/N), ©e€Qn.

By the diagonalization process, Riesz representation theorem and [2, lemma 5],
there is a subsequence (Ng;k > 1) and a function ¢ € H(Q)? such that for all
v € (C(Q)?and f € {1,a(0,2),1 <i < d} as N — oo along the subsequence
(Nk)v

N—d—lz’DN(l‘)-(ﬁN(w)f(l‘) — (f)/QQ(S)(P(S)dS (18)

11



and for all ¢ € (C>®(R%))?,

1.

N_d+1§5N(@N, oN) — /(V@)/onqu (19)
Q

where Vi is the d x d matrix (Vg); ; = aisjgpi, 1 <4,j < d and similarly for

Vq. By (18),

NTY G +g) ey = NN o gn +NTUY <o

— O+/s~gp(s)ds.
Q

Therefore fQ(q —g)ds =0 and Xo = q — g is 1-periodic, that is Yo € H'(Q)
and fQ )N(Ods.: 0. . .

By (4), En(on,¢n) = (Hng, oN)x — (HNg:¢N) = 0.

Hence by (19), — div. .49V (x0+g) = 0. Then ¥y is the unique solution of the
Poisson problem. Therefore there is convergence in (18) and (19) for N — oo
and in particular, IP-a.s.

Dy = an(Qn) En(in,0n)

)
= an(Qn)"En(in,9)
~ 2a)! /Q (V) Ao Vads

— o) /Q (V) Ao(Vg + Vio)ds

= 2(a) ' A = Dy.

4 Upper bounds on tail estimates

4.1 Martingale estimates and further notations

The tail estimates and the corresponding upper bounds on the variance will be
obtained by the method of bounded martingale differences developed by Kesten
for first-passage percolation models [16].

When the conductances are assumed to be uniformly elliptic, a stronger
version of Kesten’s martingale inequality can be used. The same proof applies
with some simplifications. In particular, [16, Step (iii)] is not needed. However
the full generality of Kesten’s martingale inequalities will be used when we
consider conductances that are positive and bounded above but not necessarily
uniformly elliptic. They are given in the second version.

12



Martingale estimates I.

Let (M,;n > 0) be a martingale on a probability space (Q, F, IP).
Let Ay, = My — My_1, k > 1. If there are positive random variables Uy, (not
necessarily Fy-measurable) such that for some constant By < o0

]E(Ai|}—k71) < E(Uk|Fr-1) for allk>1 and ZUk < By, (20)
1

then M,, — My, in L? and a.s., and IE|My, — My|* < By.

Moreover, if there is a constant By < oo such that for all k > 1,
|Ak| < By, (21)

then for allt > 0,

t
IP(|My — My| >t) <4dexp| ———
(1Mo = Mol > ) < doxp (- =)
where B = max{ By, eB}}.

Martingale estimates II.
Let (Mp;n > 0) be a martingale on a probability space (Q, F, IP).
Let Ay = My, — My_1, k > 1. If there is a constant By < oo such that for all
kE>1,
|Ak| < By, (22)

if for some random variables Uy, > 0 (not necessarily Fr-measurable)
E(A7|Fr-1) < E(Ug|Fr—1) for all k > 1, (23)
and if there are constants 0 < Cq,Cy < 0o and sg > e2B% such that,

P(Z Up > s) < Cyexp(—Cys?), for all s > s, (24)
k

then there are universal constants c1 and co which do not depend on By, sg, C1,
Cy nor on the distribution of (M) and (Uy) such that for all s > 0,

Cl S
P(|Ms — Mp| > s) <c <1+C Jr—)exp —c
i TS0 Cs8/7 o (s/(50C2))

In the calculations to follow, we will use the following lighter notations. In
an environment w, the conductance of an edge e with endpoints z ~ y is denoted
by a(e,w) or a(x,y,w). Similarly, for a function v which is defined for z and y,
the endpoints of e, the difference v(x,w) — v(y,w) will be denoted, up to a sign,
by v(e,w).

Let £ be the set of edges in Z?. Whenever we assume that the conductances
are independent, identically distributed and bounded by x, we will also assume

13



that IP is a product measure on ) = [O,R]Ld and a(e,-) are the coordinate
functions.

