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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR
QUASILINEAR NONHOMOGENEOUS PROBLEMS: AN
ORLICZ-SOBOLEV SPACE SETTING*

MIHAT MIHAILESCU AND VICENTIU RADULESCU
Department of Mathematics, University of Craiova, 200585 Craiova, Romania

E-mail addresses: mmihailes@yahoo.com vicentiu.radulescu@math.cnrs.fr

ABSTRACT. We study the boundary value problem —div(log(l + |Vul?)|Vu|P~=2Vu) = f(u) in 2, u = 0 on
09, where Q is a bounded domain in RY with smooth boundary. We distinguish the cases where either f(u) =
—NulP~2u+ul"2uor f(u) = Nu|P~2u—|u|""?u, with p, ¢ > 1, p+q < min{N,r}, and r < (Np—N+p)/(N —p).
In the first case we show the existence of infinitely many weak solutions for any A > 0. In the second case we prove
the existence of a nontrivial weak solution if A is sufficiently large. Our approach relies on adequate variational
methods in Orlicz-Sobolev spaces.
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1 Introduction and main results

Classical Sobolev and Orlicz-Sobolev spaces play a significant role in many fields of mathematics,
such as approximation theory, partial differential equations, calculus of variations, non-linear potential
theory, the theory of quasiconformal mappings, differential geometry, geometric function theory, and
probability theory. These spaces consists of functions that have weak derivatives and satisfy certain
integrability conditions. The study of nonlinear elliptic equations involving quasilinear homogeneous
type operators is based on the theory of Sobolev spaces W™P(Q) in order to find weak solutions. In the
case of nonhomogeneous differential operators, the natural setting for this approach is the use of Orlicz-
Sobolev spaces. The basic idea is to replace the Lebesgue spaces LP(€2) by more general spaces Lg(£2),
called Orlicz spaces. The spaces Lg(§2) were thoroughly studied in the monograph by Kranosel’skii
and Rutickii [[J] and also in the doctoral thesis of Luxemburg [[3]. If the role played by LP(Q) in the
definition of the Sobolev spaces WP(Q) is assigned instead to an Orlicz space L (§2) the resulting
space is denoted by W™ Lg(€2) and called an Orlicz-Sobolev space. Many properties of Sobolev spaces
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have been extended to Orlicz-Sobolev spaces, mainly by Dankert [ff], Donaldson and Trudinger [f], and
O'Neill [[[5] (see also Adams [fl] for an excellent account of those works).

This paper is devoted to the study of weak solutions for problems of the type

—div(a(|Vu(x)|)Vu(z)) = f(u(x)), for ze€Q
u(z) =0, for € 0Q

where Q C RV (N > 3) is a bounded domain with smooth boundary.

The first general existence result using the theory of monotone operators in Orlicz-Sobolev spaces
were obtained in [B] and in [{, [[0]. Other recent work that puts the problem into this framework is
contained in [, ], §, [1]. In these papers, the existence results are obtained using variational techniques,
monotone operator methods or fixed point and degree theory arguments.

The case where a(t) = t?=2 (p > 1, t > 0) is fairly understood and a great variety of existence
results are available. In this paper we focus on the case where a : [0,00) — R is defined by a(t) =
log(1 +t7) - tP, where p, ¢ > 1. We treat separately the cases where either f(t) = —\[t|P~2t + [t|" "2t or
f(t) = A|t|P~2t — |t|"~2t, where r < (Np — N +p)/(N — p) and X is a positive parameter.

We remark that we deal with a nonhomogeneous operator in the divergence form. Thus, we introduce
an Orlicz-Sobolev space setting for problems of type ([l)).

Define

©(t) :=log(1 + [t|9) - [t[P~2t, forall t € R

and .
O(t) := / o(s), for all t € R.
0
A straightforward computation yields

[t] gp+a—1

1+ s¢

ds,

1 q
O(t) = = log(1 + |t -tp——/
(t) » (14 [¢]7) - [¢] o )

for all £ € R. We point out that ¢ is an odd, increasing homeomorphism of R into R, while ® is convex
and even on R and increasing from R, to R,.
Set

t
O*(t) := /0 0 1(s) ds, for all t € R.

