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STATISTICS ON ORDERED PARTITIONS OF SETS AND ¢-STIRLING
NUMBERS

MASAO ISHIKAWA, ANISSE KASRAOUI, AND JIANG ZENG

ABSTRACT. An ordered partition of [n] := {1,2,...,n} is a sequence of its disjoint sub-
sets whose union is [n]. The number of ordered partitions of [n] with & blocks is k!5 (n, k),
where S(n, k) is the Stirling number of second kind. In this paper we prove some re-
finements of this formula by showing that the generating function of some statistics on
the set of ordered partitions of [n] with k blocks is a natural g-analogue of k!S(n, k). In
particular, we prove several conjectures of Steingrimsson. To this end, we construct a
mapping from ordered partitions to walks in some digraphs and then, thanks to transfer-
matrix method, we determine the corresponding generating functions by determinantal
computations.
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1. INTRODUCTION

An (unordered) set partition of [n] = {1,2,...,n} is a collection of its disjoint subsets,
called blocks, whose union is [n]. By convention, the standard notation of a partition of
[n] is 1y = By — By —- - - — By, where the blocks B; are arranged in increasing order of their
minimal elements and in each block B; the elements are arranged in increasing order. Let
|| = n if 7 is a partition of [n]. Let P* be the set of partitions of [n].
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An ordered partition 7 of [n] with k blocks is a rearrangement of blocks of a partition
in P%. Namely @ = By1) — By2) — ++* — Bo(i), where o is a permutation of [k]. We will
say that o is the permutation induced by 7 and set 0 = perm(m).

Let OP be the set of ordered partitions of [n] into k blocks, OP,, = J,-, OP% be
the set of all ordered partitions of [n], and OP* = U,>1 OP" be the set of all ordered
partitions into k blocks. Clearly we have |OP,| = Y_¢_, k!S(n, k), where S(n, k) is the
Stirling number of second kind and it is not hard to derive the following exponential
generating function :

2" 1 22 23 2
n>0
Define the p, g-integer [n],, = p;:gn, the p, g-factorial [n],,! = [1],4[2]p.q - - 7]y, and
the p, g-binomial coefficients
n [n]p,q!
= ’ n>k>0.
|:k::| P,q [k]nq![n - k]pvq!

If p = 1, we shall write [n],, [n],! and [Z]q for [n]1q, [n]1q! and [}], , respectively.

The following g-analogues of Eulerian numbers and Stirling numbers of the second kind
were first introduced by Carlitz [, B
The ¢-Eulerian numbers <Z>q (n > k > 0) are defined by

<Z>q:qk[n—k]q<z:i>q+[k+1]q<n;1>q.

The first values of the ¢-Eulerian numbers <Z>q (n >k >0) read

n\ k|0 1 2 3
1 1
2 1 q
3 |1 2q + 2¢° 7
4 |1 3¢+5¢%+3¢ 3¢ +5¢*+3¢° ¢

Let 0 = o(1)0(2)...0(n) be a permutation of [n], the integer i € [n — 1] is called
a descent of o if o(i) > o(i + 1). The major indezx of o, noted majo, is the sum of
its descents, i.e., majo = ). i, where the summation is over all descents i of 0. Then
Carlitz [H] gave the following combinatorial interpretation of ¢-Eulerian numbers:

n .
— maj o
< 2 >q 20: R
where the summation is over all permutations of [n] with k descents.
The ¢-Stirling numbers S,(n, k) of the second kind are defined by:

Sq(n, k) = qk’lSq(n — 1, k—1)+ [k];Sy(n — 1, k) (n>k>0), (1.1)
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where S,(n,k) = 0,5 if n =0 or k = 0. The first values of the ¢-Stirling numbers S,(n, k)
read

n\k|1 2 3 4
1 1
2 1 q
3 |1 1+q+4q° ¢

4 |1 14+3¢+2¢°+¢* #4288 +2¢" +¢° ¢°
There has been a considerable amount of recent interest in properties and combinatorial
interpretations of the g-Eulerian numbers and ¢-Stirling numbers and related numbers (see

eg. B B 0 @ B B [0 01, [3 I3, [4, Id).

The following identity was derived in [[[7:

(K], S, (n, k) = qu%—m) B__T;L <m71 1>q. (1.2)

In the aim to give a combinatorial proof of ([.3), Steingrimsson [[J] introduced the fol-
lowing

Definition 1.1. A statistic Stat on OP" is called Euler-Mahonian if its generating func-
tion is equal to [k],\S,(n, k), i.e.,

Z > = [k]g! Sy(n, k).

T€OPE

Steingrimsson [[[J] has found a few of Euler-Mahonian statistics and conjectured more
such statistics on ordered partitions. From a different point view, Wachs [[f] has also
obtained some Euler-Mahonian statistics on ordered partitions. Although Zeng [1§] has
showed that much more such statistics can be derived from some classical bijections
between ordered partitions and weighted Motzkin paths, it is not clear how to encode the
conjectured statistics of Steingrimsson by the statistics obtained by this method.

It is the purpose of this paper to propose a new approach to attack such kind of problem.
We shall construct a bijection ¢ between ordered partitions and some walks in some
digraphs (see section 3). This bijection keeps track of several statistics of Steingrimsson.
Then, by transfer-matrix method, we evaluate the generating functions of these statistics
on ordered partitions and prove that they are indeed Euler-Mahonian.

2. DEFINITIONS AND MAIN RESULTS

2.1. Definitions. Let 1 = B; — By — - -- — By, be a partition in (’)Pﬁ. The opener of a
block in 7 is its least element and the closer is its greatest element. The sets of openers
and closers of 7 are denoted by open(w) and clos(w), respectively. We define a partial
order on blocks B;s as follows : B; > B; if all the letters of B; are greater than those of
Bj; in other words, if the opener of B; is greater than the closer of B;. We say that 7 is
a block descent in 7 if B; > B;1. The block major index of 7, denoted bmaj(m), is the
sum of the block descents in m. A block excedance (resp. block inversion) in m is a pair
(i,7) such that ¢ < j and B, < B; (resp. B; > B;). We denote by bExcr (resp. blnvr)
the number of block excedances (resp. block inversions) in 7. Let block(i) be the index

of the block (counting from the left) containing ¢, namely the integer j such that i € B;.
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Following Steingrimsson [[[J], for 1 < i < k we define ten coordinate statistics on
™ e OPk .
= #{j € open(m)|i > j, block(j) > block(i)},
= #{j € open(n)|i < j, block(j) > block(i)},
= #{j € clos(m)|i>j, block(j) > block(i)},
= #{j € clos(m) |i < j, block(j) > block(i)},
#{j € open(m) |1 > j, block(j) < block(i)},
)}
}
}
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and let rsb;(m) (resp. lsbi(m)) be the number of blocks B in 7 to the right (resp. left) of
the block containing i such that the opener of B is smaller than ¢ and the closer of B is
greater than ¢. Then define ros, rob, rcs, rcb, lob, los, lcs, Icb, Isb and rsb as the sum
of their coordinate statistics, e.g.

ros = Z rOs;.

