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STRONG DISORDER IMPLIES STRONG
LOCALIZATION FOR DIRECTED POLYMERS IN A
RANDOM ENVIRONMENT

PHILIPPE CARMONA AND YUEYUN HU

ABSTRACT. In this note we show that in any dimension d, the
strong disorder property implies the strong localization property.
This is established for a continuous time model of directed poly-
mers in a random environment : the parabolic Anderson Model.

1. INTRODUCTION

Let w = (w(t))s>0 be the simple continuous time random walk on the d-
dimensional lattice Z¢, with jump rate x > 0, defined on a probability
space (2, F,P). We consider an environment B = (B,(t),t >0,z €
Z%) made of independent standard Brownian motions B, defined on
another probability space (H,G,P).

For any ¢t > 0 the (random) polymer measure p, is the probability
defined on the path space (€2, F) by

1 2
fi(dw) = 7@/3]{15(“))7256 /2]p><dw)
t

where 3 > 0 is the inverse temperature, the Hamiltonian is

t
i) = [ B
0
and the partition function is
7, = 7,() = B [#-65/2]

where E [] denotes expectation with respect to P.

Erwin Bolthausen [B] was the first to establish that (Z;)>0 was a pos-
itive martingale, converging almost surely to a finite random variable
Zoo, satisfying a zero-one law : P(Z,, > 0) € {0,1}. We shall say that
there is strong disorder if Z,, = 0 almost surely, and weak disorder if
Z~ > 0 almost surely.

Another martingale argument, based on a supermartingale decomposi-
tion of log Z;, enabled Carmona-Hu [f, then Comets-Shiga-Yoshida [,
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[1], and Rovira-Tindel [I0], to show the equivalence between strong
disorder and weak-localization :

Zw=0as < / p2 (wi(t) = wo(t)) dt = +oo  a.s.,
0

where w1, ws are two independent copies of the random walk w, consid-
ered under the product polymer measure ;&2

1
M?2(dw1, de) _ ﬁeﬁ(Ht(wl)JrHt(wz))*t& P®2(dw1, de).
¢
Let us define strong localization as the existence of a constant ¢ > 0
such that
limsup sup py(w(t) =z) > ¢ a.s.
t——+o00 T
This property implies the existence of highly favored sites, in con-
trast to the simple random walk (5 = 0) for which sup, P (X; = x) ~
Ct=%? — 0. Carmona-Hu [[], and then Comets-Shiga-Yoshida [f],
showed that in dimension d = 1,2, for any § > 0, there was not only
strong disorder but also strong localization.

We shall prove in this note the

Theorem 1. In any dimension d, strong disorder implies strong local-
1zation.

For sake of completeness, let us state yet another localization property.
The free energy is the limit

. 1
p(0) = I low 2,

where the limit can be shown to hold almost surely and in every L7,
p > 1 (see e.g. [A]). The function p(B) is continuous, non increas-
ing on [0, +oo[, p(B) < 0, p(0) = 0, so there exists a critical inverse
temperature (3. € [0, +0o0] such that:

p(B)=0 if0< 6 < B
p(B) <0 if 5> f..

When p(5) < 0 we say that the system has the very strong disorder
property. We shall prove that (see equation ([)):
52 1 t 92

p(B) = _Etiiinoo n ; e (wi(s) = wa(s))ds a.s.

Therefore there is very strong disorder if and only if there exists a
constant ¢ > 0 such that almost surely:
t

.1
Jim 7 | e (s) = wals)) ds =
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The recent beautiful result of Comets-Vargas [§, that is 5. = 0 in
dimension d = 1, strengthen our belief in the

Conjecture :  very strong disorder <= strong disorder

Proving this conjecture would unify all these notions of disorder and
localization.

Eventually, let us end this rather lengthy introduction by making clearer
the connection with the parabolic Anderson model (see Carmona and
Molchanov [f] or Cranston, Mountford and Shiga [[]). The point to
point partition functions

Zy(x,y) = E, [eﬁHt(w)ftBQ/ ? Lw(n)=y)

satisfy the stochastic partial differential equation (see Section 2)
dZ;(0,x) = LZ(0,.)(z) dt + BZ,(0,x) dB,(t),

where L. = kA is the generator of the simple random walk w with jump
rate x, that is A is the discrete Laplacian.