The functions ® and ®* are complementary N-functions (see [, 13, [[4]).
Define the Orlicz class

Kg(Q) := {u: Q — R, measurable; / O (Ju(z)|) de < 0o}
Q

and the Orlicz space
Ly () := the linear hull of Kg(2).



The space Ly () is a Banach space endowed with the Luxemburg norm

lullg = inf {k > 0; /ch (@) iz < 1}

or the equivalent norm (the Orlicz norm)

lull(@) == sup{‘/ uvdx | ;
Q

where ® denotes the conjugate Young function of ®, that is,

ve Ko(Q), /QE(\U\)dx < 1} ,

®(t) = sup{ts — ®(s); s € R}.
By Lemma 2.4 and Example 2 in [f], p. 243] we have

to(t) teo(t)
1<hrgg)lf 0 <igg 0

The above inequalities imply that ® satisfies the As-condition. By Lemma C.4 in [f] it follows that
®* also satisfies the Aj-condition. Then, according to [fl], p. 234, it folows that Lo (Q2) = Ke(9).
Moreover, by Theorem 8.19 in [fl] Ly (Q) is reflexive.

We denote by WL () the Orlicz-Sobolev space defined by

< 00.

S L@(Q), =1, ,N} .

€T

0
W1Le(Q) == {u € Lo(Q); a—“
This is a Banach space with respect to the norm

[ulle = llulle + [[Vullle.

We also define the Orlicz-Sobolev space Wi Le () as the closure of C§°(2) in W!Lg(2). By Lemma

5.7 in [J] we obtain that on W{Le(2) we may consider an equivalent norm
[ull = [[[Vullle-

The space W} Le(Q) is also a reflexive Banach space.

In the first part of the present paper we study the boundary value problem
—div(log(1 + |Vu(z)|9)|[Vu(z)[P~2Vu(z)) = —A|u(z) [P~ 2u(x) + |u(z)|""2u(x), for z€Q
u(z) =0, for z € 0.
We say that u € Wi Lo (Q) is a weak solution of problem ([]) if
/Qlog(l—HVu( 9| Va() P2V uVo dx+)\/ () P2 dm—/ ()" ~2u(z)o(z) do = 0

for all v € Wi Lg(12).
We prove the following multiplicity result.



Theorem 1. Assume thatp, ¢q>1,p+q<N,p+qg<r andr < (Np— N +p)/(N —p). Then for
every A > 0 problem () has infinitely many weak solutions.

Next, we consider the problem

—div(log(1 + |Vu(z)|9)|Vu(z) P72 Vu(z)) = Nu(z) [P~ 2u(z) — |u(z)[""2u(x), for € 3
u(z) =0, for x € 00.

We say that u € Wi Lo (Q) is a weak solution of problem ([}) if
/ log(1 + |Vu(z)|9)|Vu(z) P> VuVo dz — )\/ Ju(x) [P~ 2u(z)v(z) do —i—/ lu(x)|"2u(z)v(x) dx =0
Q Q Q

for all v € Wi La(12).
We prove

Theorem 2. Assume that the hypotheses of Theorem [ are fulfilled. Then there exists Ax > 0 such

that for any X\ > \., problem (§}) has a nontrivial weak solution.

2 Auxiliary results on Orlicz-Sobolev embeddings

In many applications of Orlicz-Sobolev spaces to boundary value problems for nonlinear partial differ-
ential equations, the compactness of the embeddings plays a central role. Compact embedding theorems
for Sobolev or Orlicz-Sobolev spaces are also intimately connected with the problem of discreteness of
spectra of Schrédinger operators (see Benci and Fortunato [f] and Reed and Simon [[L7)).

While the Banach spaces W!Lg(Q) and Wi Lg(€2) can be defined from fairly general convex prop-
erties of ®, it is also well known that the specific functional-analytic and topological properties of these
spaces depend very sensitively on the rate of growth of @ at infinity. Compactness is not an exception
and, using standard notions traditionally used to describe convex functions, we recall in this section a
compact embedding theorem for a class of Orlicz-Sobolev spaces.