For any set of nonnegative integers A and a composed statistic Stat on ordered partitions,
we define stat(A) as the sum of the coordinate statistics in A, i.e.,

stat(A) == Z stat;.

€A

Now, for any mapping f from OPQ to the set of subsets of [n], we define stat(f) by
stat(f)(m) := stat(f(m)).

For a permutation o of [n], the pair (i,j) is an inversion if 1 < ¢ < j < n and
o(i) > o(j). Let inv o be the number of inversions in o and

. n .
cInvo = (2) —1mvo.

By convention, for a partition 7, we put inv 7 = inv(perm(7)) and cinv 7 = cinv(perm(7)).
Note that P¥ = {r € OP" | inv 7 = 0} and blnv 7 = 0 for each 7 € P*.

Given an ordered partition 7, let 7" be the ordered partition obtained from 7 by
reversing the order of the blocks. This turns a left (resp. right) opener into a right
(resp. left) opener, and likewise for the closers. Moreover, let 7¢ be the ordered partition
obtained by complementing each of the letters in 7, that is , by replacing the letter ¢ by
n+1—i. Then, it is easy to see that rob(7°) = res(m) and ros( ¢) = rcb(7), and likewise
for the left and closer statistics. Thus the eight statistics obtained by independently
varying left /right, opener/closer and smaller/bigger fall into only two categories when
it comes to their distribution on ordered partitions. One of these categories consists of
rob, lob, rcs and lcs, and the other contains ros, los, rch and lcb. Note that these results

are completely false on the unordered set partitions.
4



For instance, we give the values of the coordinate statistics computed on the partition
T=68—-5—-147-39—-2:

T= 68 — 5 — 147 — 39 — 2
los;: 00 — 0 — 002 — 13 — 1
ros;: 44 — 3 — 022 — 11 — O
lob;: 00 — 1 — 220 — 20 — 3
rob;: 00 — 0 — 200 — 00 — O
les;: 00 — 0 — 001 — 03 — O
resj: 23 — 1 — 011 — 11 — O
Ileh;: 00 — 1 — 221 — 30 — 4
rchy: 21 — 2 — 211 — 00 — O
Isby: 00 — 0 — 001 — 10 — 1
rsh;: 21 — 2 — 011 — 00 — O

Note that there are four block inversions: {6,8} > {5}, {6,8} > {2}, {5} > {2} and
{3,9} > {2}, and two block descents at i = 1 and 4; thus blnvm = 4 and bmaj 7 =
1 +4 = 5. Note also that bExcm = 0. Moreover, perm(mw) = 54132 and thus inv(7) = 8
and cinv(r) = (J) — 8 =2.

Inspired by a statistic mak due to Foata & Zeilberger [f]] on the permutations, Ste-
ingrimsson introduced its analogous on (’)Pfl as follows:

mak = ros + lcs,
lmak = n(k—1) — [los + res],
mak’ = lob + rcb,

Imak’ = n(k — 1) — [lcb + rob].

The following result was first noticed by Ksavrelof and Zeng in [f]. For completeness, we
include a more straightforward proof.

Proposition 2.1. For any 7 € OP* we have

mak = lmak’ and mak’ = Imak.
Proof. For m = By — By — -+- — By € OPF and i € [n] we have

(los; + lob; + ros; 4 roby)7m = (les; + leb; + res; + reby)m = k — 1.
Il follows that
los + lob + ros + rob = les 4 Icb + res + reb = n(k — 1).
The Proposition is then equivalent to
lob + los = lcb + Ics,

which is obvious. O

In view of the above proposition the conjectures in [[[J] are reduced to the following
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Conjecture 2.2 (Steingrimsson). The following statistics are Euler-Mahonian on OP :
mak + bInv, lmak + blnv, mak + bMaj, Imak + bMaj,

k k
cinvLLSB := Isb 4 cblnv + <2) and cmajLSB :=1Isb + cbMaj + <2> ;

where cblnv = (12() — blnv and cbMaj = (g) — bMaj. In other words, the generating
functions of the above statistics over OPE are equal to [k],'S,(n, k).

Let m be a partition of [n]. A singleton is the element of a block which has only one
element. Now, consider a block B of a partition m whose cardinal is > 2. An element of
B is a strict opener (resp. strict closer) if it is the least (resp. greatest) element of B,
and a transient if it is neither the least nor greatest element of B.

The sets of strict openers, strict closers, singletons and transients of © will be denoted
by O(r), C(n), S(w) and 7 (), respectively. The 4-tuple A(7) = (O(x), 7T (7), S(w),C())
is called the type of 7. For instance, for the partition 7 =35 —246 —1 — 78, we get

O(m) ={2,3,7}, C(r)={5,6,8}, S(m)={1} and T(m)={4}.
Clearly we have open = O US and clos = C U S therefore we get
bInv =rcs(OUS) and inv =ros(OUS),
bExc =les(OUS) and cinv =los(OUS).

2.2. Main results. Consider the following two generating functions of ordered partitions
with & > 0 blocks:

gbk(a; z,y,t, u) - Z o (mak+bv)m ycinvLSBn finv m ucinvwahr\’ (2.1)
weOPF

@k(a; 21, U) - Z Z(lmakerInv)ﬂ finv m, cinv a\ﬂ. (22)
TEOPF

The following is the main result of this paper.
Theorem 2.3. We have

a* (1) G [k 1.0

AT, Y,1,U) = k . ) 2.3

S VA 29
a Z<§) tzu-.

or(a; 2, t,u) = : ! (2.4)

Hi:1(1 — ali],) '

The proof of this theorem will occupy the whole Section 3. We first derive some results

on Euler-Mahonian statistics on ordered partitions.
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By definition, the combinatorial interpretations of the following specializations of ¢y
and y, are obvious:

D g gl = gy (a59,1,1,1),

TeOQPF

Z qcinVLSBﬂ' al™ = or(a;1,q,1,1),
TcOPF

Z gUmakebInv=iny eimim g lml — o (0:q.1,1/q, q),
TeOPF

> glemsBrin T it — g (a51,q,q.1/q),
TeOPF

> qUmarttnm gl — o (a5q,1,1),
TeOPF

Z g(malkPlnv—iny +einv)r o lr| _ vr(a;q,1/q, q).
TE€OPF

Applying Theorem R.3 we see that the right-hand sides of the above six identities are all
equal to

ot q@lK), :
T (-l nzzk[k:]qlsq(n, k) a", (2.5)

where the last equality follows directly from ([.1]). Thus we have proved

Theorem 2.4. The following sixz inversion-like statistics are Euler-Mahonian on OP:

mak + blnv, mak + bInv — (inv —cinv) ,
Imak + bInv, Imak + bInv + (inv —cinv) ,
cinvLSB, cinvLSB + (inv —cinv) .

