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Abstract

Robotic cells consists of a flow-shop with a circular layout and a single transporter,
a robot, for the material handling. A single part is to be produced and the objective
is to minimize the production rate. Different cell configurations have been studied,
depending on the travel times of the empty robot: additive, constant or just triangular.

A Ek-cycle is a production cycle where exactly k parts enter and leave the system.
Ideally, one would like to determine, for a given instance, an optimal k-cycle. Consider
the set S of all k-cycles up to size K where Sx contains, for every instance, an optimal
solution and K is minimal. The cycle function K = K(config,m) depends on the cell
configuration and the number of machines.

Some of these functions are known and there are conjectures about others. We give
new results invalidating in particular the so-called Agnetis’ Conjecture for the classical
robotic cell configuration.

1 Robotic cells

Robotic flow-shops consist of m machines arranged in a circular layout and served by a
single central robot [Figure 1]. It is known that the robotic scheduling problem is already
NP-hard for a flowshop with m > 3 machines and two or more different part types [8]. It
remains the interesting case of the m-machine robotic cell in which one wants to produce
identical parts. Then the problem reduces to finding the optimal strategy for the robot
moves in order to obtain the maximal throughput rate for this unique part. A survey on
general robotic cells can be found in [6].

The m machines of a robotic cell are denoted by My, Ms ... M,, and we add two auxiliary
machines, My for the input station IN and M,,4+1 for the output station OUT. The raw
material for the parts to be produced is available in unlimited quantity at My. The central
robot can handle a single unit at a time. A part is picked up at My and transferred in
succession to My, Ms ... M,,, where it is machined in this order until it finally reaches the
output station M,,+1. At M,+1, the finished parts can be stored in unlimited amounts.
We focus on the classical case as in [11], where the machines M;, M, ... M,, are without
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Figure 1: Robotic cell with m = 4 machines

buffer facility. In this case, the robot has to be empty whenever it wants to pick up a part
at M (h=0,1...m).

Consider an instance I of an m-machine robotic cell. The processing time py, represents the
minimum time a part must remain on machine My, (h =1, 2...m). Once the part is finished,
two policies may apply. In the no-wait case, the part must be removed immediately from
the machine after p; time units and transferred to the following machine. In the classical
case, the part can remain on the machine waiting for the robot. Let ¢ be the time to load
a part onto a machine from the robot or to unload a part from a machine onto the robot.
We shall consider two classical metrics for the travel times of the robot. For additive travel
times [11], let § be the time for the robot to travel (idle or loaded) between two consecutive
machines. The travel times are additive. Hence, the trip of the idle robot from M}, to Mj,
(h # 1) takes dpp = |h — B'|8. For constant travel times [7], 0 is the time for the robot to
travel between any two machines M}, and My:: dpp = 6.

We consider cyclic robot moves for the production process of the parts and define a k-cycle
as a production cycle of exactly k parts. It can be described as a sequence of robot moves
where exactly k parts enter the system at My, k parts leave the system at M,,+; and each
time the robot executes the k-cycle, the system returns to the same state, i.e. the same
machines are loaded, the same machines are empty and the robot returns to the starting
position. To describe k-cycles we use the concept of activities [4]. The activity Ay, (h = 0,
1...m) consists of the following sequence:

— The idle robot takes a part from Mj,.

— The robot travels with this part from M}, to Mj,y1.

— The robot loads this part onto Mp 1.

In [4], the authors characterize the k-cycles as follows: A k-cycle Cy is a sequence of activi-
ties, in which each activity occurs exactly k times and between two consecutive (in a cyclic
sense) occurrences of Ay (h = 1, 2...m — 1) there is exactly one occurrence of A,_; and
exactly one occurrence of Apq.

A p-cycle C, is optimal if it minimizes T(kc’“) over all possible k-cycles kK = 1,2..., where
T(Cy) denotes the cycle time of Ck. A set of cycles S is said to be dominant if, for any
instance, there exists a cycle of S that is optimal.



2 Dominant sets of cycles

In [11] the authors conjectured that the 1-cycles are dominant. This conjecture is valid for
classical two- and three-machine cells. However it is false for four-machine cells [3, 4, 7]. It
has been replaced by the following conjecture:

Agnetis’ Conjecture[l]: The set of k-cycles with kK < m — 1 is dominant.