Define the Orlicz-Sobolev conjugate ®, of ® by

i [T <
O, (¢) .—/0 o ds.

S N

Proposition 1. Assume that the hypotheses of Theorems [1 or [3 are fulfilled. Then the following

properties hold true.

1 -1
o
a) lim fo) ds < 00;
t—0 t s N
t q)—l
b) lim fo) ds = oo;
t—oo Jq SN
¢+t Np—N
c) tlggo ’l(k:t) =0, forall k>0 and all 1 <y < pNi_p-i-p



Proof. a) By L’Hopital’s rule we have

)
im —(t) = lim —gp(t)
N0 tPtd N0 (p + q)tpta—1
-1
1 log(l+t) 1 %o 1
= lim = lim —— = .
P+ qt\o td P+ q t\O0 qt? p+q

We deduce that @ is equivalent to tP*7 near zero. Using that fact and the remarks on p. 248 in [f] we
infer that a) holds true if and only if
1 ohe
lim —— ds < 00,

or

p+qg<N.

The last inequality holds since the hypotheses of Theorems [l or ff are fulfilled.
b) By the change of variable s = ®(7) we obtain

") L [T O re(n) o
/1 N1 ds—[p_l(l) () (®(7)) dr. (4)

S N

A simple calculation yields

T optg-1 T optg-1 1
/ 5 ds / 5 ds —7P
0 < lim 01;8(1 < i L b

=1 - £ =
T—oo 7P log(1 + 79) — 0 7P log(1 + 79) 60 7P log(1 + 79)

T gptg—1
/ ds
0 1 —|— s4

Thus

= =0 5
b TP log(1 + 79) (5)
A first consequence of the above relation is that
O(t) 1

_— =, 6
500 1P log(1+41t1) p (6)

On the other hand, by (E),

. Tp(T) ) 7P log(1 + 79)
lim = lim —
T—00 CI)(T) T—00 1 q 7 P
—7Plog(1 4 79) — = ds
P pJo 1+ s1
T gpta—1 -1 (7)
T ds
= pli 1—q- 20 - 1> =
pTLr{.lo 1 TP ]og(l + 7—q) p



and

1
; — lim —¢? ay |1 —
thrglo O(t) = thrglo pt log(1+1t7) |1—¢q 7 Tog(1 1 1)

Relations (ff), () and (§) yield
toi(s)

tllglo e
1 s~

s = 0.

Equivalently, we can write

/°° dr C
d-1(1) [‘I)(T)]l/N a

or, by (),

/OO dr C s
o-1(1) TP/ Nlog(1 + TN
Since

log(1+6)<6, V6>0

we deduce that
1 1

TP/N[log(l + TQ)]l/N = r(p+q)/N’ vr>0.
Since p + ¢ < N, we find
o
/ r~+)/Ngr — oo
>=1(1)
and thus relation (f) holds true. We conclude that
t (I)—l
lim NJE;S) ds = oo
t—oo J1 sTN
c) Let v be fixed such that 1 <~y < (Np— N +p)/(N — p).
By Adams [fl, p. 231], we have
1 i vk
i =0 0
v o, (kt) ’ ~
if and only if
(1)
o0 11/
Using again L’Hoépital’s rule we deduce that
: . '(t) . ()
< .
h?iso‘olp /(1) = (v+1) hltrlsololp P aE
Setting 7 = ®(t) we obtain
d1(1) T
limsup ——= < (y+ 1) limsup ————.
t—>oop ti/(+1) — (7 ) T—>c>op [@(T)]ﬁJr%

/ ds
CJo 14T

(10)



Since v < (Np — N + p)/(N — p) we have

N(y+1)
N+qy+1

Using the above inequality and (f) we get

N(y+1)
I T N+~v+1 0
msup ———— =
T—00 @(7—)

We conclude that c) holds true.
Thus the proof of Proposition [l is complete. O

Remark 1. Proposition [] enables us to apply Theorem 2.2 in [§] (see also Theorem 8.33 in [[i]) in order
to obtain that Wi Lo (S2) is compactly embedded in LV71(Q) provided that 1 <~y < (Np—N+p)/(N —p).