2.3. Consequence on partitions. Since a partition is an ordered partition without
inversion, so we can derive the following "hard” combinatorial interpretations for ¢-Stirling
numbers by putting ¢ = 0 and extracting the coefficient of a™ in Theorem P.3:

Sq(’I’L, k’) _ Z qmak7r _ Z qlmakﬂ _ Z qlsb7r+(;).

wePk wePk wEPk

The first two interpretations were proved by Ksavrelof and Zeng [(]. The third interpre-

tation was first proved by Stanton (see [14]).
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Note that by definition k(1 — k) + cinvLLSB = Isb — blnv, then by noticing that the two
statistics inv and blnv vanish on (unordered) partitions, we get that

Z qmakﬂah‘ — gbk((l,q, 1707 1)’

rePk

S 85 = o 1,0,0.1),
TePk

Z qlmakﬂa\ﬂ _ (Plg(af, q,O, 1)

rePk

Now, applying Theorem P.J we see that the right-hand-sides of the above three identities
are equal to Y, -, Sy(n, k)a™ in view of (B-5).

3. PROOF OF THEOREM 2.3

3.1. Ordered partitions and walks in digraphs. Let 1 = By — B, —--- — B, be a
partition of [n] and ¢ an integer in [n]. The restriction B;(< i) := B; N [i] of the block B;
is said to be opened if B ¢ [i] and BN [i] # 0, closed if B C [i], and empty if BN [i] = (.
The i-th trace of w, T;(r), is defined by

Ti(m) = B1(< 1) — Bo(<4) — -+ — Bi(<9),

where the empty restrictions are not written. The sequence (7;(7))1<i<n is called the
trace of the partition m. We denote by op, 7 and cl; 7 the numbers of opened blocks
and closed blocks, respectively, in T;(m) and set F;(7) = (cl; m,0p; 7) for 1 < i < n with
Fo(m) = (0,0). The sequence (F;(m))o<i<n is called the form of the partition 7.

For instance, if 7 = {6} —{3,5,7} —{1,4,10} — {9} — {2, 8}, then Tg(7) = {6} —{3,5,--- } —
{1,4,---} —{2,--- }, where each opened block has an ellipsis, and we get Fg(m) = (1, 3).

Remark 3.1. Given the form of a partition, it is easy to deduce its type, and reversely.
Indeed, let i € [n| and suppose that F;_1(m) = (k,l), then

(k,l+1), ifi € O(m);
FT) =9 (k.0), ifieT(n);
(k+1,0-1), ifieC(n).

Note that if [ = 0, then i can be neither a strict closer nor a transient (I = 0 means
that all the blocks in T;_; 7 are closed).

For any integer k > 0, let Dy, be the digraph with vertex set Vi = {(7,7) € N?|i+j < k},
and there is an edge in Dy, from (4, 7) to (¢, j) if and only if (¢, j') = (i, 5) with 7 > 0 or
(7,7 e{(i,7+1), (i +1,7), (i+1,57—1)}. It is obvious that the number of vertices of
Dy, is equal to

~ k+1)(k+2
k::1+2+---+(k3+1):()2#.
Let vy,---,v; be the vertices of D), arranged according to the following order: (i,j) <
(¢/,j") if and only if i + j < i + 7 or (i+j =17+ 7 and j > j'). For instance, we get
8



vy = (0,0), v2 = (0,1), v3 = (1,0), v4 = (0,2), vs = (1,1), v6 = (2,0),--- ,v; = (k,0).
An illustration of Dy, is given in Figure 2.

A
AN

N
T T

S R AN

\V)

oO——>0—>0—>0

0 1 2 3

FiGUure 1. The digraph Dy

A path of length n in Dy is a finite sequence (sg, s1,. .., S,) of points in V} such that
(8i,8i+1) is an edge for i = 0,...,n — 1. The step (s;, $;+1) is called North (resp. Fast,
South-East and Null) if s;11 = (z;,y: + 1) (vesp. si1 = (3 + 1L, y:), $iv1 = (xi + Ly — 1)
and s;11 = ;). The number z; and y; are respectively the abscissa and the height of the
step (si, Siv1)-

Definition 3.2. A path in Dy, from vy = (0,0) to v; = (k,0) is called a path of depth
k. Let QF be the set of paths of depth k and length n and QF =, Q2 be the set of all
paths of depth k. N

The following result just follows from the definition of paths.
Proposition 3.3. Forn > k > 0, the forms of partitions in (9772 are exactly the paths

We can visualize a path by drawing a segment from s;_; to s; in the x-y plan. For
instance, the path

w = ((0,0), (0,1), (0,2), (0,3), (0,3), (0,3), (1,3), (2,2), (3,1), (4,1), (5,0))

is illustrated in Figure 2.

By definition, an ordered partition on [;] with two kinds of blocks, opened or closed,
is called a trace on [i]. Let T;_1 be a trace on [i — 1] and suppose that F (T;_1) = (k,1),
with k,l > 0. There are several possibilities to insert the element 7 in 7;_; according to
the nature of 7. The element ¢ could be :

(a) a strict closer (resp. a transient): there are p; = [ possibilities to close with i (resp.

insert ¢ in) one of the [ opened blocks of T;_;.
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FIGURE 2. A path in QF, where 2 means two successive Null steps at (0, 3).

(b) a singleton (resp. a strict opener): there are p; = k + [ + 1 possibilities to insert
the singleton {i} (resp. open a block with ) in 7;_; (before all the blocks, between
two blocks, or after all the blocks).

We observe that if [ = 0, then in case (a), there are none possibility to add i (p; = 0),
which is natural because all the blocks in T;_; are closed.

Remark 3.4. The number of ways p; to add the element i, according to its "nature”, in
a trace T;—y on [i — 1], depends only on F (T;—1). If F (Ti-1) = (k,1), then p; =1 (resp.
pi =k + 1+ 1) if we want insert i as a transient or a strict closer (resp. a strict opener
or a singleton).

We assume the possibilities to add an element (according its nature) in a trace are
arranged from left to right. Namely, if we insert a singleton or open a block (resp. insert
a transient or close a block), the spaces (resp. opened blocks) which correspond to the
possibilities are arranged from left to right.

For instance, Ty = {6} — {3,5,---} — {1,4,---} — {2,---} is a trace on [6], then
F (T6)=(1,3) and there are:

(i) 5 possibilities to open a block or insert a singleton in Tg.

T, = {6} (3,5,---} (1,4,---} 2,---)
T T T 7 T
choice 1 2 3 4 5

(ii) 3 possibilities to close a block or add a transient in Ts. Namely,

To= {6} {3,5---} {1,4,---} {2,---}
7 7 7

choice 1 2 3

Definition 3.5. A path diagram of depth k and length n is a pair (w,§), where w is a path
of depth k and length n and & = (& )1<i<n 15 a sequence of integers such that 1 < & < q
if the i-th step of w is Null or South-FEast of height q, and 1 < & < p+ q+ 1 if the i-th
step of w is North or Fast of abscissa p and height q.