Let us explain now the structure of this paper. Section 2 is devoted
to the study of the partition function as a martingale, and we prove
that its asymptotics are governed by the asymptotics of the overlap
I = p?(wi(t) = wa(t)).

An important fact is that [, itself is a semimartingale. In Section 3
we establish a decomposition of I; which is not its canonical semi-
martingale decomposition (this decomposition can be obtained via the
parabolic Anderson equation(f[)). In fact this decomposition looks a
lot like a renewal equation involving the overlap for the simple random
walk : it is the basic ingredient of our proof of the main result, since it
is in this decomposition that we inject our knowledge of the behaviour
of the overlap for simple random walk.

2. THE PARTITION FUNCTION

Without loss in generality we can work on the canonical path space
Q made of w : RT — Z4 cadlag, with a finite number of jumps in
each finite interval [0,¢]. We endow € with the canonical sigma-field
F and the family of laws (P,,z € Z%) such that under P,, (w(t))i>o
is the simple random walk starting from x, with generator L = rA.
With these notations, we consider, attached to each path w € €, the
exponential martingale

M = exp(BH,(w) — t32/2) =1+ f /0 M? dBoys)(s) |

with respect to the filtration G; = o(B,(s),s < t,z € Z%). We have
Z; = E[M}y] and thus the
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Proposition 2. The process (Z;)i>0 is a continuous positive G mar-
tingale with quadratic variation

dZ, 7y, = Z;B° Ldt,  with I, = pf?(wi(t) = wa(t)).

Proof. We know that linear combinations of martingales are martin-
gales. This extends easily to probability mixtures of martingales. In-
deed, let 0 < s <t and let U be positive bounded and G,-measurable.
Then, by Fubini-Tonelli’s theorem :

E[Z,U] = E[E [M;|U] = E[E[M?U]]
E [E[MZU]] (M* is a martingale)
B[E [M]U] = BZ.U].

Observe that if wy,ws are paths, then we can compute the quadratic
covariation

d(M*“, M*“?), = M M 32 1o, (1) mws s) AL

Therefore, we have formally:

(2, 2), = d</P(dw1)M”1,/P(dwz)Mw2>

t
= /P®2(dw1, dw2>d<MW17 Mw2>t

1
2 72
:ﬁZtZ_f

= 723 I, dt.

/ P22 (dwy, dws) My My 1o, (4= 1)) it

This again can be made rigorous by writing N; = Z? — ﬁ2f0tZ§[s ds as
a probability mixture of martingales:

t
M= [P, den) M M = 8 | MM 1m0 )
U

The positive martingale Z; converges almost surely to a positive finite
random variable Z,,. We refer to any of [B, [, ] for a proof of the
following zero-one law.

Proposition 3.
P(Z.=0)e€{0,1}.

We can now show the equivalence between strong disorder and weak
localization.

Proposition 4. The supermartingale log Z, has the decomposition

1
log Zt = Mt — §At
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with (My)i>0 a continuous martingale of quadratic variation

t
(M, M), = A, :52/ I, ds.
0

Consequently:

e cither Zo, =0 and foools ds = 400 almost surely;
® or Zy >0 and foools ds < 400 almost surely.

In both cases the free energy is given by

(1) p(ﬁ):—ﬁ—2 lim 1 tlsds:—ﬁ—z lim E tE[IS] ds.

2 t=too t J 2 t—=t+o t J

Proof. One can even prove (see [B]) that weak disorder is equivalent to
the uniform integrability of the martingale (Z;):>o.

[t0’s formula yields :

taz, 1 [td(Z,7) 1, 1
log 7, — s 2 [R5 2)s g2 [ Lods = M, — A,
08 < /OZS 2/0 72 t 25/0 A

Therefore,
e On {A = (M, M)_ < +oo} the martingale M, converges al-
most surely, M; — M so log Zy — My — 3A and Zo, > 0
almost surely, and p(3) = limy_ ;o 7 log Z; = 0.

e On {A, = (M, M)_ = oo}, we have almost surely <MM—]{4>t —
0 so % — —% and log Z; — —o0, so Z,, = 0. Furthermore,
p(B) = limy_ o Tlog Z, = —1lim_ 4o LA,
We conclude this proof by taking expectations:
1 1 .. 1 B 1/
p(B) = tl}+moo ;E[log Zi) = —§tl}+moo ZE[At] = —?tl}inoo i) E[l,] ds.

g

The connection with the parabolic Anderson model is contained in the

Proposition 5. The point to point partition functions (Z,(0,x),t >
0,z € Z%)
satisfy the stochastic partial differential equation

dZ,(0,z) = LZ,(0,.)(z) dt + B Z,(0,z) dB, (1) ,

where L = kA is the generator of the simple random walk with jump
rate K, that is A is the discrete Laplacian.