Let {ex; k > 1} be a fixed ordering of £4 and let F, k > 1, be the o-algebra
generated by {a(ej,-);1 < j < k}. Then for an integrable random variable
h:Q— R,

E(h|Fi) = Esh([w,0lk)

where [w, o], € Q agrees with w for the first k& coordinates and with o for all
the other coordinates and IF, denotes the integration with respect to dIP(o).

4.2 Approximations by a periodic environment

In this section, we improve the tail estimates given in [6] by using the regularity
results from sections 3.1 and 3.2 and the martingale estimates I given in section
4.1 above. Note that the calculations following the inequality [6, (4.5)] hold only
for some laws IP, like discrete laws on a finite subset of R;. Denote the entries
of Dy by DY, 1<i,5<d.

Theorem 1 Let (a(e);e € L) be a sequence of i.i.d. uniformly elliptic conduc-
tances with k as the ellipticity constant. Then there is a constant C, 0 < C < oo,
which depends only on the dimension and on the ellipticity constant k such that,
forallt >0 and N > 1,

max (DY, — EDY| > tN~¥) < dexp (~Ct), (25)
i\
max Var(D¥) < 8C2N~2v(d (26)
i

where 2v(d) = max {a,d — 4+ a} and a > 0 is the regularity exponent which
appears in (17).

Let {z;;1 < i < d} be the canonical basis of R?. For 1 <i < d, let
fN = Nidzl{(éN(?.}N, 'iJN)Zi

where o
on(z) =z 4+ xn(x), T EQyN-

Recall that by (13), fx — (a(0))2/Doz;, IP a.s. and in L' (IP) as N — co.
Lemma 1 Let w and o be two environments such that a(e,w) = a(e, o) for all

edges e except maybe for e = ey. Then for all N > 1,

(@) = [ (0)] < kN4 (en, w) + 0 (er, )

14



Proof of lemma 1. By (10) and by 3a of proposition 2, 9y is the solution of a
variational problem. Then fy(w) — fn (o)

= dz a(e,w)(zi - On(e,w))? — dz a(e, o) (2 -vn(e,0))?
_dz an(e,w) —an(e,0))(z; - 1')1\/(6,0))2

€

< kN7¢ (ek, o).

IN

Proof of theorem 1. Let Ay = IE(fn | Fr) — E(fn | Fr1), k> 1.

Let My = 0 and M, = > ] Ay, n > 1. Then (M,;n > 0) is a martingale and
we will see that

fN_lEfN:ZAk a.s. and in L2.
1

We first check that (M,,;n > 0) verifies conditions (20) and (21).
By (11), (15) and the Holder regularity (17), there are constants § and
C < oo which depend only on k and d such that /P-a.s. and for all N > 1,

sup % (e) < CNP

e

where § = min{d — «,4 — a}. By lemma 1, we see that

Al = |B(f§ | Fi) = B(fn | Fra)l

= |Es(fn(w,0lk) = fn([w, oe-1))

IN

E,|fx(w,0lr) = fv([w, ole-1)]
< fiN_d]Eg(i)?V(ek, w,olk—1) + 1')12v(€k7 [w, ok))

< CN7d+ﬁ
Hence, (21) holds with B; = CN~4+#. Similarly,

AY < Eo(lfn(lw,olk) = fn(lw, olk-1)I)

IN

QRQN_QdEU(O?V(ek’ [UJ, U]k—l) + i)jlv(ekﬂ [UJ, U]k))

IN

CN 2B (03 (e, [w, 0)k1) + 0% (ex, [w, k).

15



Let
Ug(w) = 20N 245892 (e, w).

We see that E(A7 | Fx_1) < F(Uy | Fr-1) and that (20) holds with
By = 2CN~%# gsince

YUk = 2NN iR (er, w)
k k

< CN—2d+58 tI‘(é(’(')N,’l')N)N,w < CN~2d+8+d — o N—d+8,

Then the martingale estimates I hold with B = max{ By, eB?} = By. Hence,
for all t > 0,

P(fx — Efy| > t) < dexp (~CtN@1?)

and for all N > 1, Var(fN) < ONP-4, O

4.3 Effective conductance

In this section, we obtain similar tail estimates for the effective conductances of
an increasing sequence of cubes under mixed boundary conditions and an upper
bound on the variances.