Denote by AF the set of path diagrams of depth k and length n and by AF =, ., A%
the set of path diagrams of depth k. -

The mapping ¥: Let n > k > 1. Given a path diagram h = (w, &) € AF, we associate

a partition ¥(h) € OPF by constructing successively its traces T} for 1 < i < n as follows:
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(1) Set TO == @
(2) For 1 <7 < n, we construct T; from 7;_; by the following process. Suppose that
si—1 = (p,q) and the i-th step of w is :
(i) North (resp. East), then we open a block with i (resp. insert the singleton
{i}) in T;_; according to the choice &;.
(ii) South-East (resp. Null), then we close with ¢ (resp. insert i as a transient in
) an opened block of T;_; according to the choice &;.
(3) Set ¥(h) =T,

For instance, if h = (w, &) where w is the path of Figure 1 and ¢ = (1,2,1,2,1,1,1,2,4,1),
then the step by step construction of 1(h) goes as follows:

i step; & T:

1 North 1 1,--

2 North 2 a,---}-{2,--}

3 North 1 B,y —{1,y—{2,-}

4 Null 2 B, —{1,4,--}—{2,---}

5 Null 1 (3,5, }—{1,4,---} - {2,---}

6 East 1 (6} —{3,5,- -} —{1,4,---}—{2,--}
7 South-East 1 (6} — (3,57 — {1,4,---} — {2,---}

8  South-East 2 {6} — {3,5,7} — {1,4,---} — {2,8}

9 East 4 (6} — {3,5,7} — {1,4,---} — {9} — {2,8}
10 South-East 1 {6} — {3,5,7} — {1,4,10} — {9} — {2,8}.

Thus v(h) = {6} — {3,5,7} — {1,4,10} — {9} — {2,8}.

Theorem 3.6. For each n > k > 1, the mapping 1 : h = (w,§) — 7 is a bijection from
AF to OPF such that:
if the i-th step of w is North or East of abscissa p and height q, then i € (O U S)(7w) and

(les+res)i(m) =p, (Isb+rsb)i(n) =q, losi(m) =& —1 and rosi(m) =p+q+1-—&;

if the i-th step of w is South-East or Null of abscissa p and height q, then i € (T UC)(m)
and

(les + res)i(m) =p, (Isb4r1sb)i(n) =q—1, lIshj(wm)=& —1 and rshi(n) =q—¢&.

Proof. By Remark B.4 and Proposition B.3, it is easy to see that the above algorithm is
well defined. Suppose we are constructing the ordered partition 7 and we arrive at the
i-th step of the construction. The i-th step of w is a step with initial vertex (p,q). At
this step of the construction, there are exactly p + ¢ blocks in T;_;, whose p (resp. ¢) are
closed (resp. opened), and all the elements in T;_; are strictly inferior than i. Suppose

that the i-th step of w is a step of type:
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(i) North or East : then 1 < a; < p+ ¢+ 1 and by remark B.1, the element ¢ will be a

strict opener or a singleton of the partition 7. It’s clear that (lcs 4 res); (7) (resp.
(Isb +rsb); (7)) is equal to the number of closed (resp. opened) blocks in T;_; ().
Thus, (les + res); () = p and (Isb + rsb); (7) = q.
Because all the blocks in 7;_; have opener smaller than i, then los; 7 (resp. ros; )
is just the number of blocks in T;(7) on the left (resp. right) of the block which
contains ¢. Thus, because we open a block with the element ¢ or add the singleton
{i} between the (& — 1)-th and (&;)-th blocks of T;_ 1, we get (los;,ros;)(m) =
G—Lpt+ta+1-¢).

(ii) South-East or Null : then 1 < a; < ¢, and by remark B.1], the element ¢ will be
a transient or a strict closer of the partition 7. By the same arguments as case
(), we get (les + res); (m) = p. Remark (Isb + rsb); (7) is equal to the number of
opened blocks in T; () which don’t contain the element 4, thus because we insert
i in one of the opened block in 7;_y, we get (Isb + rsb); (7) = q — 1. Moreover,
Isb; (m) (resp. rsb; (7)) is equal to the number of opened blocks in T;(7) on the
left (resp. on the right) of the block which contains i. Because we insert i in the
&;-th opened block in T;_1(7), we get (Isb,rsb;y)(7m) = (& — 1,9 — &).

O
3.2. Generating functions of walks. For 0 < k < n, let t = (t1, t2, t3,t4, 5,6, t7) and
ka (t) - Z tglchrrcs)((’)US)w thSJrrCS)(TUC)W tgsb(TUC)w (31)

T€OPE

% tfb(TUC)ﬂ tgos(OUS)w tl60$(OUS)7r t(715b+rsb)((’)US)7r.

Given a path w, define the weight v(w) of w to be the product of the weights of all its
steps, where the weight of a step of abscissa ¢ and height j is:

o(w) = titl i+ 5+ sy  if the step is North or East;
L s if the step is Null or South-East.

It follows easily from Theorem B.§ that

S v(w) = Qualt)

weNk

(3.2)

Denote by |w| the length of the path w. Then, using the above identity, we get

Qulast) == Quilt)a" = > v(w)a* (3.3)

n>0 weNk

The adjacency matriz Ay of Dy, relative to the valuation v is the k x k matrix defined
by
. v(vi,vy) if (vi,v5) is an edge of Dy;
Aili,7) = { 0 otherwise.
Applying transfer-matrix method (see e.g. [[J, Theorem 4.7.2]), we derive

(=) det(I — aAy; &, 1)

det(I — aAy) ’
12
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where (B;1,j) denotes the matrix obtained by removing the i-th row and j-th column of
B and [ is the k£ x k identity matrix.
In order to prove Theorem P.J we need to evaluate (B.4) in the following special cases:

fk(aﬂfa?/,t,u) :Qk(a;$7x7xayat7u7y)7 (35)
gr(a; z, t,u) = Qr(a; 1, 2,1, 2, t, u, 1). (3.6)
Let Aj and A} be the adjacency matrix of Dy, relative to the weight function v/ and v”
obtained from the weight function v by making the substitution (B-5)) and (B.G), respec-
tively. Namely, the weights v/(e) and v”(e) of an edge e = ((4, j), (¢, 5')) of Dy with initial
vertex (i, ) are :
ey { E i U 5 = (65 1) or (14 1,5)
't [j]r,y if (ilaj,) = (Zaj) or (Z + 17.] - 1)7
and
ey LT+t ) = (i + 1) or i+ 1.5)
2= if (¢, j) = (i,j) or (i + 1,5 —1).
Now, for each k£ > 0 let
My =1-—aA, and N,=1-—aAj.
Then by (B-4), (B.3) and (B.4) we have
(= 1)*E det(Mj; &, 1)

. t — .
flc(%%?h 7u) det Mk ) (3 7)
(= 1) det(Ny; &, 1)
2.t = .
gr(a; z, t,u) TN, (3.8)

for each k > 1.
Since M, and N, are upper triangular matrices it is easy to see that for each n > 1

n

det M,, = H H(l —ax'[m —il,,), (3.9)

n n—m

det N,, = H H (1 —az*[m],). (3.10)

m=1 k=0

The evaluation of det(M,;n,1) and det(N,;n, 1) is not simple(see last section).
Theorem 3.7. Let n > 1 be a positive integer. Then

m

det(M,; 7, 1) = (—1)(2)q f[ [T - azifm —i+1].,), (3.11)

m=1 i=1

Theorem 3.8. Let n > 1 be a positive integer. Then

1:[ 1 —az""[m].). (3.12)

n

det(N,; A, 1) = (—1)(5)gn

’:] |

m=1

It is now trivial to obtain the following result.
13



Corollary 3.9. For k > 0, we have
a2 (2) (k0!

frela;z,y,t,u) = = 3.13

M b = G i) (319
k

(@ 2,8 u) = —p— L (3.14)

[Ti-: (1 —azld.) .
To see the relation between f; and ¢, gr and ¢ we need to establish the following
Lemma 3.10. The following functional identities hold on OPF:
mak + bInv = (les + res) + rsb(7 UC) + inv,
Imak + bInv = n(k — 1) — (les 4+ res)(7 UC) — 1sh(7 UC) — cinv,
cinvLSB = (Isb 4+ rsb)(O U S) + Isb(7 UC) + inv 42 cinv.
Proof. By definition we have
mak + bInv = lcs 4 ros + res(O U S)
(les + res) +ros + (res(O U S) — res)
(les + res) 4+ ros — res(7 UC)
(les 4 res) + (ros — res) (7 UC) + ros(O U S)
(les 4 res) +1sb(7 UC) 4+ ros(O U S).