An important role in what follows will be played by

Remark 2. By Ezample 2 on p. 243 in [JJ] it follows that

P’ =p+a

3 Proof of Theorem [

The key argument in the proof of Theorem [l is the following Zo-symmetric version (for even functionals)
of the Mountain Pass Lemma (see Theorem 9.12 in [[If]).

Mountain Pass Lemma. Let X be an infinite dimensional real Banach space and let I € C*(X,R)
be even, satisfying the Palais-Smale condition (that is, any sequence {xn,} C X such that {I(x,)} is
bounded and I (x,) — 0 in X* has a convergent subsequence) and I(0) = 0. Suppose that

(11) There ezist two constants p, b > 0 such that I(z) > b if ||z|| = p.
(12) For each finite dimensional subspace X1 C X, the set {x € X1; I(x) > 0} is bounded.

Then I has an unbounded sequence of critical values.
Let E denote the Orlicz-Sobolev space Wi Lo (f2). Let A > 0 be arbitrary but fixed.
The energy functional associated to problem (B) is Jy : E — R defined by

Ta(u) = / (| Vu()]) dz + > /|u |pdx——/|u " da.

By Remark [l, Jy is well defined on E.
Let us denote by Jy 1, Jy2 : £ — R the functionals

Ta (w) ::/Q<1>(|Vu(x)|)dx and Jy(u /|u )P dx——/ lu(z)|" de.



Therefore
I(u) = Jy1(u) + ho(u), VuekE.

By Lemma 3.4 in [§] it follows that .J A1 s a C'! functional, with the Fréchet derivative given by
(S (w),v) = / log(1 + [Vu(2)|")|Vu(z) [P~ Vu(z)Vo(z) dr,
Q

for all u, v € E.
Similar arguments as those used in the proof of Lemma 2.1 in [J] imply that J )2 s of class C 1 with

the Fréchet derivative given by

(o), v) = A /Q () P2 )o() de — /Q ()" 2u(z)o(z) da

for all u, v € E.
The above information shows that .Jy € C*(E,R) and

(Jy(u),v) = /log(1+ |Vu(z)|9)|Vu(z)|P2Vu(z) Vo(z) do
Q
+ )\/ lu(x) [P~ 2u(z)v(x) dr — / lu(z)|" " ?u(x)v(x) dx
Q Q
for all u, v € E. Thus, the weak solutions of (f) coincide with the critical points of Jy.

Lemma 1. There exist 1 > 0 and a > 0 such that Jy\(u) > a > 0 for any v € E with ||u|| = n.

Proof. In order to prove Lemma [l| we first show that
o(t) > "' ®(t/7), Vt>0andr € (0,1], (11)

where pY is defined in the previous section.

Indeed, since

to(t)
0
= su
S 0
we have (1)
2 0
< Yt>0.
o) =P =

Let 7 € (0,1] be fixed. We have

t/T S t/T .0 o
log(®(t/7)) — log(®(t)) = /t g((s)) ds < /t %dszlog(fp)

and it follows that ([[J) holds true.
Fix u € F with ||Jul| <1 and ¢ € (0, ||u||). Using relation ([L1)) we have

/Q<1>(|Vu(x)|)dx2£po/gfl> <W> da. (12)

8



Defining v(z) = |Vu(x)|/&, for all z € Q, we have ||v||¢ = [Jul|/{ > 1. Since ®(t) < t“’p&, for all t € R,
by Lemma C.9 in [[] we deduce that

[ @) de = olly > 1 (13)
Q
Relations ([J) and ([3) show that
/ ®(|Vu(z)|) dz > &
Q
Letting & /" ||u|| in the above inequality we obtain