It is simpler to work with these boundary conditions because instead of the
L™ estimates (11) and (15), we use the maximum principle : if u : Q5 — R

verifies Hu = 0 on @)y then maxu = mc?x u. Furthermore, since the maximum
N

principle does not require unifoji"rn ellipticity, it is possible to obtain good esti-
mates under weaker conditions on the conductances. After the description of
the model, we state two theorems. The first one gives some tail estimates when
the conductances are uniformly elliptic while the second one is when they are
not.

Consider boundary conditions which can be interpreted as maintaining a
fixed potential difference between two opposite faces of Qn = [1, N]¢ while the
other faces are insulated. Denote the first coordinate of x € Z¢ by x(1). Let

Vn be the set of real-valued functions on @ such that

u=0on {z(1) =0} NOQn, u=N+1lon{z(1)=N+1}NoQn
and  u(z) = u(y)
forall x ~y,z € {x(1) #0} N {z(1) #N+1}NIQnN,y € Qn.

_ The Dirichlet form on Hy, will be denoted by Ex. For two functions u, v :
Qn — R, it is defined by

En(u,v) = Y alz,y)(u(z) - uy))(v(z) - v(y)) (27)

z,y

where the sum is over all ordered pairs {z,y} such that € Qn and y € Q .
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If for all edges e of Z%, a(e) > 0, then for all N > 1, there is a unique
vy € Vn such that Huy = 0 in Qn. vy is also a solution of a variational
problem : it is the unique element of Vy such that

En(vn,on) = inf{ En(u,u);u € VN}.
We will also write Ex(vn,vn)w to indicate that Ex and vy are calculated with

the conductances a(e,w) given by the environment w.

Let fy(w) = N_dgN(UN,’UN)w. It can be interpreted as the effective con-
ductance between opposite faces of Q.

This model was considered by Wehr [25]. He showed that for some laws,
IP, which include the exponential and the one-sided normal distributions, and
assuming that IF(fx) is bounded below by a positive constant, then

lim inf N¢Var(fy) > 0.

If the conductances are uniformly elliptic and stationary, then IP a.s. and in
LY(IP), as N — oo, fn converges to the effective conductance fo = Vvg.AgVug
where Ay = (a(0))Dy is given in theorem 2 and vy is the solution of a variational
problem with mixed boundary conditions. This was done in [2, section 10] by
adapting the homogenization methods of [14, chapter 7).

Theorem 2 Let (a(e);e € L) be a sequence of i.i.d. uniformly elliptic conduc-
tances on Z%, d > 3, with ellipticity constant k > 1. Let Cy = 32dk>.
Then for allt >0 and N > 1,

P(|fx — Efy| > tN@D/2) < fexp (—t/\/nco)

and

Var(fy) < kCoN?*~%

For conductances that are not necessarily uniformly elliptic, we have the
following estimates. Additional properties of non-uniformly elliptic reversible
random walks can be found in [11].

Theorem 3 Let (a(e);e € L4) be a sequence of i.i.d. conductances on Z* such
that for some constant 1 < k < 00, 0 < a(e) < k for all edges e. Let Coy = 32dk>.

Then, for d > 5, Var(fy) < 128dx*N*~¢ and for allt >0 and N > 1,
P(|fy — Efy| > tNY=D/%) < dexp (—t/ <8m@>) (28)
If moreover, for some constants Dy < oo and vy, 0 < v < 2,
P(a"(e) > s) < Dos*™27,  for all s > 1, (29)
then, if d >4 or ifd=3 and 1/2 <y < 1,

Var fy < 16Co(Dg + 1)N2~4+7
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and for all 0 <t < (%W)VQ N(d=6+57)/2

C2 _9_
P —Efy|>t) <llejexp | ————m—" N@=2-7)/24 ] | 30
(If~ Inl>1t) <1l P( 23CoDs £ 1) (30)

where c1 and co are the constants that appear in the martingale estimates I1. In
particular, they do not depend on k, d or N.
Ford=3 and 0 <y <1/2, Var fx < 16Cy(Dy + 1)N~1/2,

Lemma 2 Let w and o be two environments such that a(e,w) = a(e, o) for all
edges e except maybe for e = ey. Then for all N > 1,

v (@) = fa(0)] < 6N} (ex, w) + v} (ex, )
Proof. Since vy € Vp is the solution of a variational problem,

In(Ww) = fn(o) = N_d(gN(’UN,UN)w —En(vN,UN)o)
< NﬁdZ(a(e,w) —ale,0))v3(e,0) < kN~ %2 (ex, o)

€

a

Proof of theorem 2. With the notations of 4.1, let Ay, = E(fn | Fr) — E(fn |
‘Fk71>, MO =0 and Mn = 2711 Ak, n Z 1.