Note that this conjecture was originally formulated by Agnetis for additive no-wait cells.
Let Sk be the set of all k-cycles with 1 < k < K. We are interested in the minimal
dominant set Sk, i.e., S is dominant and no Sxs is dominant with K’ < K. We can expect
that I = KC(m) is a function of the number of machines m. We denote K(m) by Iy, (M)
in the no-wait case and by K.(m) in the classical case. Agnetis’ Conjecture claims that
Knw(m) =m — 1. In additive no-wait robotic cells, we know that

=m—1 form=2,3 [1]
Ian(m){ >m—1 form>4 [10]

In classical robotic cells (with additive or constant travel times), one has

=1 form=23
>m form=4

Kelm) {

For m = 2, and 3 this result was proven in [3, 4] for the additive case and in [7] in the
constant case. It was shown in [3] that K.(4) > 3. We now strengthen this result to
K.(4) > 4. We exhibit a cycle which proves that Agnetis’ Conjecture is false in classical
4-machine robotic cells:

PI'OpOSitiOIl 1 The 4-CyCl€ 04 = (AOA1AOA3A4A2A1AOA3A2A1A4A3A2AOA1A4A3A4A2)
strictly dominates all k-cycles for k =1,2,3 for the following instance:
m=4;  o=1  e=0  p1=0  ps=0;
in the additive case: po = 10; p3 = 10;
in the constant case: p2 = 6; p3 = 6.
Proof for the additive case
One has % = 15. We shall prove that for all k-cycles Cy (k = 1,2, 3), one has % > 15.
k = 1: For the instance I, the best 1-cycle has cycle time 16.

k = 2: For the instance I, the 1-cycles dominate the 2-cycles (regular or equidistant case)
[2, 3]. Therefore the best 2-cycle has cycle time greater or equal to 16.

k = 3. Let C3 be a 3-cycle. Let m; be the number of times the robot travels between
machines M; and M;;q in both directions during one execution of Cs and let |S| be the
number of occurrences of the sequence of activities S in C5 and let uw; = |A;—1A4;|. If the



robot never makes any dummy moves, one has [3, 2J:

mgy = 2k
My, = 2k
m; = 4k — 2u1
mMmm—-1 = 4k — 2um
mo > 4k — 2UQ — 2|A1AOA2|
Mpyp—2 > 4k —2up,_q1 — 2|Am—2AmAm—1|

Moreover we know that the sequences A; 1 A; generate a waiting time of p; and the sequence
A1ApAs generates a waiting time of max(0, p2 — 46 — 2¢) and the sequence A,,_2 A, Am—1
generates a waiting time of max(0, p,,—1 — 46 — 2¢). All those sequences do not interfere for
the calculation of the waiting time. Therefore, one has

4
T(Cs) = Z m;0 + waiting times
i=0
> 16k6 + ul(pl — 25) + ’LL4(p4 — 25) + UQ(pQ — 5) + ’LL3(p3 — 5)
—i—\AleAg\(max(O,pg — 46 — 26) — (5)
+\A2A4A3\(max(0,p3 — 46 — 26) — (5)

and hence, for the instance I, the cycle time of C3 satisfies

T(Cg) > 48 — 2uq — 2uyg + 5|A1AOA2| + 5|A2A4A3| + 9us + Yusg (1)
Suppose T'(C3) < % x3 = 15x3 = 45. In (3, between two consecutive occurrences of Ao,

there is exactly one occurrence of A; and one occurrence of As. If somewhere A3 happens
before A; between two consecutive occurrences of As, then C3 is of the form described on
Figure 2. In this case, the cycle time of Cj5 satisfies T'(C3) > 54 (contradiction).
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Figure 2: Position of the robot in the cell for the case with A3 before A;

Therefore, C5 is of the form

O3 =Ag--- Ay Ag--Ag-r- Ay Az Ay Ay As ...

We know that between A; and the following As there are at least po = 10 time units and
between A, and the following As, there are at least p3 = 10 time units.



From inequality (1), T(C3) < 45 implies 2(u; + u4) > 3, which means u; 4+ ug4 > 2 since u;
and u,4 are integers.

Consider now what happens between two consecutive activities Ay: there is exactly one
occurrence of activity A; and between the end of A; and the following As the time spent
is at least po = 10. Moreover, between the end of Ay and the end of the following Ay, the
robot has to travel from machine M3 to machine M; and then from M; to My (execution of
A1). Therefore, the time spent between two consecutive occurrences of Ay is at least 14 plus
the time for the execution of the activities between Ay and A; (at least 2 for each activity).
The same reasoning applies for As: the time spent between two consecutive occurrences of
Ay is at least 14 plus the time for the execution of the activities between A3 and As.