Also
n(k —1) — (Imak + bInv) = (los + rcs) — res(O U S) = los + res(7 UC)
=los(OUS) +res(T UC) +1os(7T UC)
= cinv + (les 4 res)(7 U C) + (los — les)(7 U C)
= cinv + (les +res) (7 UC) + 1sbh(7 UC),
and

GinvLSB = k(k — 1) + 1sb — blny
= 2(inv +cinv) + Isb —res(O U S)
= 2(inv +cinv) + (Isb + rsh)(O U S)
— (res +1sb)(OUS) +1sb(7 UC)
= 2(inv +cinv) + (Isb + rsb)(O U S) —ros(O U S) +1sh(7 UC)
= (Isb 4+ rsb)(O U S) + 1sb(7 UC) + inv +2 cinv.
The proof is thus completed. O
Now, we derive from (B.5) and (B.6) that
Fl@;m,y,tou) = 37 gliesrestrsb(TOC) m (b 415b) OUS)HSb(TLE) mpiny mycine gl
TeOPk
gula: 2, t,u) = Z (les-hres Hsb) (TUC)T giny . cinv ||

TEOPF
14



It follows from the above lemma the following
Lemma 3.11. The following identities hold:
or(a;z,y,t,u) = fula; z,y, zyt, uy®), (3.15)
or(a; z,t,u) = gr(az" 1/ 2,t,u/2). (3.16)

Finally Theorem P.3 follows immediately from Corollary B.9 and Lemma B.T]. Therefore
in order to prove Theorem P.J it remains to prove Theorem B.q and Theorem B.§.

3.3. Proof of Theorem B.7. The matrix M, can be defined recursively by

Mn—l ‘ Mn—l
My=(1), M,= — , (3.17)
o) | M,

n+1,n/3

where n > 1,

]/\anl = (52J — axiil[n -+ 1— i]m,y(&j —+ 5i+1,j)) (318)

1<4,j<n+1

and M,_, is the n — 1 x (n 4 1) matrix

with the n x (n + 1) matrix

M,_1 = (—axi_lyn_i[n]t7u(5,~j + 5i+17j))1§i§n,1§j§n+1 . (319)

Here ¢;; stands for the Kronecker delta and O,,, denotes the m X n zero matrix. For
instance, we get

0 0 1
and
1 —a —a 0 0 0
0 1—-a —a| —ay(t+u) —ay(t+u) 0
0 0 1 0 —az(t+u) —az(t+u)
M2 -
0 0 0 |[1-a(lx+y) —alz+y) 0
0 0 0 0 1—ax —ax
0 0 0 0 0 1
Let
~ n(n+3
K,=n-1= ( ),
2



and let P, = (M,;n,1), i.e the K,, x K,, matrix obtained from M, by deleting the nth
row and the first column. P, can be defined as follows.

Pn—l ‘ Fn—l
Pp=|—-—7—
anl ‘ Pnfl

Here P,_; is a K,,_; x (n + 1) matrix, X,,_; is a (n + 1) x K,,_; matrix, and ﬁn,l is a
(n+1) x (n + 1) matrix. We shall compute det P, by the following well-known formula
for any block matrix with an invertible square matrix A,

A|B
det =det A - det (D — C’A_lB) )
C|D

Since the entries of CA~! B are also written by minors, we guess these entries and prove it
by induction (see Theorem B.13). Before we proceed to the proof, we give some examples.

—a —a
P =
l—a —a
and
-a —a 0 0 0
l—a —a| —ay(t+u) —ay(t+u) 0
Py = 0 1 0 —az(t+u) —azx(t+u)
0 0 [1—a(z+y) —alz+y) 0
0 0 0 1—ax —ax

Thus, looking at P, as the block matrix composed of P;, X, P; and ﬁl, we have

o 0 0 0
P, =
—ay(t+u) —ay(t+u) O

and
0 —az(t+u) —az(t+u)
Pi=| 1-aa+y) —a@+y 0
0 1—oax —ax

Since P, is an K,, X (n + 2) matrix, we can write

D OKn, 1 777,-{-2
()

where U, is the (n + 1) x (n + 2) matrix composed of the last (n + 1) rows of P,. For
1<k<n+2 let
Pnfl ‘ Pnfl
Pr=—
X1 ‘ Pf—l
16



denote the K,, x K,, matrix obtained from P, by replacing the right-most column with
the kth column of P,. Here P | is the (n + 1) x (n + 1) matrix obtained from P,_; by
replacing the right-most column with the kth column of U,,. For example,

—-a —a 0 0 0
l—a —a| —ay(t+u) —ay(t+u) 0
2 _
Py = 0o 1 0 —ax(t+ u) 0
0 0 |1—alz+y) —alzt+y) —ay’(t®+tu+t?)

0 0 0 1—ax —axy(t® + tu + t%)

Here our key result is as follows:

Theorem 3.12. Let n > 1 be a positive integer. Then we have

det P, n
dop = U e il gu — az'[n —il.,), (3.20)
and i
det P (h=1)(k=2) n(n—1) (n4l—k)(nt2—k) n+1
n _ 2 ) 2 1 21
detPn @t Y [n+ ]t,u |:k—1:|xy (3 )
for1 <k <n,
det P!
W_Pn =ay ['I'L + ]‘]tﬂl [’I’L]$7y (322)
and det P2 = 0.
We need the following;:
Lemma 3.13. For 0 <m <n,
m k-1 m—1
m—k,. (%), ("7F) [T i : i :
>0y T = aa'ln = iy} TT {-a'ln = il }
k=0 Y =0 i=k
_ () ("”")[”] 41— arifn— i 3.23
T YN 2 m a:,yl_‘[{ ax [n ’L]$7y}, ( ’ )

=1

n 2N
ey = " nlasys H :yH '
k x,y k x/y

Since (";k) + (g) +kn—k? = (Z), setting ¢ = ay" ! and q = z/y, we can rewrite (B:23)

as follows:

Proof. Note that

Syt 1] TTH - el =} TT {-eafn = i}

—¢(%) m qﬁ {1 —cqiln —i,}. (3.24)
17



Setting

n

cq” .,
1-q’ 1—q+cq" 1—¢q

then 1—cq'ln—i], = X(1—-Y¢q") and —c¢'[n —i], = Z(1 —¢"~™). Hence, in (24) making
the following substitutions:

X=1+

k—1

H {1 —cq'ln—ily} = XF(Y5 )k,

[T{1—cd'ln—ily} = X" (Yg; ),

= —cdln — i _ (_1\ymym—Fk (?)ﬂnn(qn_m-i_l;q)m
211{ q'[ ]q} (=1)™Z™"q —(q*";q)k ;

and writing the ¢-binomial coefficients as

|ji| _ (_1>qunfk(k71)/2w [n] — (_1)m mn—m(m—1)/2 (qin; Q)m
d q

Y

: q
k (4; )k m (¢ @)m

we see, after simplifying, that identity (B.24) is equivalent to the special case Y = ¢/(1 —
q + cq™) of the identity:

(¢ 9)x O

Zm: 5Dk ymt _ (V&G D

k=0
which can be easily verified by induction. O

Proof of Theorem B.13. We proceed by induction on n. When n = 1, by a direct
computation we obtain det P, = a, det P} = det P} = a®y|[2];, and det P2 = 0. This
shows the theorem is true when n = 1. Let n be an integer > 2. Assume the theorem is
true for n — 1.

(i) We get

Pn—l ‘ Fn—l -~ o

det P, = det | ————— | =det P,_, - det (P,H - Xn,lpg_llpn,l)
anl ‘ Pnfl

and
Pnfl ‘ ?nfl ~ .

det P¥ = det [ —————— | = det P,_; - det (P,ffl . n,lp,;jlpn,l) .
anl ‘ Pr]f—l

(ii) By direct computation we can see that the (i, 7)th entry of Xn,anilan,l (1<
i,7 <n+1) is equal to
€ J . .
{ieii”i if i =1,

0 otherwise.
18




By the induction hypothesis, the (1, j)th entry of X, 1P, P,_; equals
el (1], i1 <i <0,
z,y

ayn—1).y 0] if j =n, (3.25)

0 if j=n+1.

(i) Put Wk, = P* | — X, 1P 4P, and W,y = P,_1 — X, _1P.",P,,_;. Then, by
(i), we have d:ftpl:’i = det WF | and % = det W,,_;. By (B-19) and (B-29), we
can see that the (1,7)th entry of Wk | is

st ]

for 1 < j <n, and the (1,n + 1)th entry is 0 (the top row does not depend on k).
It is also easy to see that the (1, 7)th entry of W,,_; is

st ]

for1<j<n+1.
(iv) We claim that

n—1

det Wn—l = (—l)nil(lxnil[n]t,u (1 - al‘i[n - 'L.]J:,y)'

In fact, the (7, j)th entry of W,,_; is

(n=)(n=j+1)  G=1)(=2) _(n=1)(n=2) - .
2 T2 2 [n]tu[]"] ifi=1land 1 <j<n+1,
@y

—ay i—1

1—ar’ 'n+1— )., ifi=j+1land1<j<n,
—ar? 2N+ 2 — jlay ifi=j7and2<75<n+1,
0 otherwise.

Thus, if we expand det W,,_; along the top row, then we obtain

det W, = —az™ "= [nyu
- =Dt G-1G-» [ n
. ]+1 n—jy)n—j J—1)— L.
X Z( 1Yy z x 2 [j—l] det W,,—1(1; 7).
j=1 Y
If we use
j—2 n—1
det W,_1(1;7) = H(l —az’[n —vgy) H (—az’[n —v]g,),

v=0 v=j—1

19



then we obtain

n+1
_(n=D)(n-2) 1 et GenG=2) [ n
det W,y = —ax > [n)ia E (=1t e T [ .
J— 1,
v

by (B:23). Thus, by (i), we conclude that

det P,

n—1
det P, 4 det Wy ( ) t u :Zl;[l az’ 77, Z]m y) (3 6)

We claim that

det P det WF_, (b=1)(k=2) _n(n=1)  (n+1=K)(n+2-k) 1] n+1
= =ax n u
det P,  det W, Y k-1,

for 1 <k < n. Because the rightmost column of ﬁ,fﬁl is the kth column of U,,, we
have the (i,n + 1)th entry of P¥ | is

—ay"[n+ 1, if i =2,
0 otherwise,
when k£ =1,
—ay" 2 kg2 n 4+ 1), ifi =k,
—ay" kP n 4+ 1], ifi=k+1,
0 otherwise,
when 2 < k <n,

—ayz" 'n+1), ifi=n+1,
0 otherwise,

when £ = n + 1, and all zero when £ = n + 2. By the induction hypothesis, the

det P!

(1,n + 1)th entry of X,, 1P, P,_1 is Wi: = 0. Thus the (n + 1)th column of

Wk =P — X, 1P P,_; equals the (n + 1)th column of P*_,
(a) When k = 1, we expand det W,!_, along the (n+ 1)th column, then, by direct
computation, we obtain
det W) | = (=1)""*(—ay"[n + 1]t.) det Wy, _1(2;n + 1)

By expanding det W! |(2;n + 1) along the top row we obtain

n—1
det Wn—1(2a n + 1) = (_ayn(”g_l) x_(n—l)Q(n—Q) [n]t,u) H(]_ —azx” [’I’L — V]$,y)'
v=1

20



Thus we conclude that

det Wé—l _ (_1)77/—1a2yn(n2+1)x_(n71)2(n72) [n]tm
n—1
X [n 4 1]t H(l —az’[n —Vgy). (3.27)
v=1

By (B.26), this implies
det Wﬂl,fl . n(n+l) _ n(n-1)
det Wiy

which is the desired identity.

(b) When 2 < k < n, we expand det W¥ | along the (n + 1)th column, then we
obtain

ay~ 2z z [n+ 1],

det Wk | = (—1)"" (—ay" > 252 4 1],.,) det W, (k;n + 1)
+ (=) (—ay™ R 4 1],) det W, (k4 1;n + 1), (3.28)

By expanding along the top row, we obtain

T
L

~ (n=1)(n—-2)
2

det Wn,1<l€;n + 1) = —ax (_1)j+1y(n—j)(g—j+1) LL’U_I)QU_Q)

e

x[‘”l} det Wi_1(1, k3 j,n + 1),
i1,

k
det W,_1(k+1Lin+1)= —ax’(nil);n%) e Z(—l)j“y(ni])(gﬂﬂ) x(rl);rm

x{.”l} det Wy_1(1,k + 1;4,n + 1),
i—1],,

where W,,_1(1,k; j,n+1) = W, (k;n+1)(1;5) and W, (1, k+1;j,n+1) =
Wio1(k+ 1;n 4+ 1)(1; 7). If we use

j—2 k-3
det W, 1(1,k;j,n+1) = H(l —az’[n — Vgy) H (—az”[n — v]yy)
v=0 v=j-1
n—1
X (1 —az"[n—v].y),

v=k—1
j—2 k—2

det Wy,1(Lk+1;5,n+1) = | | (1 —az”[n—v],y) H (—az”[n —v]s,)
v=0 v=j—1
n—1

X H(l —az’[n —Vzy),
v=k

21



then, by (B.23), we obtain

(k=2)(k=3) (n=1)(n—2) (n—k+2)(n—k+1)
2 2 2

det W,_1(k;n+1) = (=1)"tax

Yy
n n—1
0 PR I RS LR il
det W,_1(k+Lin+1) = (—1)kax (k_l)’;k_Q)_(n_lé(n_@y(n_k)(;_kﬂ)
n n—1
<l " TT0 =)

Thus, from (B-2§), we conclude that

(n=1)(n—=2) | (k=1)(k—2) (n+1—k)(n+2—Fk)
- 2 + 2 2

det W | =(=1)""'a?x n]euln + 1]ia

n—1
X (y"’“” [k ﬁ 2] N + 2! {k ﬁ 1] Ly) y[[l(l — az’[n — V]sy)
(1) a2 (n=1)(n=2) | (k=1)(e2)  (nt1oK)(n2-k)
n—1
X [n]eun + 1w [Z J_r ﬂ y l[Il(l —az’[n—vlgy,).