/ O(|Vu(z)|) de > Hu||p0, Vu € E with |ul]| < 1. (14)
Q

On the other hand, since E is continuously embedded in L"(£2), it follows that there exists a positive
constant C7 > 0 such that

/ lu(z)|" de < Cy - ||ul]", YueE. (15)
Q

Using relations ([[4) and ([[§) we deduce that for all u € E with ||u|| < 1 we have

IO / & (|Vu(u das——/|u )" do
1
> A T
>l = =l

Ch 0
= (1= T

But, by Remark [ and the hypotheses of Theorem [, we have p® = p+¢ < r. We conclude that Lemma
holds true. O

Lemma 2. Assume that Ey is a finite dimensional subspace of E. Then the set S = {u € Ey; Jy(u) >
0} is bounded.
Proof. With the same arguments as those used in the proof of relation ([L1]) we have

d(ot) 0
< oP .
3(0) <of, Vt>0ando >1 (16)

Then, for all u € E with |lu|| > 1, relation ([L6) implies

[amvu@n e = [ o (15 a

o] [P° /Qcp <%> dz (17)

IN

< lul”.

On the other hand, since F is continuously embedded in LP(2) it follows that there exists a positive
constant Cy > 0 such that

/ |u(z)|P de < Cy - ||ullP, YuekE. (18)
Q

9



Relations ([[7) and (I§) yield
oA 1 -
In(w) < ull” + = Co - Jul]” — —/ u(a)[" d, (19)
p rJa

for all uw € FE with |lul| > 1.
We point out that the functional |- |, : E — R defined by

ol = ([ o as) "

is a norm in E. In the finite dimensional subspace E; the norms |.|, and ||.|| are equivalent, so there

exists a positive constant C5 = C3(E1) such that
|lul| <Cs-|ul,, YuekE.
The above remark and relation ([[9) imply
oA 1 _
Iaw) < el + - Co - fJull” = 2+ G B [

for all u € Ey with |lul > 1.

Hence ) 1
0 —
[Jul” + . Co - Jlull? = —- C5 Y flul” >0, (20)

for all u € S with |lu|| > 1. Since, by Remark B and the hypotheses of Theorem [l we have r > p° > p,
the above relation implies that S is bounded in FE. U

Lemma 3. Assume that {u,} C E is a sequence which satisfies the properties

[Ia(un)| < M (21)

Jy(un) — 0 asn — oo, (22)
where M is a positive constant. Then {u,} possesses a convergent subsequence.

Proof. First, we show that {u,} is bounded in E. Assume by contradiction the contrary. Then,
passing eventually to a subsequence, still denoted by {u, }, we may assume that ||u,| — oo as n — occ.
Thus we may consider that ||u,| > 1 for any integer n.

By (P2) we deduce that there exists Ny > 0 such that for any n > N; we have

[ T3 (un) || < 1.
On the other hand, for any n > N; fixed, the application
E>v— (J;\(un),w

10



is linear and continuous.

The above information yields
[T\ (wn), o) < [Ty (wa)] - o]l < [loll, Vo€ E, n> Ny
Setting v = u,, we have
—llunll < /Qlog(1+ [V (u)|*) [V ()7 dx—{—)\/ﬂ|un(x)|p dfﬂ—/ﬂlun(fﬂ)lr da < lun,
for all n > N;. We obtain
= [lunl —/Qlog(lJr |V (u)|1) [V ()7 dfﬂ—A/ﬂlun(fv)lp dx < —/Qlun(fﬂ)lr da,

for any n > Nj.
If ||u,|| > 1, then relations (21) and (R3) imply

M > Jy(u,) = O(|Vup(x)]) de + — / |un (2)|P dz — —/ |t (z)|" dx

/,

> /Q<I>(|Vun( )|) dz + X <Z—)_—> /|un WP dz —
1
/,

1
log(1 + [V (u)|*)[Vun () dz — — - |luz]

B Vutn (@) da— / (Vi (@) ) [Vt ()| i+
(9]

11 A T

v (5-2) [P o= 2l

Since

we find

[ ovunD =1 [ o(vuDTue) ez (1-2) [ o(vu @) i

Using the above relations we deduce that for any n > Nj such that ||u,| > 1 we have

M > <1 - p;) . /Q<I>(]Vun(x)]) do — % Nl

Since ®(t) < (tp(t))/p for all t € R we deduce by Lemma C.9 in [{] that

| (e do >
Q

for all n > Ny with |lu,| > 1.