Proof. Let pi(z) = P(X; = x) be the probability function at time ¢
of simple random walk. By Fubini’s stochastic theorem and Markov
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property:

2,0,) = [ )M Loty
= /P(dw) Liw=a)(1 +ﬁ/ M7 dB, s (s))
0
l‘) + ﬁ/o /IP’(dw) 1(w(t):x)M;ddBw(s)(S)
2+ /0 / B(dw)pr_s (w(s) — 2)MZdBoy(5)

— pi(x) + 0 / Zota(prs(w(s) — 1)dBge)(5))

We conclude by differentiating with respect to ¢, taking into account

that
d

%pt( z) = Lp;(z)

In other words, we combine

t
pt—s(y) = 1(y:0) +/ Lpu—s(y) du

and Fubini’s stochastic theorem. (This result is just Feynman-Kac
formula combined with time reversal of the continuous time random
walk). O

3. ITO’S FORMULA FOR THE POLYMER MEASURE

Let (P®")¢0 be the semi-group of the Markov process w(t) = (wy (), ..., wn(t))
constructed from n independent copies of the simple random walk
(w(t))e>o: if f:R™ — R is a bounded Borel function, then

PE"f(xy, ... xn) =By ol [flwi(t), ..., wn(D))]

Theorem 6. Let f : R® — R be a bounded Borel function, and t >
to > 0. Then,

p" [f(w(t)] = pet [PE% f(w(to))]
+522/ " i (o)mwy ) Puf (w(s))] ds
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where vy is an extra independent copy of w.

Proof. Given paths wy, ..., w,, we let

Mgy MEn

Ut:Ut(wl,...,wn) = n
t

We use the following easy computations of quadratic variations:

d(MY, M7), = M M] 3> 1y(1)=rry) dt
(M, Z), = B*M; Zype | Liw(y=ney ] dt d(Z,7), = Z; B*Ldt,

The classical It6’s formula yields:

! & dZ,
U, = U, + 5 Us( Y BdB,,(s) —n Z

i=1

+1
/ (Z ]—(wl (s)=w;(s)) TLZ,[LS 1(7 )=wi;(s) )] + %Ls) dS,

1<)

where in the last line u, acts on the generic path ~. Since,

pE(Fw(®)] = [ F(b)Uiw) )

we conclude this proof by applying Fubini’s theorem and Markov’s
property. For example,

[ S0 ) don @) = B | o) M

1 n w1 wn,
- Z(to)" E [Pt®tof(w<t0))Mto - My }

= i [P, f(w(to))] -

4. PROOF OF THE MAIN RESULT

We assume that there is strong disorder so almost surely, Z,, = 0
and foools ds = +oo, and we shall show that for a certain c¢g > 0,
limsup,_,. . Vi > ¢y almost surely, with V; = sup, p(w(t) = ).

Let r(t) = P®*(w(t) = wo(t)) and R(t fo s)ds. In dimension
d = 1,2, R(co) = +00 s0 certamly BZR( ) > 1. In dimension
d > 3, R(co) < +oo and Markov’s property implies that L., =
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fooo 1w (s)=wa(s)) s is under P®? an exponential random variable of ex-
pectation R(c0). Since, by Fubini’s theorem,

E [th] — E®2 :E |:€6(Ht(w1)+Ht(W2))—tﬁ2:| :|

— E®2 -6 5 Var(Hi(w1)+He(w2))— tﬁ2:|

— E®2 P Jo L s)—a:z(s))dﬂ 7

the second moment method yields that if 3 R(c0) < 1, then sup,E[Z?] =
E®2 [eﬁ%ﬂ < 400, 50 Z; is an L? bounded martingale, hence E [Z,] =

1 and Z, > 0 almost surely. Birkner [ improved this result by us-
ing a conditional moment method : if R(c0) < +o0, then there exists
_ 1 _ .
> such that for 3 < 67, Z,, > 0 almost surely. Hence, since
/Bc m /8 /8c y

we assumed strong disorder, we certainly have 3?R(c0) > 1.