Using (B.20), we obtain
det Wk | _nln=1) | (b=1)(=2)  (nt1-k)(nt2-k) n+1
dot W+ W, =ar 2 2y 2 n+ 1] {k B 1] x’y,

which is the desired identity.
(c) When k& = n + 1, we also expand det WF | along the (n + 1)th column and
repeat the same argument. It is not hard to obtain
det WH!
det Wn—l
The details are left to the reader.
(d) When k = n + 2, det P¥ | vanishes since all the entries of the last column of
det P* | are zero.

= ay[n + 1] u 0]y

This proves the theorem is true for n. By induction we conclude that the theorem is true

for all n > 1. This completes the proof. O
Since det(P;) = a, Theorem B.7 (B.11)) follows easily from (B.20). O
3.4. Proof of Theorem B.§. Let F = {F,,}°°, be a sequence of non-zero functions in
finitely many variables vy, vs,.... We use the convention that F,! = [[;_, Fy and
[n] B 7&@";!, if0<k<n,
klr o, otherwise.
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We prove Theorem B.§ (B.13) by considering the following matrix N,(x,a), which gener-
alize the matrix N,, (set x = 1 and F,, = [n], to obtain N, ). Let N,(z,a) be the matrix
defined inductively as follows:

No(z,a) = ()
and
Ny_1(z,a) ‘ No_i(z,a)
Ny(z,a) = — (3.29)
Opirit | Nua(z,0)

where N,_i(z,a) is the (n + 1) x (n + 1) matrix defined by
Nn_l(ZL', a) = ({L‘(;Z] — aqi_l[n +1-— z]q(éw + 51'_‘_17]‘) )1§i7j§n+1 (330)
and N,_i(z,a) is the n—1x (n + 1) matrix

@)

n—2Zn+1
Np_i
with the n x (n + 1) matrix
N1 = (—aF, - (035 + 5i+17j))1§i§n,1§j§n+1 : (3.31)
For instance, we get
x —aly —alh 0 0 0
0 z—a —a —akFy —akFy 0
0 0 T 0 —akFy —akFy
No(z,a) =
0 0 0 z—a(l+q) —a(l+q) 0
0 0 0 0 T —aq —agq
0 0 0 0 0 T

Let N,(x,a) denote the matrix obtained from N,(z,a) by deleting the 7ith row and
the first column. Then the following theorem is sufficient to prove our result. Here our
strategy is as follows. We regard det V,,(z,a) as a polynomial in x and find all linear
factors. Finally we check the leading coefficient in the both sides.

Theorem 3.14. We have

n—1 n—
n(n—1)

det Ny (z,a) = (—1)" 7 a" F,!a" (z — ag"'[m],) . (3.32)

m=1 k=1

Then by setting « = 1 and F,, = [n];,, we obtain Theorem B.§ (B.19).

23



For instance, we have

. —CLF1 —aF1
det Nqi(z,a) = det =aliz
r—a —a
and
—alF, —aF, 0 0 0
r—a —a —akF, —ak) 0
det Ny(z, a) = det 0 o 0 RN
0 0 z—a(l+q) —a(l+q) O
0 0 0 T — aq —aq

= —a* F\Fy2*(x — a).

Fix positive integers m and k. Define the row vectors X™*(x, a) of degree 7 as follows:
Forl1<i<n+1land1l<j<i, the (@ —|—j)th entry of X™*(z,a) is equal to

| _ iy Fy g i—1 m
Xk (_qyirmek g (mk=1)i—m—k)+(75Y) _ Liomok . (333
ij (=1) “q [i—m =kl m+k—-1]p1j—k], (3.33)

Here we use the convention that F,! = [n],! = 1 if n < 0. For example, if n = 3,
m =k =1, then

F. F: FyF;  F)F:
X;’l(l"a,) = (071717__27__2707 22 3'7 22 3'7070) .
¢ q?[2]g! ¢?[2]g!

Lemma 3.15. Let n be a positive integer. Let m and k be positive integers such that
1<m<n—-—1andl<k<n-—m. Then we have

XMz, a) Ny(x,a) = (v — ag" [m],) X"*(z,a). (3.34)
24



Before we proceed to the proof of the lemma, we see it in an example. If n = 2 and
m =k =1, then we have

r - -k 0 0 0
0 z—a —a —akFy —akFy 0
5 F2 0 0 T 0 —aFy —als
0,1,1,—,——,0
q q 0 o0 0 z—-a(l4+q) —a(l+q) O
0 0 0 0 T —aq —aq
0 0 0 0 0 T

F. F.
= (O,x—a,x—a,—f(x—a),—;z(az—a),O) :

Proof of Lemma B.T5. We proceed by induction on n. When n = 0 or n = 1, our claim
is easy to check by direct computation. Assume (B:34) is true upto n — 1. Then the first
n— 1 entries of Xmk(z a)N,(z,a) agree with those of (z — ¢"'[m],) X™*(z,a) by the
induction hypothesis. So we have to check the last n + 1 entries. In fact we verify the
following three cases.

(i) If i = n+ 1 and j = 1, then the (@ + l)th entry of X™*(z,a)N,(x,a) is

equal to
m,k m,k
(—a Fn)Xn,l + (z — a[n]Q)XnJrl,l'
Note that the coefficient [ﬁk}q becomes zero unless k£ = 1. Thus, by direct
computation, one can easily check that this sum equals

(_1)n+m+k‘+1a —(m+k—1)(n—m—k+1)+('3")

q

FnJrlfmfk:! n m
- k—1],).
X[n+1—m—k]q![m+k—1]F[1—kL(x afm+k = 1],)

(ii) If i=n+1and 2 < j < n, then the (@ +j)th entry of X" (x, a)N,(z,a) is
equal to
m,k m,k
(—aF)Xp;ty + (—aFy) X5
+ (—aqj_Q[n —J+ 2]q) X:Ln-',lli,j—l + (:p - aqj_l[n —-J+ 1]q) X::,—li,j'
By direct computation, one can easily check this equals

qf(erkfl)(nfmkarl)Jr(jgk)

Fovi—m—! n m k—1
X[n+1—m—k]q!{m#—k—l}F{j—k]q(x ag"mly)

(iii) If i = j = n+ 1, then the Wth entry of X™*(z,a)N,(z,a) is equal to

(_1)n+m+k+1a

(—aF) X0k + (—ag™ ") X0 + 2 X000
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One can easily check this is always equal to zero.
Thus this completes the proof of our lemma. O

Corollary 3.16. Let n be a positive integer. Then there exists a polynomial p(z) such
that

—1n—-m
det N,,( (z — ag""'[m],) .
m=1 k=1

Proof. Let X"™*(z,a) (resp. X™*(z,a)) denote the vector of degree 7i — 1 obtained from
X™F(x, a) by deleting the last (resp. first) entry. Then, by (B:34)), we obtain

X™k (2 a)Ny(z,a) = (z— aqk_l[m]q) X™k(z, a).
By substituting z = ¢®~![m] into this identity we obtain
Xk (ag" " [mlg, @) Nu(ag* " m]y, a) = 0.