11

(23)

(24)

(25)



Relations (P4) and (R5) imply
0

P 1
M (1— —) MenlP = 2 - el
T T

for all n > Ny with |ju,|| > 1. Since p° < r, letting n — oo we obtain a contradiction. It follows that
{u,} is bounded in E.

Since {u,} is bounded in E we deduce that there exists a subsequence, still denoted by {uy}, and
up € F such that {u,} converges weakly to uy in E. Since E is compactly embedded in LP(£2) and
L"(Q) it follows that {u,} converges strongly to ug in LP(€2) and L"(€2). Hence

lim Jy2(up) = Jr2(uo) and nh_)ngo J;\,Q(un) = J;“z(uo). (26)

n—oo
Since

J)\71(u) = J)\(u) — J)\72(u), Vue E,

relations (6) and (P3) imply

lim J;\71(un) = —J;\72(u0), in E. (27)

n—oo

Using the fact that ® is convex and thus J) ; is convex we have that

Iai(un) < JIxi(ug) + <J;\,1(un),un — up).
Passing to the limit as n — oo and using (B7) we deduce that

limsup Jy 1(un) < Jx1(uo)- (28)

n—0o0

Using again the fact that J)y ; is convex, it follows that J) ; is weakly lower semicontinuous and hence

liminf Jy 1 (w,) > Jx1(uo). (29)

n—0o0

By (B) and (29) we find
lim Jy1(un) = Jx1(uo)

n—0o0
or

lim [ ®(|Vu,(z)]) de = /Q<1>(|Vu0(x)|) dx . (30)

n—oo 9]

Since @ is increasing and convex, it follows that

# (31Vun(0) = Vuo(@)l) < @ (3 (Vo] + Vg (o)) ) < 2Tl Prol))

for all x € 2 and all n. Integrating the above inequalities over 2 we find

0< /Qq> <%|V(un —uo)(ﬂz)|> i < /ﬂ

12

O(|Vuy(x)|) de + /Q O(|Vug(z)|) de

2 )




for all n. We point out that Lemma C.9 in [{] implies
/Q<1>(|Vun(x)|) dr < ||lun|lP <1, provided that |ju,| <1,
while relation ([[§) yields
/QCD(\Vun(x)\) dx < Huano, provided that ||u,| > 1.

Since {u,} is bounded in E, the above inequalities prove the existence of a positive constant K7 such
that

/ O(|Vuy(x)|) de < K,
Q

for all n. So, there exists a positive constant Ky such that

0< /QCD (%\V(un - uo)(x)]> dzx < Ko, (31)

for all n.
On the other hand, since {u,} converges weakly to ug in E, Theorem 2.1 in [§] implies
ouy,

o Ox;

0
vdw—>/ uovdx, Vve Ly (), Vi=1,...,N.
o Ox;

In particular this holds for all v € L*°(£2). Hence {%—Z’Z} converges weakly to gilf; in L1(Q) for all
i =1,...,N. Thus we deduce that

Vup(x) = Vup(z) ae. x € Q. (32)

Relations (BI) and (BJ) and Lebesgue’s dominated convergence theorem imply
1
lim [ & <—|V(un - uo)(az)|> dxr = 0.
n—oo [ 2

Taking into account that ® satisfies the As-condition it follows by Lemma A.4 in [A] (see also [I], p.
236) that

lim H—(un —up)|| =0
n—oo || 2
and thus
lim ||(un —uo)|| = 0.
n—oo
The proof of Lemma [ is complete. O