Observe that since V; = sup, U;(z) with U;(z) = pu(w(t) = ), we have

I = pP (@ (t) = wa(t)) = > p?(wi(t) = & = wa(t))
= Ui@)* <> Uz) =

and I; > V;?. Therefore we shall show that almost surely, limsup,_,, . I; >
co. It is sufficient to prove that if J; = I; 1(;,>.,) then for a constant
cp > 0,

lim sup fO > 1

t——+o0

almost surely,

OIS s

(indeed recall that foools ds = 400 almost surely).

We now have to choose cg > 0. Since 2R(00) > 1, there exists ¢ €
(0,15) and ¢y > 0 such that S*R(to)(1 — 4,/60) > 1. We let ¢g =
€ lnfogtgto ’I"(t)

Let us apply now It6’s formula of Theorem fl, between t — to and ¢, to
the function f(z1,%2) = L(z,=a):

(2) I = (F(@() = Nug + 1175, [P (w(t = t0))]

t
+ 32 / PP [P (W(8) Lo (5)=an(e))] ds
t—to
t
_ 2ﬁ2/ #;@3 [Ptgizsf(w(s))( L(y(s)=wn(s)) + 1(7(5):‘”2(5)))] ds
t—to

v [ B2 rlo)] s
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where

t dZ
Nto,t:/ ,U/s s ﬁ§ dBwZ(S - Z )
t—to

The following inequalities are standard folklore,and are crucial in our
proof: they will be used repeatedly hereafter and we provide a proof
in the appendix.

(3) 0 < PP f (w1, 22) <r(t) = PP f(w,2) <1

In particular, we have

t
(4) It > Nyt + 62/ T(t — S)Is ds
t—to

t
— 432 / p(PES (w(3)) 19— () 5.
t—to

Indeed, the second and fifth terms of () are non negative, in the second
term we have

P2 f(w(8)) Lior(9)=en(s)) = PLaf (@1(8), w1(5)) Lws(9)=en(s))
=7t = 5) L (s)=wa(s)) -
and finally, the fourth term can be written, thanks to symmetry of f,

—4p? /t tt 1P (PEF(@(8)) g s)=an (s))) ds
Claim 1 : h
1P (P (@(9)) L) (s) < Lainf (VI (t = 5),7(t = 5)) -
Indeed with Us(x) = us(w(s) = x) we have

M?B [Pt(%if( ( )) 1(7 5)= wl(s ZM Pt®2$ l‘ WQ( )) 1(7(5):“’1(5):9”)}

- ZU ) 1s (PELf (2, w(s)))

and

ps(PE2 f(, w( ZU () P22 f(z,y) < r(t—s ZU =r(t—s).

)

We also have, by Cauchy-Schwarz,

ps(PES f(w,w(s) (ZU ZZPt®23 f(z,y)) )
:\/[sr(Z(t—s g\/[srt—s),

1
2
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since if ©(t) = wy(t) — wo(t) we have, thanks to Markov property and
symmetry,

r(2t) = P(@(2t) = 0) = > Po(@(t) = y)Py(&(t) = 0) = Y _Po(@(t) = y)?
= ZP®2f (0,9)> =Y _ PP f(x,y)°

Claim 2 :

(5)
T T T
43%R(to) / Jods + / Iods > [ N dt
0 to

v T—to
+ 33 (1 - 4\/5)R(t0)/ I,ds.

Observe that when I, < ¢y and t —ty < s <, we have I, < eyr(t — s),
therefore, from Claim 1 we deduce that,
t

t
/ HEY(PE2 F(w(5)) Lis(o)on (o)) ds < / I/Tor (= 8) Lyp,cuny ds
t—to

t — 8 I 1(Is>00) dS

IN

r(t —s)Jsds.