Since X[L”’k(:p,a) is a non-zero vector when 1 < m < n—1and 1 < k < n —m,
N, (agP~[m],,a) is singular, which means det N,,(ag*~'[m],,a) = 0. Thus we conclude

3

that det N, (z,a) is divisible by = — ag®*~*[m],, which immediately implies our corollary.
OJ

Proposition 3.17. Let n be a positive integer. Then there exists a polynomial 1(x) such

that
H x —aq”'m],) .

Proof. By Corollary B.1(, we only need to show that det Nn(:p,a) is divisible by x™.
We show this by the following column transformations on N,(z,a). First note that

N,(z,a) has 7 — 1 columns. For each i = 1,...,n, let Col; denote the set of columns
_ i) i) | g (i+1)(i+2)
o N

in each block Col;. For each i, we subtract the Z(“Ll)th column from the (@ + 1) th

det N, (z,a) =

H,:]:\

— 1. We perform the following column transformations

column, then subtract the (@ + 1)th column from the Z(Hl) + 2 )th column, and so

on, until we subtract the <W — 2)th column from the (W — 1>th column.

((z+1 (i+2)

Then each entry of the 1>th column becomes +x. For example, if we perform

this operation to Nj(z,a) which looks like

—aly —aF} 0 0 0 0 0 0 0
r—a —a —akF} —aF, 0 0 0 0 0

0 T 0 —aFy —akFy 0 0 0 0

0 0 |z—al2, —a2l, O —aF; —aF; 0 0

0 0 0 r—aq —aq 0 —aly —alj 0 ,

0 0 0 0 x 0 0 —al3 —al;

0 0 0 0 0 |z—al3, —a[3], 0 0

0 0 0 0 0 0 r—aq)2], —aql2], O

0 0 0 0 0 0 0 r—aq® —aq?
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then we obtain

—aF; 0 0 0 0 0 0 0 0

r—a —x| —akFy 0 0 0 0 0 0
0 x 0 —aFy, 0 0 0 0 0
0 0 |z—a2, -z = —aF; 0 0 0
0 0 0 r—aq — 0 —akF; 0 0
0 0 0 0 T 0 0 —aky 0
0 0 0 0 0 |z —al3], —x x —x
0 0 0 0 0 0 r—aql2, —x x
0 0 0 0 0 0 0 r—aq® —=x

This is always true. One can easily check the last column of each block becomes +x
after these elementary transformations using the definition of N,_;(z,a) and N,_;(z, a)
in (B30) and (B31). Thus, by taking the determinant of N, (x,a), we can factor out
from each block Col;, i =1,2,...,n, and we conclude that det Nn(x, a) is divisible by z".

0

Now we are in position to complete the proof of Theorem B.14.

Proof of Theorem [3.14. To complete the proof of Theorem B.14), we need to show that
the degree of det N, (x,a) is @ as a polynomial in z, and the leading coefficient of
det N, (z, a) is equal to (—1) "5 gn ). Let K, = 7 — 1 which is the degree of the matrix
N,(x,a). Let b;; denote the (7, j)th entry of N,(x,a). By the definition of determinants
we have

det Nn(x, a) = Z Sgnﬂ-i)n(l)li)ﬂ(Z)Q o 'Bw(Kn)Kn~
We use the two-line notation

" ( w<11> 7r<22> )

to express a permutation 7 of letters [K,,]. For each j,if 7(j) = j+1, then the entry Bﬂ(j)j
is of degree 1 as a polynomial in x, and otherwise it is a constant. Thus det N, (x,a) is

K,
7T<Kn)

apparently of at most K,, — 1 = W — 2 degree as a polynomial in x. For example
Ns(z, a) looks as follows.
—aF, —aF; 0 0 0 0 0 0 0
r—a —a —akF, —aF, 0 0 0 0 0
0 T 0 —aFy, —akFy 0 0 0 0
0 0 |(z—al2], —al2], O —al} —al} 0 0
0 0 0 r—aq —aq 0 —aF} —akF; 0 ,
0 0 0 0 x 0 0 —aF; —aF3
0 0 0 0 0 |z—a[3ly —a[3], 0 0
0 0 0 0 0 0 zr—aq2, —aq2], O
0 0 0 0 0 0 0 x—aq® —ag?
Our first claim is that det Nn(a:,a) is a polynomial of degree nntl) - Let Col;, i =

1,2,..
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.,n, be as in the previous proof. Note that Col; includes i + 1 columns.
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claim that 7(j) = 7 4+ 1 can happen at most i column indices j in each block Col;. Oth-
erwise Bw(l)lbw(Q)g . -l}ﬂ(Kn)Kn vanishes. In fact, assume that 7(j) = j+ 1 for all j in a
certain block Col;. Then this must be the case for the block Col;;;. There is no other
choice if we assume l}ﬂ(l)ll}ﬂ(Q)Q . -BW(KR)Kn is nonzero. And this must be also the case for
the block Col;;o, and so on. Finally we have to take m(j) = j + 1 for all j in the block
Col,,, but this is impossible. Thus we reach a contradiction. We conclude that the degree
of det N,,(z, a) is at most @ In fact there is a permutation which realize this degree,
ie.
1 213 4 5|... ...|Kpy1+1 K,.1+2 ... K,—-1 K,
7T:(z 1‘4 5 3‘ ‘Kn1+2 Kio1+3 ... K, Kn1+1)'

It is easy to see that this 7 is the only permutation with which i)ﬂ—(l)li)ﬂ—(g)Q . -Z}ﬂ(Kn)Kn

does not vanish and of degree @ Thus we conclude that the leading coefficient of

det N, (z, a) equals
sgnm - (—=1)"a" F,\.
This immediately implies the resulting identity (B-33). O

Remark 3.18. One may notice that M,, in (B.I1) and N,, in ([B.29) are in a similar form,
but our methods to evaluate them are far from parallel. It seems that the first method does
not work with the matriz N,, since we can’t guess the entries of CA™'N as we did in (B-21)).
Meanwhile, the second method does not work with the matriz M, at this point since even
if we generalize M,, to M, (x,a), we don’t know the general form of the eigenvectors of
M, (z,a). The reader can find the general guidance about matriz evaluation in [f]. We
may say that the second proof follows this general philosophy.
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