To check that (My;n > 0) is a martingale that verifies conditions (20) and
(21), we have by lemma 2,

|Axl < Es|fn(lw,olk) — fn([w, olk—1)]
,%N*dlE’gU]Qv(ek, [w,o)k—1) + HNidlEg’U]QV(ek, [w,o]k)
8 N2~

IAIA

since by the maximum principle, 0 < vy (z) < N + 1, for all z € Q.
Then,

Ah < Bo(|fv(w,olk) = fa(lw, olk-1)%)
< 2REN"HE vy (er, [w, 0lp_1) + 262N~ E v} (eg, [w, o]k)

and by the maximum principle,
< 8RNPTE R (en, [w, 0lim1) + 82N THUE 0 (e, [w, o)

For k > 1, let
Up(w) = 1652N?72403 (eg, w). (31)

18



We see that IE(AZ | Fr_1) < IE(Uy, | Fx—1) and by uniform ellipticity,

ZU;€ = 16m2N2_2dZU]2V(ek,w)
k

k

S 16K3N2_2d5N(1}N,’UN)w
< 16r3(2dk)N?720H = 324k N2,

Hence condition (20) holds with By = 32dx*N2~¢ and condition (21) holds
with B; = 4kN2~¢. Therefore, fNn—IFEfy = ZAk a.s. and in L? and for

1
d > 3, by the martingale estimates I, we have that for all N > 1 and ¢ > 0,

t
P ) >t)<4e i —
where B = max{ By, eBi} = 32dx*N?~?. Accordingly, Var(fy) < 32dx*N2~1.

O

Proof of theorem 3. To obtain (28), the preceding proof can be used up to (31)
where uniform ellipticity is first needed.

Let Up(w) = 16x2N?*7242 (ep,w), k > 1.

Then simply bound v% (ex,w) by 4N? to obtain that

Z Up < 128dr2N*~4,
k

Hence the martingale estimates I hold with By = 128dxk?N*~¢, B| = 4xN?~¢
and B = max{By, eBi} = By.

These estimates can be improved if we assume that (29) holds for some
0 < v < 2. Starting from (31), we have that for all N > 1,

> unlenw) < N7 alerw)vi(en,w) + 4N t{k; aler,w) < N7
k k
2dk N + AN?#{k; a(er, w) < N7},

IN

Therefore, Z Up < 32dx3N?*~07 4 645> N4724 ks a(ep,w) < N7V}
k
Let Cp = 32dk>. Then for ¢t > 1, N > 1 and v > 0,

P (Z Uy > CotNQdﬂ) < P (#{ksaler,w) < N} > (¢ — 1)N2H7)
K

< 2exp (—%d((t —1)N"2 —pN)Q)
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by Bernstein’s inequality with px = IP(a"*(e) > N7). By (29), we have that for
all N > 1, py < DoN7~2. Therefore, if t > 2(1+ Dp) then (t — 1 — Dy)? > t2/4
and

IN

Nd
2 exp <T(t -1- D0)2N274>

P (Z Uy > cotN“ﬂ)
k

IN

£ 442
2 —— N T
exp( - )

Equivalently, for all s > 2Cy(Dg + 1)N274+7,

2
P(Z U > s) < 2exp (— 1gCQNBdg) .
. 0

We see that the conditions for the martingale estimates II hold with

1
16C2

By =4kN?>7%. ¢ = 2,05 = N34=8 and sg = 2Cy(Dg + 1)N2~4+7

since Cy > 8e?k2.
In particular, we have the tail estimates (30).
Moreover,

Var fy < ]EZUk:/ P> Uy > s)ds
k 0 k
< o +/ Cre=%25" s,
50
Hence, if 2 —d+~v > 6 —2d — v,

Cé < 16Cy(Dg + 1) N2+
2

Var fnv < 50+
S0

while for d =3 and v — 1 < —1/2,

Cy

e

Var fn < so + < 16Cy(Dg +1)N /2.