L
f/ H(t — 51, ds
o

Plugging this inequality into (H) yields

t ¢
I, > Ny o+ 31 —4\/5)/ r(t—s)lsds —462/ r(t—s)Jsds.
t—to t—to

Given T' > t,, we are going to integrate this inequality between ¢, and
T. On the one hand,

T t
/ dt/ r(t —s)Jsds = // 1(0§u§t0,t0_u§g§T_u)Js’r’(u) dsdu
to t—to

T
< R(to)/ Jods.
0
On the other hand,

T—tg to T—tg
/ dt/ t—s)l ds>/ Isds/ r(u)du:R(to)/ I ds.
to 0 to

The claim follows immediately.
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Claim 3 : let Ny = ftf Ny, dt. Then as T' — +o00
Nr
fOT I, ds

Let us defer the proof of this claim. Since 0 < I, < 1 and foools ds =
400, we have,

— 0 in probability.

I.ds T ds
to l

1 =1 a.s.
T*“"f I, ds T Teteo f I, ds
Let ¢; = 20 fﬁ;é;()fgto . If we divide (f]) by ¢r = fOT I;ds and take

limsup as T" — +o0, we obtaln that almost surely

li ! / TJ d > i Nr
11m sup — sdS —Ci =2 11mSsup —-—
p 0 ! T—»oop 4ﬁ2R(tO)¢T

T—o0 T
. INT|
> limsup ———~—F———
- Tﬁ+o£) 432 R(to)pr
= — liminf Wiﬂ
T—+oo 432 R(to)pr
=0.
This yields
Jd
limsup =— fo i > a.s.
T—oo fO I, ds
Proof of Claim 3.
By Fubini’s theorem,
T t ) ) dZ
NT = /;0 dt/;_to lu® Pt(%s (u_)l Zﬁdsz S) Z )
T
dZ
_ / 182 | G(s, w1 (s) Z BdBugs(s) —257) |
0
with
(T*S)‘F/\to
0 S G(S, 1’1,1‘2) = / Pg%if(l’l,ﬂfg) dt S t(), V.Tl,.rg € Zd.
(to—s)*

Let us view Np = X as the value at time T of the continuous mar-

tingale
G(s,wi(s),ws(s)) (D BdBu,s)(s) — =

t
Xt:/ N?Q
0 i=1

We can compute its quadratic variation :

2 4z
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(X, X); < 467 / U [G(3,w1(5), wa(5)) G5, ws(5),0a(5)) (Lon mante + 1)) .

which satisfies

T
(6) (X, X), <85 / Ids.
0
Let € > 0, we shall prove that
T
(7) lim P(NT > e / Isds> ~0.
— 00 0

To this end, define J = ¢/(83%). We have

E|:65NT_§(X7X>Ti| — E[eéXT_%<X7X>Ti| —= 1

(since (X, X)) is bounded, Novikov’s criterion for the exponential mar-
tingale is obviously satisfied). It follows that

,_.
v

\Y,
g =5 o

SNp—92(X, X
<1(NT>€ fOTISds)e 3 >T>

<1w e 7 1ag e T MS)
T-€ Jg 1s

482062 [T Ids -
(1(NT>6 (a0 ) by (H)

T T
> A% K P(NT > € / Lds, / Lds > K),
0 0

for any constant K > 0. Consequently, we have
’ T 2 2
P(NT>€/ Isds) SP(/ Isd$<K>+6*4B tod K.
0 0

Since fOT I,ds — oo almost surely, we get
T 2 2
lim supP(NT > € / [sds) < e WK
T—o00 0

for any constant K > 0. Then by letting K — oo we get ([]). Consid-
ering the martingale —X, we prove in the same way that

(8) lim P(—NT>6/OTIsd5>:0.

T—o00

and this complete the proof of Claim 3.
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APPENDIX

We provide a proof of (B). Recall that f(z,y) = 1=, We let p;(x) =
P (w(t) = z) be the distribution of simple random walk at time ¢. Then,
by translation invariance:

PE2f (21, 20) = PE2, (wi(t) = wa(t))

=P (z; +wi(t) = 29 + ws(t))
— ZIP (21 + wi(t) = 2)P (29 + wo(t) = 2) (by independence)

= pi(z = 2)pi(z — )

2

Zpt(z —11)? Zpt(z — 1y)? (by Cauchy-Schwarz)

= (2> =r(t).

IN
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