We know that the number u; of AgA; plus the number ug of A3Ay is greater than two. If
those two occurrences do not appear between the same consecutive Ao, then each generates
an additive time of 2 and one has T'(C3) > 143+ 22 = 46 which leads to a contradiction.
Therefore, C'5 is of the form:

C3 = AgAy -+ AzAsAgAy -+ A3A AA; - A
S

Indeed, no other activity can happen between A, and the following A; or between Ags
and the following A,. Between two consecutive occurrences of Ap, there is exactly one
occurrence of Ag. Therefore, the sequence S contains an occurrence of Ag. The same
reasoning implies that S contains an occurrence of A4. The sequences As AgA1AgA4A3A, or
Ao AgA1 A4 AGA3 A, imply a travel time of at least 20 before the next As. Since between the
two other consecutive activities As the total time is at least 14, one has T'(C3) > 14%2+420 =
48 which leads to a contradiction. Therefore, T'(C3) > 45 which is a contradiction. O

Proof in the constant case

One has % = 9.5. The proof for the constant case is almost the same as for the additive
case. It is a little bit simpler since, in the constant case, one has the following equality for
the travel time T7(Cy) of the k-cycle Ck:

TT(Ck) = 2l<:(m + 1)5 — iuz(s (2)

i=1

The intuition for this equality is that between two activities, one has a time ¢ if and only
if the two activities are not consecutive, i.e. they do not participate in a w;. This equality
is proven for k =1 in [7].

k = 1: For the instance I, the best 1-cycle has cycle time 10.

k = 2: Consider a 2-cycle Cy. Suppose that T'(Cy) < % x 2 = 19. For the instance I
in the constant case, inequality (2) becomes: Tr(Cy) > 20 — (u1 + ug) — (ug + us) and the
total cycle time is equal to the travel times plus the waiting times:

T(Ca) > 20 — (u1 + ug) + 5(uz + us).

Supposing T'(C2) < 19 implies that uy +u4 > 1. Hence, at least one of the two is greater or
equal to 1. Without loss of generality, we take u; > 1 (the case ug > 1 is similar). In this



case, (5 is of the form

>6 >6

Coy = AgAy Ag oo Ay Az
S S’
As in the preceding proof, between an occurrence of A1 and the following occurrence of As
the time is greater than ps = 6 and each activity takes a time of § = 1 and, in S and 5,
the travel time is greater than § = 1. This leads to a total time of 19. Moreover, if the
sequences S or S’ are not empty, then the time to execute the activity they may contain,
adds d = 1 to the total time (which contradicts the hypothesis that 7'(C3) < 19). Therefore,
S = S5"= 0 and Cs is of the form

>6 >6
> — =
Cy = AgAy T A Ay Ag - Ay

T

For the same reason as before, the sequence T has to be empty and C5 is of the form

Cy= AgAy -+ A3 -+ AgAy -+ A3Ag
U U

The characterization of k-cycles indicates that U U U’ contains an occurrence of A4 and U’
cannot contain an activity Ag since between two occurrences of A; in a cyclic sense, there
is at most one occurrence of Ag. Therefore either U’ = () or U’ = A4. If U = @ then
C5 contains the sequence A1 A3As which generates a waiting time of po — 36 = 3 and the
form of Cy leads to uq + w4 < 2. In this case the travel time is greater than 18 and the
waiting time is greater than 3 which contradicts the hypothesis T'(C3) < 19. In the other
case, Ay € U’ and uq + us = 1 which leads to a travel time of 19 time units. Moreover, the
sequence A1 A4 A3As generates a waiting time of 1 which also contradicts the hypothesis.

k = 3: For this case, the proof is analogous (and even simpler) to the proof for the additive
case. However, for the sake of completeness we give the main ideas of the proof.

Let C5 be a 3-cycle. Suppose T'(Cs) < 28.5. Inequality (2) implies that 7'(Cs) > 30 — (u1 +
u4) and hence uy + ug > 2. Suppose uy > 2. In this case, C3 is of the form

>6 >1 >6 >1 >6 >1
O3 = AgA1 T Ay T D AgAL T Ay T A T Ay T

Since each of the eight activities adds a travel time of 1, this leads to an execution time
greater than 3 x 6 + 8 + 3 = 29. Therefore, one has u; = 1 and us = 1 and both sequences
ApA; and A3A, are between the same two occurrences of As. Moreover, for the same reason
as before, between Ay and the following A; and between Az and the following Ay (except
for one of them each time) there can be no other activity. Therefore, Cj is of the form

Cy = AgAy - A3A A A - - AgAs Ay -+ AsAs
S
The sequence of activities S either contains only activity A4 or is empty. In both case, it

generates a waiting time greater than 1 and the total travel time is greater than 28 which
contradicts T'(C3) < 28.5. O
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Remaining challenging questions

Finding the best 1-cycle can be done in polynomial time ([5] for the additive classical case,
[7] for the constant case and [9] for no-wait additive cells). Three challenging questions
remain:

— Determine K.(m) or find at least an upper finite bound for K.(m);
— Settle Agnetis’ conjecture in the no-wait case;
— Describe the complexity of finding the best cycle with degree smaller than K.(m)

and/or Kpy,(m).
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