4.4 Spectral gap with Dirichlet boundary conditions

In this last example, we obtain tail estimates for the spectral gap of the random
walk on an increasing sequence of cubes under Dirichlet boundary conditions.
Let Hyo={u:Qy —R; u=0o0ndQn}. If u,v € Hy,o then Ex(u,v) =
(Hu,v)y where the Dirichlet form £y is defined in (27).
Let ¥n € Hpy o be the solution of the variational problem :

En(Un,UN) = inf{ En(u,u);u € Hyyo, ullzn = 1}.
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Then ¢y is unique (up to a sign) and is an eigenfunction of H acting on
Hn,0. Let Ay > 0 be the corresponding eigenvalue. It was shown in [2], by
homogenization methods as in Kesavan [15], that N2\x converges IP-a.s. and in
LY(IP) as N — oo to the Dirichlet eigenvalue of a second-order elliptic operator
with constant coefficients.

The L* estimates of the eigenfunction is provided by the De Georgi-Nash-
Moser theory (see [8, section 2.1] and [7, chapter 11]) :

Let (a(e);e € L£%), d > 3, be a (non-random) sequence of uniformly elliptic
conductances. Then there is a constant C' < oo which depends only on the
dimension and on the ellipticity constant such that if for N > 1,9 € Hn,o is a
normalized eigenfunction of H, that is, for some A > 0, HY = M) on @y, then
for all x € Qn,

[W(z)| < CAY™. (32)

Theorem 4 Let (a(e);e € L) be a sequence of i.i.d. uniformly elliptic conduc-
tances on Zd, d> 3. Let

v = N2An = N2En (YN, Un).

Then there is a constant C' < co which depends only on d and k such that for
allt >0 and N > 1,

P(|fy — Efy| > tN®=9/2) < dexp (—t/C).
and

Var(fy) < CN?*7 ¢,
Lemma 3 Let w and o be two environments such that a(e,w) = a(e, o) for all
edges e except maybe at e = ey, an edge with endpoints xy ~ yi of Z¢, where
aleg, w) > aleg, o).
Then for all N > 1,
[fv(w) = (o) < C(N?*YR (ex, o) + P (2, w) + 93 (yr, w))-
Proof. By the variational principle,

AN (W) = An (o) EN(UN (W), YN (W))w — EN(YN(0), YN (0))s
YEN (YN (0),¥n(0))w — En (YN (0), YN (0))o
where v = [|[¢n (0|3 5.,

(v = DENN(0), YN (0))w

+ En(Yn(0),¥n(0))w — En(¥n(0), YN (0))o
En(¥n(0),¥n(0))w — En(YN(0), N (7))o
since v <1

(a(er,w) — alex, 0))0% (ex, 0)

K3 (ex, o).

I IA

IN

IAIA

21



Similarly, by the variational principle,

An(o) = An(w) < FEN(UN(W), YN (W))e — En (YN (W), YN (w))w
where 7 = [[Yn (w)[3 % o
= (T-1Dén(Wn (W), ¥n(w))s
+ En(Un (W), YN (w))o — En (¥ (W), ¥ (W)
< (- DénWnN(w), ¥n(Ww))s
since for all edges a(e,w) > a(e, o).
Note that for all u € Hy, 0 < Hu||§Nw - ||u||§Ng < a(e,w)(uQ(zk) +

u?(yx)). Then since ¥y (w) is a normalized eigenfunction and the conductances
are uniformly elliptic,

0<y—1<CWx (kW) + YR (Yr, w))-
Then, Ay (0) = Av(w) < CN (% (r, w) + U (yr, w))- 0
Proof of theorem 4. As in the two preceding situations, we will verify conditions
(20) and (21) for Ak = E(f]v | fk) - E(fN | fk—l)-
Akl < Eo(|fn([w,olk) = fn(w, olk-1)])
= Es(l--|; aler,w) 2 aler,0)) + Es(|--- | 5 aler,w) < alex,0))
< CEL(N*¥(er, [w,0lk-1) + VX (@n, [w, 0]k) + V3 (k. [w, 01k))
FCEL (N9} (e, [, olk) + 93 (@x, [w, 0lk-1)

YR (Y, [w, 0lk-1))
< CON?%*d

since by (32), [n(z)] < CN~2 for all z € Q.
Pursuing the above calculations, and using (32) again, we find that
Az < CN4_dEG(wJ2V(ek’ [UJ, U]k—l) + ¢12v(€ka [UJ, U]k))
+CN_dE0 (1/}]2\](:6]67 [wa U]k) + 7/)12\/(%7 W, U]k)
+3 (@, [w, 0lk—1) + R Yk, [w, 01k1)
Let Uy (w) = CN*~ 4% (e, w) + ON (3 (wg, w) + % (Yg, w)).
We see that IE(AZ | Fr_1) < IE(Uy | Fr_1) and