PROOF OF THEOREM [] COMPLETED. It is clear that the functional Jy is even and verifies Jy(0) = 0.
Lemma [J implies that Jy satisfies the Palais-Smale condition. On the other hand, Lemmas [] and [
show that conditions (I1) and (I2) are satisfied. Thus the Mountain Pass Lemma can be applied to the
functional Jy. We conclude that equation (f]) has infinitely many weak solutions in E. The proof of

Theorem fl] is complete. U

Remark 3. We point out the fact that the Orlicz-Sobolev space E cannot be replaced by a classical
Sobolev space, since, in this case, condition (I1) in the Mountain Pass Lemma cannot be satisfied. For
a proof of that fact one can consult the proof of Remark 4 in B (p. 56-57).
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4 Proof of Theorem [2

Let A > 0 be arbitrary but fixed. Let I : E — R be defined by

Iy(u) == / O(|Vu(z dx——/|u WP da + = /|u ) da.

The same arguments as those used in the case of functional Jy show that Iy is well-defined on E and
I, € C1(E,R) with the the Fréchet derivative given by

(I;\(u),v> = /Qlog(l + [Vu(z)|)|Vu(z) P2 Vu(z)Vo(z) dr

P=2y(x)v(z) dz w(@)|" 2u(z)v(z) dz
—A/Q|u<x>| <><>d+/9|<>| (#)o(z) d

for all u, v € E. This time our idea is to show that I, possesses a nontrivial global minimum point in

E. We start with the following auxiliary result.
Lemma 4. The functional Iy is coercive on E.

Proof. In order to prove Lemma f| we first show that for any b, d > 0 and 0 < k < [ the following
inequality holds

k/(1—k)
b-tk—d-tlgb-<3> , Yt>0. (33)
Indeed, since the function
[0,00) >t — ¢’

is increasing for any 6 > 0 it follows that

p\ (k)
b—d-tF <o, Vt><3> )

b\ R/ (=F) p\ 1/ (=Fk)
tk-(b—d-tlk)gb-tk<b-<g> , Vte 0’(8) .

The above two inequalities show that (B3) holds true.
Using (BJ) we deduce that for any = € Q and u € E we have

and

] @/ )
A 1 A {u} by

— - Ju(@)[P = = Ju(z)]" < —-

p r p p
where D1 is a positive constant independent of u and z. Integrating the above inequality over ) we
find

A 1
—/ fu(z)|? dm——/ (@) dz < Dy, YueE (34)
P Ja T Ja

where Dy is a positive constant independent of u.

14



Using inequalities (RF) and (B4) we obtain that for any u € E with |jul| > 1 we have
Ix(u) = [[ul]” = Ds.
Thus I is coercive and the proof of Lemma { is complete. O

PrOOF OF THEOREM [ First, we prove that I, is weakly lower semicontinuous on E. Indeed,

using the definitions of Jy ; and J) » introduced in the above section we get
I\(u) = Jaa1(u) — Jr2(u), Yu€eE.

Since ® is convex it is clear that J)y ; is convex and thus weakly lower semicontinuous on E. By Remark
the functional Jy » is also weakly lower semicontinuous on . Thus, we obtain that I is weakly lower
semicontinuous on F.

By Lemma ] we deduce that I} is coercive on E. Then Theorem 1.2 in [[[§] implies that there exists
uy € E a global minimizer of I and thus a weak solution of problem (f).

We show that u) is not trivial for A\ large enough. Indeed, letting ty > 1 be a fixed real and €2y be
an open subset of Q with |Q;| > 0 we deduce that there exists u; € C§°(Q2) C E such that u;(z) = to
for any z € Q1 and 0 < uy(z) < tg in 2\ Q7. We have

L(uw) = /QCD(\Vul(x)\) dm—%/ﬂ\ul(ﬂv)]p dm—i—%/g]ul(x)\r dx
A

< L——/ lur ()P da
P Jo,

< L—itg‘Ql‘
p

where L is a positive constant. Thus, there exists A\, > 0 such that I)(u;) < 0 for any A € [A,,00). It
follows that Iy(uy) < 0 for any A > A, and thus u, is a nontrivial weak solution of problem (fJ) for A
large enough. The proof of Theorem P is complete. O
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