YU < CN**> 4X(en,w) + ON~ (4R (zh,w) + U3 (yk, w))
k k k

CN* €N, ¥n)w + CN ™[N I3 x
< CN*%24CN-?<CN>

Hence (20) holds with By = CN2~% and (21) holds with B; = CN?~%. Since
B = max{By,eB}} < CN?"¢ we obtain that for all N > 1 and ¢ > 0,

P(fx — Efy| >1t) < 4dexp (%N“—W) and Var(fy) < CN>~%

a
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5 A random walk in a random potential

Let (a(e);e € £4), d > 1, be a (non-random) sequence of positive conductances
and let V : Z% x Q — [0,00[. Add to the graph a vertex { and an edge between
1 and each vertex x € Z%. In the environment w, its conductance is given by

a(z,i,w) = a(z)V(zr,w).

The transition probabilites of the random walk on Z? U {1} will be denoted
by p(x,y) to distinguish them from the transition probabilities of the reversible
random walk on Z? that are given by p(x,y) = a(z,y)/a(z). The former are
defined by p(1,1) = 1, p(f,2) = 0 and in the other cases, they are given by the
conductances of the edges :

V(x)

y p(@,y) _
1+ V()

_ 7.
p(z,y) T+ V() z,y €

and  p(z, 1)

The survival probability after each step is (V(z) + 1)~* Lf e~0() Now

assume that (V(z);z € Z9) is a sequence of i.i.d. nonnegative random variables
on (2, F, IP) that are not concentrated on zero.

Let T = inf{k > 0; X}, = 1}. Then the higher order transition probabilities
are given by Feynman-Kac formula

k—1
payk) = B | [JVE)+1) 5 Xe =9,k <T

Jj=0

where E, is the expectation with respect to the reversible random walk on Z<.
Let P, be the induced probability on the paths starting at x.

The Green function is defined by é(z, y) = > reoD(z,y, k). A short calcu-
lation shows that, since V is not concentrated on zero, then for all z,y € Z¢,
d>2, G (z,y) is a random variable with finite moments of all order.

For a direction # € Z¢, z # 0, and N > 1, let

fn(z,w) = —N"tlog G(z, Nz, w).

We now prove a lower bound on the variance. The analogue for first passage
percolation is given in [16, (1.13)].

Proposition 4 If (0(z),r € Z%), d > 2, is a sequence of i.i.d. nonnegative
random variables not concentrated on zero and such that IE(0(0)?) < oo, then

forallxz € Z%, x #0, and N > 1,
Var fy(x) > N~2 Var6(0).
Remark. In the particular case of constant conductances, that is a(e) = 1 for

all edges e € L4, Zerner [28] (see also [24] and [26]) showed that if I£6(0) < oo
then fy(z) converges IP-a.s. If, moreover, IE(0(0)?) < oo, and if for d = 2,
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there is v such that § > v > 0, then by [28, Theorem C] there is a constant
C < oo such that for all x € Z¢, 2 # 0, and N > 1,

Var fn(z) < Clif—'.

Proof.  For x,y € Z%, let 7, = inf{k > 0; X} = y} and 7 = inf{k > 1; X}, =
x} with the convention that inf ) = +oo.
Then, by conditioning on the time of last visit to =, we see that for x # y,

G(z,y) = Pu(ry < T)G(y,y) = G(z,2)Pu(1y < 7,)G(y,y)

and log G(x,y) = log G(x,z) + log Py(r, < ) 4 log G(y,y). Since these are
decreasing functions of V', by the FKG inequality (see [1] for a recent account),
they are pairwise positively correlated. Then,

Varlog G(z,y) > Var(log Pz(Ty <7
+2 Cov(log G(x, ), log Py(t, < 7))
+2Cov( log Py (ry < 7),10g G(y,y))

> Var(log pm(Ty <7)

= Var <logz e @ (a, Z)]BZ(Ty < T;))

= Var(6(z)) + Var <10g2p(z, 2)P, (7, < Tj))
> Var(6(0)).
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